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SIMPLE HOMOTOPY TYPES.* 


By J. H. C. WHITEHEAD. 


1. Introduction. This is a sequel to two papers! entitled “ Combi- 
natorial Homotopy,” Parts (I) and (II). It deals with what I have previously 
called the “ nucleus,” but which will now be called the simple homotopy type 
of a complex. It is closely related to parts of [1] and [3] but the treatment 
is so different that we shall start again from the beginning. 

Let {K} be the class of all (cell) complexes,? as defined in CH (I), 
which are of the same homotopy type as a given complex K. Let K’=K 
(i.e. K’e{K}) and let $: K= K’ be the class of maps which are homotopic 
to a given homotopy equivalence, 6: K=K’. If ¢’: K’ = K”, we define #’& 
by f l 

P= pp: K =K”. 


It is easily verified that the classes 4, with this multiplication, form a groupoid,’ 
G, whose unit elements are the classes 1: K’ = K’, for every K’ e {K}, where 
1:K’—>K’ is the identical. map. Our plan is to analyse this groupoid in 
algebraic terms. 


First consider the group, Gx C G, which consists of the classes 6: K == K. | 


We define an additive Abelian group, T, which depends only on m(K). The 
group T admits Gg as a group of operators and we shall define a crossed 
homomorphism +: Gx —>T. We call r(g) the torsion of a given element ge Gx. 
If ¢:K==K’, where K’54K, we define a class of elements r(p) CT, 
which we call the torsion of œ. We describe & as a simple (homotopy), 
equivalence if, and only if, r(p) —0. We say that K and K’ are of 
the same simple homotopy type, .and shall write K =K (3%), if, and 
only if, there is a simple equivalence $:K=K’. It will follow from the 


* Received January 18, 1949. | 

1 Bülletin of the American Mathematical Society y, vol. 55 (1949), pp. 213- 45 and 
453-96. These papers will be referred to as CH (I) and CH (II). 

2 Until the final section we assume that any given complex is finite and connected. 
We also assume that the points in our complexes are taken from some aggregate, o, 
which is given in advance, The power of e shall exceed that of the continuum, so that 
it is not exhausted by any one (finite) complex, and the points in Hilbert space shall 
be included in øs. R 

3 See [6], p. 132. 


2 f | J. H. C. WHITEHEAD. 


definition of r(¢) that K =K (X) is an equivalenee relation. We then 
prove that K = K (3) if, and only if, K can be transformed into K’ by a 
“formal deformation,” which is defined in much the same way as in [1]. 
Thus the elementary transformations, or “moves,” do not appear in the 
definition of simple equivalence but in a theorem which is analogous to 


‘Tietzes theorem* on discrete groups. Similarly it is proved that two 


complexes are of the same n-type if, and only if, they can be interchanged 


' by elementary transformations of the sort used in [1] to define the “ n-group.” 


It was proved in [3] that the Reidemeister-Franz torsion,’ when defined, 
is an invariant of the simple homotopy type. Using this fact, examples 
were given of complexes, which are of the same homotopy type but not of 
the same simple homotopy type. However, if T=0, then K =K (3) if 
K=K’. It will be obvious that this is so if mı(K)—=1. It follows from 
Theorems 14, 15 in Ut] that T=0 if ,(K) is of order 2, 3, 4 or cyclic 
infinite. 

It is an open et whether or not the simple homotopy type is a 
topological invariant. However we shall prove that it is a combinatorial ` 
invariant in the following sense. If K’ is a sub-division of K, then the 
identical map K—K’ is a simple equivalence.° Any differentiable manifold 
has a “preferred” class of triangulations,’ any two of which are combi- 
natorially equivalent i in the sense of Newman. Also any analytic variety .has 
a preferred class of triangulations,” any two of.which have a common sub- 
division. Therefore the simple homotopy type has an invariant status in 
differential and alegbraic geometry and in the study of analytic varieties. 


2. The group T. Let R be a ring with a unit element 1. Eventually 


| R will be the group ring? of mı(K) but here we only assume that, if A 


is a free R-module of (finite) rank n, then any free R-module, which is 


‚ isomorphic ° to A, also has rank n. This condition is equivalent to the 


4See [7], p. 46. 

. 5See [8], [9] and p. 1209 of [3]. In Section 12 below it is shown, in the case of 
Lens space, how this is related to our torsion. See also [10]. 

° This may turn out to be a wider definition, even for simplicial complexes, than the 
one based on Newman’s “ moves,” or on recti-linear sub-divisions (see [12], [13]). For 
example, we do not enquire whether or not the vertex schéme of a given “ curvilinear ” 
triangulation of an n-simplex is a formal n-element, as defined by Newman. 

7 See [2] and [14]. 

8 By the group ring of a group, T, we shall always mean the integral group ring, 
in which the additive group is the ordinary free Abelian group, which is freely generated 
by the elements of T. 

° A module will always mean a free R-module and, unless the contrary is stated, 
a homomorphism will always mean an operator homomorphism. 
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condition that every ‘regular R-matrix (i.e. one with ölements in R and a” 
2-sided inverse) is square. Hence it is satisfied if there is a homomorphism, 
other than R—0, of R into a division ring, D. For such a homomorphism 
carries a regular R-matrix into a regular D-matrix, which is necessarily 
square. If R is the group ring of a group, T, then T—1 defines a homo- 
morphism of R into the rational field. Therefore the condition of rank 
invariance is satisfied. 

Let M be the module, of infinite rank, whose elements are the infinite 
sequences (fı 72,° °°) (rie RY, in which all but a finite number of 14, 72, - .. 
are zero. The elements in À will operate on M from the left. Thus an 
operator, reR, transforms m into rm, where 


m = (Ti Tg ‘), , tm= (Tri; Ta * J. 


Let mie M be the basis element which is given by r; == 1, r; =0 if jù 
Let M” C M be the module generated 1 by (m,,* **, Mn) and M, the one 
generated by (Mns Mur,‘ + ), Where n= 0 and M°—0. Then M is the 
direct sum M = M” -+ M, and a given element in M is in Mr for some 
value of n. We shall describe an endomorphism, f: M — M, as admissible 
if, and only if, fm: = m; for all sufficiently large values of i. Iff,g:M—M 
. are admissible endomorphisms "? so, obviously, is fg: M — M and if f: M — M 
‘is an admissible automorphism so is f*. Therefore the admissible auto- 
morphims form a group, @. 

Let f:M— M be an (admissible) endomorphism and let fm; == m; if 
j>p. Let m be such that fm: e M™ (i= 1,---,p) and let n= Max (m, p). 
Then fm: eM’ for t=1,---+,n and fm;—m; if j>n. Therefore 
fM" C M", fm—m if me Mn. We shall write f= (f)":M—M, and fr 
will denote the endomorphism, f”: M” —> M”, which is induced by f. That 
is to say, fm = fm if me M”. Notice that (f)” = (f)1 if q>n. There- 
fore, if fı: M — M is any finite set of endomorphisms, we may take fi = (f:)”, 
for any value ‘of n which is sufficiently large to be the same for each 4. 
Notice also that any endomorphism f’: M M” can be extended to a unique 
endomorphism, (f)": MM, such that f"—#f. Obviously fr is an auto- 
morphism if, and only if, f e @. 

Let f = (f)” be given by 


(2.1) fmi -5 fam: (fue R). 


10 This has the disadvantage indicated by (2.3) below. But the convention m > mr 
would be inconvenient in the geometrical application. 

HT.e, generated with the help of the operators in R. 

32 Unless the contrary is stated it is to be assumed that any given endomorphism of 
M is admissible. 
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Then the matrix f = [fi;] is of the form 
(2.2) STR 


where f” is the matrix of f”: M” —> Mr and 1, is the infinite unit matrix. 
Let g: M>M be given by ` 


gmi = È gumj. 
3 


' Since fr = rf, where re R is any operator, we have 
(2.3) fgmi = È 9, fm; = = Gish Mx. 
3 ds 


Therefore fg: M — M corresponds to the matrix gf. 
Let g: M—>M be given by 


(2. 4) Qi = Mi TM, gm=m (jk=i;reR). 


Then g has an inverse, which is given by (2.4), with r replaced by —r. 
It is therefore an (admissible) automorphism. Let 3, C Œ be the group 
generated by all such automorphisms, for all values of i, j, r. 

Let A and B be the modules generated by disjoint sub-sets, mi,‘ + +, mi, 
and m;,,: ' *,m;, of the basis elements Mı, Ma: ° *,. Let h:4—8B be 
‘an arbitrary homomorphism and let g:M —> M be given by 


(2.5) ` gla +b) =a+ (ha+ b), gm—m, 


where ae A, be B and lip or jo. Then g is the resultant of the homo- 
morphisms 
Mi, —> Mi, + pom, Max > My (k 3£ ip); 


where hmi, = hpım;, +° ` `+ hpgm;,. These are of the form (2. 4), whence 
ge Zh. R 
THEOREM 1. 2, is an invariant sub-group of A and (A/2, is Abelian. 


Let f, f CA. We shall write f =f if, and only if, f=gf’g’, where 
9g C3 This is obviously an equivalence relation. Assume that ff = ff 
for every pair , C @. Let ge 3, and let f = gf“. Then 

fof =g f= g. 


Therefore fgf!e2,, whence 2, is invariant in @. Also @/3, is Abelian 
since ff = ff for every pair , C G. 
We proceed to prove that ff == ff. Let 4— M?, let B be the moide 


- 
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generated by ma,‘ * *, Map and let g be given by (2.5). Then g = (g)? 


and 
lp h 
29 __ ? 
|, i] ; 
where h = [hpo] and 1, is the unit matrix of order p. Let f— (f}?eQ 
and let 
fa fiz 
2p — 
a el, 


where fı, fa» are square matrices of order p. Let f and Pau (A, p= 1, 2) 
be similarly defined in terms of F = (F). We shall write f? = f’? if, 
and only if, f=f. Then 


2p — f2po?p — fa fuh+he 
9) te ne]. 


Similarly a right hand multiple of the second column may be added to the 
first. Also f? == g??f??, and gf’? is obtained from f?? by a similar operation 
on the rows. 


Let f,f C @ be given and let p be so large that 
f= (= (f), P= (FP = (f)?. 


Let r = f?, r’ — f?. Then r, r’ are regular matrices. Therefore, beginning 
with (2.6), with h = r^ and f replaced by f'f, we have 


pape [7 = o r]= ee 
=|_, J=, o= -=L AE 


Co. 71-6 arr 


Therefore ff = f’f and the theorem is proved. 


Similarly ° 


Since 2/3, is Abelian it follows that @° C 3, where C¢ is the commu- 
tator sub-group of @. Therefore we have the corollary: 


COROLLARY. If 3C Q is any sub-group, which contains 3,1, then 3 is 
invariant and (A/2 is Abelian. 


The totality of automorphisms (f)"e@, for a fixed value of n, is 
obviously a sub-group, (@)*C Œ. It follows from Theorem 1 that 
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(3:)" = 3, N (@)* is an invariant sub-group * of (@)" and that (@)*/(3,)” 
is Abelian. Let @” be the group of (operator) automorphisms, fr: Mr —> Mr, 
and let ¢:(Z)"-» G” be given by p(f)*—f". Then ¢ is obviously an 
isomorphism.** It follows from the invariance of (3,)" in (@)* that 
3,” = #(2,)” is invariant in 47 and that 3,” is independent of the particular 
isomorphism 8: (Ü)" = Ad". Also @*/3," is Abelian. 

Let A be a sub-group of the multiplicative group of regular elements in 
R (that is, elements with two-sided inverses), which contains both +1. 
Let g:M— M be given by 


(2.7) gmi = Ami TMj, Qu = Ma (j; k i), 


where Xc A, re R. Then ge @ and g* is given by (2.7) with A, r replaced 
by at, —Ar. Let 3, be the sub-group of @, which is generated by all 
automorphisms of the form (2.7), for every choice of i, j, À and r. Clearly 
3, C 34. Therefore 3, is invariant and T = (/2, is Abelian. We shall 
keep A fixed and shall write 2, T for 34, Ty. The elements of 3 will be 
. called simple automorphisms. We shall write T additively and r(f) ET will 
denote the co-set containing a given fe đ@. 

Our “torsion” will be defined in terms of T. An element of torsion 
will correspond to an isomorphism of one module, of finite rank, onto another. 
In order to classify such isomorphisms in term of T we need a standard class, 
which have “zero torsion.” We therefore proceed to define a class of “ basic 
modules” in M, which are related by a standard class of automorphisms, 
called permutations. 

By a basic module, A C M, we shall mean the one generated by 
Mi," +, mi, for any (distinct) values of ü,:-:-,%. We shall call 
(mis * Mai) the basis of A. We allow p—0, in which case the set 
(mis: © ° Mi) is empty and A=M°. Let p=0 and let Ma be the 
module generated by the remaining basic elements, mj ~ mi,, of M. Then 
M is the direct sum M=—A-+My. Let B be a basic module and let 
(mj.' + *,mj,) be its basis. We shall only allow ourselves to form the 
direct sum A + B =B + A, if AN B=0. In this case À + B will be the 
basic module, whose basis is 


(Mi, NM Min "5 Mis); 


18 The example II, on p. 1233 of [3] shows that (2,)” may be a larger group than 
the one which is generated by transformations of the form (2.4), with ,j=n. I see 
no reason to suppose that the latter is necessarily an invariant sub-group of (@)*. 

14 An isomorphism, without qualification, will always mean an isomorphism onto. 
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not the set of all pairs (a,b), with ae À, be B. Let C be a given basic 
module. Then C= A + B will always mean that A,B are basic modules, 
with disjoint bases, of which C is the direct sum. js | 

Let 4,,:--,1, be any permutation of 1,---,n, for any n=1. Let 
P:M— M be the automorphism, which is given by 


Pm; =m, Pies m (j=1, "';n;k>n). 


We shall call P a permutation. It follows from (2.7), with À,r— +1, 
that the transformations ` 


(mi, mi) > (— mi + mj, mj) > (— mi + mj, mi) > (mj, mi) 


determine simple automorphisms. Therefore Pex. Let A,B be basic 
modules of the same rank and let n be so large that the bases of A,B are 
both contained in M”. Then there is obviously a permutation, P = (P)*, 
such that PA=B. The totality of permutations is obviously a sub-group 
of d. 

Let a: A = A’, where A, A’ are basic modules. Since A and A’ have 
the same rank, accoording to our condition on R, there is a permutation, P, 
such that PA’== A. Let f:M— M be given by 


(2.8) f(a + m) = Paa +m (ae A, mea), 


and let r(a)—r(f). Let P’ be any other permutation such that P’A’ = A 
and let f be defined by (2.8), with P replaced by P’. Since P'P1A4 =A 
the permutation P’P” permutes the basis elements of A among themselves. 
Therefore P”: M — M, given by 


P" (a+ m) =P'Pa +m (me Ma), 


is a permutation. Since Pad = Á, it follows from (2.8) that f= Pf. 
' Therefore 


NEN) HN. 


Therefore r(a@) does not depend on the choice of P. We shall describe « 
as a simple isomorphism, and shall write «:A = A’ (2), if, and only if, 
r(@)=0. It follows from (2.8) that r(a) —0 if a—=1:4=A. In 
particular ()=0 if A =A = M. 

Let «, P, f, mean the same as in (2.8), let «: A’ = A” and let P’ be a 
permutation such that P'A” = A. Then s(f)=r(f), r(da) =r(f”), 
where f’ and f” are given by (2.8) with a, P replaced by &, P’ and by.a’s, 
PP. Clearly P1M4— Ma. Therefore 
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PFP"f(a-+ m) = PFP (Paa +- m) = Pf’ (aa + Pm) 


; = P(P'a'aa + Pom) = PP’a«caa+-m=f’(a+m). 
Therefore | 
(da) = r(PFP F) =r (F) + 7 (f) = ra) + Tee). 

Since r(1) =0 it follows that r(o*) =—r(a). 

Let a: A = A’ be the isomorphism induced by a permutation, P: M —> M, 
such that P’A == A’. Then f, given by (2.8), is a permutation. Therefore 
r(@) =0 

Let A,B and A’, B’ be two pairs of basic modules such that A) B 
= A’() B’=0. Let y:4-+B—-A’+B’ be a homomorphism such that 
yB C B’. Then y(a + b) — aa -+ (ha + Bb), where awe A’, ha, Bb CB’. It 
is easily verified that a: A —> A’, h: A —> B’, R: B— B’ are homomorphisms. 


THEOREM. ?. If either: 


(i) yis an isomorphism * and either a is an isomorphism into or B 
is onto, or if i 


(ii) a, 8 are isomorphisms, then «, ß,y are all isomorphisms and 


t(y) —rla) + r(8). 


Let y: A+ BZ A+ B. If Bb —0, then yb = 8b = 0, whence b = 0. 
Therefore 8 is an isomorphism into. Let aeA4’ be given. Then 
aa + (ha + Bb) —y(a +b) =a’ for some ae A, beB. Since ha + pbeB’ 
we have aa==a’. Therefore a is onto. Let «:A A’ and let b’e B’ be 
given. Then «a + (ha + 8b) =O’ for ‘some ae A, beB. Since aae A’ 
we have «a = 0. Therefore a = 0, ha == 0 and 8b == b. Therefore B is onto. 
Let B:B = B’ and let «a —0. Then y(a—Btha) = ga + (ha — ha) = 0. 
Therefore a — Bha = 0. Since B-thaeB it follows that a — 0. Therefore 
a:4 A’. Thus a, ß,y are isomorphisms if (i) is satisfied. | 

Let a, 8 be isomorphisms. Then y = y*8, where y“: A + B—> 4’ + B’, 
8:A+B>A+B are given by y*(a+b)=aa+ fb, d(a+b) =a 
+ (B*ha+6). Obviously y*, 8 are isomorphisms and so therefore is y. 
Moreover g: M -> M is of the form (2.5), where 


g(a+b+m) =—s(a+b)+m (me Mas»). 


Let P be a permutation such that PA’—A, PB’ =B. Let f=- fa be 
‘defined by (2.8) and let fg, fy, fys be similarly defined in terms of £, y; y* 
and the same permutation P. Then fab = b, fea =a and . 


fy(a+ b) = Poa + P (ha + 8b) = fa + fa(B*ha +b) = fafog (a + b). 
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Since ge it tilings that 
r(Y) = (fy) = 7 (fa) + 7 (fe) + 7 (9) =r(a) +7(8) 


and the proof is complete. 


COROLLARY. If any two of «, B, y are simple isomorphisms, so is the third. 
Let 4: R = R be an automorphism of R and let sy: M —> M be the trans- 
formation which is given by 


(2.9) So (TiTa ©) = (Ori, 072, + +). 


Obviously sgt == sg and 595$ = Sgp, where p: E = R. Also sp(rm) = (6r)sgm, 
where re Rh, me M. Hence it follows that, if f: M — M is an (operator) 
endomorphism, then (spfss)rm = (8r) (sofsp)m. Therefore fr — rf? 
where ff = sgfsg. Since sem: = m; it follows that Fed if fed. Let 
9:M—M be given by (2.7). Since sgm == mi we have g’mi== (6)mi 
+ m;, 9m, = mx. Therefore g? is also of the form (2.7) if OAc A. Clearly 
(9192) = 9159.9 and it follows that fe X if fe Ÿ, provided HA C A. 

We shall describe 6: R = R as a A-automorphism if, and only if, 6A = A. 
The totality of A-automorphisms is obviously a group @. Since fes if fed 
and 8e © it follows that T admits ® as a group of operators, according to 
the rule ; 


(2.10) Nr). 


Let se KR be any regular element, not necessarily an element of A, and let 
Osr = era. I say that _ f 


(2.11) bst = 7 
for each re T. For let fe @ be given by (2.1). Then 
forms = 89,%sfism; = 2; (efus) ms. 
Let f = (f)" and let gs = (%)":M—>M be given by 
os mut) = (rat, +, Tnt, Pasty © °). 
Then gm; = em; isn. Since fem = «fm, 
n n 
foems = efm: = 2 afım; — À (che am; = gafemi (i=l, + ,n). 
j= =. 


Therefore f'e — gotfge and (fe) =— + (ga) +r(f) +r(ge) = 7(f), which 
proves (2.11). 
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Let fe @ and let f and f” mean the same as in (2.2). Let g be given 
by (2.7) and let g be its matrix. Then gf is obtained from f by the 
following operations 


(2.12) a) multiplying a row from the left by an element Xe A, 


b) adding a left multiple of one row to another, the multiplier 
being an arbitrary element re R. 


Therefore fe = if, and only if, f>1, by a finite sequence of such trans- 
formations. Let f— 1, by such a sequence, o,,° + : ,o7, and let f= (f}*. , 
Then there is a k = 0 such that no row of f, after the (n +- k)-th is involved, 
in any of o,° '',0p. Therefore o:,---,o, transform 3 fr into Ina, 
where 
sf 0 
nn 

Let R be the group ring of a group T and let A consist of the elements 
+y, where yer. If T is Abelian, the determinant, | fr|, of fr can be 
calculated in the ordinary way. Obviously | f” | is unaltered by (2. 12b) or 
by an “expansion,” f”— f"*, and a transformation of the form (2.12a) 
changes |f*| into +y{f*|. Therefore + |fr|er if fex Let r be 
cyclic of order 5 and let y=£1. Then (1—y—y*)(1—y?—y') — 1. 
Therefore f: M — M, given by f({r, To, Test )= {r (1 — y — y*), fo Fast} 
is in G, but not in 3. Therefore T£0. On the other hand it follows from 
the theory of integral, unimodular matrices, in case T=1, and from Theorems 
14, 15 in [11], that T= 0 if T is of order 1, 2, 3, 4 or is cyclic infinite. 

We continue, until Section 9, without the assumption that R is a group 
ring. 


3. Chain systems. By a chain system, C == {Ch}, we shall mean a 
family of basic modules, Ca C M, together with a boundary operator, 0 == {ôn}, 
which is a family of (operator) homomorphisms, ô»: On —> Cn», such that 
Onôn:1 = 0. For the sake of completeness we define oCo = Cı = 0. Each 
Cn, being a basic module, is of finite rank. We do not require Cy to be of 
rank 1, as we did in section 8 of CH(II). For example, we allow Co = 0. We 
assume that C,—0 for all sufficiently large values of n. If On — 0 when 
n>N=0, but Cy=£0, we write N—dimC. We write C == 0, and dim 
C——1,if Cn —0 for every n= 0. We insist that Cp Co—0if pq 
and O shall be the set-theoretic union of the groups Co, Ci, © +. Thus ceC 
means that ce Cn and c-e is only defined if c, e’ C Cy, for some n= 0. 
Also d is a map, 9:0 — C, of the set C into itself. 
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Until Section 9 we shall only consider chain mappings, f: C > 0’, of C 
into a chain system, 0’ = {0n}, such that each f: On —> C'n is an operator 
homomorphism. That is to say, in the terminology of CH (II), f is asso- 
ciated with the identical isomorphism, R>R. Thus" df = fd, fr= rf, 
where re R is an operator. Also f=g:0— C will mean that 


(3. 1) In— In Fr ninne + nd (n = 0), 


where „= {nn} is a chain deformation operator, and f:C==.0” will mean 
that there is a chain mapping, f’:C’—> C, such that ff = 1, ff =1 in the 
sense of (3.1). We shall call f: C—O a simple isomorphism, and shall : 
write f:C =O" (3), if, and only if, it is a chain mapping such that 
fn: Cn = Cn (à), for each n= 0. 

Let B, C be given chain systems and let B, == B’, + B’n, Cn = O'n + O" ny 
where, according to our convention, B's, Bn, O'n, On are basic modules. 
Let f:B— C be a chain mapping such that 


In (d’ + b”) ane Fab’ + (gnb’ + fab) (b’ e Bn, b” e By), 
for each n = 0, where fab’ e Cu, gnb’, fnb” C Ca 


Lemma 1. If any two of {fn}, {fn}, {fn} are families of simple iso- 
morphisms, so is the third. 


This follows immediately from the corollary to Theorem 2. 


Let Cn = C’n + 0”, and let 90”, C O'n- for each n= 0. Let O = {On} 
and let @’:C’—>C”’ be defined by 0’c’ = dc’. Then 00’c’ — ðc = 0. Under 
these, and only these conditions, we shall describe C’, with the boundary 
operator 0’, as a sub-system of C. If also 90”, C 0". (n= 0), so that 
O(c’ + ce") =e + 0%" (c'e On, e” e On), then O” = {0a}, with boun- 
dary operator 0”, is also a sub-system. In this case we shall call C the 
direct sum, C=C’ + 0% = 0” +. 0, of C and 0”. Let C, O” be given, 
disjoint,” chain systems.. Then the direct sum, C’ + O”, will be the system 
which consists of the groups O'n + Cn, with @(c’ + e) = 0e + 0”. 
Similarly we define the direct sum of any finite set of disjoint chain systems. 


15 At this stage we do not impose any restriction such as fom; — Am; on fo where 
m, is a basis element of O,. For example, C > 0 is a chain mapping. 

16 We shall often use ĝ to denote the boundary operator in each of two or more 
systems, 0,07,0”,. . -, which occur in the same context. On other occasions we shall 
use 0, 0’, 0,- - . to denote the boundary operators in C,0,C”,..--. 

17 We describe two or more basic modules, or chain systems, as disjoint if, and only 
if, Qe M is their only common element. 
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Let C’ be a sub-system of C and let On = O'n + Cr. Let jn: Cn— On 
and ôn: C1 => Ch be defined by 


(3.2) jn( TO =e, Gne = jaane”. 
Then njn = jn-ıÖn, since 0O” C C’ and jn-ı(”n-ı = 0. Therefore 
0.0 tfen zur Onfnôn+1 Fa jn nO ner = 0, 


whence nôn = 0. Therefore O” = {0na}, with 0” = {8n} as boundary 
operator, is a chain system. We call it the residue system, mod C’, and write 
C” = C—O’. Notice, however, that an element in O” is an element in the 
basic module On, for some n= 0, not a residue class of elements in C. 
Notice also that j = {jn} is a chain mapping, 7: O — C”; also that c — jc e 0”, 
` whence 


(3.3) be” — de" — be” — jac’ e O. 


Let B’, C’ be sub-systems of chain systems B, C and let B” = B— P’, 
C"=C—C. Let f:B—C be a chain mapping such that fB’ C O. Then 
f’: B’ > C’, given by fb = fb’, is obviously a chain mapping. Let 

f'n = fnfn : BC". 


‘Then f”j = jf, where j:B—B” is defined in the same way as j: 0 > 0”. 
Since 9”j== 79 we have f 
pa'i = jfa — jf = 9°75, 

where ĝ operates on B, C and 8” on B”, O”. Therefore f” is a chain mapping. 
We shall call ¥:B’—> 0, f: B”— 0” the chain mappings induced by f. 
It follows from Lemma 1 that, if any two of f, f’, f” are simple isomorphisms, 
so is the third. . 

Let A be a common sub-system of B and C. Then we shall describe a 
chain mapping, f:B—0C, as rel. A if, and only if, fa=a for each ae A. 
We shall say that f = g:B—C, rel. A, if, and only if, g —f = 07 + nð, 
where 7: B — C is a deformation operator such that 74 = 0. 

Let Z,(C) =6,77(0) and let 


Ha (C) = Zn(C) — În Ons (n= 0). 
A chain mapping, f: B->C, obviously induces a family of homomorphisms 
| fe: Ha (B) > Hn(C). 


Let 0’ be a sub-system of O, let i: C’ —>C be the identical map, which is 
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obviously a chain mapping, and let j:C—>C” mean the same as before. 
Let z” eZ,(C”). Then it follows from (3.3) that 02”%eZ,.,(C’). There- 
fore 9 induces a family of homomorphisms d»: H,(C”) > H,.,(C7), where 
H.,(C’) = 0. It is known ** that the sequence of homomorphisms, 


(3.4) >) > Ha(C) > Hy (0”) >: > Hl), 
da ds jn ds dy 


is exact, meaning that the kernel of each homomorphism is the image group 
of its predecessor. We prove that d:H,(C”’) =%i7(0). Let Ze H,(X) 
(X = 0, C’ or 0”) be the residue class containing a given element 2e2,(X). 
Let 2%eZn(C”). Then a2” = iZ” € Zr:(0C), and | 


inde” = ide” — 1z” = 02” = 0. 
Therefore d«H„(0”) C à-1(0). Conversely, let «2 = 0, where 2’ £ Zn- (0°). 


This means that 2e 00,, or that z = ĝe = (t +2") (c'e Ca, g” e On). 
Therefore, writing z — @c’ = 2’,, we have 


2’ = Zs — z” = dez”, 
whence d-H,(C') =i.t(0). It follows from similar arguments that 


iHa (0°) = jt (0) and that j-H,(C) = d (0). 


4. Deformation retracts. Let 0” C C be a sub-system and let i: C —> C 
be the identical chain mapping. A chain mapping, k:0—(”, will be called 
a retraction if, and only if, ki= 1. We shall call C’ a deformation retract 


(D. R.) of C if, and only if, there is a retraction, &:C—>C’, such that 


ik = 1, rel. O”. Let ik = 1, rel. O”, and let X’: O — O’ be any other retraction. 
Then ik’ = ik’ik — ik = 1, rel. C”. ji 


# 


THEOREM 3. A sub-system C’ CC is a D.R. of C if, and only if, 
An(C—C’) =O for every n= 0. | 
Let C’ be a D.R. of C and let k: C—C be a retraction. Then 


? 


(4.1) 1— ik — 07 + nô, 


where 7:C-—>C is a deformation operator such that „C =0. Let 
0” = C—O and let z” € Za(C”). Then ĝz” e C’, whence yz” == 0. Clearly 
ji = 0, jz” == g”, where 7:C — C” is given by (8.2). Therefore 


zi = j (L — the)” — j (0y + de 
Therefore Ha (0) =0 (n=0). 


18 See Theorem 3.3 in [15]. 


X 
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N, 


Conversely, let H, (C”) =0 for every n= 0. Assume that there # = 


homomorphisms, a ee 
kr: Or > Cr, rar Or > Orr (=-—Ll 1. 

such that krir = 1, 0,k, = kb. and 

(4.2). irkr — L = Iranra + Mrs 

these conditions being vacuous if n—0. Let m”: <, m”p (my = m; ) 

be the basis of 0”. and let 

(4.3) (1 + adn)’ = + 0% (CAE On, 07% == Ca). 


It follows from (4.2): that 
(1 F qnôn) = (1 T Pana) bn = (in-ılen-ı ee Nn-10n-1) In = tn-ahen Dn. 


Therefore (ch + cn) = in-na mM” y = ben-ama Therefore 9,0 = 0. 
Since H,(0”)=0 we have y= nnan for some a”, eC%ay. Let 
Wy = "x — Ont’ e On Then it follows from (4.3) that 


(4. 4) (1 + Nnn) mx er C'A + ay - Ona”). 


Let kn: Ca — O'n and nns: Cn —> Cas be the operator homomorphisms defined 
by Inc’ = C, mune’ = 0 and 


Kym”) = Ca +a’, man = — 0. 
Then (4.2), follows from (4.4). Also 
Online’ = Onc’ = kenne” 
amd y = On(c'x + ah) = Pa (a + ec”) = kn-ıdam”r. 
Therefore, starting with k_, = 71 = 0, the theorem follows by induction on n. 
Corozzarx 1. C=0 if, and only if, Ha(C) —0 for every n= 0. 
COROLLARY. 2. O’ isa D.R. of C if, and only if, C—C'=0. 


Lemma 2. If O isa D.R. of O then C= O + 0” (3), rel. C, where 
œ =0— 0. ‘ 

Let C*—C+C”. Then C*,—=C, and 9*:C*—C* is given by 
P(e + 0”) = 0 + 0%c”. Let i, k, n mean the same as in (4.1) and let 
f:0* >C be given by 


FC + e) = (0 — ke”) + 0” = o A (ôn ô)”. 
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> 


Then ajo = 0c’ = f0*c’ and ' 


2 — 5(0n + 78)” = önde”, 
= (ôq +n)” == (m + nô) er +e) (“ie OC). 


Since 40’ C O’ and nC’ = 0 it follows that fare” — = bé” — = Ofc”. Therefore 
f is a chain mapping. It follows from vues 1 that f:C* ~C (3) and 
the lemma is proved. 


5. Simple equivalence. We shall describe a chain system, B, as | 
elementary if, and only if, B,—0 when nr —1, r, for some r= 1, and 
ðr: Br = By. (3). This being so, it is obvious that H,(B) = 0 for every 
n= 0.. Therefore B==0, by Theorem 3, Corollary 1. We shall describe B 
as collapsible if, and only if, it is the direct sum of a finite set of elementary 
systems. Clearly B==0 if B is collapsible. It is obvious that B’ is collapsible 
if B’ = B (3), where B is collapsible; also that, if B, B’ are disjoint and 
collapsible, then B-+ B’ is collapsible; also that the direct sum of a set of 
r-dimensional elementary systems is itself elementary. 

. Let Br = An + Zn, let On: An = Zn (2) and let ĝa: Bn — B, be given - 
by Ina = da, OnZn—=0, (n—1,2,: +). Then B= {By}, with d= {ôn}. 
as boundary operator, is the direct sum of the elementary systems 
(- > +,0,An,Zn+,0,° © +). Therefore B is collapsible and any collapsible 
system is obviously of this form. 

We shall say that C, C” are in the same simple equivalence class, and 
shall write C=C’ (3) if, and only if, there are collapsible systems, B, B’, 
such that 


(5.1) E:B+O=ZB +0" (3). 


This being so, it follows from Theorem 3, Corollary 2, that C, 0” are D. R.’s 
of B+ 0, B+ 0% Let id 


i:C—8B+C, v:>B +0 
k:B+0>0, k:B'+C-0 
be the identity maps and any retractions. Let 
(5.2) g = kfi: 0—0 
and let g = kf: C’ — 0. Then 
(5.3) g'g = flv’ fi = kf ft = 1. 
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Similarly gg’ = 1. Therefore g:C(= 0”. We shall describe a chain mapping, 
9:00, as a simple equivalence and shall write g: =O’ (3), if, and 
only if, it is related by (5.2) to some simple isomorphism of the type (5.1). 
It follows from (5.3) that, if g: C=C’ (3) and if g”:C’—C is such that 
gg” 1, then g” is a simple equivalence. Obviously g:0 =C (2) if 
g:0 Z (3). 

The relation C=C’ (X) is obviously reflexive and symmetric. We 
proceed to prove that it is transitive; also that, if g:C==C’ (3%) and 
g’: C’ = 0” (3), then g’g: C=C” (3). Let C, C be related by (5.1), let 
f*:B*+ CZ B” + C” (2), where B*, B” are collapsible, and assume that 


(5. 4) B’ N B* = B* N (B+ 0C)=B'N (B” + 0”) = 0. 


Then B + B* + 0 = B’ + B* +O = B+ B” 4+. C” (3), whence C=C" (3). 
If (5.4) are not satisfied we apply a permutation, P,:B’,—> 4’,, to each 
module B’,, thus transforming B’ into a new system, A’, such that 
P:B’ = A’ (3), where P= {Pa}, and A’()C =0. Let 


A:B+ 0’ = A’+ C’ (3) 
be given by A(b + e) =P -+ e. Then 
(5.5) hf: BO =A’ + 0 (2). 


Similarly we can replace B* by A*—P*B* We can choose the basic 
modules A’n, A“, in such a way that (5.4) are satisfied when B’, B* are : 
replaced by A’, A*. Therefore C=C” (3), and it follows that C=C’ (3) 
is an equivalence relation. 

Let g:C— C’ be given by (5.2) and let À mean the same as in (5.5). 
Then g = (kh) (hf)i: C > C’ and k’ht: A’ + O > C is obviously a retrac- 
tion. Also k’h* can be extended to a retraction, A’ + 4* + CC’, by 
mapping A* on zero. Therefore, if g:0 = C’ (2) and g’: C = 0” (3) we 
lose no generality in assuming that g satisfies (5.2) and that 


fe: B’ + C’ = B” + Q” (3), g = KfW: C’ — 0”, 
where k”: B” + C” > 0” is a retraction. This being so, 
f'f:B +0 = B’+C” (3) 
and 
g'g => kf eke’ fa =a k’ffi: C EN 0”, 


Therefore g'g: 0 = 0” (3). 


SIMPLE HOMOTOPY TYPES. ` 17 


A non-zero element, which is common to two chain systems, will be 
called an accidental intersection, unless it is in a common sub-system, which 
is explicitly mentioned in the context. Accidental intersections between any 
finite set of systems, C,- > -, can always be eliminated, as in the paragraph 
containing (5.5), by replacing C,---, by a ‘set of chain systems, PC, - 
where Pa: Cn— (PC)n, is a suitable set of permutations. When the ponte 
requires it, we shall always assume that this has already been done. 

Let C==C’ (3), 0* = 0* (2). Then B+C>B’+C (3), B*+ OF 

_ = B’* + C'* (2), where B, B’ etc. are collapsible. Therefore, in the absence 
of accidental intersections, it follows from Lemma 1, in Section 3, that 


. BH B®+04+0*z B+ B* +0 + 0% (3), 


Hi 
(5.6) C + C* == 0’ + 0% (3). 

Let A be a common sub-system of.C and C’. We shall write C == C” (3), 
rel. A, if, and only if, 
(5.7) f:B+O2B +0 (3), rel A, 
where B, B’ are collapsible. 

THEOREM 4. a) If C=C?’ (3), rel. A, then C—A==0’— A’ (3). 

b) If C—A=0 (3), then C=A (3), rel. A. 


Let C, C’ be related by (5.7). Since f induces the identity, À — 4 (3), 
it follows from Lemma 1 that 


f:(B+C)—AZ(B +C)—A(S), 
where f’ is the chain mapping induced by f. Obviously 
(B4+C)—A=B+(C—A), (B'+0)—A=B+(0—A), 
which proves (a). 
Let 0” =0 (2), where C(”—C— A. Then B-+ 0” == P’ (3), where 
B, B’ are collapsible. Since O” =0 it follows from Theorem 3, Corollary 2, 
that 4 is a D.R. of ©. Therefore C~ À + ©” (3), rel. A, by Lemma 2. 


Therefore 
B+0=2B+0"+A=Z2B’ +A (2), rel. À. 


Therefore C = A (3),rel. A, and the theorem is proved. 


By a (p,g)-system, C, we shall mean a chan system such that Cr = 0 
if n<por if n>q (p=q). 


2 
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Lemma’? 3. If C=( (3), where O, 0’ are (p,q)-systems, there are ` 
collapsible (p, q)-systems, B, B’, such that B4+ C= B’+ C’ (3). 
, Le f:A+CÆZÆA +C(S), where A, A’ are collapsible. Let 
n—dimA>g. Then n= dim(A + C) = dim(4’ + 0’). It follows from 
the definition of a collapsible system that 


(5.8) A=B +4. + Bm, 


where each Bi is an elementary system. Let E be the direct sum of all the 
n-dimensional summands, Bt, and let D be the direct sum of the others. 
Let D’, E’ C A’ be similarly defined. Then En = (A + O)n, En = (A’ + Ch, 
and On: En = En (3), On: En Z E'n (X) since E, E’ are elementary 
systems. Also fr: En © E’ (2). Therefore | 


fEns = f0En =0'fEn = V E'n = En 





. and 
fra = 0’fnôn? : Ena © E'n (2). 


Therefore f: À + C = A’ + C” (3) induces a simple isomorphism EZ F’ (3). 
Since A+0-E=D+(0, A'+C—E =D +0, it follows from 
Lemma 1 that | 


(5.9) on D+CÆD'+0 (2). 


Now let A,>£0 for some r < p and let s be the least value of + with 
this property. Since C’,—0 and A+CÆA + O (3) it follows that s 
has the same property in A’. Let E now denote the direct sum of the (s + 1)- 
dimensional summands in (5.8) and.let D be the direct sum of the others. 
Let D’, E’ C A’ be similarly defined. Then D; =D’, = 0, by the minimal 
property of s. Therefore 


(5.10) (D+ C).=(D’+ 0’), =0. 
| Since F, E’ are elementary systems we have 
(5.11) 0: Esu © Es (2), 0: Fou = Es (2). 


Let c £ Oo, de Ds and let f(d +c) =e’ + d'+c. Since #(d +c’) —0, 
in consequence of (5.10), we have de —0(e +d + e) —=0f(d+c) 
=fd(d+c)—=0. Therefore it follows from (5.11) that ee —0. Therefore 
f(D+C) CD +0. Let h:E— F be the chain mapping induced by f. 
Then it follows from (5.10) that hs —fs:H, = HE’. (3) and also, since 
he— fee (D’ + su if ee Esn, that 


19 Cf, Theorem 1 on p. 1202 of [3]. 
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Where = fene == fsde = hsde. 
Therefore 
Ass = On h On: Esn IS Esa (2), . 


where On —=0| Eu, Oo = 0 | Eon. Therefore h: E zE (3) and (5. 9) 
again follows from Lemma 1. Lemma 3 now follows by induction on m 
in (5.8). 
We are now approximately half way through the algebraic preliminaries. 
The simple homotopy equivalences will be defined as those which induce 
simple chain equivalences, in a sense explained in Section 10 below. But 
we have still to relate chain equivalences to the group T, which is defined 
in Section 2 above. The first step in this is to associate an element, 
7(C) eT, with each system, C, such that C=0. We shall do this by 
transforming C into an (m, m + 1)-system, C™, in which dut Ou I Cm, 
and defining r(C) = (—1)"r(@mi1). In Section 8 below we define a chain 
system called the “mapping cylinder,” C*, of a given chain equivalence 
f:C=C’. This contains C as a sub-system and C*—C=0. We define 
t(f) =r(0*— 0). We shall also need to consider the effect of a A-auto- 
morphism, 0: R ~ R, operating on T, because the chain mapping induced by 
a homotopy equivalence, p: K =K”, is “associated” with an isomorphism 
m(K) m (K), namely the one induced by ¢. 


6. Null-equivalent systems. Let C=0. Then k=1:0—C, where 
kC = 0. Therefore there is a chain deformation operator, y: O — C, such that 


(6.1) On + nð = 1. 


Let 8— nn. That is to say, 8 — {8n}, where 8n = mn0nmn : On-1 > On. There- 
fore 8 is also a chain deformation operator. It follows from (6.1) that 
, ð = (1—")0 == ð. Therefore 05 + 80 = nôn + 4040 —"0n + qð = 1. Also 
ony = (1 = 79) y == 7 (1 = On) = mô. Therefore 88 — nan = 7000 = 0. 

Thus ; 


(6.2) 3 + 8 = 1,  88—0. 
Let Pı, Pa: M — M be permutations and let B be the elementary system . 


in which , 
o = 0, B; = P;C, Br=0 (t= 1,2;n > 2) 


and 0P3Co = Pico (Co Co). Let O = B-40. Then Cn = COn if n1 or 2 


and 
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| CO", = PO, + Ci, OC’, =. P20, + Co 
a1 (Pico + C1) = 0101, Ws (Paco + C2) = Pico + 0262, 


where c,eC;. Let C* be the system which consists of the same groups, 
= O'n, With 9, = On if n > 2 and 


(6.3) F5: (Pico + C1) = Co,  0*2(P200 + Ca) = 8169 + 0202. 
Let f:C’-—C* be given by fn=1 if nl and fa (Pico + ¢1) = Pıfıcı 
+ (8100 + c1). Then 
0* sf: (Pico + C1) = 0101 = fobi (Pico + C1) 
O*sfa(Paco + Co) = dito + data = P3010202 + 8169 + 0202 
= fı (PaCo + 0202) = f10/2(P2C0 + C2) 
and 0° nfn— fn-10’n = On — On = 0 if n > 2. Therefore f is a chain mapping. 
Let gı, hı: 0’, > Cs, be given by 
gı(Pıc + C1) = P1 (Co + A161) + Cu 
hı (Pico + C1) = — Paco + (8100 + C1). 
Since 0181 = 019 + 8000 = 1 we have 


CALE (Pico + ¢1) — gı{— Pico + (8169 + c)} | 
= P,(— Co + Co + dc) + (èco + C1) = fı (Po + C1). 
Therefore fı = gi. It follows from Theorem 2 in | ‘Section 2 that 


91, hi: O'i 72.07, (3) and hence that f: CZ C’ (2). 
It follows from (6.3) that C* == B’ + C1, where B,—0 if n >l, 


Bly = Co Bs = P1Co, (0* | B^) = Prt: BY, = B'o (2) 
and 


(6. 4) 0% = 0, C4, = Ci, Ch = P:C + C2, = = On (n > 2) 
with 91:01 0! given by 01, = 0, if n > 2 and 
(6. 5) 3ta (P260 + C2) = 81 + 02C2. 


Let m > 1 and assume that there is a system, 0”, such that C =C™ (2) 
and 
Cm =, Fe Om- = 0, O” mipsi = Cmaps (p > 0) s 


Then it follows from the above argument, with C" ns. playing the part of Cn, 
that Om = Om (3), where (+ satisfies the same conditions as 0”, with m 
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replaced by m +1. It follows by induction on m that there is such a 
system for each value of m. Moreover C™==C==0. Therefore equations 
analogous to (6.2) are satisfied in Om, 

Let N=dimC and let m=N—1. Then O”, =O unless n=m or 
m + 1." Therefore (6.2) reduces to 


(6. 6) { Oms10m4x = 1: Or >: Cm 


Smam = 1: CO na > C™ mar 


Therefore Om: CO" mar A Cm and dm = f'm. We define the torsion, r(C), 
of C as : 


(6. 7) (0) = (— 1)" (Amar) = (— 1) ™ (dm): 


In (6.4) and (6.5) let C, C* be replaced by 0”, O™, with Cm, —0 if 
n>m-1. Then (6.4), (6.5) become 


O ma = ™ mary C Mnp = P Orn, 
where P is a permutation, and 
Îmi = Sma P: C™ nye > CM ner. 


Since r(P)=0 it follows from (6.7) that (CO) == (— 1) "Hr (dm) 
= (— 1)" (Om). Therefore r(C) does not depend on the choice of 
m= N— 1. However (C) appears to depend on the particular choice of 8 
in (6.2) and on.the construction for 0”. The following theorem shows 
that it does not. | 


THEOREM 5. r(C) depends only on C. Also 7(C) =r((”), if and 
only if, C==C’ (2), given that C=C’ =0. 

Let C= C (2), where C =0, and let C™, O’™ be any given (m, m + 1)- 
systems such that C™==C (3), O” == O (3). Let r(C) be defined by (6.7), 
where Q” is now this given system, and let +(C’) be similarly defined in terms 
of C’", In particular we may have C=C’. Therefore, when we have proved 
that r(0) = 7(C’), it will follow that 7(C) depends only on O and also 
that r(C) =7(C’) if C=C’ (3). | 

By Lemma 8 f:B+C" = B’ + C’™ (2), where B, B’ are collapsible, 
and hence elementary (m,m + 1)-systems. It follows from Theorem 3, 
Corollary 2, that B+ C™=B’+0™=0. Therefore it follows from 
relations analogous to (6.6) that 


a: (B + EM) mar © (B T C™) m 
6: (B + O”) ma © (B' + 0) 


ve 


22 J. H. ©. WHITEHEAD. 


Moreover 8 = fun" fm. since fô = 0’f. Since fm, fms are simple isomorphisms 
it follows that r(8) = (8°). Also 


| d(b + c) = ĝÎgb + mC (b € Bms CE Or ms) 
(D + e) = dpb’ + mat, a 
where îs = ô | Bay, 08 — 0 | B'mu. By the definition of an elementary 
system, (ðs) = T(r) —0 and it follows from Theorem 2, in Section 2, 
that r(Imıı) =7(0) = r(8) = (Oma). Therefore r(C) = r(0’). 
Conversely let r(C) =7(C’) and let C” =C (2), C=C’ (3), where 
Cm, OC" are (m, m + 1)-systems. Let C™m be of rank p and C’", of rank p’. 
IE pp’, say p < p’, we replace C™ by B + C™, where B is an elementary 
(m, m -+1)-system, such that Bm is of rank p’—p. Therefore we assume 
that p = p’. Moreover, after applying suitable permutations to Cn, Omnis we 
assume that 0”, = On, Cini = Oma. Then g = mama: Cm SS Om 
and (—1)"r(g) ==7(C’) —7(C) =: 0. Therefore g: Om, = O”m (3). Let 
f:0™—0™ be given by fn—=9, fmı=1. Then marfim =O mi = fndmsr- 
Therefore f: C™ = C’ (3) and the theorem is proved. 


Obviously r(0) == 0. Therefore we have the corollary: 


Corozrary. Os=0 (X) if, and only if, r(C) — 0. 
Let C’ be a sub-system of C, and let C” = C — O”. 


THEOREM 6. If any two of C, C’, ©” are chain equivalent to 0, so is 
the third and r(C) =7(C’) +7(0”%). 

Let X, Y, Z denote C, C”, O” in any order and let ¥ == Y =0. Then 
Hy(X) = 0, Ha(¥) = 0 for every n= 0, according to Theorem 3, Corollary 
1. Therefore it follows from the exactness of the sequence (3.4) that 
H,(Z) = 0, for every n = 0, and hence that Z =0. 

Let C= C0’ = 0” =0. Then C= + 0” (3), according to Theorem 
8, Corollary 2, and Lemma 2, and it follows from Theorem 5 that 
7(C) = 7(C’ + 0”). For a sufficiently large value of m we have (’ == A (3), 
O” = A” (3%), where A’, A” are (m, m + 1)-systems. Therefore it follows 
from (5.6) that © + 0” =A + A” (3) and from Theorem 5 that 
7(C) == 7(A’ + A”). Let 9°: Ama > Am; 07: A” mir > Am be the boundary 
homomorphisms, which are isomorphisms since A’ = A” == 0. Then it follows 
from Theorems 2 and 5 that 


(Al A") = (RE) (0) = AN) + (4) = (07) +r(0”) 
and the theorem is proved. 


For purposes of calculation we exhibit the structure of the system, C”, 
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which is defined by reiterating the construction O—>C", leading to (6.4). 
To begin with we do not require m -+ 1 Z= dim O. Let m== 2k or 2k +1 
(k= 0) and let Do, D, C M be the basic modules 


Br. C 
Dı = Ci + 0 +: + Cotas; 

where rm if m= 2k, r=m -4-1 if m=2k 4+1. Let D= Do + D 
= OC + 0O +: e o Oma and let 8: D — D be the homomorphism which is 
determined by ĝ:C—> C. Let &:D-»D be the homomorphism which is 
given by 

c = dc if ce ds (s<m-+1) 

== 0 if ce Omi 


Then 6/8 = 0. Also it follows from (6.2) that 


(08 + 80)c—c if ceCs (s<m+1) 
= dc if CE Oms 


Also ôD; C Dj, SD: C D; (ij; j=0,1). Let 


(6.9) 


(6.10) A=0+8:(D, Do, Ds) > (D, D, Do) 
and let Ay: D; > D; be the homomorphism which is induced by A. Then 
(6.11) . | A;Ajd = A;Ad = AAd | (de D;). 


Since 00 = 88 == 0 it follows from (6.9) that 
AAc = (04+8)(8+8)c 

=¢ if ceCs (s< m+ 1); =80e ‘if ce Omi 
Also lm. C 8 Cm == 0, whence AC: = 0. 

Let i= 0, 7} = 1 if m = 2k and let i= 1, j= 0 if m = 2k +1. Then 
Om C D; and it follows from (6.11) and (6.12) that 

AjA; = 1 

A;AjC =C if ce OC, (s< m+ 1); = dec if ce Omu. 
Let C®, with boundary operator 0”, be the chain system, which is given by ?° 
C™, =0 if n< m, 


(6.12) 


(6. 13) 


Cr = D; =: 5 + Om-2 + Cm 
(6. 14) Om = D; =: "+ Om-ı + Oms 
f "mi = Aj, 


ze Cf. (5) on p. 205 of [10]. 
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and O”, = On, "p = ôn if n>m+1. Since Alm. — 0 it follows that | 
gna" — 0. Let 5” be the deformation operator, which is given by 


Banas = À; 


(6.15) 
8" 426 = 0 ifceC, (s Km +1); = dust if ce Oma 


and, = 8, ifn >m+2. Then 8",,.8",—0 ifn>m-+1 and 
"mad "me + Cm) = Sins28miaCm = 0, 
where cm& Cm. Therefore 5"8"—0. Also it follows from (6.13) that 
rl Ong” mea + Pme mer = 1, 
whence amgm L amam — 1. 


Let C"# be the system, with boundary operator 9"*, which is obtained 
from C™ by the construction, O — C', leading to (6.4), with Cn. playing 
the part of C, and with PC replaced by Co and Pz by 1 in (6.4), (6.5). 
Then 

Om ar = Om nat eT ae + Cn-1 + Omar 


Cite = Om, + CO" nse a ee + Om + Cm 


and (6.5) becomes 

PM (eo + Cm+2) == O™ 410° + Ümr2Cmse = Arc” + Oni2Omss = A* (em + Cm+2); 
where c™E Cn, Cm2 € Cm and A* is defined by (6.10), with m replaced 
by m—+1. Therefore C"*t is defined in the same way as C™ and we define 
s+! by (6.15), with m replaced by m+1. Starting with 0° == (0, it follows 
by induction on m that the construction C —> C1, reiterated m times, leads 
to O™. Therefore C=C" (2). We now take m = dim C —1, thus giving 
an explicit definition of Omi, dm in (6.7). 

Let R’ C R be a sub-ring, which is the image of R in a homomorphism, 
p:R— PR’, such that gr’ =r if re R’. Let 1e R’ and let A = oA. It is 
easily verified that A’ is a (multiplicative) group . Let M’ C M be the sub- 
module, which consists of all the elements (r’,,r’,' + -), where rie R, 
and let R’ be such that every admissible automorphism, M’ —> M’, is A-simple. 
That is to say, every matrix of the form (2.2), with elements in R’, can 
be transformed into the unit matrix by a finite sequence of the transformations 
(2.12), with Ac A, re. 

Let y:M—M’ be given by (11, ra" ©) = (dr, pre, ° *). Then 
ym, = m; and y(rm) = (pr)ym. Let f: I~ M be an admissible auto- 
morphism, which is given by fm; = 3yfijmj, (fu e R). Then yfm, = 3;(pfi;)m; 
and it follows that fye R’ if (and only if) yf=fy. Therefore fe if 
of = Ty. 
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Let C be a chain system, with boundary operator 8, and let y: M —> M’ 
mean the same as before, Then yO, C Or, since ym; = mi, and dy, pd are 
two families of homomorphisms @y, yO: Cr — Cu. 


Lexma 4. If C=0 and if dy — y, then C=0 (2). 

Let C=0 and let ôy =y. Let 7:C—C be a deformation operator, 
which satisfies (6.1), and let £: C—C be the deformation operator deter- 
mined by ém; = mm, ér= ré. Since p= yð and ym—m we have 
(0E + EI) ms == Y (ôy + nô)mi =m. Therefore #€4-4—1. Also y= é, 

-since yy = y. Therefore pm; = m; = yém;, whence éy = yé. Moreover 

è= £0E is a deformation operator such that & — yd, which satisfies (6.2). 
It follows from (6.5) and induction on m, or from the explicit formulae 
(6.14), that ôm, in (6.6), may be constructed so as to commute with y. 
Therefore Om. is a simple isomorphism. Therefore r(C) — 0 and the lemma 
follows from the corollary to Theorem 5. 

Let R be the group ring of a group T, let A consist of the elements 
+y (yeT) and let R’ consist of the integral multiples of 1er. Let 
p:R— FR’ be given by gT=1. Then we have the corollary: 


Coronary. Let C==0, let (m,:::,m"}) be the basis of On 
(m'y = m;,) and let 


Om", == Sjdresmnt, (n = ],9,- J), 


where d"; are integers. Then C=V (2). 


7. Conjugate systems. Let C be a given chain system with boundary 
operator 9. Let 0:R =R be a given automorphism and let sọ: MM 
mean the same as in (2.9). We shall also use sọ to denote the semi-linear 
transformation s’: 0O, —> O, which is given by? s'e = sc for each ce CO, 
{r—0,1,:::). Let 


09 == 59089? : On —> Cnr (n =1,2,° °°). 


Then 0°69 == s,80sg4 == 0. Obviously dr — 10° for each operator re R. There- 
fore 69 is a boundary operator. Let O? be the chain system, which consists of 
the modules C, with the boundary operator 4. We shall describe C? as con- 
jugate to C. 

Let f:C-->C’ be a chain mapping, let f'n — Sofas: Cn —> Cn, and let 
P = {f'n}. Obviously fer = rf? and [9 — spfds;* — sgôfs 7 = 0°79. There- 


7 a 3 . . 
= a 8,0: = C, since SM == m; andC, is a basic module in If. 
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fore f?: O° —> C” is a chain mapping. On transforming the relevant equations 
by sg we see that, if f: C=C’, then 


(7.1) p: 09 = ON, 


Let C = 0 and let @, 8 satisfy (6.2). Then 0° and 8% — sg3s, obviously 
satisfy (6.2). It follows from (6.5) and induction on m, or from the 
explicit formulae (6.14), that the construction for C”, with ô, 3 replaced 
by 0, 8%, leads to the conjugate system (C”)*’. Therefore 


(7. 2) r(C°) = (— 1)" (Fma). 
Let @A==A. Then it follows from (7.2) that 
(7.3) r(C9) =6r(C), 


where 6: T—T is defined by (2.10). 


8. Mapping cylinders. Let ©, C’ be disjoint chain systems, with boun- 
dary operators 9, 0’, and let f: —> O’ be a chain mapping. Let a(n. be the 
‘image of Ca in a simple isomorphism a: Cn. ~ «Ch, which is induced by a 
permutation P„ı:M—M. Then «Qn is a basic module. Let C*, be the 
direct sum 0, = O'n + Cn + @Cn+. Let @:C*,—-> C*n. be defined by 


(8.1) | a) Ho, Ic’ = dc’ (cE On, c'e O'n) 


b) “ac — (f—1— aû)c (ce Ca). à 
We shall write (8.1b) as 0*¢ == f — 1 — gð, using 1, f as abbreviations for 
i, Vf, where 4:0", d:C:—C*, are the identities. Obviously 
0*0" (On + Cn) = 0 and 0*0*a == 0’f — 0*ad — (f —1)d— (f —1— a0) 0 
—0. Therefore C* = {C*,}, with 0* as boundary operator, is a chain 
system. We shall call it the mapping cylinder of f. Clearly C, 0” are sub- 
systems of C. 


Lemma 5. C*— C is collapsible. 
Let O” = C*—C’. Then 0%, = Cr + aCn+. and 


(8. 2) 0” (ca + ac) = "002 — (1 + að) c, = (de, — C1) — dc, 
where ce On, cie Ou Let 6°: O” + O” be given by 
c= 0, Pac = c. 


Then 40% — 0 and it follows that {C”„}, with 0° as boundary operator, is a 
chain system O°, which is obviously collapsible. Let g: C7 0° be given by 
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g (C2 + a61) = c2 + a(ôco— c1). Then gô” (cz + ac.) = g (cz — cı — adcı) 
= 062 — C1 + a(— Oe, + c1) = °g (ca + acı). Therefore it follows from 
Lemma 1, Section 3, that 9:0” = C° (2), and Lemma 5 is proved. 

It follows from Lemma 5 and Theorem 4 that C*=(’ (3), rel. C”. 
Therefore C’ is a D.R. of C* and any retraction k’:C*—(’ is a simple 
equivalence. Let k’ be given by k'e = fc, k'e =c’, k'ac—0 (cell, del”). 
Then it follows from (8.1) that k’0*—0’k’. Therefore k’ is a chain 
mapping, which is a retraction, since k’c’ =c’. Also k'e = fc — fic. There- 
fore we have the corollary. 


COROLLARY. kK':C*=C (3), rel. 0’, and [= k'i. 
Let C(f)=C*—C. Then Cn(f) = Cu + an, and it follows from 
(8.1) that the boundary operator, ôf: C(f) >C(f), is given by 


(8.3) the, a= f — að. 
Lemma 6. C(f) =0 if, and only if, f: C=C’. 


Let C(f)=0. Then C is a D.R. of C*, according to Theorem 3, 
Corollary 2. Therefore 4:C=C* and, by the corollary to Lemma 5, 
k':C*= 0. Therefore f: 0 = 0”. i 


Conversely, let f: 0 = 0. Then 
fe = ais: Ha (0) = Ha (0) (n—=0,1,:::) 


and it follows that is: H,(C) = Hn(0*). Therefore it follows from the 
exactness of the sequence | 


Hy(C) > Ha (0*) > Hy{0(f)} > Hna (0) > Hna (0*) 
that H,{0(f)}} = 0 for every”? n= 0. Therefore C (f) = 0 by Theorem 3, 
Corollary 1. 


Lemma 7. Iff=g:C—C", then C(f) ~ C(g) (3). 

Let g—f— ôy + qô, where 7: C—C’ is a deformation operator, and 
let BC, and B:Cn = BC, be the analogues, in O(g), of «On and « Let 
h: C(f) —C(g) be given by h(t + ac) = (c — nc) + Bc, which we write 
as he’ = c, ha = B—n. Then 0h = hô in C’ and since hf =f we have 


dha = (B — n) = g — Bd — (g — F— m) = f — (B —7)0 = hf — had = hoa. 


Therefore it follows from Lemma 1 that h: C(f) = C(g) (2) and the lemma 
is proved. 








22 Cf. Section 3 in [5]. 
28 We now use @ to denote the boundary operator in all our systems. 
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Let f:C=C’. Then it follows from Lemma 6 that C(f) =:0. We 
define r(f) ==7{C(f)} and call r(f) the torsion of f. It follows from Lemma 
7 that 7(f) depends only on the chain-homotopy class containing f and 
we shall also call it the torsion of this class. 

Let f: 0—0, ?:C’—C” be any chain mappings. 

Lemma 8. There is a chain system D, containing C(f) as a sub-system, 
such that D—C(f) = C(f) and D=C(f’f) (à). 

Let #0”, C C(f’) and «’C, C C(f’f) be the analogues of «Cn. Let C'* 
be the mapping cylinder of f and let D be the direct sum D = C’* + C(f) 
with the “ united sub-system” ©’. That is to say D, = C3 + On + On. 
+ aCn and ô: D D is determined by 0: C’*—> C’* and 9:C(f) > C(f), 
which coincide in ©’. Thus de = F — 1 — œ’, 0a = f — að. Moreover C (f) 
is a sub-system of D and obviously D—C(f) = C(f). 

Let D’ be the direct sum D’ = (C*-+ O(f’f), with the anited oF 
system 0”. Then D’, == On + Ca + 0’O'na + «On and ĝa” == ff — a” 

Let g: D— D’ be given by 

g(c’* + ac) = (c/* —a’fc) + ac (ce C,c'*e C’*), 
which we write as ge = c’*, ga =a” — af. Then dg = gô in C’*, Since 
gfe = fc we have 

Oga = la” — of = f/f — «8 — (F —1— i) f = f — a + if 

=f— T A — gia. 
Therefore g: D =% D’ (2). Clearly D’—C(ff) = C’*— C” and it follows 
from Lemma 5 and Theorem 4(b) that C(Ff) =D =D (3). This com- 
pletes the proof. - 

Let f:C=0", f!!=(0". 

THEOREM 7%. (ff) =7(f’) +7(f). 

Let D mean the same as in Lemma 8. Then it follows from Lemma 8 
and Theorems 5, 6 that r{C(/’f)} —=7(D) 00) +r{eN }, and the 
theorem is proved. 

Lemma 9. If f:C = (3) then r(f) —0. 

Let f:0 >20” (3) and let C* be the mapping cylinder of f. Let 
g: C(f) ~C*—C’ be given by g(c + ac) —f"c— ac. Then ge = gic’ 
and it follows from (8.2) that 


#7, D—C(f) =0 (f) if the permutations a’: 0’, 00", C C(f’) are suitably 
chosen. 
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ôga = 1 + «ð — ff + st) = gba. 


Therefore g:O(f) = C*—C’ (X) and the lemma follows from Lemma 5 
and the corollary to Theorem 5. | 

‚Let f: C = C’ and let us discard the (implicit) condition that C J Œ = 0. 
Let h: A = C (2), where A is a chain system such that AN —=0. Then 
fh: À = 0 and we define +(f) by r(f) = (fh). Let (h’, A) be any other pair 
such that h’: AC (2), 4 N C =0. Let k”:4”ZC(E), where A” is 
disjoint from A, A’, O’. Then fh: A = O, hh”: A” = A (3), fh”: A” =O". 
Therefore it follows from Theorem 7 and Lemma 9 that r(fh”) = (fh) 
+ rh) =7(fh). Similarly r(fh”)=r(fh’). Therefore r(f) is inde- 
pendent of the choice of h, A. 

Let f = g: O = 0’, where C N O40. Then fh = gh: A =C, and in 
consequence of Lemma 7 we have: 


THEOREM 8. If fœg:C=0, then r(f) =7(g). 

Let f: 0=0, P: =0”. Let h: A= C (3), W: A’ = OC” (3), where 
A. A’ are disjoint from ©”, O” and from each other. Then f’h’: A’ = 0”, 
hfh:4= A’, F'fh: A= 0”, and h: O = A’ (3), fh: A= 0. Therefore 
it follows from Theorem 7, and Lemma 9 that 


PPP) (PTE) =(P Wh) — (PH) A CR h) 
=r (fh) 100 HA) +7). 
Therefore Theorem 7 is valid, even when C, 0”, O” are not disjoimt from 


“each other. 
Similarly Lemma 9 is valid, even if C N 0’ 0. 


THEoREM 9. Given g:C=C", then r(g)=0 if, and only if, 
g:0=0 (2). 

It follows from Theorem 7 and Lemma 9 that-we may assume C N @ = 0. 
This being so, let r(g) = 0 and let C* be the mapping cylinder of g. Since 
T{C(g)} =7(g) = 0 it follows from Theorem 5 that C(g) =0 (3). There- 
fore it follows from Theorem 4(b) that C*=C (2), rel. C, whence 
i: C ==0* (3). Therefore it follows from Corollary to Lemma 5 that 
g: C=C’ (3). . 

Conversely, let g: C=C (3). Then f:B+C=zP +C(S),g=kfi - 
where B, B’ are collapsible systems, 1:C >B-+C is the identity and 
k':B'+ CC is a retraction. Assume that (fi) =r(f) 0, where 
Y: —>B’ +0 is the identity. Then 7r(k’)—0, since 7(k’) + r(f) 
=1(k’i’) =7(1) =0. Also r(f) =0, according to Lemma 9, and it 
follows from Theorems 7, 8 that (9) = 0. 
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It remains to prove that r(i) =r(#) —0. Let h: A = 0 (3), where 
AN(B+C)—0. Since ihA=C it follows from (8.3) that C (ih) 
= B + 0 (h), and from Theorems 5, 6 and Lemma 6 that 7{0 (ih) } = r(B) 

+r{C(h)}=0. Therefore r(i) =7(th) — 0 and similarly r(/) — 0. This 
completes the proof. 

Let A, A’ be sub-systems of O, C’ and let h: C —> C” be a chain mapping 
such that hACA’. Let B=C—A, B’=C’—A’ and let f:A— 4, 
g:B— P’, be the chain mappings induced by h. 


THEOREM 10. If any two of f, g, h are chain equivalences so is the 
third, andr(h) =7(f) + r(g). | 
Assuming that ON C’ =0 we have 


Cn(h) = O'n + Cra An + Bln + Ana + aBn = On(f) + Calg). 


Let D—C(h) —C(f). Then D,—Cn(g) and I say that D—C(g). For 
let dx denote the e bodi operator in X, where X stands Tor any of the 
systems C, C’,: +. Since A’ C C(f) we have * 


AW’ = omb’ teten, mod. C(f), 


where b'e B’. Since «A C C(f) we have ac, = ac, mod. C(f), if c = cs, 
mod. A, where ¢;,¢, C C. Therefore 


pab = fo cnyab = hb — ch = gb — rd = dub, mod. C(f), 


where be B. Therefore @pd=AOcig)d, mod. C(f), for any deD. But 
DNC(f)=0. Therefore 4p = dern, whence D=((g). The theorem now 
follows from Lemma 6 and Theorem 6. 


In consequence of Theorem 6 we have: 
COROLLARY. If any two of f, g, h are simple equivalences, so is the third. 


Using the same notation as in Theorem 10, let A’, = A =C N C’ and 
let h: O —> C’ be rel. A. Then we define the mapping cylinder, C*, of h 
in the same way as when A—0, except that C#, — C'n + Bn + aBn- 
= B’, + Cu + «Br: where g: Br = aBn (3) is induced by a permutation, 
-Pa:M— M, and :0* is given by (8.1), with ce B and d—=% in (8. 1b). 
Obviously C*—C—C(g). Therefore it follows from Theorem 10, with 
f= 1, and from Lemma 6, that h: C=C” if, and only if, *— C = 0. I 


25 If Y is a sub-system of X, then æ = z’, mod Y (x, a’ C X) means that v — v e Y. 
Clearly 9,0 = 9,0, mod Y, where Z = X — Y. 
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follows from the corollary to Theorem 10 and Theorem 9 that h is a simple 
equivalence if, and only if, 


(8. 4) C* — O==0 (2). 


Let f:C==C’ and let 6:R=R be any A-automorphism. Then 
ff: C9 =C”, according to (7.1). Since a, in (8.1), is the isomorphism 
induced by a permutation it follows that asg—s,a. Therefore it follows 
from (8.3) that C(f9) =C(f)® and from (7.3) that 


(8.5) 7(f?) = 6r(f). 

' Letf:C=(". In order to calculate r(f) we need to know a deformation 
operator, é: C(f) ->O (f), such that 06+ £9—1. Let fand f’:C’+C be 
related by ff — 1 == ôy + 70, ff —1 = dy’ + 7/0, where q: O > O, g: C0 
are deformation operators. Let 


(8.6) p—fn— tf: 0>. 
Then i 


Op + pô = re — n°10 = f (Om + 90) — (+ 
= f(ff—1) — Gf —1)f=0. 


Hence it follows by a straightforward calculation that 06 + £9 = 1, whère 
é: C(f) — C(f) is given by 


éa = an — um 
(2.2) | E| X = af — pf’ — 7. 


9. The groupoid Œ. Let R be the integral group ring of a group T. 
We need to consider chain mappings which do not necessarily commute with 
the operators re R. By a chain mapping, f:C—Ü’, associated with an 
automorphism, 0: R =R, we shall mean a family of homomorphisms, 
fn: On —> C'n, such that -fô — ôf and fr — ($r)f. We now insist that Co 0 
and that, if m, is a basis element of Co, then fom; shall be a basis element 
of CO’. This ensures that f is associated with only one automorphism 6 
(unlike O — 0, for example). If f: — C” is associated with 9: R = R, 
then f’f:C > 0” is obviously associated with #4. Let we R be any regular | 
element. Then 0x = vô and z(rc) = (ara*)xc. Therefore x: C — C, given 
by c— ae, is a chain mapping associated with the inner automorphism ĝe. 
We shall confine ourselves to chain mappings associated with those auto- 
morphisms of R, which are determined by automorphisms of T, and we shall 


< 
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use the same symbol to denote 0: T =T and the corresponding automorphism 
of R. 

We define chain homotopy and chain equivalence as in CH (II), with T 
playing the part of p, Thus fg:C—>C means that 


(9.1) yg —f = ôy + vð, 


where yeT and ņ:O —> ©’ is a chain deformation operator associated with 
the same automorphism, 6, as f. As in CH (II) it follows that g is associated 
with 0,0. We shall write f = g if, and only if, f, g are related by (9.1), 
with y= 1. As in the ordinary theory of homotopy or chain homotopy, 
f =g implies fh = gh, h’f = h'g, where h, h’ are any chain mappings of the 
form h: Œ >C, h’: 0’ > C”. 

We say that f: C—O is a chain equivalence and write f:C =C’, if, 
and only if there is a chain mapping, g:C’— C, such that gf = 1, fg =1. 
Let y, y CT be such that ygf = 1, yfg = 1. Then ff = 1, where F = yg. 
On transforming y’fg =1 by y we have fgy = 1. Therefore fF = ff’fgy’ 
= fgy = 1. b 

Let f: C==C’, where f is associated with 1:R =R. That is to say, 
fr=rf. Let f’: C’ — C be such that f/f = 1, ff = 1. Since f’f'is associated 
with only one 0: R ~ R and since fr = rf it follows that f/r = rf’. Therefore 
f: O = 0”, in the sense of Lemma 6. 

Let f: C=C’ be associated with 0: R = R and let 0,, 02: R ~ R be given. 
Using the same notation as in Section 7 we have 


sg f So = S00’ fso = So,f089,* = SafSo 70%. 
Therefore 
(9.2) Safsos * : 0% —> 0’ 
is a chain mapping, which is obviously associated with 4,48,-1. Let f/: C0 
be such that ff=1, ff æ1. On transforming ff=1 by sg we have 
Sof’ fg = 1:C®>C% Also fsg™: saf =1:0’>C’. Therefore it follows 
from (9.2), with &=1, 0: =ð, that er 0? = 0’. Moreover (fsg*)r 
=r(fsg*). We define r(f) by 


(9. 8) (N = r (fs) 


and call it the torsion of f. Let 8,,6::RZR be arbitrary. Then sy,fsg5* is 
associated with 6169," and it follows from (9.3) and (8.5) that 


(9.4) (sfr) = 7 (Sp fS0™" Ss) = T (801 Fi" So) = Ar (F). 
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Let f: C’ == C” and let f be associated with 9:R SR. Then Pf: C = 0” 
is associated with 06, and it follows from Theorem 7 and (9.4) that 
IN) set sg) 

N) + Pt) HN). 


Let fæ g:C= 0 and let f, g be related by (9.1). Then yg,f and y 
are all associated with the same automorphism, 6, and 


(9. 5) 


YIS Ft + qso *S9089* — FE + ED, 


where == st, Therefore fsg1 = ygsg* and it follows from Theorem 8 
that r(f)=r(yg). Also it follows from (9.5) and (2.11) that r(yg) 
=r(y) + 91(9) =7(y) +r(g), where y:0’—(” is the chain mapping 
¢e’-> ye’, which is obviously a chain equivalence. Since ysSgy mM; = ymi, 
where m; is any basis element of (C”,, it follows from (2.7) that 
ysoy™: OY = C (2), whence r(y) =0. Therefore f = g implies 


(9.6) N = (9). 


Let & be the totality of chain homotopy classes of equivalences between 
all the chain systems, which are equivalent to a given one. Let f: C=C’, 
F: O = 0” be-such equivalences and f, P the corresponding chain homotopy 
classes. We define ff—ff. I may be verified that, when multiplication 
is thus defined, & is a groupoid. Let f be associated with 9. Then we define 
f:T—T by fr=ðr. Let fg. Then g is associated with 6,6, for some 
yeT, and it follows from (2.11) that gr = 0,107 == ôr = fr. Therefore a 
single-valued map f: TT is defined by fr—fr. Obviously 1-r= r if 1 
is any identical map, C—>C. Since Pf, if it exists, is associated with 6, 
where f, f’ are associated with 6,6’, it follows that F (fr) = (ff)r. There- 
fore we say that T admits © as a groupoid of operators. 

It follows from (9.6) that a single-valued map r: G>T is defined by 
r(f) =r(f) and from (9.5) that 


(9.7) r (GP) =7(9) + frf). 


Therefore r is what, by a natural extension of the language of group theory, 
we call a crossed homomorphism of © into T. We call r(f) the torsion of % 
Given C it is easy to construct a chain system C’=C and an equivalence, 
f:C=(", such that r(f) is a given element rneT. For example, let 
d:AZB be an isomorphism such that r(d) = ro where A,B are basic 
modules, which are disjoint from C and from each other Let m > dim C and 
let O” be the system which consists of C, with its own boundary operator, and 


3 
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Cm = B, O'm = À, With mu =d. Then it follows from Theorem 10 that 
T(t) = To, where à is the identical map C — C7. 


10. Homotopy types of complexes. Let K be a given complex and 
let a 0-cell e? e K° be taken as base-point for m(K). Let Æ be the universal 
covering complex of K, in which the points are classes of paths joining e° to 
points in K. Let? C(K) be defined in the same way as C(K) in Section 12 of 
CH(II) and let (c®,,- - -,c",,) be a natural basis for C,(K) = H,(Kr, Kr), 
Let R, T, M mean the same as before, with y: mı(K) =T. Let R(K) be the 
group ring of m(K). Let C,(K) CM be a basic module of rank p, 
(n = 0,1,- + +), such that Ci(K) N Ci(K) = 0 if t4j. Let (m%,- - -, Mp) 
be the basis of O„(K) and let kn: Cn(K) = Cn(K) be defined by 


(10.1) Knlrion + + Tonton) = Cyr) ME (Yro) Mon 
where r;eR(K). Let 
(10.2) On = Kn-10’/nln : Cn (EK) > Cna (K), 


where 9 is the boundary operator in C(K). Obviously 49 = 0 and dr = rô 
(re). Therefore C(K) = {Cr(K)}, with 9 = {ôn} as boundary operator, 
is a chain system and k={k„}:C(K) = C(K) is an isomorphism asso- 
ciated with y. 

The arbitrariness in the definition of C(K) consists of 


a) the choice of the base point e°, 
` (10.8) b) the choice of y:mı(K) ZT, 
c) the choices of the bases {c”;} and of the basic modules CE ). 


Let another 0-cell e1? e K° be taken as base point and let K, and C(K,) 
be the corresponding universal covering complex and chain system. Let ' 
a:m (K, 6) Zm(K,e), p: 2K 

4 
be the isomorphisms ° determined by a path (J, 0,1) — (K,e°,e,°). Let 
h: C(K,) = C(K) be the isomorphism induced by ¢. Then h is obviously 
associated with a, and the same system, C(K), is defined by 


2° Here we reserve the symbol C (K) for a system in which C,(K) is a basic module 
in M, as defined by- (10.1), (10.2) below. We no longer insist that the elementary 
chain c’e0,(K), associated with a e-cell which covers e°, shall be associated with the 
base point in K. 

#7 We use the symbol = to denote the relation of isomorphism between complexes 
as well as between groups and chain systems. 
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yo:m(K, e) ZT, kh: 0O (Kı) = C(K), 


as by « and k. The effect of choosing a different path, (I, 0,1) > (K, o, 1°}, 
is to replace a, h by 6,0, wh, where zer, (K,e°). Since 


are F: tr) = (ara + (Garn) Corn 


it follows that the resulting alterations, ya — y6.« and kh — keh, are included 
in (b) and (c). 

Let y be replaced by y':mı(K) ZT and let 9=yy"!:T=T. Then it 
follows from (10.1) and (10.2) that kn is replaced by spk, and ô by 
0° — 59089. Therefore C(K) is replaced by the conjugate system C?(K). 

Any other natural basis for C,(K) is of the form (+ 2,0%, ° + +, 2p,€%»,), 
where z;em(K). Any other basic module of rank p, is of the form PC,, 
where P: M —> M is a permutation. Therefore a change in (c) leads to a 
new system C’(K) = C(K) (3). | 

Therefore C(K) is determined up to a transformation, O (K) > C’(K), 
which is the resultant of a semi-linear transformation, C(K) — (K), 
followed by a simple isomorphism 0%(K) = C’(K) (2). 

Let K’==K and let k’:C(K) = C(K’) be defined in the same way as 
k:C(K) =C(K), in terms, of an isomorphism y/:7(K’) ZT. Let 
g: C(K) =0(R’) and a:mı(K) = ,(K’) be the chain equivalence and the 
isomorphism induced by a homotopy equivalence # ¢:K=K’. Let 


(10. 4) =—k’gk*:C(K) > 0(RK’), 0=yay2: TST. 


Then it may be verified that f is, a chain equivalence associated with 6. We 
describe it as the chain equivalence induced by p and we define r(p) —7(f). 
Let g*:C(K) =C(K’) be the chain equivalence induced by a homotopic 
map ¢* = ¢ and let = k’g*k. Then g* =g and it follows that f* = f. 
Therefore r($*) =7(¢). Hence, and by the two preceding paragraphs, 7(¢) 
depends only on the homotopy class, $, of maps K — K’, which contains &, 
on y, y and on the choice of base points * in K, K’. We define r($) —7(¢). 
Let y and y be replaced: by yı:mı(K) ZT and yYı:m(K’) ST. Let 
0 = yy”, C —y:y" Then k, k are replaced by sok, sgk’, and f by 
sefso”. Therefore it follows from (9.4) that r($) is replaced by #’r($). 

Let us write r=7, where r,r CT, if, and only if, 7’ = 67, where 


28 All our maps and homotopies of complexes will be cellular and it is always to be 
understood that a given map, K > K’, carries e° into e”, where e°e K’° are the base 


points. 
°° Actually r($) does not depend on the choice of base points since 0 r = 7 for any 


yer, rev. 
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8:TÆT. Obviously r= 7 is an equivalence relation and we shall describe 
the corresponding equivalence classes as 6-classes. It follows from the pre- 
ceding paragraph that the #-class, #($), which contains 7(¢), is uniquely 
determined by the homotopy class ¢. We call it the torsion of &, or of any 
map ded. 2 4 

We shall describe $: K = K’ as a simple (homotopy) equivalence, and shall 
write ¢: K = K (3), if, and only if, 7(¢) —0. We shall say that K, K’ 

. are of the same simple homotopy type, and shall write K = K’ (2), if, and 
only if, there is a simple homotopy equivalence 6: K = K’ (3). 

Let $’: K’ = K” and let C(K”) = C(K”) be defined in the same way as 
C(K) and C(K’), in terms of an isomorphism y”:7,(K”) ZT. Let ¢’ be 
associated with @’:21(K’) Zm(K”) and let  —yÿ’#y21: TST. Then it 
follows from (10.4) and (9.5) that 


(10. 5) t($’b) = rl) + (9). 


Therefore, if &, ¢’ are simple equivalences, so is ¢’6. Obviously r(y) — 0 if 
y=1:K—K. Therefore, taking K” =K and #1, it follows from 
(10.5) that a homotopy inverse of a simple homotopy equivalence is itself a 
simple homotopy equivalence. ‘Therefore K = K’ (3) is an equivalence 
relation. ; 

Let Gx be the aggregate of homotopy classes, ¢,%,- - +, of homotopy 
equivalences, ¢,y,: - +, of K into itself. Let == yẹ. Then Gg, with this 
multiplication, is obviously a group. Let’e e K° and k: C(K) ~C(K) be 
fixed and let Gr be the sub-group of the groupoid &, which consists of the 
chain homotopy classes of chain equivalences C(K) ==C(K). Let fe — f, 
where f is given by (10.4), with K’ = KE, y = y, k' =k, and let fee © be 
the class which contains fy. Then $— fọ is obviously a homomorphism of 
Gx into Gg. Let rx: Gx—T be the map which is given by rx($) —7(¢). 
It is the resultant of $ — fe, followed by the crossed homomorphism f — r(f). 
Therefore rx is a crossed homomorphism, in which Gx operates on T according ` 
to the rule dr = for. 

Let us take T = m, (K, po), where poe K, and let y:7,(K,e°) ZT be 
the isomorphism determined by a path in K, which joins po to e°. Then the 
degree of arbitrariness in y is that it may be replaced by @y, where 6:T ZT 
is an inner automorphism. In this case fg is replaced by fg and rx by 
brx: Gr—>T. But 6r = r, according-to (2.11), whence @rx — rx. Therefore 
rx is uniquely determined by K when T = m (K, po). For the reasons given 
` in discussing (10.3), rx is independent of the choice of e°. 

Let K, be a connected sub-complex of K, which contains e° and is such 
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that i:mı (Ko) Tmı(K), where à is the injection homomorphism. Then 
K,—=p"K, may be taken as the universal covering complex of Ke, where 
p:K>K is the covering map. Let C,(Ë,) C Cn(K) be the sub-module 
consisting of the n-chains carried by Ko and let kn mean the same as in 
(10.1). A natural basis for O„(K,) is part of a natural basis for C,(K) 
and it follows that C(K,), with 


(10.6) Ca (Ko) = knOn (Éo), 


is a sub-system of O (K). Let U == K— K, and let us denote the residue 
system C(K)—C(Ko) by C(U) =C(K) —C(K.). Let Ü = pU and 
let Ca(Ù) C On(K) be the sub-module consisting of the n-chains carried 
by Ü. Then obviously Cn(U) = knC,(U). 

When dealing with such a pair of complexes K and K, C K we shall 
always assume that C(K,) is imbedded in O(K) in the way described above. 

Let Ko CK, Lo C L be sub-complexes of given complexes K, L. Let 
$: (K, Ko) — (L, Lo) be a map such that ¢ | K — K, is an isomorphism onto 
L— Lp and let ġo: Ko — Lo be the map which is induced by &. 


THEOREM * 11. If do is a simple equivalence, so is à. 


Let h:C(K)—C(L) and f:C(K:) ~C(L,) be the chain mappings 
which are induced by + and o. Then it is obvious that AC (Ko) C C(Ly) 
and that f is the chain mapping induced by h. Since ¢ | K — Ky is an iso- 
morphism onto I — Ly it is also obvious that g: C(K — Ko) = C(L— Li) (3), 
where g is the chain mapping dat by h. Therefore the Theorem follows 
from Theorem 10. 

As an application of Theorem 11 let &o: Ry = Lo, where L, consists of 
a single 0-cell, let Z be formed from K by shrinking K, into the point Lo 
and let ġ: K — L be the “identification map.” Since m, (Lo) = 1 it follows 
that o is a simple equivalence and so therefore is ¢. In particular we can 
take K, C K+ to be a tree containing K°. Then L° consists of the single 
0-cell Lo. i 


11. Combinatorial invariance. In this section we prove: 


Tarore 12. If K’ is a sub-division of K the identical map, i: K — K’, 
is a simple equivalence. 


30 Of. Theorem 12 in Section 8 of (I). Obviously @: Ki = L(2) if Ke, 
In = e°, where e° e K°, e'°e L° are the base points. In this case the theorem states that 
p:K=L(E) fd: KL. 
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Let P be a given complex and Q C P a sub-complex, which is a D. R. 
of P. 


Lemma 10. If every circuit in P—Q is contractible to a point in P, 
then the identical map, Q — P, is a simple equivalence. 


We first prove the theorem, assuming the truth of the lemma. Let 
¢’: K’ = L, where L is a new complex, which does not meet K. Let 
$=6i:K>L. Then i= "6 and $7 :L = K (3) according to Theorem 
11. Therefore it is sufficient to prove that 6: K=L (3). Let P be the 
mapping cylinder of ¢. We regard P as K X I, with (z, 0) =v (eK) and 
K X 1 sub-divided to form L. Let e, be a principal cell (i.e. one which is 
an open sub-set) of K and let K, — K — eo. Proceeding by induction we 
define a sequence of sub-complexes 


K = Ko, K,,: e -Kr = KO, 


such that Kyı=Kı — en where ex is a principal cell of Ky. Let 
Py =K U (K XI). Then Pas is a D.R% of Pı and PA— Pyn is the 
point-set e X (0,15, where (0,15 is the half open interval 0 < t51. 
Therefore mı(Pa— Pyu) =1 and it follows from .Lemma 10 that 
ty! Pyar = Pa (3), where 4 is the identical map. Therefore 


j= to" = ‘nai Pn = K =P (3). 


Similarly k: L= P (X), where k is the identical map. Let y: P>L 
be given by y(x, t) = px. Then y:P=L (3), since y is a homotopy inverse 
of k. Therefore $=yj:K==L (3%) and Theorem 12 is proved. 

It remains to prove Lemma 10. Since Q is a D.R. of P it is easily 
proved that the chain system C(Q) is a D.R. of C(P) and that a retraction 
y:P—0Q induces a retraction &:C (P) > C(Q). We have to prove that k 
is a simple equivalence and this will follow from Theorem 4, Section 5, 
when we have proved that C(U) =0 (3), where U = P — Q. 

Let Unt © -Um be the components of U, which are finite in number 
since U is the union of a finite number of (connected) cells. Let P be the 
universal covering complex of P and let p:P->P be the covering map. 
Let Ü) be any component of p"Uy and let U*=U0,U---U Um. Since 
P and P are locally connected, U, and Uy are open sets. Let e”, + >, eq, 
be the n-cells in U. It follows from the condition on the circuits in U, 
which is satisfied a fortiori by the circuits in U, that p| 0, is a homeo- 
morphism onto U). Therefore p |.U* is a homeomorphism onto U. Therefore 


#1 See Theorem 1.4(ii) in [16]. 
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U* contains precisely one, &;, of the cells in P, which cover e%. Let 
c", € Cn(P) be the element which is represented by a characteristic map for 
ër Then (c%,: > +, 0%,) is a basis for 0,(D), which is part of a natural 
basis for Cn(P). Moreover 0,(U*), which consists of the n-chains carried 
by U*, is the ordinary free Abelian group, which is freely generated by 
CM," + +, Caw without the help of the operators in m(P). 

Since each component of U is open it follows that no cell ine U — U* 
meets the closure of &*,. Therefore 


Qn-1 
(11.1) rer et, 
j=. 


where dı” are integers and cite C,(Q) (Q =p>Q). Let mir = ku", 
where kn means the same as in (10.1). Then it follows from (11.1) that 


é:0(0) > C(U) is given by dm,” TS dim, Therefore C(U) = 0 (3), 
j=l 


by the corollary to Lemma 4, in Section 6. This proves Lemma 10. 


12. Lens spaces. By way of an example let A, B be the chain systems 
determined by lens spaces of types (m, p), (m,q), where m is the order of 
their fundamental groups and g=k’p(m). That is to say, A,B play the 
part of C(K) in Section 10 and mı(P), 7(Q) in Section 15 of CH(II) are 
both replaced by T. The generators é, 7 in CH (II) are replaced by a generator 
yeT and we denote the integer r by h, to avoid confusion with re R. Other- 
wise the notations will be the same as in CH(II). Thus 6:4—A and 
0:B—B are given by 


(12 1) | 0a, = (y—1)a, da, = om(y)a, 0a, = (yP —1) de 
` 6b: = (y — 1) bo, bz = om (y) br; 03 = (y2 — 1) bz, 


where or(y*) =1+y +: N + Lys, l 
The Reidemeister-Franz torsion in A and B is ra and rg, where 


022) = (1) (P—1) = (y—1) (7—1). 


© Let 0:T ÆT be given by 6y—y* and let u: 4 —B, v:B-— A be the 
chain mappings, associated with 0 and with 8-1, which are given by ua, == bn, 
vb, = An if n =Q or 3 and 


(12 3) | | u = ox(y) bi Ulo =o, (y*?) ba 


vb, = o: (y) a, vb, = or (y1) ae, 


where A} =1-+mh. As shown in CH(II), vu —1— 67 + m0, w —1 
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= 0 + 9, where an = mon = 0 if nA1 and na, = haz, nb, = hbo. Notice 
that 99 = 0 and 784 = Sgn, since a», ba are generators, Min Min of M. 
It follows from (12.1) that 


(12. 4) Ha, = (y E= 1) to; Oats == om(y) i as = (y — 1)@, 
and from (12.3) that 
(12.5) ` sub; =a1(y")a, - 8gvb2 = o1 (%1) de, 


since kl==1(m). We proceed to calculate r(u) —7+{C(usg)}, where C(f) 
means the same as in Section 8. Let C — C(us, 1) and let a’, = gan, where 
« means the same as in (8.2). Then (dbn,@n.ı) is a basis for Cy 
(a'1—db4—0). Since usp a, = Uan it follows from (8.2), (12.3) and 
(12.4) that 9:0 —C is given by 


0b, = (y Le 1) bo, 0@o = bo 
Iba = om (y) bz, da’, = orly) bı — (y¥—1)a’o 
ba = (y? — 1) bz, 90’, — on (7?) b2 — om (y) a's 
da’; = bs — (yP — 1) a'a. 
It is easily verified that u — 0, where a is given by (8.6), and similarly 
that sgun = nsov. Since m= 0 a straightforward caluculation shows that 


ô = 0, where ô is given by (8.7), with é= 8. It follows from (8.7) and 
(12.5) that 8b, = a’, and 


8b, — <= hb. + 01 (y) 41, da’, = 0 
Sb, = 07 (yI) a2, 8a’; = ha’, 
ôb; tas as, 8a’. et 0. 


Let Do = Co + Ca + Cs, Di = Ci + Ca, as in (6.8) with m = dim C — 1 
=8. Then Do D, have (bo,a’1,b2,a’3), (Oo Das W'a bs ) as bases and 
Ao —0 + ô: Do Di is given by 


Aobo = do 

Aa, = — (Y —1)a’o + ox(y)b1 + ha’, 

Aob: = om(y)b: + o1(y2)a’2 

Aoa’; = — (y? —1)a’, + bs. 


Let fo: Do = Do, fa: Dı & D, be the simple automorphisms which are given by 


foa'i =a,-+ (y" = 1) Bo, foc = 6 (c = bo bo, a’s) 
fibs = ba + (y*?—1)a’, fie =c (¢ = Wo, Dis @2). 
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Then A’ = FıAofo : D, -> Dı is given by A’ do = a'o A’ a's == bs and 
Aoa == ox(y) 01 + ha’: 
A’ bz = om (y) bi + oi (y4) d'a. 


Let i, j be any integers and let p= (i,j). If i< 7j we have, writing 
as —0s(y) (oo = 0), 


oj yo; == (ji. 


Therefore it follows by induction on à + 5 that the matrix [oi,o;] can be 
reduced to [op, 0] by a sequence of transformations of the form 


[oi 03] > [os oj — voi] or Loi — y's; 05] 


followed, if necessary, by [0, op] — [op,0]. Since (k, m) — 1 it follows that 


Li 6977 Lo 4 nich) 


by such elementary transformations of the rows. Since these transformations 
alter the determinant by a factor + 1, at most, we have t == + d, where. 


= 0x (y)o1(#) — hom(y). 
I say that 


(12. 6) dre = Ora, 


where ra, rz are given by (12.2). For let x be the homomorphism of R 
into the complex field, which is given by yo, where œo” == 1. Then 
x(drr) = x(60r4) =0 if o = 1, and if o 41 we have 


x (ro) = Kr —1) (w@—1)1/[(o—1) (wt — 1) ](@—1) (1) 
= (o — 1) (w2 — 1) = x(Ora). 


Therefore x(dra—rı) = 0 and (12.6) follows from the orthogonality 
relations between the group characters. Therefore r(u) is essentially the 
same as the inverse of the element + in Lemma 5 on p. 1209 of [3]. 


13. Formal deformations. As in CH(II) let I” be the n-cube in 
Hilbert space, which is given by 0 St, c tn E 1, 4-0 ifi>n, with 
I°—(0,0,:-:). Let 


Bart = dr — (rt — AJ) (n = 1). 


Let e” be a principal cell of a complex K and let e"! be a principal 
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cell of K—er (n>1). We shall describe the transformation K>K, 
== _K—e"— et as an elementary contraction if, and only if, er has a 
characteristic map, f: I" — ë”, such that fE" C K, and f | Ir is a charac- 
teristic map for e”*. The inverse, Kı — K, of an elementary contraction, 
K — K., will be called an elementary expansion. An elementary expansion 
may also be defined as follows. Let E” be an n-element, which is disjoint 
from a given complex, K, and let E”" be a hemisphere ë of 3E”. Let 
e” == Er — 0ER, er! = OH" — Er and let f: (E+, 0H") > (Kr, K") be 
an arbitrary map. Let K, = K (J e" |] e” be the complex formed by iden- 
tifying each point-peH™ with fpeK"!. Then K>K, is obviously an 
elementary expansion. 

Either an elementary expansion or an elementary contraction will be 
called an elementary deformation. The resultant, K,—>K, of a finite 
sequence of elementary deformations, 


(13. 1) Ki Kia (i= 0,: ` ‘,7—1), 


will be called a formal deformation. We also include the identical trans- 
formation, K — K, of any complex, among the formal deformations. We 
shall denote a formal deformation by D:K,— K,, and K, — DK, will mean 
that K, is obtained from K, by a formal deformation D. If each Ki > Kin 
is an elementary expansion (contraction) then K,— K, will be called an 
expansion (contraction) and we shall say that K, expands (contracts) into 
Kr. If D:K,—K, is the resultant of the sequence (13.1), then the resultant 
of the sequence K: > K, is the formal deformation, D~: K,— Ko, inverse 
to D. 
Let D:K,—K; be an elementary contraction. Obviously Er is a 
D.R. of I”. Therefore # K, is a D.R. of Ko and [D] will denote the 
homotopy class of maps, Ko — Kı, which contains a retraction. If D: K, > K, 
is an elementary expansion then [D] will denote the homotopy class of maps, 
Ks-> Kı, which contains the identity. Let D=D,_,' + Do: Ko —> Kr, where 
D; stands for (13.1). We define [D] by [D] = [Dr]: > : [Do]. Tf 
1:K— K is the identical formal deformation then [1] will denote the 
‘homotopy class of the identical map K— K. It is obvious that, if 
D:K—K’ and D’: K’ — K” are formal deformations, then K” == D’DK and 


(13.2) [DD] = [D’][D]. 
Also it is easily verified that [D=] [D] = [1]. 


82 I. e. the image of E> in some homeomorphism 97" > 8E”. 
33 See Lemma 2 in Section 4 of [4]. 
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Let’ L be a sub-complex of K, which may be empty. By a formal 
deformation, D: K > K’, rel. L, we shall mean the resultant of a sequence 
of elementary deformations, none of which removes a cell of L. By K’ = DK, 
rel. L, we shall mean that K’ is the image of K in such a formal deformation, 
D. If K= DK, rel. L, then [D] obviously contains at least one map 
po: K — K’, rel. L, where rel. L means that oy =y if ye L. We rastrict 
[D] to maps, ¢: K > K’, rel. L, such that $ = go, rel. L. 

We shall describe a map ¢:K — K’, rel. L, as a restricted equivalence, 
rel. L, if, and only if, KÆ’— DK, rel. L, and de [D]. We shall write 
K=K (3), rel. L, if, and only if, there is a simple equivalence : 
p: K = K (3), which is rel. L. 


THEOREM 13. K’== DK, rel. L, if, and only if, K=K’ (3), rel. L, 
in which case the restricted equivalences, K —> K’, rel. L, are the same as 
the simple equivalences, K — K’, rel. L. 


CE 


In order to prove this we shall need some lemmas, which are proved in 
the following section. 


14. Lemmas on formal deformations. Let K, K’ be complexes, with 
a common sub-complex, L, which may be empty, and let (K — L) N K’=0. 
Let ¢: K -> K’ be a map rel. L. . By the mapping cylinder of p we mean the 
complex, P, which is formed from ** K X I by identifying (2,0) with x, 
(x,1) with x and y X I with y, for each point se K and ye L. Let 


(14. 1) or: mr(K) Z ar(L) (r=1,': ',m), 


where œr is the homomorphism induced by 6. Then the argument used 
in the case L= 0 shows that 


(14.2) it (K) (EP) | (rij: m) ` 


where i, is the injection. Therefore it follows from the exactness of the 


sequence o y 
ar(K) >ar (P) >ar (P, K) > rra (K) >r (P), 


that m- (P, K) =0 for r=1,---,m, where m,(P, K) = 0 means thaï i is 
onto m(P). i 


% After replacing K X I by a homeomorph, if necessary, we assume that it has no 
point in common with K or K’. : 
85 See Section 3 of [5]. 


44. : J. H. C. WHITEHEAD. 


Lemma 11. P contracts into K’. 


Let K =K, U e”, where et is a principal cell in K—L. Then 
P == Py U e” U et, where ent e” X (0,1) and P, is the mapping cylinder 
of. ġ | Ko:Ko—> K’. Let f:I®— or be a characteristic map for e”. Then 
g: Pet > 61, given by g(t: + +, tn t) = {f (tu + *, ta), t}, is obviously a 
characteristic map for e”! and gH," C P, and gr = fx if gel". Therefore 
P contracts into Po. Therefore the lemma follows by induction on the 
number of cells in K — L. 


Let 4: P— K’ be given by 
y|K’=1, yat)— or (we K). 


Since y|K’—=1 and since any two retractions P— K’ are homotopic to 
each other, we have we [D], where D:P—K’ is any contraction. Also 
$ = yi, where i: K—>P is the identical map. If K=D,P, rel. K, then 
ie [D,*]. Hence, and from (18.2), we have the corollary: 


COROLLARY. If K=D,P, rel. K, then pe [DD,"]. 


Let K, K’ and L be as in Lemma 11, except that K— L and K’—L 
may now have points in common. Let ¢: (K,L) = (K’,L), rel. L. 


Lemma 12. ¢ is a restricted equivalence, rel. L. 


First let K N K’ = L and let P be the mapping cylinder of ¢. Then 
P may also be regarded as the mapping cylinder of ¢* and the Lemma 
follows from Lemma 11 and its corollary. 

If K’—-L meets K we replace the points in K’—-L by new ones, 
thus forming a complex K”, such that ¢’:K” = K’, rel. L, and K N RK” 
= K' {) K”= L. By what we have already proved, ¢’ and ẹtọ: K = K” 
are restricted equivalences, rel. L. Therefore it follows from- (13.2) that $ 
is a restricted equivalence, rel. L, and the lemma is proved. 

Let Ko, Kı be complexes with a common sub-complex, K, and let 
Kı =K U e” (4 =0,1;n21). Let fi:I"—e;” be a characteristic map 
for e” in Ky. 


Lemma 13. If fo| 01" ~f, | ôI” in K, then K,—=DK,, rel. K. 


First assume that ¢ 9” Ne"—=0 and unite Ko K, in the complex 
K*—=K, UK, Let g:61*—K be a homotopy of = fr |#I" into 
gı = fı | ol" and let f:97"""— K* be given by i 
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HAUTE g "stn À) = fi(h,: ` “s tn) {i=0,1; (di, g "s in) eI”) 
sy, E) = gt (S137 * +, Sn) {te l; (81° * +, Sn) el}. 


We attach a new cell, e”*t, to K* by means of the map * f, thus forming a 
complex, L == K* |]J e”, in which e**! has a characteristic map, h: Ir gt 
such that Å | or" =f. Since h(s, 0) = for (ve I”) and * hE, C L— eo 
it follows that L—>K, is an elementary contraction. Similarly L— Ke is 
an elementary-contraction. Therefore K, —> L — K; is a formal deformation, 
rel. K. : 

If eo” f} a” 540 we attach a new cell, e's”, to K, by means of the map 
fo | ôI”, taking care that e'i” N e” = 0 (t= 0,1). Then Ke KU eo Ki: 
is a formal deformation, rel. K, and the lemma is proved. 

Let P be a given complex, let P, C P be a sub-complex and let &n(P — Po) 
denote the number of n-cells in P— Po. Let K be a sub-complex of P, and 
let Do: Po > Qo be a formal deformation, rel. K. We shall describe a- formal 
deformation, D : P —> Q, rel. K, as an extension of D, if, and only if, Qo is a 
sub-complex of Q and 


kn (Q — Qo): = ka (P — Po) (n=0, 1; - -). 
Lemma 14. Dy: Po —>0Q has an extension D:P — Q. 


Let D: P—@ be an extension of D, and let D’: Q — Q, rel. K, be an 
extension of a formal deformation D's: Qo—> Qo. Then D'D:P—Q is 
obviously an extension of D’D,: Pa — Qo Let PL C P be a sub-complex, 
which contains Py. Let D,:Pı—Q,, rel. K, be an extension of D, and let 
D:P—Q be an extension of D, Then D is obviously an extension of Də. 
Therefore the Lemma. will follow by a double induction on the number of 
elementary deformations in D, and on the number of cells in P—P, when 
we have proved it in case D, is an elementary deformation and P—P, is a 
single cell. . 

Let P = P, |] er and let D, be an elementary expansion Do: Po — Qo 
= P, U æ Ue. If e has a point in common with e™-1 |] e we apply a 
preliminary formal deformation, P —> P’, rel. Py, as in Lemma 13, so as to 
replace e” by a cell which is disjoint from e? |J er. Then P’ and Q, may 
be united in a complex 


Q = P U a~ U æ 


36 That is to say, we attach an (n + 1)-element, Et (et = B"H — 0B"), to K* 
by means of the map fh’: 3H > K*, where h’: @#" > Hr" is a homomorphism. 
3? We recall that Zt = 97" — (I — 47"). 
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and P>P’—0Q is an extension of Dp. 
Let D, be an elementary contraction, 
Dy: Po > Qo = Po — P — ep, 


and let f:7%— & be a characteristic map for e”. Since Qo is a D.R. of P, 
there is a map, f’: ôI” — Qo, which is homotopic, in Po, to f | ôI”. We attach 
a new cell, e*, to Po by means of the map f’, thus forming a complex 
P’ == P, Ue" Then P’ = D'P, rel. Po, by Lemma 13. Since der C Qe it 
follows that PP>Q=P’— e — er! is an elementary contraction and 
P>P’>Q is an extension of De.. This proves the lemma. 

Let K be a (connected) sub-complex of P such that „(P,K)=0 
(n=l, = ',r). 


Lemma 15. There is a formal deformation D:P—Q, rel. K, such that 
kn(Q—K) =0 if n Sr and k1(Q —K) = k, (P —K) if n>r+2. 


Let 0S p&r and assume that, if p > 0, then k,(P — K) —0 for 
n=0,''',p—1. For the sake of clarity we consider the case p — 0 
separately. Let p — 0 and let e,°,: - + ,ex° be the O-cells in P— K. Since 
P is connected there is a map 

gi: (Eo, I°, E?) > (P1, e:?, K°). 
Let F,”,: - +, Hy? be a set of 2-elements, which are disjoint from P and from 
each other. Let h;:@#;? — aI? be a homeomorphism and let 
ei? == E; —— 0H ;?, e;! = hi (I — 6I*) == hi (0? — Ey). 

We attach E;? to P by means of the map gih;::h;"1Æ,1— P1, thus forming a 
complex P* = P ü l) (e7 Ue). Then P>P* is an expansion. The 
complex K* = K U UJ (ei? U e) contracts into K. By Lemma 14 there 
is an extension, P* — Mo, rel. K, of the contraction K*—K. Then 

key (M, — K) =k, (P* — K*) =0 

ken(My — K) = ky (P* — K*) =ku(P—K) (n > 2). 
Thus we have eliminated the 0-cells from P — K at the expense of introducing 
ko(P—K) new 2-cells. 


Now let p> 0, let e,P,---,e? be the p-cells in P—K and let 
fi: IP — ëP be a characteristic map for &?. Since kp- (P — K) = 0, whence 


& 
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Pet — KP, we have f:01° C K. Since mp(P, K) —0 and since IP, By? aré* 
two hemispheres of öB.P*" == 91*1, the map f: can be extended to a map, 


(14. 3) gi: (Hoe, Ep) > (Pr, Kr). 


It now follows, in exactly the same way as when p—0, that there is a 
complex M,=—D,P, rel. K, such that k,(M,—K)=0-if nSp and 
kn(M,— K) = kn(P—K) if n>p-+2. Therefore the lemma follows by 
induction on p. | 


15. Proof of Theorem 13. Let D:K —K, =K U e J er, (n31) 
be an elementary expansion. Then ie [D], where i: K — K, is the identity. 
Also K is a D.R. of K, and K,— K is simply connected. Therefore it 
follows from Lemma 10 that i: K —K; is a simple equivalence. Since 
k:Kı— K is a homotopy inverse of à if ke [D>], it follows that & is also 
a simple equivalence. Therefore 6: K — DK is a simple equivalence, rel. L, 
if ¢e[D], where D is any elementary deformation, rel L. Therefore it 
follows from an inductive argument that 6: K = K’ (3), rel. L, if K’ = DK, 
rel. L, and ¢e [D]. 

Conversely, let 6: K = K’ (3), rel. L. Then it follows from Theorem 11 
and Lemma 12 that we may, without loss of generality, replace K’ by K”, 
where K” =~ K’, rel. L. Therefore we assume that K {| K’— L and also 
that e° = e” e L, where e° e K°, ee K” are the base points, thus excluding 
the case L—0. Let P, with base point e°, be the mapping cylinder of ¢. 
Since ¢: K = K’ the relations (14.1), (14.2) hold for every n= 1. Also 
K isa D.R. of P. Therefore !,:mı(K’) X mı(P), where 7’; is the injection. 
Therefore C(K), C(K’) are sub-systems of C(P), according to the con- 
vention (10.6). Let j:C(Z)—C(P) be the chain mapping induced by 
the identical map LP. Then A = jC(L) =C(K) N C(K’). Let h:C(K) 
— C(K*) be the chain mapping induced by ¢. Then h is obviously rel. A, 
since & is rel. L. It may be verified ®® that C(P) is the mapping cylinder 
of h, as defined in the paragraph containing (8.4). Since, by hypothesis, - 
h is a simple equivalence we have 


(15. 1) C(P —K) =0 (2). 


according to (8.4). 


#6 See Section 14 of CH(II), with ye."=0 if c,” corresponds to a cell in LC K 
(not the Z in CH(II)). 
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It follows from (14.1) that r.(P,K) —0 for every r>1. Let 
(15.2) q = Max{dim(P — E), 3} = Max{dim(K — L) + 1, dim(K’ — L), 3}. 


+ Then it follows from Lemma 15 that there is a complex Q = D,P, rel. K, 
such that i 


(15.8) Q@=KUattU---UattUatl:-:-U ef. 


By the first part of the Theorem, with K, K’, L replaced by P, Q, K, we 
have C(Q) ==C(P) (3), rel. C(K). Therefore it follows from Theorem 
4(a) and (15.1) that C”’—C(Q—K) =C(P—K) =0 (3), whence 
3a: Ca = Og. (3), by the corollary to Theorem 5. Therefore st. Let 


9" gm1 = S dyjmjt* (d;eR), 
j-1 A 


where (m5: - <, ms”) is the basis of O”, (r == q — 1, q): Since r(0”,) = 0 
the matrix d = [d;;] can be annihilated by an expansion 


d 0 
do 0 ii : 
followed by a sequence of elementary transformations of the form (2.12), 
followed by a contraction 1,,,—1,, where l, is the empty matrix. Since 
g—12Z2 it follows from arguments on pp. 289, 290 of [1], with 
minor alterations,® that the transformation d— 1, can be “copied geo- 
metrically ” by a formal deformation Q — K, rel. K. Therefore K = D,P, 
rel. K, and the Theorem follows from the corollary to Lemma 11. 

Let us describe r as the order of an elementary expansion K —> K, 
== K |]J e> U er, and also of its inverse, K, >K. Let ġ:K = K (3),rel.L 
and let Kr, K’ C L, for some p>—-1. Then the following addendum to 
Theorem 13 is implicit in the proofs of Lemmas 11-15 and of Theorem 13. 


ADDENDUM. K’—= DK, rel. L, and'pe [D], where D is the resultant 
of elementary deformations, whose orders lie between p+2 and g+1 
inclusive, where q is given by (15.2). 


This addendum has the following application. It follows from Theorems 
11 and 18 that, by means of a formal deformation, we can reduce a given 
complex to one which has a given point, e°, as its only 0-cell. It is some- 


5 Let r(a,- - -‚a,) mean the same as in Theorem 19 of [1], with Æ* = Q% and 
k=s, Then m; >a; determines an isomorphism 07 )., 72 T (€ + +, %%)- 
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times convenient to restrict ourselves to a class of complexes, all of which. 
have the same point, e°, as their only 0-cell. Let Ko, K, be two such com- 
plexes and "let K,— DK, Then it follows from Theorem 13 and its 
addendum, with p — 0, that [D] = [D’], where D’: K, > K, is the resultant 
of elementary deformation, K;—> Ki, whose orders exceed 1. Therefore 
_ Kj? =e for each j=(0,- +r. 


16. n-types. By a cluster of n-spheres, attached to a space X, at a 
point a) © X, we shall mean a set of n-spheres, {S;"}, such that X Se = £o 
and S;"— x, does not meet 8,1 if +547. If X is a complex and 2eX*, 
then X  {8;"} is the complex X |) {ei}, where e;” = S;r— £o At this 
stage we assume that, X being a finite complex, the number of n-spheres in 
a cluster attached to X is finite. 

Let K”, L” be complexes of at most n dimensions (n > 1), and let 
#:K"—L* be an (n—1)-homotopy equivalence, as defined in Section 2 
of CH(T). 


THEOREM 14. There is a simple equivalence, 
ve: E” U (Siit} = LU {82} (3), 
i 


such that ys = dr if ve KA, where {81i"}, {S,;"} are clusters of n-spheres 
attached to Ku, Dr, 


Assuming that K” L” = 0, let P be the mapping cylinder of ¢. Then 
Pr is the union of K”, E” and the cells e” X (0,1), where ere K”, We 
attach a cluster of n-spheres, 


{S2p"} poy So” U a ie U Sox”, 


to a 0-cell e 2 L°, where k is to be determined later. Using Lemma 13, 
we transfer these over Pr to a 0-cell of K”, so that they become a cluster, 
{8p"}, attached to K". Since ¢:K"=,.L" it follows that (14.1) and 
(14.2) are satisfied with m = n— 1. Therefore 


a) (Pr K”) =0 if r—1,---,n—1, 


(16.3) b) the injection, wn1(K") —> mn (P"), is an isomorphism (onto). 


These conditions are obviously satisfied by K* and P*, where 


K* =K" U {Sp} P* = P” U {8p"}. 
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Therefore it follows from (16.1a) and Lemma 15 that there is a formal 
deformation 


Dı: P* > Q= K* U ear U- U eU ear U o U e, rel. K*. 


Now let k=a. On considering the effect of a simple elementary 
deformation, rel. K*, it follows inductively that (16.1) are also satisfied 
by K* and Q. Let 


gp: (Eo, I") > (Q, 8p") (p= 1,7 >,a) 


mean the same as in (14.3). Since gp | 81" = gp | dE," is homotopic in Q 
to a constant map, it follows from Lemma 13 that there is a formal 
deformation Q —> Q’, rel. K”, which replaces each Sp”? — e° by a cell, ebp”, 
with a characteristic map g’p: I" — &,9", such that g’p | ôI” — gp | ôI”. There- 
fore it follows, as in the proof of Lemma 15, that there is a formal deformation 


Dz: Q > Q” =K" U er U + - Uge, rel. Kr 


Let h:I"—>é 4" be a characteristic map for e’;*. Then it follows from 
(16. 1b) that hi | ðI” is homotopic in K” to a constant map. Therefore it 
follows from Lemma 13 that there is a formal deformation 


D3: Q” > K U Sy? U Sir ler U I", rel. Kr, f 


where {$,;”} is a cluster of n-spheres attached to K"!. On reversing these 
constructions we have ; 


PUB. U Sa = D(K* U Sur U: Usa"), rel. Kr. 


Let Po" C P” be the mapping cylinder of #| K”, Then Pr is the 
union of P,” and the n-cells in K”. Let f:I®"— & be a characteristic map 
for an n-cell e”e K”. Then f|9I* is obviously homotopic in Po”. to 
&(f | al") : ôI” —> I. Since the latter can be extended to $f: I" > L” it 
follows that f | ôI” is homotopic in P,” to a constant map. Therefore 
P*, = P,” U Ia” U eae U Sert = D’(Pr U So” U ... US"), rel. Po”, 
where 1 = k and Szr" * *, Sa are n-spheres, attached to ee LZ", which 
correspond to the n-cells in K”. It follows from Lemma 11 that 

L* =L U Ia” U e.. U Sort = D*P,*, 


where D* is a contraction. Let y*: P" —> L* be given by y*|L*—=1, 


SIMPLE HOMOTOPY TYPES. 51 


y* (x,t) = dr (ce E"). Then y* e [D*] and the conditions of the theorem 
are satisfied by a map ye [D*D’D]. This completes the proof. 

It follows from this theorem that any two complexes of the same n-type 
can be interchanged by a finite sequence of elementary deformations and 
transformations of the form 


(16. 2) K>Ll=-K—e, LoK=-LUe (r>'n), 


where e” is a principal cell of K. For the transformations K — Kr 
— K” JE Kr |J 8" are the resultants of such sequences, where 
Ent = 0 |] er LJ et, Qt == ÿEntt — eo |] er, and Kr) Er = ee Ke. Con- 
versely a formal deformation preserves the homotopy type, and hence the 
n-type of a complex. Also K” = L”, whence K, L are of the same n-type, if 
they are related by (16.2). Thus the n-type may be defined in. terms of 
formal deformations and elementary transformations of the form (16.2). 

It follows from Lemma 2 in Section 9 of CH(I) and from Lemma 13 
and Theorem 12 above that, if K is any complex, there is a simplicial com- 
plex K*— DK. Moreover, Sections 14-16 may be interpreted as referring 
to formal deformations of the kind considered in [3]. - Therefore the class 
of simplieial complexes, which, when treated as cell-complexes, are of the 
same simple homotopy type, or n-type, as a given one, K, is the same as the 
“nucleus,” or “n-group,” of K, as defined in [1]. 


17. Homotopy systems.“ We proceed to the simple equivalence theory 
of homotopy systems. In this section we confine ourselves to systems, p, 
such that dim p < © and each group pn has a finite basis. 

We modify the definition of a homotopy system, p, by associating a 
class of preferred bases with each pn. Let (@,,* * *,ap) be a preferred basis 
for pn. Then (a’s,- - +, @’p) shall be a preferred basis for pr if, and only if, 
a'i = 0%, In case n—1, or di mas, if n>1, where ep, and 
ji’ * *y jp is a permutation of 1,---,p. We shall only admit that f:p = p 
if f carries a preferred basis for each pn into a preferred basis for p’n. The 
preferred bases for p(K), where K is a complex, shall be the natural bases, 
as defined in Section 5 of CH(II). If K° is a single 0-cell, then the natural 
bases for p:(K) are uniquely defined. In general they depend on the choice 
of a tree T CK", which contains K°. In this case p(K) is the homotopy 


# The main purpose of this section is to prove Theorem 17, which was announced 
in Section 7 of CH (I1). 
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system of the pair, (K,T). However we shall continue to write it as p(K). 
A complex, K, will be called a (geometrical) realization of a given system, p, 
if, and only if, p=p(K), subject to our condition concerning preferred 
bases. The process of realizing p by K will consist of defining a particular 
f:p=p(K). Having (implicitly) done this, we shall use p and aep to 
denote p(K) and fa. By a basis for pa we shall always mean a preferred basis. 

Let C and k:p— C be defined as in Section 8 of CH(II). Then C 
shall be a chain system of the kind introduced in Section 2 above, R being 
the group ring of pı = p1/dp2. We insist that, if (a, * -, a») is a (preferred) 
basis for pn and if (m/ı,' - *,m’,) is the basis of On, then ha; = + %m’;,, 
where ep and Z; =1 if n—1. 

We are going to define a sub-system, p’, of a homotopy system p. This 
is not quite so simple as in the case of chain systems, for the following reason. 
Let p’, C pi be the sub-group generated by part of a basis for pi. Let 

“o C po be the sub-group generated by p’, operating on a set of elements, 
(a'i + ak), in a basis for po. Let dp’, C p’; and let d’: p'2— pi be the 
‘homomorphism induced by d:pz—>p:. Then p’, is not necessarily a free 
crossed (p’ı, d’)-module. For example, let p, have a single free generator, 
x, and pz a pair of basis elements, a,b, such that da =v, db=1. Let 
p’1 =p, and let p’, be generated by pı, operating on b. Since db —1 we 
have a + b =b + a, whence sb — b ~a+b—a—b=0. Therefore p's is 
not a free pı-module. 

Let p’1 = p’:/dp’. and let à te: p’1 —Pı be the homorphism induced by the 
identical map i1: p’:—> pr. 


Lemma 16. Let is1(1) 1. Then p', is a free crossed (p'1, d’)-module, 
having (1, + -+,@%) as a basis. 


Let p”, be the free crossed (p's, d”)-module, which is defined in terms 
of the symbolic generators (a’,a;) and the map a—da’, (i—1,::"",k; 
w’ep’,). Obviously dp”, = dp'2. Let a; ep”. be the basis element which 
corresponds to the pee (1, &). It follows from Lemma 2 in Section 2 
of CH(II) that an operator homomorphism, î::p”z— pz associated with 
a:pı> pr, is defined by id”: =a. Obviously top”. = p'a and the lemma 
will follow when we have proved that i.7(0) = 0. 

Let C: = hps, O3 = hp”, be pe, p”2 made Abelian and let j: O”: — 03 
be the boroa ER induced by is Since 0%; = i0”; and jh” = hi it 
follows that (jh”a”,, - ha’) is part of a basis for C2. Since dp, = dp’s . 
and i(1)=1 it ao that 71(0) —0. Let a”ei1(0). Then 
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d'a" = did" = 1, jha” = hiza” = 0. Therefore da” = 1, ha” —0 and 
it follows fiom Lemma 1 in CH(II) that a”—0. Therefore (0) — 0 
and the lemma is proved. : 

Let p’, p’2 satisfy the conditions of Lemma 16. Let p’p C pp (p= 3, 
4,-- +) be the sub-group which is generated by p’1, operating on part of a 
basis for pp, and let dp’, C p’p1. Let d’:p’»—>p’p-1+ be the homomorphism 
induced by d: pp—>pp+. Then p’ = {pp}, with d’ as boundary operator, is a 
homotopy system, which we describe as a sub-system of p, on the under- 
standing that a (preferred) basis for p’, (n = 1) is part of a basis for pa. 

Let p be a given homotopy system, let Zn(p) = dn°*(0) and let: - 


Gi(p) = A, Gap) = Zn(p) — dnerprss (n>1). 


A homomorphism, f:p—>p", obviously induces a family of homomorphisms 
fe: Galo) > Gap) (n—=1,2,-  ). It may be verified in the Same way 
as in ordinary homology theory that f+: Gn(p) = Gn(p’) if f:p=p. The 
converse is proved below. 

Let p’ C p be a sub-system and let Zn(p, p) = du p’na (1 >1). Let 
ae Zo(p,p’), a’ ep’, Then a +a — a= (da)a’ep’s, since daep’,. There- 
fore p’, is an invariant sub-group of Z,(p, p’). So therefore is the direct sum 
p’2 + dps, since dps C Z2(p), which is in the centre of p2 Let 


Gn (p, p) = Zn (ps p”) — (pn + dpn) (n > 1). 
Let 


m) Gt) Gn(e) = En (ps p) = Gaile") ire G (p) 


be the homomorphisms, which are induced by #:p’—p, the identical map 
Zn(p) > Zn(p,p’) and by d|Zn(p,p’). Then it may be verified, as in 
ordinary homology theory, that the sequence (17.1) is exact. 

Let f:p—>p’ be a homomorphism of p into a system p’, with boundary 
operator d’. Let :p p'e We proceed to define a system, p*, which 
we shall call the mapping cylinder of f. We realize the systems p? = (1, pz) 
and o? by complexes K = K? and K’=K”, such that K° = K" = ¢° 
= Kf)K’. By Theorem 4 in CH(II), f:p?—>p” can be realized by a 
map ¢:K—K’. Let P be the mapping cylinder of ¢, with e° X I shrunk 
into the point e°. Then P°— e°. We define p*n = pn(P) = pn(P?) (n = 1,2). 

Since # induces f+: p, = p’ and since K’ is a D. R. of P, it follows that 


“If p==p(K) then Gp) zmiR), Gp) = m(K), Gp) HUE) if n> 2. 
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det pr Z PŽ Verp pt, where is, Ÿ+ are the injections. Therefore it 
‚follows from the proof of Lemma 16 that the injections 


(17.2) t: pP — p(P?), vip? p(P?) 
are isomorphisms (into). 


Let 5: p? —> p (P) be the deformation operator determined by the homotopy 
ò: K — P, which is given by &p— (p, t) (pe K). Then 


(17. 3) d” nòn = fai — 1 — Ôn-14n (idi = 0), 


where n = 2,8 and p*, is written additively. Let n = 3 and let &pn-ı be a 
free p*;-module, which is the image of p» in an operator homomorphism, ên, 
whose kernel is the commutator sub-group of pr Thus $n! pui Snpn1 if 
n> 8. We take 8382 C ps(P) and ô, shall mean the same as before. Let p*, 
be the direct sum p*n == p’n + pn + Önpn-ı (n = 3). We imbed pn, p’n in p*n by 
means of i: pn > pn, Vip’n— p"n, Where i, 7’ mean the same as in (17.2) 
if m==1,2, and ia (0,00), va’==(0',0,0) if n>2 We define 
dut p™n—> p™na by na = dna, d*n = d'aa’ and by (17.3), with n= 2. 
If {as} and {a’;"} are bases for pa and p’n, then the union of {a;"}, {a’;"} 
and {8,a,""*} shall be a (preferred) basis for p*,. It follows from an argu- 
ment in Section 8 above that d“,d*,,, = 0 if n= 3. Also d*d* — 0 in p(P). 
Therefore d*nd* ny: = 0 for every n > 1. Clearly d*, is an operator homo- 
morphism and it follows that p* = {p*,}, with d* = {d*,} as boundary 
operator, is a homotopy system. We call it the mapping cylinder of f: p —> p. 
Let 7’: p’ > p* be-the identical map and let k’: p* — p’ be given by 


ka—ÿa, ka =v,  Wèa—0 (ae p, a’ ep’). 


Then ki’ — 1 and it is easily verified that d’k’ —k’d* and that Ÿ#4—1 
== d*§* + 8*d*, where S*a — da, 8*p’ = 8*5p — 0. Therefore i’: p* == p and 
k'e: Gu(p*) = Gn(p’). Clearly f = k'i, where i: p—> p* is the identical map, 
whence fe = k’sie. Therefore, if each f» is an isomorphism (onto), so is de. 
In this case it follows from the exactness of (17.1) that 


(7.4) Gu(p*, p) = 0 | (MZ 1), 
where G,(p*,p) — 0 means that p*, = iep. 


Let r222 and let (@',a",: + *, Qp”) be a preferred basis for py 
(n=r—li,r). I£ r=2 let p1 Cp1 be the sub-group generated by 
(a, © °, dpt) and if r>2 let pı =p. If n>1 (n—r—1,r) le 
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p’n C pn be the sub-group which is generated by p’, operating on (01%, ** +, üp,- 
In any case let 


das: = ao"? — a'o, das’ € pra (i ml", Pr); 


where a’,E pr, and p, is written additively if r—=?2. Then dp, C p'ri 
and the conditions of Lemma 16 are satisfied * by p's, p’2. Therefore 
p’=={p'n}, with pn = prn if ns4r—l1 or r, is a sub-system of p. Let 
i: p’ — p be the identical map and let kn: pn —> p’n the operator homomorphism, 
which is given by kn|p’n==1 and Kao" —0, ka ?— 0. Then it is 
easily verified that kd == d'k, whence k:p— p is a homomorphism. We have 
ki==1 and ik— 1 = d -+ éd, where é:p— p is the deformation operator 
given by 


p = 0, Edo” = 0, te. 


Therefore i: p’==p and k:p==p’. Notice that, if f:p— p is any homo- 
morphism such that fi = 1, then f = fik = k. 

We shall describe a homomorphism f:p°—>p as an elementary equi- 
valence if, and only if, p°, p! are related to each other in the same way as 
p,p’ in the preceding paragraph, and f =i or f = k, according as p° C pt or 
pt Cp We shall describe a homomorphism f:p—p* as a simple equi- 
valence, f: p= po (À), if, and only if, it is the resultant of a finite sequence 
of isomorphisms and elementary equivalences. 

Let C, 0” be chain systems associated with given homotopy systems p, p!. . 
Let g: CC” be the chain mapping induced by a homomorphism f: p —> p’. 


THEOREM 15. f:p==p’(S) if, and only if, g:C=C’ (2). 


_ This follows from the lemmas in Section 14 and the proof of Theorem 13, 
restated in terms of homotopy ssytems. 

Let p be a homotopy system and o a free p,-module, with a finite basis 
(bis + +5 ba). Let pr? = pn +0, pp =pp (pn), for a given value of 
n= 2. Let d°:pr°—>pra° be defined by d?|p=d, d’e—0. Then“ 
p° = {pr°}, with d° as boundary operator, is a homotopy system. We sav that 
p—>p° is the result of attaching a cluster of n-cycles to p. If {u} is a 
preferred basis for pa, then {a:, b;} shall be a preferred basis for p,° and the 
preferred bases for pp (p57) shall be the same in p° as in p. 


#2 The homomorphism kı: pı >P’ defined below, induces à: pı © P're 
43 If n = 2 then pp? is a free crossed module since d'e = 1. 
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Let dimp, dimp’ =n (n=2) and let f:p—p’ be a homomorphism 
such that 


(17.5) fe: @r(p) = Gr(p) (r=1,--+-,n—1). 
Then we have the following generalization of Tietze’s theorem. 


THEOREM 16. There is a simple equivalence, f°: p? = p” (X), such that 
fra = fa if ae pr (r<n), where p°, p° are formed by attaching clusters of 
n-cycles to p,p. 


Since fo: =p’, we can construct the mapping cylinder, p*, of f. 
Then the theorem follows from the proof of Theorem 14, translated into 
algebraic terms. 

The following corollary may be deduced from Theorem 16, or proved 
directly with the help of (17.4). 


COROLLARY. If dimp, dim p <n—1, then (17.5) implies f:p=p. 


THEOREM 17. If f:p(K) =p’, where K is a complex, then p’ can be 
realized by a complex, K’, and in such a way“ that f has a realization 
¢:K=K’. 


This follows from Theorem 16 and an argument which is essentially the 
same as the proof of Theorem 9 on p. 1228 of [3]. 


18. Infinite complexes. Let K, be a CW-complex, as defined in 
CH(T), which may be infinite. Let K, C K, be a sub-complex such that 
Kı=K, U U (ea™" U ea”), where {ea”!,e.”} is an indexed aggregate of 


cells such that e,"+ |) eg” is an open subset of K, and Ko — Ko U ea" U ea” 
is an elementary expansion, for each œ. Then K,>K, will be called a 
composite expansion and K, > K, a composite contraction. It follows from 
the argument used in the finite case, and (I), in Section 5 of CH(1), that K, 
isa D.R. of Ki. By a formal deformation, D: K — L, we shall mean the 
resultant of a finite sequence of composite expansions and contractions. We 
restrict ourselves to complexes of finite dimensionality. Then the proofs of 
the lemmas in Section 14 and of Theorem 14 apply to infinite complexes, after 
a few trivial alterations. 

We also admit homotopy systems of finite dimensionality, in which the 


44In general p’ can also be realized by a complex, K’, in such a way that f has no 
realization K > K’, 
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groups may have infinite bases. We define a simple equivalence, f: p= p’, 
where p,p’ are two such systems, by analogy with a formal deformation 
D:K—>L. Then Theorems 16, 17 can be extended without difficulty to 
systems in which the bases may be infinite. 

It remains to be seen whether or not the purely algebraic theory developed 
in Section 2-9 can be extended to systems of modules with infinite bases, 
in such a way as to yield a generalization of Theorem 13 to infinite complexes. 


MAGDALEN COLLEGE, OXFORD. 
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LIE ALGEBRAS AND DIFFERENTIATIONS IN RINGS OF 
POWER SERIES.* 


By. G. HOCHSCHILD. 


‘Introduction. It was proved by Ado in 1934, [1], that every Lie algebra 
over a field of characteristic zero can be faithfully represented by linear 
transformations in a finite dimensional vector space. The details of this 
‘proof, which was published in Russian, are not widely known. Ado’s proof is 
believed to be incomplete in one point and has the further disadvantage that 
it is rather elaborate and does not lead to a straightforward construction of a 
faithful representation for a given Lie algebra. 

In 1938, E. Cartan published an entirely different proof of Ado’s theorem, 
[8], for the case where the basic field is the field of the complex numbers. 
In fact, Cartan proves directly the stronger result that there exists a Lie 
group of linear transformations whose Lie algebra is isomorphic with the 
given Lie algebra, and that this group can be taken to be simply connected 
if the Lie algebra is solvable. Cartan’s proof makes use of analysis and the 
theory of Lie groups of transformations, but the theorem for arbitrary base 
fields of characteristic zero could be obtained rather easily from Cartan’s 
theorem. 

Very recently, Harish-Chandra, [7], has given a purely algebraic proof 
of Ado’s theorem by perfecting a method which previously had been successful 
only in the nilpotent case (G. Birkhoff, [2]) and for ‘ restricted’ Lie algebras 
of characteristic p (Jacobson, [8]). 

What we shall do here is to make the analytical tools used by Cartan 
available to algebra by a systematic use of the theory of differential forms 
in rings of formal power series. More specifically, we shall apply the 
algebraic version of what is known as the differential calculus of Cartan * 
to show that the elements of a given Lie algebra can be represented as differ- 
entiations in a ring of power series which map a finite dimensional subspace 
into itself and thus yield a faithful linear representation. 

By a slight modification of Cartan’s procedure this program can be 
carried out directly for the solvable case, i.e., the preliminary study of 


* Received May 2, 1948. 
1 This will be found, for instance in [4], ch. V, and in [6]. The definitions we shall 
give in 2 differ from those in [4] and [6] only in some inessential respects. 
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nilpotent Lie algebras can be short circuited. The main new difficulty arises 
in extending.the construction to the general case. This necessitates a close 
study of a certain system of differential equations which is “solvable” in the 
sense of Lie’s classical theory. 

In 1 we prove a few elementary results concerning Lie algebras. These 
are required in the passage from a representation of the radical of a Lie 
algebra to a representation of the whole Lie algebra. In 2 we give an outline 
of the theory of differential forms which is fundamental in all the later 
constructions. The representation of solvable Lie algebras is dealt with in 3, 
and the extension to the general case is carried out in 4, 5, 


1. Lie algebras. We shall require a few auxiliary results concerning 
‚Lie algebras. The first of these is an easy generalization of Levis theorem: ? 


THEOREM 1.1. Let P be a semisimple Lie algebra over a field K of 
characteristic 0. Suppose that H is another Lie algebra over K and that m 
is a homomorphism of H onto P. Then there ewisis an isomorphism tof P 
into H such that wr is the identity mapping on P. 


Proof. Let Q denote the kernel of r, R the maximal solvable ideal of H. 
The image under r of the sum (Q, È) is an ideal in P. Since it is isomorphic 
with (Q, R)/Q, or with R/R f Q, it is solvable. Since P is semisimple, this 
implies that (Q,R)/Q = (0), ie, REQ. 

On the other hand, H/R is semisimple and Q/R is an ideal in H/R. 
Hence H/R is the direct sum of Q/R and a complementary ideal which we 
may write S/R, where § is an ideal in H and contains R. Evidently, m maps 
S onto P, and the kernel of the restriction of m to Sis S N Q ==R. Now 
S/R, as a non-zero ideal of the semisimple algebra H/R, is semisimple, whence 
R is the maximal solvable ideal of 8. 

By Levis theorem, we have a linear decomposition S = T + R, where T 
is a subalgebra which is isomorphic with S/R and therefore with P. It is: 
now clear that there exists an isomorphism r of P onto T which satisfies the 
condition of our theorem. 

The next theorem is a refinement of Levi’s theorem: 


THEOREM 1.2. Let L be a Lie algebra over K, R its mazimal solvable 
ideal. Then L is the direct sum of two ideals T and H, such that 


2 Levis theorem states that a Lie algebra L over a field of characteristic O can be 
decomposed into a linearly direct sum S + H, where H is the maximal solvable ideal 
of L and S is a semisimple subalgebra. an elegant proof is given by J. H. C. Whitehead 
in [9]. 
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(1) T is semisimple or (0); 

(2) H contains R as its maximal solvable ideal, and if H =P +R is 
a Levi decomposition, then no non-zero element of P effects an inner deriva- 
tion in R, i. e., if 0=<peP there exists no rp in R such that rop=ror, 
for every re R. 


Proof. Applying Levi’s theorem we obtain a linear decomposition 
L=$ +R, where $ is either (0), in which case there is nothing to prove, 
or a semisimple subalgebra of L. 

Now denote by T the set of all se S for which there is an r,e R with 
ros=ror,forallreR. It is easy to verify that T is an ideal in S. Hence 
T is either (0) or semisimple. 

Let Z denote the center of R. Then, for any te T, the elements re R 
for which rot=ror, for all re R, make up exactly one coset À mod Z. 
The mapping t—# is easily seen to be a homomorphism of T into B/Z. 
Since R/Z is solvable, we must have T = (0), for otherwise it would be a 
semisimple subalgebra of R/Z. This means that RoT = (0). 

Since § is semisimple, it is the direct sum of T and a complementary 
ideal P. Hence T is a direct summand in L, and H=P-+R is a com- 
plementary ideal in Z which satisfies condition (2) of our theorem. In 
fact, if one Levi decomposition of H has the property described in (2), then 
every Levi decomposition will have this property. 

We shall later have to make reference to the maximal nilpotent ideal 
of a Lie algebra. In the remainder of this section we give a few facts 
concerning this concept. 

Let us recall that a Lie algebra N is said to be nilpotent if, with 
No = N, and Nis = Ni 0 N, there is an n such that N, = (0). As we shall 
see below, the sum of all nilpotent ideals of a Lie algebra is nilpotent, and 
- it is called the maximal nilpotent ideal. 

We shall take the following fundamental theorem for granted ([51, 
th. 3). 


THrorem 1.8. (Lie) Let L be a solvable Lie algebra. Then every 
simple representation space for L is annihilated by the derived algebra Lo L. 


Let M be an arbitrary representation space for the Lie algebra L. A 
subset S of L is said to be nilpotent on M if there exists an integer n such 
that, for every meM and every set 8, + *,5, of elements of S, we have 
S1°° °Sn*m==0, or—as we shall indicate more brieiy—if 8”: M = (0). 
It follows almost immediately from theorem 1.3 that if L is solvable then 
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LoL is nilpotent on every representation space of L. In fact, we merely 
have to consider a composition series for the L-module M and note that LoL 
maps each term of this series into the next term, because the quotients of 
successive terms are simple Z-modules. 


Lemma 1.1. Let M be a representation space for the Lie algebra L, S 
a subspace of L which is nilpotent on M. Let x be an element of L which 
is nilpotent on M and such that coS C8. Then the subspace (8, x) of L 
which is spanned by S and x is nilpotent on M. 


Proof. There are indices p and g such that S? - M == (0) and zt - M = (0). 
Since s: (x: m) =x: (sm) + (xos) - m, it is easy to see that every element 
of (S, 2)”- M in which altogether ¢ operators from $ occur can be written as 
a sum of elements each of which belongs to an z” + (8#: M), with some index r. 
Hence the elements in which t Æ p are zero. Thus, the total number of 
operators from S in a non-zero element of (9,2)”- M must be less than p. 
But then, if the total number of 2’s is greater than p(q—1), such an element 
must involve # in at least one place, and hence is zero. Hence we must have 
(S,2)"-M = (0) as soon as n= p(q —1) + p = pq. 

We may regard L as a representation space for any subalgebra of L, 
such that the transform by an element x of the element ze L is given by 
z: z= D(z) —20x With this understanding, we have: 


Lemma 1.2. Let R be the maximal solvable ideal of the Lie algebra L. 
Then RoL is nilpotent on L. 


Proof. If x is an arbitrary element of L then (R,x) is a solvable sub- 
algebra of L, because (R, s) o (R, s) = (RoR, Rox) CR. Hence, by the 
above, (RoR,Rozx) is nilpotent on L. Since, for every ye L, (Roy) 
o(RoR, Rox) CROR, it follows by repeated applications of Lemma 1.1 
that Ro L is nilpotent on D. 


Tusonew 1.4 Let L be a Lie algebra, R its maximal solvable ideal. 
Let N be the set of all elements of R which are nilpotent on L. Then N is 
a nilpotent ideal of L and coincides with the sum of all nilpotent ideals of L. 


Proof. Clearly, N must contain every nilpotent ideal of L. In particular, 
NDRoL. IxeN it follows from Lemma 1.1 that the subspace (x, Ro L) 
of L is contained in N. By repeating this argument a finite number of times, 
noting that yo (z, Ro L) C Ro L, etc., we finally conclude that N is a sub- 
space of R. It is then clear that N is actually a nilpotent ideal of L. The 
remaining assertion of our theorem is a ‘trivial consequence. 
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COROLLARY. The maximal nilpotent ideal of L coincides with the 
maximal nilpotent ideal of R. 


Proof. An element of R is nilpotent on R if and only if it is nilpotent 
on L. 


THEOREM 1.5. Let L, R, N be as above, and let D be a derivation in R. 
Then D(R) CN. 


Proof. We construct a Lie algebra R* as follows: The vector space of R* 
is the direct sum of R and the basic field K, i.e., the elements of R* are 
pairs (x, k), where se R and keK. We define (2,,%,) © (ao, ke) = (2,0%, 
+ keD(a,) —kıD(2,),0). Then R* is easily seen to be a solvable Lie 
algebra which contains R == (R,0) as an ideal. Hence we may regard R as 
a representation space for R*. Since R* is solvable, we conclude that 
R*oR*— (RoR, D(R)) (subspace of R) is nilpotent on R, and hence on L. 
Hence D(R) CN. 


2. Differentiations and differential forms. Let K be a field of char- 
acteristic 0. We form the ring K<x,::-,æ,> of integral (Le. with 
exponents = 0) formal power series in n variables æ,,- + -,@n over K. 


Definition 2.1. A differentiation in Æ<a,: * >, n> is a mapping D of 
Ka," + +,%,> into itself such that 


(1) D{a}—0, for every ae K; 
(2) For any two power series p, q, we have 


D{p + q} = D{p} + D{q}, and D{pq} = D{p}q + pD{q}. 


Evidently, every differentiation is a K-linear transformation. Denote 
by D,,--+,D, the partial differentiations (in the ordinary sense) with 
respect to %,° * *, Zn, respectively. Then the D; are evidently differentiations 
in the above sense. In fact, we have the following theorem: 


THEOREM 2.1. The set of differentiations in K<x:,: * `, in) coincides 
with the set of all mappings of the form Š piDi, where the p; are arbitrary 
ġ=zi 


elements of K<&,' * ",&n). Hence the differentiations constitute a free 
Kéay,* + ',n>-module of rank n. 


Proof. Let N denote the ideal of all non-units m Kia,‘ * ',n>. 
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Then N coincides with the ideal generated by 2,- * -, 2n, and N Ne = (0). 


ei 
Clearly, if D is any differentiation, and e > 1, then D(Ne) C Ne. 
Given a differentiation D, consider the differentiation 


D =D—>D{ajD;. 
izl 


It is clear that D’ maps every polynomial (finite power series) into 0. Let p 
be an arbitrary power series. Then, given e > 1, we can find a poly- 
nomial pe such that p — pee Ne. Then D'{p} = D'{p— pe} e N°. Hence 


D'{p}e ñ Ne, i.e, D’{p} = 0, whence D = Š D{x}D;.- 
e=1 ii 


If U and V are differentiations, so is U o V == VU — UV. The set of 
differentiations constitutes a Lie ring with the multiplication (U, V) > U o F. 


Definition 2.2. Let w be a function defined on the s-fold set theoretical 
product of the module of differentiations by itself, and taking values in 
Ka," * +,%>, which possesses the following properties: 


(1) If U:,:::,U% denote differentiations then oœ{U:,: * *, Us} —=0, 
whenever two of the Us are equal. | 


(2) For fixed U,: - +, Us, the mapping U > of{U, U2,- + +, Ua} is an 
operator homomorphism of the K<2,- + -,@,>-module of the differentiations 
into K<aı,' + *, ay, regarded in the natural way as a module over itself. 


Then w is called a homogeneous differential form of degree s on Ka, - + +, an). 
By a form of degree 0 we shall simply mean an element of K<x:,: * *, Za). 


Thus, speaking more loosely, a homogeneous differential form of degree 
s on Ka, + +, n> is an alternating s-linear function on the set of differ- 
entiations, taking values in K<a1,- ` - ,æn). 

It is easy to see that every homogeneous differential form of degree > n 
must be 0. Clearly, a homogeneous differential form w of degree s is deter- 
mined completely by the values v{D,,' * +, Du}, for à <°::<% More- 
over, there always exists a differential form « such that these values are 
arbitrarily prescribed elements of K<a,---,@n>. It follows that, with the 
natural structure as a K<21,- * -,@,>-module, the homogeneous differential 
forms of degree s constitute a free K<a,,-+-+,%,>-module of rank 
nl/sl(n—s)!, for OSsSn. 


Next, we wish to define the Grassmann or ‘outer’ product of two 
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differential forms. To this end, we introduce the following auxiliary 
functions : 


Let o be the function defined on all integers such that o{a} = 1, for 
` a> 0; o{a}=—1, for a < 0; o{a} —0, for a — 0. 
If A and B are arbitrary sets of positive integers, we set 
e(A, B) = II o{j—1}, 
icA,jeB 
(where the product of no factors is to be interpreted as 1). 


Now let 8 and œ be homogeneous differential forms of degree s and t, 
respectively. We define a function 4 by setting 


(8) {U:, "+, Uest} = È {Vas . +, Ua,}o{Uo,,° 5 Us}, 


where the sum is to be taken over all ordered sets of integers 


A=(a,''',0), with lSa<:'+-<aSs+H, and 
B=(b,''',b), with 1S <--+<be Sst. 


Clearly, @w is (s + !)-linear. A straightforward computation shows that do 
is alternating. Thus, ðw is a homogeneous differential-form of degree s + t. 
It can be checked directly that our outer multiplication (6,) —> 9w is associa- 
tive and distributive. Finally, with @ and w as above, we have dw = (— 1):!u9. 

If pe Ka,’ + +, %n> we define a homogeneous differential form dp of 
degree 1 by setting (dp){U}— U{p}, for every differentiation U. In 
particular, the dz; form a set of independent generators, over Kéx,* * *, En), 
for the differential forms of degree 1. Their ordered products dx, - - da, 
constitute a set of independent generators for the homogeneous differential 
forms of degree s. Explicitly, we have 

Y == 5 o{D,, a s Di, } da, IE dti, 
es Lis 

as can be verified easily. 

We wish to ‘extend the operator d to a mapping of homogeneous differ- 
ential forms of degree s into forms of degree s + 1, such that 


(1) dd=0; 


(2) d(6v) = (d80)w + (—1)*6(dw), where s is the degree of 6. This 
is accomplished by the coboundary formula of Eilenberg and MacLane: if w 
is of degree s we define 
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stl 
(dw) {U:,: ws Ven} = 2 (1) AU {o(Us,° ta Û, “ys Usa} 
E = (— 1) w{U, 0 U, Us, Op, .. Oa" "ty Usa}, 
.P<a 


where the À indicates omission of the argument below it. The verification 
of the properties (1) and (2) is rather lengthy; we shall indicate only its 
main outline. | 

First, one verifies by a direct computation that (2) holds for s == 0, and 
for s— 1 and that dd = 0 if 6 is of degree 0. Then one establishes (2) in 
general by an easy induction on the degree s of 6. 

Now one verifies that d@ is a differential form, i.e. is alternating and 
linear, by direct computation for s=1 (this is trivial for s=0), and 
induction on s thereafter. 

Finally, one establishes (1), i.e, d(d(8)) —0, by induction on the 
degree of 6. 

The inductions are based on the use of (2) by writing a form of degree 
s as a sum of products of forms of degree 1 by forms of degree s — 1. 

An important fact for us is that the converse of (1) is true: 


THEOREM 2.2. Let 6 be a homogeneous differential form of degree = 1 
such that d0 —0. Then there exists a homogeneous form $ with dp = ð. 


Proof. We may write @ in the form 
0 = > u... dan dis 
1Su4<..<isEn 
where 6;,...4,== 0{Di,' © >, Du}. Ii $ is any homogeneous differential form 
of degree s— 1 we write similarly ¢ = > ¢4...1,.0%,° + ° Afu and we have 
dd = X dbu.....dn du, = D DA dbi...i,,}dajdm,- + den. The condi- 
tion dd = 6 is therefore equivalent to 


Strip fie Liber Eu << 


rei 
We shall prove the existence of a solution by reducing the problem to the 
case s—n. (Is>n we have 8 — 0, and the problem is trivial). If s =n 
we have to solve only a single equation: 


This can be solved trivially by a quadrature; for instance, we may take 
bu. fn = 0, for r > 1, and determine ¢2.... such that Da1{d2...n} = 01... 


5 
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If s < n then, for 1 < ia <: <i Zn, let us find (by quadratures) 
elements $”... in K£ + -,a,> such that Dy{$*;,..4,} = Pin... We now 
try to determine suitable elements &,,..., for 1 Ki <°--<4=n, in the 
form das = 6"... F Ve. where Yie. t € Ko, * *,Œn), so that 
Difys..s,} =0. Our conditions then reduce to the following: 


8 . r 
2 (— 1) Di {pit . 3r. 1a} = 0, for l<h<' Lin, 
rz 
and 
8 
2 DD (De an. ia a de te for Lie Can. 
r=1 


The first set can be met simply by taking di... = 0, 1<i <": 
< isa Zn. The second set may be written 


where 


8 
Kunde = bir.. ts + = (—1) "Di. {b"i irt 
r= 
Now we have 


Dil.) = Dil a + > (—1) D, Dil...) 


= Du.) +E (— 1) Did Ost. du.) 


= 0, since dû = 0. 


Hence xy... K<%2,° + -,æn>. Our conditions are therefore equivalent to 
the relation dy = x, in K<a2,- + +, En). 
Now consider the differential form 
p= > Din, ii "dei. 
Lial.. L iEn 
We have 


dp = X Djfdi..,}dajda,‘ + "dan, 


= SD {6*..4)dade,' + - dx, 


+ > (—1)* Di {p i. 5.4} dai,’ dan, 
ILL. Lin 


= X, rie. 4,00 da, dan, + D (— 1) Di {Pd den. 


Hence 


6—dp= > Ya" dan. 
lili... isn 
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Since this involves only the z; and da; for i > 1, its derivative as a form x 
on Ke," + +,2,> is formally the same as its derivative as a form on 
Ka," © -,%>. Since d(d— dp) —0, this means that x, regarded as a 
differential form on K<z,,‘ * ‚zn, has derivative 0. Thus our above 
conditions are of the same type as the original conditions, with the number 
of variables reduced to n—1. By repeating this reduction we finally reach 
the case s = n, and hence obtain a solution. 

It is important to observe that the coefficients œn... of the desired 
form ¢ can be obtained by applying quadratures and partial differentiations 

‘to the coefficients bi... 

Let L be a Lie algebra of dimension rn over K. We construct the 
Grassmann algebra G over L whose underlying linear space is the direct 
sum of the spaces G; of the s-linear alternating functions on L, with 
values in K, for s—0,1,- : -,r, and where Go = K. The multiplication in 
G is defined exactly like the outer multiplication of differential forms. . We 
also define a K-linear mapping ê which maps each Gs into Ge, as follows: 
if ge Qs (s > 0) and u, are elements of L we set 


(89) {ts, ° “ft; User} po y 1)?*9-19 {Up O tg, Un, * 9 ty ty dys: +, User}: 
Pd 


We define $(@,) = (0), for completeness. 


Exactly as in the case of the operator d for differential forms, we can 
show that 8(gh) = (8g)h + (—1)%g(8hk) and hence that dge@s.., and 
35 = 0. 

It is no longer true here that 8g —0 implies that g = 8h, with some 
he Gsx The additive group of the elements of G, which are mapped into 0 
by ð, modulo 5(G,.,) is an important invariant of L, its s-dimensional 
cohomology group H*(L). (See [6]). 

We shall later construct an isomorphism of G into the Grassmann ring 2 
of the differential forms on K<21,--*,%,>. In order that this should lead : 
to a representation of L it is necessary that certain regularity conditions be 
satisfied. We shall proceed to consider this question in detail. 

Denote by Q; the module of the homogeneous differential forms of degree 1 
on Ka1,--+,t,)>. A mapping « of G into Q will be called an isomorphism 
if the following conditions are satisfied: 


(1) On G,=K, « is the natural injection of K into K<a,,- + -,a,>. 
(2) For each i, « maps G; isomorphically into Q. 
(3) ` a(gg') = a(g)a(g’), and a(8g) — da(g), for all g, g'e G. 
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Since, for s>0, Gs = (G1)°, it follows from (3) that an isomorphism 
æ is completely determined by its restriction to G,. The regularity condition 
which we wish to impose is the following: denote by Q, the submodule of 0, 
consisting of all forms œ for which w{U,,:--,U,}eN, the ideal of non- 
units, for all differentiations U;. Then we shall say that the isomorphism « 
is regular if #(G,)" Œ Qr. 

Let 9:1,- - -,gr be any basis for G, over K. Then «(G,)* consists 
of all the K-multiples of the single element a(gr)---a(gr), and 
our regularity condition is equivalent to the condition «(g,)- : + a(gr) É Qr- 


Each «(g;) may be written in the form a(g;) — È ayde, where the 
j=l 


aye Kla, ` +, >, and we have &(g,) + © ° a(gr) => | aiz | jea ta, ` * das, 
where the sum is taken over all sets A: lia, <:-:< an. Hence, 
if a is regular, there exists at least one such set A for which the determinant 
| ay | sea BN. If B= (Bu: + -, Bnr) is the complementary set of indices this 


evidently gives dta, = 5 bya(g;) + S CGrdxg, With bij, cine K<a1,° + +, tnd. 
gal k=1 


Hence the elements «(g:1),: © ",@(gr) ; dag, constitute a system of generators 
“for Qı. This system is independent since 


a(g) + a(gr)dap,- ` ` deg, = e(A, B) | ai | jea dar dan 0. 
We are now in a position to prove the following theorem : 


THEOREM 2.3. Let L be a Lie algebra of dimension r over K, and let 
G be the associated Grassmann algebra. Suppose there is given a regular 
isomorphism g—>ğ of @ into the module Q of the differential forms on 
Ka, © +,&n>. Then there is an isomorphism u — à of L onto a Lie algebra 
of differentiations in K<, * + `, En), such that g{u} = g{ü} for every ge G 
and we L. ` 


Proof. Let 91,‘ > ',gr be a-basis for G, over K. By the above, we may 
suppose that 91,° °°, Jr, der,‘ + `, da, form a free system of generators for 
Q, over Kéa,,--+,%>. Then it is clear that, for each we L, there exists 
a unique differentiation @ in K<z,: * ',2»), such that (dz;){ü} = 0 for 
j>r, and gi{t} = gifu}. 

We shall prove that the mapping u—>ŭ is an isomorphism. Since it is 
evidently a K-linear isomorphism of the vector space L into the module of 
differentiations, there remains only to show that wov—%0%. Now for 
ge Gy we have (dg) (a, 5} — a{g{T}} — Ttgta}) + 510 07} — Jlü 0 7), since 
{ü} = g{u} eK, and {5} —g{v}eK. Write ig = È Aad oF where ap £ K. 

? 
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- (89) {u, v} = 2 ara(grtu}gatv} — golv}ga{u}) 
= 2 oa Gol} Gal} — oT} Gala}) = 8910, 0} = (dg) {0,7} 


Le, g{uov}—g{üov}, ie, G{uov} = g{üov}, which shows that wou 
— #07 


Sic 


3. Representation of solvable Lie algebras. We shall base our com- 
putations on the following known theorem: 


THEOREM 3.1. Let L be a solvable Lie algebra over a field F of charac- 
teristic 0. Then there exists a finite algebraic extension field K of F such 
that the extension L° of L over K has a composition series of the following 
sort: D? = II T° D+ + DL. = (0), where L;° is an ideal in L° and is 
of dimension n—i over K. Moreover, there is an index r such that L,° 
coincides with the maximal nilpotent ideal of L°. 


Proof. Let F, be the algebraic closure of F. Denote by Lt the extension 
of L over F,, and by N! the extension over F, of the maximal nilpotent ideal 
N of L. Since N! is an ideal in Lt, we may regard it as an L’-module in 
the natural fashion. Let N = Q, 2 Q12:':'D0Qs= (0) be any com- 
position series of this module. Then the quotients Q;1/Q:; are simple repre- 
sentation spaces for Lt. By theorem 1.3, every element of Z* induces a 
transformation in @::/Q; which commutes with every other transformation 
belonging to our representation. Making use of Schur’s lemma and the fact 
that F, is algebraically closed, we conclude that all these transformations 
are scalar multiplications. Since Qi-1/Q: is simple, this implies that it is of 
dimension 1 over F,. This means that the ideals Q; are of dimension s — i 
over F.. We choose elements vı,’ * +, vs such that v; € Qi but vi £ Qa. Then 
this set constitutes a basis for N+ over F,. Each v; may be expressed in terms 
of a basis for L over F, allowing the coefficients to lie in F,. This finite set 
of coefficients generates a finite algebraic extension K of F. 

Let N° be the extension of N over K. If-L°,.; is the vector space over K 
which is spanned by vs, vs-1,° * +, Vs-ie1 then these L°’; are ideals in Z° and 
Lys = N°. The maximal nilpotent ideal of L° must evidently contain N°. 
Since L° o L? = (Lo L)? C N°, every subspace of L° which contains N° is an 
ideal, and we can trivially determine L°, - , LPs so as to satisfy the 
conditions of Theorem 8: | | 
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Henceforth we shall suppose that L is a solvable Lie algebra over K 
which already possesses a composition series 


Pele Se eS Nt FOO); 


where each L; is an ideal in L and is of dimension n — i over K. We select 
a basis t,---,u, of L over K such that uu € Lis, ug Li. If we write 


n 
U; O Uj = X, Cikur, the Cine K have the following properties: 
k=1 


(1) ci = 0, unless kZ i, k = j, and k >r. 
(2) Ift>randj>r then cim = 0, unless k > i and k > j. 


In fact, (1) follows from the construction of the u; and the fact that 
LoLC N, the maximal nilpotent ideal. (2) follows from the fact that 
weN for à > r and that N is nilpotent. 

Let 91,' *,9n be the basis for the elements of degree 1 in the Grass- 
mann algebra over L for which gi{u;} = ôy. Then we have (8g;) {w, uj} 
= 9r.{W 0 Uj} = Cix, Whence, using (1), 8gs = D Cirdig;. 

t< jee 

We wish to construct a regular isomorphism g—g of the Grassmann 

algebra G over .L into Q, the module of the homogeneous differential 


forms on K<a,:::,a». We shall do this by constructing successively 
fı = 01," * +, Ọn= on SO as to satisfy all the conditions laid down in 2. 


First, we note that, for kr, we have gą = 0. Therefore, we may 
define wy = daz, for k Sr. 


We shall prove that we can find forms wx such that dor = È Crew; 
i<jsk 
and that, moreover, they may be taken in the form 


k-1 
Ok == frdzi. + = Pre (fh, ag fr; Lis "4 Tka) dis, 
8=1 . 


where the Pys are polynomials, and where f; = exp ( È Cpu%p). Note that, 
p=1 


by (1), fi—1 for i S&r, so that our assertion holds true for w,,' - *, wr. 
Now let k >r, and suppose that o,: - `, œx-ı have already been deter- 
mined. The above differential equation for w, may be written: 


k-1 
dor — ( 5 Cirko) ok = > Ci ZK WiWj. 
i=1 i<ick 


By the property (2) of the cij, we see that the sum on the left has 
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non-zero terms only up to i=r. Hence the w; on the left are the dz, 
If we multiply by f-*, the equation takes the form 


d( Fror) =f x, E cine; = on, 
i<j<k 
say. 
We wish to verify that dop = 0. Direct computation gives 
dor =fald( E Cem) — D Coop D Cyrwwj]. 
t<jck path t<7<k 


On the other hand, since $(dg,) = 0, we have 


SC D on) = — 8( & Conga gx) 
i<ji<k pi 
= — © Conn (8go) Gu + D Cork 89x 
pal pel 
= I Cut (89p) Je + È: Corgo, À Cuagige-+ D Cingigs)- 
pat pal del, i<ziji<k 


Noting that 8g, = 0 for p Sr, and that the square of a homogeneous element 
of degree 1 in a Grassmann algebra is 0, we see that this relation reduces to 


| 
S E cxgigs) = E Condo D Cixgigye 
41<i<k pl i<i<k 


Since, by our inductive hypothesis, the wo; must satisfy the same relations 
over K as the g; for i = J,- -,k—1, the last relation implies that do: == 0. 

Now we may apply Theorem 2, 2 and conclude that there exists a homo- 
geneous differential form ¢, of degree 1 such that dr = or. Since the 
coefficients of &, can be obtained by applying partial differentiations and 
quadratures to the coefficients of ox, it follows from our inductive assump- 
tion about the form of the w; for à < k that x may be taken of the form 


k-1 
Qr = fx D Pus (fas? * +» fers Vay * *, Ts) ds, where the Prs are polynomials. 
8=1 
We set oO, = In (dar + ox), i. e, 
k-1 , 
on = fadar + È Pf > >o far iy’ * Dia) dite. 
8= 
Then it can be verified quite easily that dx À Cia 
1<JEk 


Hence we can determine w:,° ' +, wn so as to satisfy the above conditions. 
Furthermore, we have then 


n k-1 n 
ou On = Il (frdz -+ 5 Pred) = ( Il fr) da, rn den. 
kel s=1 kel 
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n 
Since JJ fe = exp ( © CpxxTp) is a unit, we see that the correspondence g; — wi 
P és 


can be extended to a regular isomorphism of G into Q. By Theorem 2. 8, 
there is an isomorphism u —>% of L onto a Lie algebra of differentiations in 
Klr: + Eny such that gi{u} = oif}. From the form of the œ; we con- 
clude that 


(1) @{a,}eK, for i<r; 
(2) G{x;} is a polynomial in fa: > +, fi; Put Piz +, ja 
(3) Ifj>randi<r then {r} = 0. 
It follows that 
(4) ffr) = afı, withaeK; 
(5) IEj>r then ü;{fr} — 0. 


We wish to show next that repeated application of the & to the a, 
generates only a finite dimensional K-linear subspace of Klat,’ ‚and. It 
is clear that every element of K<x:,- - -:,æ:> which can be obtained from 
the a; by repeatedly applying operators & may be written in the form 
Sete... f°" Pa(T >, En), where the Pae are polynomials and the 
a 


e;(a) are positive or negative integers. There are at most n? linearly inde- 
pendent first transforms %{z;}. Let M > 1 be an upper bound for the total 
degrees of the Pa which occur in these transforms. We introduce a weight 
function w for polynomials P(x,,- ` `, €) as follows: 


If m; is the degree of P(a,: - ',2„) in % we define w(P) = Š mM, 
Then, if P is of degree m; ># 0 in a, we have DAP} of degree m; = in ti 
This shows that &{P} -_D, {P}ü{x} can be written ‘in the above form 
with all the polynomials P, of weight no greater than 

Max,[w(P) — M# + M- MH] < w(P). 

Now we have 
MHE fh. + - fpe Pa} — BAK ... fn (a (a) Pa + zh fy Pa), 
where the a(@) eK. If the second sum is written in the standard form, the 


exponents &(«) may be increased numerically, but the weights of all the 
new polynomials which appear are less than the maximum of the w(P,). 
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It follows that all the repeated transforms of the «, may be written in the 
standard form in such a way that there is an upper bound for all the | &(e)| 
which appear, and such that each polynomial P, is of weight no greater than 
was) = M? Evidently, all these elements are contained in a finite dimen- 
sional K-linear subspace of K¢a.,- * - ,a,>. Furthermore, it follows from 
the above and from (5) that N consists entirely of nilpotent differentiations. 
We may state our result as follows : 


THEOREM 3.2. Let L be a solvable Lie algebra over a field F of charac- 
teristic 0. Then there exists a finite algebraic extension K of F and an 
isomorphism u—>ü of L onto a Lie algebra L of differentiations in 
Kts, + +,%>, where n is the dimension of L over F. There is a finite 
dimensional F-linear subspace U of K<a1,: ++, €> which contains the tı 
and is such that L{U} CU. If ü is the restriction to U of ü, the mapping 
u— à is an isomorphism of L onto a Lie algebra L of linear transformations 
in U. Moreover, if N is the maximal nilpotent ideal of L then N consists 
entirely of nilpotent differentiations, and hence N consists entirely of nilpotent 
transformations. 


4. Adjunction of derivations. Let Z be a solvable Lie algebra and 
suppose that the elements of L are identified with the differentiations in 
Két,: + +, n> which were obtained in 3. -Let r be any derivation in L and 


write r{u;} = 5 aju; We wish to find a differentiation ¢ in K a: +, End 
jt 


such that fu — ut = r{u} for every ue L. 


We may assume that ¢ is of the form t = Š giy with ge Elai + +, a); 
q=1 


and we have to determine the g; so as to satisfy the relations tu; — ujt 
n 
= $, ajnux, 1. e., 
kai 
n n n 
E giCuiu; — uw) — ZB uj{gi}ui = E tjr, 
4=1 p ‘izl k=1 
Le, _> Jitign — Uj{ Gx} = Gj, or, using the property (1), 3, of the cu, 
421 F 


(1) {gr} = — (ar + Š gon). 


Let w' + -,w, be the differential forms of degree 1 on K<a,: * +, 2n) 
for which &{u;} = 8; Then the last relations give 
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n ko 
dgr = — È (Aix + E Gitijn) os. 
gal i=l 
This may be written 
rT n 
dgr — DX gros; = — X (ax + D 9:65) «;- 
` j=1 j=l 4K 


Since w;= dz; for 7 S r, this gives 


(2) dhe = — fe D (ax + À Gitin) oj 
ja ack 
where hy = f*agr For k Ær our equations reduce to dh, = — Saas i. e., 
gal 


dgr = — Se By Theorem 1. 5, r{N} C N, whence ay == 0 if j > r and 
jot 


k= r. Therefore, the last equations reduce to dg, = — 5 axdx;, which can 
j=1 5 
be satisfied with gr = — D anti, for k Sr. 
get 


Suppose that we have already found g,,- - -, gs (and hence hy,- ++, he1) 
such that (1) (and therefore (2)) hold for all k= s—1.. Set 


n 
pe = f'e X (tjs + D Mijs) oj. 
j=1 i<8 


We wish to show that dps — 0. We shall do this by proving that, for all p, q, 
Uq{ps{Up}} — Up{pe {Ua} } = pe {Up © Ug}. 
Now pe{tp} = f’: (ap + © Yicis). A straightforward computation 
t<s 


using (1) and the properties of the ci, gives 
fe(ta{ps {up} } — Up{pe{ta}}) = 2 (GpiCigs — AqiCips ) 


avr n 
+ = Ji 2 ( CspiCige — CaiCipe). 
j= = 


Since 


T{Up} © Ug — T {Ug} © Up = T{Up © Ug} = È Char {tH}, 
we have 


n n 
D, (GpiCigs — Gaicips) = D; Cpgilis. 
izl 


i=1 
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Since 
(Uj O Up) © Ug— (Uj © Ug) © Up == UjO (Up O Ug), 
we have 
n n 
2 (CjpiCigs — CyaiCips) = $, CpaiCjie. 
4=1 41 
Hence 


fe(Ua{ps{up}} — Up{ps{ug}}) = 2 Coat (tia + = siti) == faps{Up © Ug}, 
which proves that dps = 0. 


By Theorem 2. 2, there exists an element he K<21,- + -,%> such that 
dhs = — ps. If we put ge—=fshs we see that g, satisfies (1). Thus, the 
required differentiation exists. 

Next we wish to investigate the effect of applying t to the elements of 
the space U of Theorem 3.2. An important fact is that ¢{f,} = 0, for all k. 


: r 

We have t{fr} = fr D t{zp}cpx,. Since, for p&r, t{ap} = gr = — 2 At, 
=1 J> 

we obtain i 


tfa) = — fi D ( $ Giptis) tj We shall show that 5 QipConn == 0. 
j=l pi pz 


kj 
If u= Neu, we have 
j=l 
n n n n 
Up O U== D&D Criqtly = — D eiCinxlr — D ( D Citing) Ua, 
i=1 gel i=l q>k i=l 


which shows that — $ eici is a characteristic root of D, for every k. Hence 
t=1 A 
if we N then $ Cine = 0. By Theorem 1. 5., r(u;) e N; We may therefore 
4=1. 


conclude that $ QjpConn = 0, whence t{f,} = 0. 
T=1 
We have seen in 3 that the elements of U can be written 


$ u > fra Pe In) Pa (a1, e., Tn). 
a 
Hence 


t{$} PR = fr ... ner (a) È gan{Pa}. 


The elements u;{P.} can be written as sums of products of monomials in the 
f; (allowing negative exponents) by polynomials in the x, of lower weight 
than Pg. 


76 G. HOCHSCHILD. 


For greater convenience, we introduce the following notion: if ¢ is any 
element of the above form, not necessarily contained in U, we shall define 
the weight of $ as the minimum, for all standard representations, of the 
greatest occurring w(P.). Any polynomial in the fọ f^: and x, will hence- 
forth be called a standard element. 

Now we may express the result we have just obtained by saying that if & 


is any standard element then i{¢} => gibi, Where the &; are standard 
i=l 
elements of lower weight than 4. 
Let us observe further that, by (1), we have {gr} =— giain. If 
in 


p = N,G@,H,, where thé G are polynomials in the g; and the Hy are 
standard elements, we have {9} = >1,t{@y}Hy + Dvi(Gygi)H’y. The degree 
of t{G,} is no greater than the degree of Gy and the weight of each H’,; is 
less than the weight of Hy. Since £ maps elements of weight 0 into 0, we 
conclude that all the repeated transforms of a standard element by ¢ lie in 
a finite-dimensional K-linear subspace of K<a,---,@,>. It follows that 
there exists a finite dimensional K-linear subspace U, D U of Kéx ,- + +, n> 
which is mapped into itself by #, and which is spanned by repeated t-trans- 
forms of elements of U. ` | 

Since ut = tu — r{u}, it is easily seen that the K-linear subspace spanned 
by repeated transforms of the elements of U by all the operations from (L,t) 
coincides with the K-linear subspace spanned by the repeated i-transforms of 
the elements of U, i. e., with U.. 

Finally, we note that it follows inductively from (1) that all the gx are 
standard elements, and hence that U, consists entirely of standard elements. 
We may state our result as follows: | 


THEOREM 4.1. Let L be a Ine algebra over K whose elements are 
differentiations in K<ay,--+-+,an> with the properties listed in 3. Let r 
be an arbitrary derivation of L. Then there exists a differentiation t in 
Ka,’ + +, 8n> such that tu — ut = r{u}, for all ueL. Furthermore, if V 
is any finite dimensional K-linear subspace of K<21,- + `, > which consists 
entirely of standard elements, there exists a finite dimensional subspace 
VilV of Kan’ © - mn such that all the operations from (L,t) map Vai 
into itself, and V, consists entirely of standard elements. 


... Only the last statement requires comment: we merely note that the 
proof of Theorem 3.2 shows that the operations from L generate from V 
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only a finite dimensional subspace consisting of standard elements. The 
argument given above now suffices to establish Theorem 4.1. 

A differentiation ¢ in K<a,: : -,a> will be called singular if (1) 
tu — ut = 0, for all we L, and (2) t{a;} —0 for ir. 

We wish to show that the set of singular differentiations is of finite 


dimension over K. For a singular differentiation t = > giu; the differential 
izi 


equations (2) become 
dhy = — fr 7% E GiCijnenj. 
gal i<k 
If g:,°--+,9s==0 these equations are satisfied for ks. We must have 
dhs = 0, whence gen —=Gsufsı; Gex € K. It follows from our proof of 
Theorem 4.1 that for each > r we can find a singular differentiation t; of 
the form t = fau + X giji; 
j>3 


If s= r the differentiation t— @sııla, is singular, and if t— asılben 
= > gu, we have gi— 0, for ali=s+1. It follows that every singular 
differentiation is a K-linear combination of #1," + +, tne 


5. Representation of arbitrary Lie algebras. Let H be an arbitrary 

Lie algebra over the field F of characteristic 0. Denote the maximal solvable 
ideal of H by L. By Theorem 1.2, we have a linearly direct decomposition 
H=T+P-+L, where T is (0) or a semisimple ideal of H such that 
To (P-L) = (0), and where P is (0) or a semisimple subalgebra of H 
such that if 0 pe P the derivation u —> uo p is not an inner derivation in D. 
Since a semisimple Lie algebra has, trivially, a faithful linear representation 
(e. g. its adjoint representation), we may confine ourselves to the case where 
T == (0), ie. H = P + L, and there remains only the case where P ~ (0). 
Let 21,° ° +, Pm be a basis for P over F. By Theorem 3.2, we may 
suppose that DL is identified with a Lie algebra of differentiations in 
Klr’ >, En as in 8, 4, where K is a finite algebraic extension of F. 
By Theorem 4.1, we can find differentiations t; in K<z,,' ` *,æ,> such that 


tu — ul; = u ° p; for every ue L. For p= 5 api, ae K, we set p* = $ titi 
so that př: = ty. = fa 
Now we claim that the p* for peP generate a finite dimensional Lie 
algebra over K (and hence also a finite dimensional Lie algebra over F) 
with the commutation (p*, g*) — p* o g* = q*p* — p*q*. In order to prove 
this, we note first that the differentiations p* o g* — (po q)*, for p, q €P, are 
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singular. In fact, from the relations pu — up“ = uo p it follows at once 
that each p* og — (pog)* commutes with every ue L. Furthermore, for 


rT 
kr, we have p*{a,} = — >) asta, where the coefficients axe K are deter- 
g=1 


mined from the defining relations tso p= Saige in £. The derivation 
k=1 
u—uop induces in L/N (N the maximal nilpotent ideal) a derivation p 
such that—if & denotes the coset mod N of we L—we have p{ū} = > Ask. 
k=1 


Let p, q be elements of P and denote the matrices of P, | with respect to the 
basis @,,° - +, i, of L/N by A and B, respectively. Then the matrices p* 
and q* with respect to the coordinates sı,- : - ,&. are the negative transposes 
— A’ and — B’, respectively. The transformation pog has then the matrix 
AB — BA since it is the same as 55 — pq. Hence the transformation of the 
x’s by (pog)* has the matrix A’B’ —B’A’, whence we see that this is the 
same transformation as the transformation by p* o g* == q*p* — p*q*. Hence 
(p* o 9*) {ax} — (p°q)*{xx}, whence p* o g* — (poq)* is singular. 

Furthermore, if ¢ is singular and g* is an arbitrary element of the Lie 
algebra generated by the p* with peP then to q* is also singular. In fact, 
it is evident that (do g*) {a} = 0, fori Sr. Also, if ue L we have g* o ue L, 
and therefore uo (Log?) = — to (q* ou) —q* o (wot) =0. 





Let R denote the Lie algebra which is generated over F by the elements 
p* with peP. By the above, every element of R is a sum of a p* and a- 
singular differentiation. Since the set of singular differentiations is of 
finite dimensions over F, we conclude that R is of finite dimension over F. 
Let C denote the set of all singular differentiations which belong to R. We 
have seen that C is an ideal in R, and that R = P + C. Moreover, this sum 
is linearly direct. For, if p* + c == p*) + Co then (p— po)” = Co — c com- 
mutes with every u in L, which implies that, in H, we have uo (p— po) = 0, 
for every ue L. But this implies that p — po, because of the property of P 
in H. Hence every element ve R can be written in the form v = p* + c, 
where p, not only p*, is unique. We define the mapping r of R onto P by 
setting r{v} = p. It is clear that + is a homomorphism of the Lie algebra R 
onto the Lie algebra P. By Theorem 1.1, there exists an isomorphism « 
of P into R such that wa is the identity mapping on P. Since the kernel 
of = is C, we have p*—a{p}eC, whence uoa{p}=uop*—uop, for 
every ue L. 

If h—p+ueH we define B{h}—a{p} +u Then the mapping 8 
is evidently a homomorphism. Moreover, if B{A} = 0 we have a{p} = — u, 
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hence uo O p = Uo O (— u), for every uoe L, which, by the property of P, 
implies that p == 0. Thus, 8 is an isomorphism. 

The differentiations @{p;} differ from the # only by singular differen- 
tiations, and their coefficients are still standard elements. Therefore, all 
the considerations made in 4 apply also to the 8{p:ı}. In particular, Theorem 
4, 1 holds for each B{p:}. We shall write q: for B{p:}. 

Now there is a finite dimensional K-linear subspace U of K<a,- © `, 2n> 
which contains the z, consists of standard elements, and is mapped into itself 
by every ue L. By repeatedly applying qı to the elements of U we obtain a 
finite dimensional K-linear subspace VU, D U which consists of standard 
elements and which is mapped into itself by every we L and by qi. Indeed, 
this is the second assertion of Theorem 4.1. If U; has already been con- 
structed, we obtain U;.ı Ui by repeated applications of gi. The last of 
these spaces, Um, is mapped into itself by every we L and by qm. We claim 
that, actually, Um is also mapped into itself by qi,- * +, @m-1, or, equivalently, 
that every repeated transform by gı,* * `, gm (mot necessarily in order) of 
an element of U lies in Um. 

We shall prove this by an induction on the total number of the applied 
differentiations q The result holds trivially if this number is 0 or 1. 
Suppose it has been established for all g-transforms of elements of U in 
which the total number of gs is less than s. Let v be an s-tuple transform 
of an element ue U. Since the q; are images by the isomorphism 8 of the 


m 
pie P, we have relations qjq: = qiq; + È Curge, where the Cip are elements 
721 


of F. By using these relations and the inductive hypothesis it is clear that 
we can show v to differ from an ordered transform g°"m- - -g“;{u} only by 
an element in Um. But the ordered transform belongs to Um, as is evident 
from the definition of Um. Hence ve Um. 

We have proved our main result: 


THEOREM 5.1. Let A be an arbitrary Lie algebra over the field F of 
characteristic 0. Then A is the direct sum of two Lie algebras T and, H, 
where T is (0) or semisimple, and H can be represented as follows: There is 
an isomorphism h—h of H onto a Lie algebra of differentiations in 
Km, + +, my, where n is the dimension of the maximal solvable. ideal of H, 
and K is a finite algebraic extension field of F. There is a finite dimensional 
subspace W of K<a,,--+,%n> which contains the x; and which is mapped 
into itself by every h. If h is the restriction of h to W, the mapping h—h 
is therefore an isomorphism of H onto a Lie algebra of linear transformations 
in W, regarding W as œ vector space over F. 
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Note. Actually, the decomposition 4 — T + H is no essential restriction. 
It is easily seen that we can find an isomorphism of A onto a Lie algebra A 
of differentiations in K<z:,: ` *, 2n; Y1* * *;Ys>, Where s is the dimension 
of T, and there is still a finite dimensional K-linear subspace which yields a 
faithful linear representation of A. In fact we can arrange matters so that, 
with W as above, the space W + y, W +- + y.W has this property. 
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SOME THEOREMS ON ALMOST PERIODIC FUNCTIONS.* 


By Raour Doss. 


We shall be concerned here with the following classes of almost periodic 
functions: the class (B) of Besicovitch, its subclass (Bb) of bounded. 
functions, and the class (Bo) of Bohr functions. 

An almost periodic function f(x) — 3Xbueï#»® is said to be of basis 
{ßi}, where the £; are linearly independent, if each exponent wy is a linear 
combination with rational coefficents of the gi. 

In Theorem I we prove that every linear functional U(f) defined in the 
space of functions of class (B) and basis {#;} is of the form 


U(f) = M{f(x) a(x) } 


where a(x) is a function of the class (Bb). : 
In Theorem II we prove that every linear functional T(P) defined in 
the space of functions of class (Bo) and basis {84} is of the form 


U(f) = Mf (2) a(x)} 


where a(x) is a function summable on every finite interval, such that 
M{| a(x) |} < co and such that Mt{e*»7a(x)} exists for every linear com- 
bination uy of the Bi. 

Theorem I corresponds to the ine of Steinhaus on the form of the 
linear functionals defined in the space of summable functions of a given period. 

Theorem II corresponds to the case of Riesz. The introduction of the 
mean value M allowed us to dispense with the use of the Stieltjes integral 
which appears in the Riesz form. 

In Theorem III we complete an investigation made some years ago.” 
We give the necessary and sufficient condition that a trigonometric series 
Sbu, et"? should be the development of some function of the class (B). 
Using an expression of Kovanko, the condition is that the Bochner sums 
associated with the series are equally B-uniformly summable. 


* Received August 2, 1948. 

2 A complete analogue to the Riesz form is given in S. Bochner, “ Additive set 
functions on groups,” Annals of Mathematics, vol. 40 (1939), pp. 769-799, th. I. 

? Raouf Doss, “ Contribution to the theory of almost periodic functions,” Annals of 
Mathematics, vol. 46 (1945), pp. 196-219 (quoted in the sequel as “ Contribution ”). 
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The method of proof is the same throughout. It is based on the use 
of the Bochner sums. 


1. We fix first our notations. f(z) being summable on every finite 
interval, we write 


=. ; = | T 
Vet) — DUF(w)} — lim sup (27) f f(x) de 


T 
as T —> oo, and M{f(xz)} = lim (27T) EOL if this last limit exists. 
-f 
For any trigonometric series 


( 1) SD, ettne 


of basis {8:}, we define the Bochner sums rx (x) as 


mie ym=m ta 
ra) = À LS a ve l/m!) + + (L— | vm [/m ba, ete 


where ty = 1(8:/m!) +++ + vm(Bm/m!). 

We shall write 7. (2) = 3d", buet». If series (1) is the expansion 
of some function f(s) e (B) its Bochner sums will be denoted by fm(x). 
In that case fm(x) = Mte{f(w + t)Km(t)} where Km(t) is the Bochner-Fejér 
Kernel Kn(t) = 3d™u,e-*. 


Lemma I. Let o(z) be a function of Bohr of basis {Bi} such that 
l.u.b. |o(z)|=M, where — co <a<w. Then the norm of the func- 
tional T(f) =M{f(z)o(z)} defined in the space (B) is | T || =H. 


Proof. We have evidently | T | <M since | T(f)| = M-M{| f(x) |} 
—=M:|f.|. On the other hand, let e > 0 be given and let x, be such that 
|o(%)| > (1—e)M. The functions om(2) = Mifo(z + t)Km(t)} tend 
uniformly to o(s) as m— œ. Hence, for sufficiently large m, | om(2o)| 
> (1—e)M. But 

on (to) = We {Km (t — 9) o(t)} = Mol Km( — 9) o() }. 


We gonads : 
(1) M < | ems) | = Tre) = | T |- | Ealt — 20) | 
= | T |: MAR — 20) } = | T | Mo{Km(z)} = IT]. | 


e being arbitrary, this gives | T | = M. 
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Tasorem I. Any linear functional U(f) defined in the space of func- 
tions of the class (B) and of basis {B:} is of the form U(f) = M{f(x)a(x)} 
where a(x) e (Bb). 


` Proof. For any linear combination un of the B; put 
U (etme) — qu, = M{ etina, etz), 
The Bochner sum associated with the series 
(2) Say eine 
will be denoted rm (x). Since d”_, = d"u, we may write 
Tm(%) = 30”, Que = Id”, Qu ev? 


We have, for any f(x) — Xdu,e*“»* of the class (B), in virtue of the 
linearity of U, 
U(fm(2)) = Sd" buytuy = M{F (2) 7m (x) }. 


If we show that series (2) is the expansion of some function a(x) e (Bb) 
with | a(z)| = A, then 


TEE) = M{fn(z)a(z)}. 
But | 
| MEL LF (x) — fn (x) Ja(x)} | SA ME] f(x) —fn(x)|}. 


Since || f—fm | = M{| f(x) —fm(x)|} tend to 0 with 1/m, then, by the 
continuity of U 


l U(f) = lim U (fm) = lim M{fn(æ)a(t)} =M{f(x)a(x)}, where m— œ, 
and our theorem will be proved. 


To prove that series (2) is the expansion of some function «(z) e (Bb), 
with |a(x)| 5 4, it is sufficient to show ? that 


(3) |rm(t)| SA 
for every m and x. The linear functionals 
Un (f) = U (fm) = Wf (x) rm (x) } 
are weakly convergent, since for every fe (B) of basis {B:}, lim Um(f) = U(f), 


8 See “ Contribution,” th. VT. 
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where m— œ. By a well known theorem of Banach and Steinhaus,* their 
norms | Um | = u. b. | rm(z)| are bounded by some constant A. Then (3) 
is true and the theorem is proved. 


2. THEOREM II. Every linear functional U(f) defined in the space 
of functions of the class (By) and basis {B:} is of the form 


(1) U(f) = M{f(x)a(x)}, 


where a(x) is a function summable on every finite interval, such that 
M{| a(x) |} < co and such that M{eivta(x)} exists for every linear com- 
bination uv of the Bi. Conversely, for any function a(x) with the prescribed 
conditions, M{f(z)a(z)} exists and is a linear functional in the space (Bo) 


of basis {Bi}. 


Proof. Put, as before U (ei?) — dy, = Meir? au eitt} and let tm (=) 
be the Bochner sums associated with the series Xau, "tv. 
Then, for every f(x) e (Bo), of basis {8:}, 


U(f) =lim Nf (x) rm(v)}, where m —> oo, 
is finite. We conclude® that there exists a constant M such that > 
M{| rm(x) |} SM (for every m). 
We know that for every +(x) e (By) the integral (1/L) f "la dæ tends, 


uniformly in a, to M{r(æ)} as L— œ. Let {en} be a decreasing sequence 
of positive numbers tending to 0. Since |rm(x)|e (Bo), we can determine 
a sequence {Lm} such that for L = Lm and every a 


(2) 1/L Km de < ML. 


Similarly, since ¢*»*rm(2) e (By), we can determine a sequence LP, L,,: +, 
Dm: + > such that 


a+L 
| 1/L f etuver,, (2) da — Meur, (x) }| < em, 


aL | 
(3) 11/8 f iorn (2) — dran, | < en 
a 
for L = Dm and every a. 
*See, for example, S. Banach, Theorie des Operations Linéaires, Varsovie, 1931, 


p. 80, th. 5. 
5 See “ Contribution,” Lemma, p. 210. 
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Let Mm be the upper bound of |rm(z)|. We shall suppose that the 
following relations, bearing on the diagonal elements L”,, and requiring these 
elements to be sufficiently large, are satisfied: 


(4) Lm/L”n S13; (5) Dm/L"nm Sly LM; 
(6) Ln/L mt S em- v < m—1; 
(7) DuMaf ms S emi v<m—1; (8) LnMm/L mi S ema. 
Starting from the origin, we shall put, on the right, contiguous intervals 
(L4), (D2), + +, (L'a); © of lengths Lt, Dat + +, Ln + + and on the 
left, contiguous intervals (— Lu), (— 12%), ° <, (— 2%), : + of the same 
lengths. Let «(x) be a function equal to rm (x) if ze (L”m) or if ze (— I"). 
We shall show that W{| a(x) |} SM + 2a = W. 
In fact, let (—T,T) be any interval and suppose that the right end of 


this interval is in the interval (L'a), RE a part (In) of it, of length ln. 
We have 


T . 
f | a(x) | “lan le: (æ)| dæ +: +f | tn- (a) | de 
o (A (Erin) 
al ol de. 
and we have an analogous Be for S: | a(x) | de. 
We consider two cases: 


First case. In © Ln. Then by (2) and (4) 


x K 
(9) Í | a(x)| dæ S LM +a) ++ Ena (M te) 
+4,(M+a)ST(M-+ea). 
Second case. la < La. Then, by (8) 


| r . r . : 
(10) f la(z)] de S [LA 4: i LT M + à) + Mn 
0 
< T(M + €) + En LL li- 1 = =T(M + € -+ &n-1)- 
The two relations (9) and (10), together with the analogous relation, 


for f, &(2)| de show that Mile) <M + 2e = W. 


We shall now show that, for every uv, M{eitrea(x)} exists and is equal 
to du, 
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With the preceding notations, we have, for n > v + 1, i. e., for sufficiently 
large T, 


T 
f etita (x) de = f ewar (x) dx ++ +++ etuver, (x) dx 
0 (ZA) 


(WAy) 
+ f wer, (ae) da +--+ ++ f etree, (x) dz + f errr, (x) dx. 
Py) (Dein) Un) 
We consider again two cases: 


First case. ln = L',. We have, by (3) and (5) 


T 
.(11) f etre (x) dx = f etwer, (x) dr ++ - ++ etrtry (x) dx 
o (2) (L?P=ty-4) 
+ Dy (eu, Qu, + Ovev) + Berre + Lei, (dr, Qu, + On-1en-ı) 
+ In (A'u, Quy + Onen), 


where 6y, @v41,° * *, On have moduli S 1. 


Second case. ln < L’r Then, by (7) 


| f etter, (x) dx | = Mn < L’„Mn < DL, enr 
(In) 
Hence 
P 
12 f tuya i= f tups. d: ... f L72 7208 d: 
(12) ea) j etwer(a)det- +) eral) 
+ (du, Qu, + Ovey) + SE + Li, (du au, + On-1€n-1) 5 
where Ov, Ovirs* *  ,0n-2 have moduli < 1 and 60»: a modulus = 2. 
Divide each of equations (11) and (12) by T and put 


Am? = L"%,/T (vS m <n); An? = 1,/T (m =n). 


As m—> œ, we have lim d”„, = 1,i. e., lim (d"u, &u, + Ômem) = Qu,, and this 
limit is uniform in T, since the ĝm = ĝm(T) are all in absolute value less 
than 2. 

If we show that the Am? are the coefficients of a regular process of 
‘summation of Toeplitz, then 


r 
(13) lm yrf ettvta (x) dr = üu, where T —> co. 
0 


We have to verify two conditions: 
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1) limAn?”= 0, where T— œ for every m. This is evident. 
2) In the first case we have 


lim $ Am? = lim {T — (I4 + + Dm) }/T = 1, where T — œ. 
map 
In the second case we have 


n-1 
Ean? = {T— (I4 + + Dt) }/T—h/T; 
m= 

but, by (6), In/T < L'n/T < L’n/L* ns S ens, 80 that also 


n-1 
lim X Am? = 1, where T — œ. 


Relation (13) is thus satisfied; but we have an analogous relation for the 
integral from — T to 0. Finally À 


(14) Metra (x) } = du, = U (ey), 


It remains to be verified that for every f(x) e(B,) of basis {Bi}, 
M{f(x)a(x)} exists and is equal to U(f). 
For an arbitrary e > 0 we can find a large m such that 


(15) | f(t) ~fm(z)|<—/(M'+ ©), | U(f) —U(fm)| <e 
We have, by (14), U (fm) = Ut{fm(x)a(x)}. Take T, such that for T > To, 
(27) ji a(x)] dx < W +. and 


: T 
(16) |U (fn) — (27)+ f mte)ata)dr| <e 
Then 


an LEDI f Tfal) — Hat ds| < (+9 (+) me 


The three relations (15), (16), (17) show that, for T > To, 


T 
|0) — RTS f f(e)a(e)de | < 3e 


Whence U(f) = M{f(e)a(z))}. 


The first part of the theorem is now proved. The second part presents 
no diffculty. 


3. Lemma 2. Let ar(z) — Sa, ety? be a sequence of functions of the 
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class (Bb) of basis {B:} bounded by the same constant A and such that 
lim au, = du,, Where n— œ. Then 


(1) San ety? 


is the expansion of some function a(x) e (Bb) and bounded by A. Moreover 
M{|«(x)|} SL ub. M{| a(x) |} == B and 


Wf (x) a(x) } = lim Mf (x) a(x) } 
where n— œ, for every f(x) e (Bb) of basis {Bi}. 


Proof. Let «> 0 be given and let am(x) be the Bochner sums associated 
with (1). We have 


(2) | am(2) — @"m(x)| Se (for m fixed and n > no). 


Hence 
| om(t)| S| an(z)| He SA ts 


_which proves the first part of the lemma. If now m is chosen such that 
Me | a(x) —am(x) |} Se, then 


(3) M{| a(x) |} SM atn(2)|} + 2e SB + 2e. 
Finally, if | f(x)| < C and if m is chosen such that 

(4) Me) — fn(z)|} < 6, 

then, for n > n, by (4) and (2) 


| Me fla — a] }| S | MF — fm] [a — a" ]}| + | ML fmla — #71} 
S2A-M{| f — fn |} + | Mf lem — om] }| ERA e+ Ce 
This completes the proof. 


CorossarY. Let ar(z) be functions of the class (Bb) of basis {Bi}, 
bounded by the same constant A. Then we can extract a partial sequence 
{am(a)} and find a function a(x) e (Bb) bounded by A, such that 


Mf (x) a(xc)} — lim M{f(z)a”(z)}, where k> œ, 
for every f(x) © (Bb) of basis {81} and we have 
M{| a(x) |} 51. u.b. M{| æ (a) |}. 
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The partial sequence is obtained by the diagonal process. Note also 
that by again extracting a subsequence, “upper bound” can be replaced by 
s lisait ” and we have 


Mi|a(2)!} Slim M{] a(x) |}, White k> o. 


Notation. Given a measurable set E, a summable function f(x) and 
any interval (—T,T), we mean by E(—T,T) the common part of E 
and (—T,T) and we write 


SE = lim sup mesE(— T, T)/2T, where T — œ, 
and 


ME, {f(æ)} — lim sup (2T)* f delete Ts 
E(-T,T) 


THEOREM III. In order that the series Zau e»? be the expansion of 
some function a(x) e (B), it is necessary and sufficient that the Bochner 
sums on(x) attached to the series satisfy the following condition: To every 
«> 0 there corresponds an n > 0 such that ME {| om(t)|} Se for every m 
and every E for which 8E Sy. 


Proof. Necessity. Let the given series be the expansion of a(x) © (B) 
and let e > 0 be given. We know that there exists an m, such that for 
every m= mo, M{la(z) —om(x)|} S 6/4. Whence M{| om(x) — om (2)]} 
S 6/2, (m= ma). The polynomial om, (x) being bounded, say by the constant 
A, choose 7 = «/2A. Hence, for any set E for which SE <7/, 


ME {| om (2) |} SA SHSA-€/2A = €/2, 
so that, for m = mo 
ME omn (2) |} S Maf] ame) — oma) |} + Def] omo(x) |} Se. 


The number 7 therefore verifies the condition of the theorem for m= mo. 
But there is only a finite number of om(z) with m < m, and each of them 
is bounded. Let A’ be an upper bound for | om(x)| for m < mp. The number 
== min {y’,¢/A’} verifies the condition of the theorem. 


Sufficiency. By the condition of the theorem there exists a constant B 
such that 
M{| om(x) |} SB (for every m). 


°Kovanko, “Sur la structure des fonctions presque périodiques généralisées,” 
Recueil Mathématique, Moscow, vol. 42 (1935), pp- 3-10. 
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Let n be fixed. Put 
o"m(@) = on(e) if |om(e)| Sn; o%m(x) =n: om(T)/| m(z) | 


i if |om(z)| >n. 
Then, o”m(x) © (B).” 


The functions o*,(x) form an enumerable set, so that we may suppose 
that, together with the given series Sas e#»?, they belong to the same basis 
{Bi}. The sequence {o"m(T)}m being bounded, there exists a partial 
sequence {o"m,(2)}, and a bounded function o”(z) e (Bb) such that 


Mi] o*(z) |} < lim Mi] "m, (2) |} 
and 


(5) ML f(a)or(x)} — lim Mia) (a) }, where k—> 00, 
for every f(z) e (Bb) of basis {f;}. 


Making use of the diagonal process we might suppose that the same 
subsequence {my} is valid for all n and even for all pairs (p,q) since er 
pairs form an enumerable set, so that we shall write 


(6) M] o?(x) —o4(a) |} < lim M{ | om (2) —o%m, (2) |}, where k— o. 


Let now Hmn, be the set of points for which |om(z)| = no and let no 
be such that B/no <y. We have no'ôEmn < M2™™e{| om(z) |} SB ie, 
5E nny < B/no <n. Hence 


(7) Pme (| om(x) |} Ses Mer {| om (x) |} Se. 
We conclude, by (6), for p, g > % 
Mi] P(x) — (2) |} <1. u. b. D| o%m,(2) — otm (2) |} 
SL u. b, Mmm, {| om, (2) —o%m, (x) |} S 26, 


since for z £ Em,n, we have | om,(%)| < no ie. o?m,(%) = om, (2) = ofm (2). 
The sequence {o?(x)} is therefore a Cauchy sequence in the space (B). 
(B) being complete, o?(x) converges to some function a(s) e (B). 

It remains to be shown that the expansion of «(z) is the given series. 
We can find n, such that for n > m 


(8) MAI a(x) —or(z)|} < e 


* See, for example, Kovanko, loc. cit., p. 6. 
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By (7), for n > m and every mx, 
(9) MEL] omy (2) — om (2) |} = mue, {| omy (2) — om (2) |} S 2e. 
By (5), for fixed n > no, nı we can find me such that for me > mx, 
(10) [Dee Lo (2) —o%m (2) ]}] <e 
The three relations (8), (10) and (9) show that for mz > mz, 
| Netwe[a(0) — om (2)]}| < | Metwela(e) —o*(2)]}| 
+ | Mle t2[o" (x) — om, (z)1}] + | Mer lorn (2) — om (5) ]}| 
S e e 2% 
Therefore 
Morea (z)} — lim M{ (oom, (2) } — lim dry au, — au, 
where k-> œ. 
This completes the proof of the theorem. 
Remark 1. We conclude from the preceding theorem that if 
(11) Fa) ~ 3h etre 


is an arbitrary function of the class (B) and if {y;} is an arbitrary sequence - 
of linearly independent numbers, then the subseries (T) of (11), corre- 
sponding to the uy which are linear combinations of the y;, is the expansion 
of some function f (s) e (B). For if Hm(t) is the Bochner-Fejér kernel 
corresponding to {y:} then the sequence oY m(x) = M:{f (x + t)Hm(t)} is 
associated to the subseries (T) and satisfies the condition of Theorem III. 
f™ (=) may be called the restriction of f(x) to the basis {y:}. 


Remark 2. Theorem I may now be generalized in the sense if U(f) 
is defined for all functions of class (B) then, still U(f) = M{f(x)a(x)} 
where a(s) © (Bb). ; 

In fact, put U(e*) —a,. Then the set of values of u for which 
du 50 is at most enumerable. For otherwise, there exists an à > 0 such 
that for a non-enumerable infinity of u: | au | >a. We can select from 
these u a sequence of linearly independent numbers yi, y2,- * *, ys," * * such 


8 The corresponding statement for functions of the class (B,) is due to S. Bochner: 
“ Beiträge zur Theorie der fastperiodische Funktionen,” Mathematische Annalen, vol. 96 
(1926), pp. 119-147. > 
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that [ay | >a (i=1,2,---). Also |a| |U]. The function 
f(z) ~ 3 (1/n)äyet? belongs to the class (B?) of Besicovitch and hence to 
the class (B). If fu(x) are its Bochner sums we have 


fn(e) = $ (1— (1/m!)) (1/n)aotres 


and 


U(f) = lim U (fm) = lim X (1 — (1/m!)) (1/n)| ay, |? = œ, 
n=l 
where m > œ 
which is impossible. 


Let then B:, B2: * +, Bn,‘ °° be a basis for the enumerable set of ws 
for which a,>540. The linear combinations with rational coefficients of the 
Bi will be denoted 11, W," © °, Uv, * * so that a; —0 if u is not some uv. 
Then, as in Theorem I Xase ft»? is the Fourier series of some function 
a(x) e (Bb) and for any f(x) e (B) of basis {Bi}: U(f) = Mf (x)a(a)}. 
If f(z) has no exponent equal to some wy then U(f) —0. Also in that case 
M{f(x)a(xz)} —0. Finally, if f(x) is any function of class (B), then 
putting f(z) = f® (2) + f(z) —f® (x) we have 
U(f) =U (Ff) + U(f—fO) = TFA) = MAP (x) a(x) } 

— MF (x) a(x)} + Me) —F (2) la(z)} — MAF (a) a(2)}. 


FAROUK I UNIVERSITY, 
ALEXANDRIA, EGYPT. 


APPLICATION OF A RADICAL OF BROWN AND McCOY TO 
NON-ASSOCIATIVE RINGS.* 


By MAucoLm F. SMILEY. 


1. Introduction. Our first purpose in this paper is to point out that 
the theory of “radicals ” of an associative ring as given by Brown and McCoy? 
applies without change to non-associative rings. We then examine the relation 
of a particular radical? to those defined by A. A. Albert ® for non-associative 
algebras and by Max Zorn * for hypercomplex alternative rings. We find 
that the radical? of Brown and McCoy is the same as that of Albert for a 
non-associative algebra which has a unit element and also that the radical of 
Brown and McCoy is the same as Zorn’s for a hypercomplex alternative ring. 

Our résumé of the theory of Brown and McCoy is preceded by a brief 
outline of the fundamentals of the theory of non-associative rings and of sub- 
direct sums of such rings. The results of the theory of Brown and McCoy 
for non-associative rings are then stated without further proof. We conclude 
our paper with a discussion of the relations between the radical we shall use 
and those of Albert and of Zorn. 

We are indebted to Professor McCoy for directing our attention to his 
theory and for a stimulating correspondence during the preparation of this 


paper. 


2. Fundamental properties of non-associative rings. In this section. 
we shall briefly outline the facts concerning non-associative rings‘ which we 
shall need in our ensuing development. All of these facts are well known. 
and we include their statement only for the sake of completeness. | | 

A non-associative ring (naring) R is an algebraic system with two single- 
valued operations a + b and ab defined and in R for every a, b e R and such 
that the system (R#,-+) is an abelian group and the distributive laws 
alb + c) = ab + ac and (a+ b)e == ac + be hold for every a,b,ceR. It is 
easy to prove that 0a — a0 = 0, — (—a) = a, (—a)b =a(— b) = — (ab), 


* Received September 3, 1948. 
2 Brown and McCoy [1]. See also McCoy [1]. 
* The F -radical in the notation of Brown and McCoy [1]. 
® Albert [1]. 
4Max Zorn [2]. 
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and (—a)(—b) — ab for every a, be R, where 0 and — a denote the unit 
and the inverse of a, respectively, in the abelian group (R, +). 

If R is a naring, then a subset M of R is called an ideal of R in case for 
every a, be M and every re R we have a—b, ax, and zaeM. Then M is 
empty or M is a subgroup of the additive group (R, +) of R and the cosets 
ä=a--M constitute a naring if we define + b=a+tb and ab —ab. 
We call the naring of cosets ä the difference naring of R and M and we 
denote this naring by R—M. The mapping a — aH — a + M is a homo- 
morphism (the natural homomorphism) of R onto R—M. If Rand À are 
narings and a — aT e È is a homomorphism of R onto À, then the kernel of 
T is the set M of elements ae À for which aT —0. Then M is an ideal of 
Rand R— M = È viaa+M-—aT. Each ideal N of R— M gives rise to 
' an ideal No = [2;2-+-MeN] of Rand then N=N,—M. We shall also 
need the fact that if M and N are ideals of R for which N= M, then 
(R—M) — (N—M) = (R—N). 

If R is a naring, we shall denote the ideal of R generated by an element 
aeR by I(a). More generally, if S is a subset of R we shall denote the 
ideal of R generated by S by I($). It is clear that Z(S) consists of the set 
of elements of R of the form Ss; + 3s;U;, where the sums are finite, si, s;e S, 
and where each U; is the product of a finite number of right and left 
multiplications: > zE, = ra and >2L,=ar of R. If a—aek is a 


homomorphism of R onto a naring À, it is easy to see that I(§) —I(8). 

The ideals of a naring R form a modular lattice when partially ordered 
by set inclusion. We shall denote the join of two ideals M and N of R by 
(M,N), while M fN N, as usual, denotes set-theoretic intersection. If M 
and N are nonvoid ideals of R, thenë (M, N) — M =N — (M AN N.). 


3. Subdirect sums of non-associative rings. For the sake of clarity 
we shall elaborate in this section the basic theory of subdirect sums as 
applied to the systems we are considering. 

If Ra («e Q) are narings, then the totality of functions (ag; œe N)with 
da £ Ra constitutes a naring § called the full direct sum of the narings Ra. 
A subnaring T of 8 is called a subdirect sum of the narings Ra in case for 
each «eQ the homomorphism Ha: a —> aH, = dq satisfies (T) Ho = Ra. 


Lemma. A naring R is isomorphic to a subdirect sum T of narings 
Ra(aeQ) if and only if for each «eQ, R contains an ideal M, such that 
R—M,= Ra and UMa = 0. 


5 Garrett Birkhoff [1], pp. 47-48. 
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Proof. Let R be a naring which is isomorphic to a subdirect sum T 
of narings Ra(aeQ) via a—aHeT. The kernel Ma of HH, is an ideal 
of R and R—M,=R, sine (R)HH,— (T)Ha =R, To see that 
TIM, = 0, let ae MW, then aHH,=— 0 for every «eQ so that (aH).— 0, 
i. e., aH = 0, a —0. , | 


Conversely, let M(xeQ) be a set of ideals of R which satisfy the 
stated requirements. Let ha denote the natural homomorphism of R onto 
R=R—M, Then S = [ (ãa; & € Q) ; äa £ Ra] is the full direct sum of the 
narings Ra since (T)Ha = (R)ha = Ra. If a £ R, define aH—(ah,;aeQ)eT. 
Then a—>aH is an isomorphism of R onto T, since if aH =bH, then 
(a—b)ha = 0 for every «e Q so that (a — b) e HMa = 0 and a =b. The 
proof is complete. 


A subdirectly irreducible naring R is one which is isomorphic to a sub- 
direct sum T of narings R(aeQ) only if Ha is an isomorphism for some 
æeQ. Thus R is subdirectly irreducible if and only if the intersection of 
all nonzero ideals of R is itself a nonzero ideal J of R. For, if this is true, 
and if À is isomorphic to a subdirect sum of narings R,(«eQ), then, 
IM. = 0, we have Ma = 0 for some «e Q and R= Ra. On the other hand, 
if [M.;a%e0] is the totality of nonzero ideals of R, then IM,= 0 would 
imply that R is isomorphic to a subdirect sum of narings Ra = R — M,(«eQ). 
But Ra = R is possible for no «eQ since no M, is zero. Thus R is not sub- 
directly irreducible. 


4, The F-radical of a non-associative ring. In this and the following- 
section we shall restate the theory of Brown and McCoy as it applies to non- 
associative rings. We shall omit proofs completely since the proof given by 
Brown and McCoy are not only valid for non-associative rings but should 
also be easy for the reader to follow in this case in view of the preparatory 
material of Sections 2 and 3. 

We assume that a—> F(a) is a mapping defined in each naring? R to 
the set of ideals of Æ which is such that if a—>&eR is a homomorphism of R 
onto a naring À, then F(a) = F(a). We define the F-radical N(R, F) of R 
as the set of elements be R such that if aeI(b), then aeF(a). If 
R=N(R,F), we call R an F-radical naring. 


°It is possible to phrase our definitions and theorems so as to avoid the meta- 
mathematical difficulty of the “class of all rings.” We have found this awkward, 
however, and prefer the present formulation. 
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THEOREM 1. The F-radical N(R,F) of a naring R is the intersection 
of all ideals M of R for which R—M is subdirectly irreducible and 
N(R— M, F) —0. 


COROLLARY 1. The F-radical of a naring R is an ideal of R. 


COROLLARY 2. A naring R is an F-radical naring if and only if R 
itself is the only ideal M of R for which R— M is subdirectly irreducible and 
N(R— M,F) =0. 


THEOREM 2. If Ris a naring, then N(R —N (R, F), F) = 0. 


THEOREM 3. If a naring R is a subdirect sum of narings Rala e Q) and 
N (Ra, F) =0 for every «eQ, then N(R, F) =0. ` 


THEOREM 4. If R is a naring, then N(R, F) —0 if and only if R is 
isomorphic to a subdirect sum of subdirectly irreducible narings Ra(a eQ) 
for which N (Ra, F) = 0. 


THEOREM 5. A subdirectly irreducible naring R has N(R, F) —0 if 
and only if the minimal ideal J of R contains a nonzero element a such that 
F(a) = 0. 


5. The radical of a non-associative ring. In this section we shall discuss 
the special mapping a — F,(a), where F,(a) = I([ae — e + ya— y; z, y £ R]). 
Using the results of Section 2, it is easy to check that this mapping satisfies 
our basic assumption of Section 4. We shall write N for N(R,F,) and we 
shall call N the radical of the naring R. If N—0, we shall say that the 
naring R is semi-simple and if N = R we shall call the naring R a radical 
naring. 


THEOREM 6. A subdirectly irreducible naring is semi-simple if and only 
if it is a simple naring with unit element. 


Proof. Excluding the trivial case of a one-element ring, the direct state- 
ment follows from Theorem 5 since F,(1) = 0. Conversely, by Theorem 5, 
there is a nonzero element e of the minimal ideal J of R for which F, (e) = 0. 
Then e is the unit element of R and J — R so that R is simple. 


COROLLARY. A simple naring is semi-simple if it has a unit element, 
otherwise it is a radical naring. 


Remark. In the associátive case, one is able to show that a simple ring 
with left (right) unit has a unit, and consequently that the G-, F,-, and 
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P,’-radicals all coincide. This result is no longer true in the non-associative 
case, as the following example shows. Let A be the non-associative algebra 
of order two over a field F with basal units e and u and multiplication defined 
by ee=e, eu=u, ue—0, and wu—e. This algebra is simple since a 
nonzero ideal M of A contains a nonzero element «e-+ Bu and hence also 
contains w(ae + Bu) = Be. Thus M contains e unless 8 = 0, but then « 
is nonzero and M contains ae, so that ee M in any case. Thus M == A and 
A is a simple non-associative algebra with left unit but no unit. The exis- 
tence of a unit for simple narings with one sided units may be obtained without 
the full force of the associative law. We may, for example, assume that 
association is symmetric in the sense that if a(bc) = (ab)c, then a, b, c 
associate in any order. Then if R is a simple naring with a left unit and 
if association is symmetrie in R, R has a unit element. An example of a 
naring in which association is symmetric is any alternative ring. 


THEOREM 7. The radical of a naring R is the intersection of all the 
ideals M of R such that R—M is a simple naring with unit element. 


COROLLARY 1. If Ris not a radical naring then the radical of R is the 
intersection of all the maximal ideals M of R such that R— M has a unit 
element. 


COROLLARY 2. If Ris a naring which is not a one-element ring and has 
a unit element, then the radical of R is the intersection of all the maximal 
ideals of R. 


THEOREM 8. The naring R is semi-simple if and only if it is isomorphic 
to a subdirect sum of simple narings with unit element. 


THEoREM 9. If the descending chain condition holds for the ideals of a 
semi-simple naring R, then R is isomorphic to the full direct sum of a finite 
number of simple narings with unit elements. 


Remark. We postpone a discussion of Theorem 10 of Brown and MeCoy 
with the remark that the Jacobson radical has been defined only for associative 
and alternative rings.” 


THEOREM 11. If R is a power-associative® naring, that is, if each 
element of R generates an associative subnaring of R, and if every element 
of I(b) is nilpotent, then b is in the radical of R. 


TN. Jacobson [1] and Smiley [1]. 
3 A. A. Albert [2]. 
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'THEOREM 12. If A is an ideal of the naring R, the radical of A is 
contained in the radical of R. 


COROLLARY. Any ideal of a semi-simple naring is semi-simple. 


6. Relation to the radical of A. A. Albert. In this and the following 
section we shall discuss the relation of the radical of a non-associative ring 
which was defined in Section 6 to previous definitions of the radical of certain 
non-associative systems given by A. A. Albert? and by Max Zorn.* 


A. A. Albert calls a non-associative algebra A of finite order over a field 
“ semi-simple ” in case A is the direct sum of (finitely many) nonzero simple 
non-associative algebras. Then if A is homomorphic to a “ semi-simple ” non- 
associative algebra, Albert definies the radical N’ of A to be the intersection 
of the family of ideals Ba of A for which A — Ba is “semi-simple.” We shall 
show in this section that NM’ = N when the basic ring R is a non-associative 
algebra of finite order with a unit element. We emphasize that all of our 
theorems are valid for non-associative algebras. 


Lemma. If Bis an ideal of a non-associative algebra A such that A— B 
is isomorphic to the direct sum of nonzero simple non-associative algebras C; 
(i=1,::-,n), then there are ideals B; of A (i= 1,: - -, n) such that each 
A—B, is a nonzero simple non-associative algebra and TIB; = B. 


Proof. The mapping a — aH; = c; is a homomorphism of A — B onto 
Ci with kernel M. Now M, is an ideal of A— Band (A — B) — M, = 0. 
Each M; gives rise to an ideal B, of A such that B: = B and M,—B;—B. 
Hence A—B,= (A—B) — (B—B)=(A—B)—M;=(, so that 
A—-B; is a nonzero simple non-associative algebra. To see that IB; B, 
note that IM; = 0 from which HB, = B follows readily. 


COROLLARY 1. If A is a non-associative algebra which is homomorphic 
to a “ semi-simple” non-associative algebra, then N’ is the intersection of all 
the ideals Cg of A for which A—Cg is a nonzero simple non-associative 
algebra. 


COROLLARY 2. If A is a non-associative algebra with unit element then 
N’ is the intersection of all ideals Ca of A for which A — C4 is a simple non- 
associative algebra with unit element. 


Proof. It suffices to remark that if A —C, is a one element algebra, 
then A = Co. 
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THEOREM 13. If A is a non-associative algebra of finite order over a 
field and which has a unit element, then N’ =N. 


Proof. This is clear by Corollary 2 of the Lemma and Theorem 7. 


Albert has given an example ® for which N’ is a field provided that the 
characteristic of the base field is not two. In this exceptional case the 
associative subalgebra spanned by e and u contains the nilpotent ideal gen- 
‘erated by eu and is not semi-simple. We find that N” is the ideal of A 
spanned by e -+ u and v. 


7. The radical of a hypercomplex alternative ring. We continue our 
discussion of previous work on the radical of certain non-associative systems. 
Max Zorn ° proved that if an alternative ring R was a hypercomplex alternative 
ring, then the set of properly nilpotent elements of R is an ideal and further 
if this ideal is zero for R, then R is the direct sum of a finite number of 
simple alternative rings (with unit). We have shown elsewhere’ that 
Jacobson’s definition of the radical of a ring® applies to alternative rings 
and is the set of all properly nilpotent elements provided that the alternative 
ring is a hypercomplex alternative ring. In this section we shall show that 
the radical of Brown and McCoy also reduces to the set of all nilpotent 
elements for a hypercomplex alternative ring. : 


A. hypercomplea, alternative ring is an alternative ring which satisfies 
the following chain conditions. 


(CI) Every sequence (a"R;n—=1,2,---) is ultimately constant. 


(CII) Every monotone sequence (A,(an) n= 1,2, ++) is ultimately 
constant. 


Here Ar (an) = [£ ; ve R,a,% = 0] is the set of all right annihilators of Gn. 
We then have the following theorem. 


Turorm 10. If R is a hypercomplex alternative ring, then N is the 
set of all properly nilpotent elements of R, that is, N is the radical of R i 
the sense of Zorn. 


Proof. We have shown elsewhere *° that under the hypothesis of our 


theorem, the set of all properly nilpotent elements of R coincides with the 
radical of R as defined by Jacobson. This latter radical consists of all 


®Max Zorn [1] and [2]. 
10 Smiley [1]. 
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elements be R such that ae I(b) implies that there is an element ce R so that 
a—c-+ac=0. We have also shown that a—c<+ac—0 for a, ceR if 
and only if every element of R is in the set [a — x;re.R]. Then clearly 
N contains the radical N, of Zorn. 

To prove that the radical of Zorn contains N we use the result of Zorn 
which states that N, is an ideal of R. Observe that R— N, is a hypercomplex 
alternative ring and that N,(R—N,)=0. Then R—N, is a direct sum 
of simple alternative rings with unit elements. Thus Theorem 8 yields 
N(R—N,) =0, from which N, = N follows easily. The proof is complete. 


NORTHWESTERN UNIVERSITY, 
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ON n-ALITY THEORIES IN RINGS AND THEIR LOGICAL 
ALGEBRAS, INCLUDING TRI-ALITY PRINCIPLE 
IN THREE VALUED LOGICS.* + 


By ALFRED L. FOSTER. 


Introduction. In every ring (R, -+, X) there exists an intrinsic but 
usually dormant duality-symmetry theory which specializes to the familiar 
Boolean duality when R is a Boolean ring. This theory has been presented 
and developed in diverse directions in a series of papers [1], : -, [7],? with ` 
several of which it will be necessary to establish contact in the present 
communication. 


It was later discovered, as first broadly outlined in a portion of [2], 
that this duality theory of rings is itself but an instance of a host of K-ality 
theories, based on certain preassigned groups Jf, and that these in turn con- 
stitute merely one class of realizations of a general transformation theory,— 
a simple unifying skeletal framework which also includes traditional trans- 
formation and invariant theories among its specializations. 

Even on the simple (later also called mod C) duality level, as we now 
refer to the original ring duality to distinguish it from rival theories, we were 
able to formulate numerous interesting concepts, such as the (simple) ‘ logical 
algebra’ of a ring, and to profitably explore such questions as the strength 
of the bond between a ring and its (simple) logic; these include ÿeneraliza- 
tions of familiar Boolean questions. (See especially [1]). In the present 
communication we (a) elaborate the general transformation theory and employ 
it to (b) elevate various ‘logical algebra’ concepts from the simple to a much 
more general level. In so doing (c) the special role of the simple level is 
considerably illuminated. 

In 6 we (d) put forward the concept ‘ p-ring’ as a natural generalization 
of Boolean rings (which latter are identical with 2-rings),® and particularly 


* Received November 1, 1948. 

1A segment of this paper was presented to the National Academy of Sciences, 
Berkeley, Nov. 1948. 

2 Numbers in square brackets refer to the bibliography given at the conclusion. 

3 The concept “p-ring” was first defined by McCoy and Montgomery, in [9]—for 
which reference I am indebted to the referee. Strictly, our “p-ring” is the “ p-ring 
with unit” of [9]. 
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study the case p—3. It is shown that each 8-ring is interdefinably bound to 
its ‘logical algebra’ in a manner which generalizes the familiar interdefinable 
bond between a Boolean ring (i.e, p= 2) and its Boolean (== logical) 
alegbra. Each 3-ring-algebra is shown to possess an intrinsic tri-ality theory, 
the successor of the familiar Boolean duality case for p—2. In this way the 
same tight intimacy which exists between the logic of propositions (== 2-valued 
logic), Boolean rings, Boolean algebras and the omnipresent Boolean duality 
theory on the one hand, is shown to extend to the 3-valued logic, 3-rings, the 
corresponding 3-algebras, and the engulfing tri-ality theory on the other. 

For arbitrary p (= prime), we exhibit a p-ality theory connecting each 
p-ring with its logical alegbra. For p > 3, however, no formula has as yet 
been found which equationally defines a p-ring in terms of its logical algebra, 
in fact the existence of such a formula has not been settled,—(see 8-10). 


1. (Simple) Duality theory of rings. To facilitate reference and 
orientation, in this section we very briefly recall a few essentials of the 
simple duality theory of rings. 

Let R= (R, +,X) be a ring with a unit element. Each concept in 
R is shown to possess a dual concept; in particular: 0 and 1 are dual elements; 
xX, Q; +; — ©; * are dual operations, the latter being self-dual, 
where 


(1.1) a®b=a+b—axXb, aXb=aDbOa@b 
== dual ring products 
(1.2) GaDb—a+b—1, a+b—a@b@0— dual ring sums 
(1.3) a O©b=a—b +1, a—b=1 Qb Q0 
= dual ring differences 


(1.4) a* = 1 — a = 0 Q a= (self-dual) ring complement. 
Restricted for brevity to these operations the duality theorem reduces to: 


(SımrLe) Duarry Teeorem ror Rives. If P(0,1;X, Q; +, @; 
—, ©; *) is a true proposition of a given ring R, so also is its (simple) dual, 
d P =P(1,0; 8, X; Q+; @,—;*) obtained by replacing each argu- 
ment by its dual, with * left unchanged (self dual). 


The duality theorem is illustrated by each of the relations (1.1)-(1.4). 
Also by the dual theorems, holding in any ring, 
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(1.5) (a X b)* = a* Q B*, (a © b)* = a* X b* 


= Ring ‘ De-Morgan ° formulas, 
and the self dual 


(1. 6) a** == q, 0* = 1, 1* = 0. 


Again, by 

T (R, +,X) isa ring with 0 as zero element and 1 as unit. 
Gi) (R, @, ©) is a ring with 1 as zero element and 0 as unit. 

Also, in any Boolean-like ring, (see [1]), 

(1.8) a+b= (ax) @ (a*Xb), a@b—(a@b*) X (a* Qb). 


Again, in any field (F, +, x), (see [6]), 


tó aX a X a = p = constant s£ 0 (a 0,51) 
(a aQ a X a” = r = constant s4 1 (a 1,0) 
atb—=aQ@s@ (Xb) . (azé 1, 1) 
(1.10) a+b:4a+i=l+a=a@uat . (a 40, 1) 
Lele 120202121 
a.D b =a Xb X (a @ bt) (a40,b 0) 
(1.11) ab: <a 0 =0 Q a=aX at (a1, £0). 
0D0—=m  0PD1—-1D0—0 


In (1.9) and (1.10), at is the X inverse of a, and a° the @ inverse. These 
few illustrations will suffice for our purpose. In case R is a Boolean ring 
we recall that: the dual ring products X, @ respectively reduce to the usual 
Boolean logical product, (], and logical sum, (J, the ring complement * to 
the Boolean complement, 7, and the ring ‘De Morgan’ and duality theorems 
to the corresponding familiar Boolean theorems. 


With the above Boolean specialization as motivation, in any ring Æ the 
(operationally closed) system (R,xX,&,*) was introduced in [1] as the 
(simple) logical algebra (also briefly as the Logic) of the ring. We recall 
that a Logically definable ring is one whose ring +, and consequently the 
entire ring, is definable in terms of its Logic, as is the case for instance in a 
Boolean ring. These notions will be reexamined and refined in 5. 

In addition to the usual (R,+, X) notation for a ring we may also 
write it in the (simple) dual form (R, @®,@®), or in the ‘mixed’ form 
(R, +, 9, X, ©, *), ete. Later, corresponding to other duality or, more 
generally, n-ality theories, we have n pure forms 
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(kE, + x), (R, +, x’); (R, +, x”) 27 


and corresponding ‘mixed’ forms 
4 sr ld rr + o” 
(R, +, + E C D E an 


2. Perspective of the general transformation theory. In the tradi- 
tional applications of the usual transformation and invariant theories to 
various mathematical disciplines, basically one is concerned with a set 
(generally a group) of admissible ‘coordinate transformations, and with 
the changes suffered by (or with the invariance of) certain mathematical 
concepts of the discipline when one passes from one admissible coordinate 
system to another such. In all of the classical applications the underlying 
‘computational disciplines’ (arithmetic, various algebras, analysis ete.) are 
absolute invariants (scalars), i. e., unchanged by any of the coordinate trans- 
formations. In [2] it was first sketched how this transformation-invariant 
theory may be profitably extended to permit much wider applications, as for 
instance to the above types of computational disciplines themselves. Thus 
one is led to the conception of arithmetic, or analysis, or a particular ring 
or class of rings, in fact any kind of operational algebra, as a discipline whose 
concepts transform ‘cogrediently,—or sometimes ‘contragrediently’ with 
each permissible change of ‘coordinates, in a manner analogous to (and 
possessing as a particular specialization) the transformation of tensors or 
matrices to new coordinates. 

In general one is forced to deal with ‘mixed’ as well as ‘pure’ notions, 
the latter being such as are defined entirely within a single coordinate system, 
while the former are defined in terms of at least two permissible systems. 
Thus, for example, while a ring defined in either of the (simple) dual forms 
(R, +, X) or (R, ®, @) is a pure concept, the Logic (R, X, Q, *) of the 
ring is perforce a ‘mixed’ notion. 

‘For each given group K of permissible ‘coordinate transformations’ in 
a discipline there is a K-ality theorem which explicitly formulates the manner 
in which the true propositions of the discipline transform when passing from 
one permissible coordinate system to another. Thus for instance, corre- 
sponding to each group K of order 2 one has an accompanying duality theory; 
in particular, applied to a ring R and with K chosen as the complementation 
group C= C(R), of order 2, 


(2.1) g! 1 — z, a = g = identity, 


the corresponding ring duality is the simple theory partially recalled in 1. 
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From the general transformation theory point of view, then, the ‘ K-ality ’ 
of concepts,—also variously referred to as ‘n-ality, mod K or ‘n-ality (K); 
etc., if K is a finite group of order n, is simply a way of saying that the 
concepts are identical, but expressed in different coordinates. Thus for 
example, in the (simple) ring duality theory specialized to Boolean rings, 
the familiar logical product X (— fl) and logical sum & (= U) are 
exhibited as the same concept, expressed in different coordinates. 

With the exception of [4] and parts of [2], the narrow band of appli- 
cations of this transformation theory explored in the series [1],-- -, [7] 
is more or less identified with rings, and with the permissible group K taken 
as the simple complementation group C.. We shall here still be concerned 
with rings, but not alone with this special choice of the group K. 


3. General transformation theory (continued). Let U = {---,2}-:-} 
be a class (with or without structure), and By == {---,¢,- - -} the set 
of all operations (or multitations,—see [4]) 


(3. 1) $= (a )—eU 


(or one or more arguments) of U into itself. A ¢ of a single argument is 
also called a monotation, p(x) ; similarly for bitations (x, y), etc. We have 


(3. 2) P= Z 30 


4=1,2,... 


where ©) is the class of all i-tations of U, and > denotes set union. A 
permutation p is a 1-1 reversible monotation,* whose inverse we write p. 
For ced and pe we denote composition (= composite product) by 
simple juxtaposition, | 


(3.3) ob = (of) (2° + +) = ll‘). 
We recall the well known associativity of composition for monotations, 


(3. 4) o(d”) = (o0 )o” = 00’0”. 


Solely in the interest of convenient distinction we sometimes refer to the 
elements of the set U as ‘points, and those of the set y as Points 
(capital P): U = ‘point space, ® — ‘ Point space.’ 


“In particular, U need not, of course, be infinite. 
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Each point permutation p induces a Point monotation, defined by 
(3.5) p —> bp = P$ (p(x), p(y),° =). 
The Point dp we call the transform of ¢ by p. 


Thus, if U is chosen as a linear vector space U = {- : -,&,°-:}, ġ asa 


linear map 
2 az 12° De 
(7) = $a Pr: 


and p as a non-singular linear map, the transform (3.5) reduces to the 
familiar matrix transform p-pp. Similar familiar interpretations result if U 
is taken as an abstract group. Again if U is taken as a ring (U, +, X) 
with unit, ¢ as the ring product X, 


(3. 6) Hay) =X y 
and p as the complementation permutation 
(3. 7) p(z) =a* = 1 — t = p (T), 


the p transform of X is the simple dual, &, given by (1.1); and quite 
generally, the p transform of any concept of U is its simple dual. (Compare 
with 1). 


Tuzrorem 1. (a) Each induced Point monotation (3.5) is a Point 
permutation. (b) If K—{ - -,p," + +} is a group of point permutations, 
the corresponding set of induced Point permutations (3.5) form a group, 
which is isomorphic with the group K. One has 


(3. 8) {6} pp = {p} p- 


Proof of (a). Here we must show that (a): (3.5) is a univoque Point | 
monotation, i. e., 


(a) AV pp F Yo 

and secondly (a”): for each Point y there exists a Point y” such that yp = y. 
If (a’) were false there would exist points £o, yo,- © * such that 

(8.9) $ (Zo; Yo * *) FW (Go Yoo * ie) 


G10) lee) = Pele) ely) =). 
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This is impossible since (3.10) implies 
(3. 11) (p(z), p(y); g ) = ¥(p(z), p(y): j "3 


which is in contradiction with (3.9), as is seen by taking = 21, y," 
where x 


(3. 12) p(T) =o,  Pplyı) = Yoo" * *- 

This proves (a’). Again, for given ye, (a”) may be satisfied by defining 
v by 

(3. 18) va * -) = pE), 9° (y); * *))- 


This completes part (a). 


The relation (8.8) follows directly from the usual expression for the 
inverse of a product: 


Be +) = pp llel (x); el la) * *))) 
(8.14) = (pP) ($ (pp (2), pp’ (y), © *)) = pp. 


Part (a) and (8.8) together show that the set of induced Point monotations 
form a group which is a homomorphic image of the group K. That we actually 
have an isomorphic image may be seen as follows. One must show that for 
psp, (b): 6 dp and $— pp are different Point permutations. From 
the premise, for some me U, - 


(8.15) ` P(%)  p’ (£0). 
Denote 
(3.16) p(T) = %, p (2o) = T2. 


Then zı £% Consider the Point y(z) =x.. One has 
@ 


ais prlp(z)) Na) = To 


(3.17) 
y —> yp = py(p'(x)) Bea): 


Now p (21) 34 £o, since 


(8. 18) p (21) = To > T, = p' (T0) = To 


contrary to hypothesis. Hence (b’) is proved, and with it the Theorem. 


The group of Point transformations induced by a group K will not in 
general be transitive, even if the point transformation group is transitive. 


108 ALFRED L. FOSTER, 


The totality of Points ¢p into which a given Point ¢ is transformed by the 
various p £ K is called a congruence class (of Points), mod K. We write 


(3.19) ¢=¢ (K) 


to denote that & and # are in the same congruence class. Since each con- ' 
gruence class mod K forms a Point set on which the group K is homomor- 
phically represented as a transitive permutation group, by a well known 
theorem on the degree of a transitive permutation group one has the 


THEOREM 2. If the group K is finite, of order n, the number of Points 
in a congruence class, mod K, is a divisor of n. 


In particular, if K is a (cyclic) group of prime order p, the number of 
Points in each congruence class mod K is either p or 1. 
Since K C4, each pe K is of course a Point. One has 


THEOREM 8. If K is an Abelian group, each pe K is fixed under K, 
i.e, forms a congruence class of a single Point. 


The proof is immediate from (3.5). The self-duality of the ring comple- 
ment, *, in the simple ring duality theory, and similarly the self-tri-ality of 
the cyclical negation, ^, as well as its inverse, Y, in the tri-ality theory of 
3-rings considered in 6-10, is an immediate consequence of Theorem 3. Of 
course there may also be fixed Points ¢, mod K, which are not elements of K. 

It is often advantageous to regard these general transformation notions 
in a different light, corresponding to 2. We may look on K as a group of 
permissible ‘coordinate transformations’ in U. In the ‘p coordinate system ? 
the point æ receives the new ‘coordinate’ p(x) *; the multiplication & 
‘becomes’ dp. That is, dp, which is an isomorphic image of ¢ by Theorem 1, 
is the ‘same’ multitation as ¢, described however in the p coordinate system. 

For a given group K of permissible coordinate transformations we also 
say: pb and # are ‘ K-als, instead of 6=¢'(K). Moreover if K is finite, 
of order n, we also speak of ‘n-als’ mod K; for n= 2, 8,- - - we speak of 
‘duals,’ ‘tri-als,’ etc. A fixed Point & is then called ‘self-K-al, respectively 
‘self-dual,’ ‘ self-tri-al,’ ete. 

If A = {0,,%,° - '} is any subset of by, we denote by | A | the subset 
of y which is compositionally generated by the a£ A. For instance if 


5 More accurately, by the ‘ point 2’ we mean the point which, in the £ coordinate 
system, has the coordinate z, where & is the identity of the group K. 
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A= {a,B}, and if ©,ß are of the form a(x), B(x,y), then |A| would 
contain the multitations 


(3.20)  a(a(x)), a(B(x, y)), B(a(x), B(y, 2)), B(a(x), BR, y)), ete. 
We have of course 


(3. 21) . AC|A| Cod. 


4. K-logical definability of rings. We here clarify the concept of the 
simple logical (algebra) definability of rings (see end of 1), and lift it 
from the simple to the general level. We specialize: U == R = (R, -+, X) 
is a ring (which need not contain a unit). Let 


(4.1) K= (60,9: Sep} 


be a group of coordinate transformations in (i. e., permutations of) the 
class R, with the identity of K denoted by é, and let 


(4.2) {X, X, X” pme, Xp) 


be the class of all transforms of the ring product X by the various peK. 
(This congruence class mod K is evidently the same as the class of transforms 
of any fixed X(ÿ). Here, by (3.5), 


(4.3) a Xp b= p(p(a) X p(b)), 
and obviously 
(4. 4) a Xb =a X b. 
The algebra 
(4.5) (BR, Xs XX A +) 


whose class, R, is taken as identical with that of the given ring (R, +, X), 
and whose operations are X, X’, X”,- - +,& psp”, °° as indicated, we call 
the logical alegbra (mod K of the ring, or simply the K-logic of the ring. 
In addition to (4.5) we also denote this K-logic simply by 


(4.6) (R, X, K) = (R, X’, K) = (R, X”, K), ete. 


R is closed with respect to each of the operations X, X’, X”, - > ppoe 
A K-logical concept of a ring (R, +, X) is one which is definable entirely 
in terms z the K-logic of the ring. Among the K-logical concepts of a ring 
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are of course all multitations belongipg to the class | X,K]|, ie, all 
multitations compositionally generable from X and the pe K. We note that 


(4.7) | x, K |= | XxX’, K |=- . -=| X, x KG 2 ups Pee | . 
Further, if pı, pa,‘ * - are a set of generators of the group K one has 
(4. 8) |X, K |=| X, pupe]. 


In [1] and also in [6] special cases of the K-logical definability of the 
ring sum, +, — and hence of the whole ring, were treated. We here generalize 
and simultaneously clarify these applications by introdueing several refine- 
ments. We say that a ring (R,+,xX) is: (a) K-logically definable if its + 
is a K-logical concept of the ring. (b) K-logically equationally definable 
if its +ise|X,K|,i.e, if its + satisfies an identity 


(4.9) a+ b==¢(a,b) where de| X,K|. 
$ a,b 


(c) K-logically fixed, if it is K-logically definable, and if there exists no 
other ring (FR, +1, X),—on the same set R and with the same product X, 
but with +, 34 +, which is K-logically definable. 

We shall illuminate these distinctions, and at the same time establish 
their essential independence, by again returning to the simple or C-logics 
(C = complementation group (2.1)). 

A Boolean ring is C-logically equationally definable, since in such a 
ring (see [1] and 1), 


(4. 10) a -+ b =ab* Q a*b. 
It is easy to extend this to the 


THEOREM 4. A Boolean ring is C-logically equationally definable and 
fixed. 


Proof. Let (R,+, X) be a Boolean ring, and let (R,+,,X) be a ring 
having the same C-logic as (R, +, X). By Stone’s theorem [8], a Boolean 
ring is characterized by the idempoteney condition i 


(4. 11) TX T= =T (xe R) 
from which follows that 
(4. 12) z+ sr=0. 
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Hence (2,-+1, X) is also Boolean, and 


(4.13) csH2=0, 

In addition, by hypothesis, 

(4.14) 1— r= 1— 217", i 

Now from (4.11) and (4.12), respectively (4.13), follows 
(4. 15) pye ag @ xy, 


which prôves the theorem. 


We know also that the more general class of Boolean-like rings (see [1]) 
are C-logically equationally definable, with a+b again given by (4.10); 
in fact this was essentially the definition of this class of rings. In contrast 
to Theorem 4, however, we have 


THEOREM 5. A.Boolean-like ring is C-logically equationally definable, 
but not in general C-logically fixed. 


Proof. Consider the two rings (R,-4+,xX) and (R, +, X), where 
R= {0,1,2,3} and where 


x|j0o123 +j0183 410123 
0/0000 00123 0 [0123 
(4. 16) 110123 111032 1 [1230 
210202 212301 2 |2301 
3/0321 813210 3 |3012. 


Here (R, +, X) = Ha the simplest Boolean-like ring which is not also 
Boolean (see [1]), while (R, +1, X) = ((4)) is the ring of residues mod 4. 
From (4.16) it is easily found that whether * be computed from Hy or 
from ((4)), the results are identical, 

„0123 


(4.17) z* = 1 — v = 1 — t; 1033 





Hence we have two distinct (even non-isomorphic) rings having identical 
C-logics, which proves Theorem 5.° 

It was shown in [6] that a field (F,+,X) is always C-logically 
definable——one such definition is recalled in (1.10) of 1. While this 
particular C-logical definition of + is obviously not equational, an equa- 
tional one might conceivably exist. We show 


° We have, of course, simultaneously shown that ((4)} is not C-logically fixed. 
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THEOREM 6. (a) A Field (F,+,X) is a C-logically fixed ring. 
However (b) in general a field will have no C-logical equational definition. 


Proof of (a): We first prove the 


Lemma. Let (R,+,X) and (R,+1,X) be rings, and let (R, +, X) 
possess no O-divisors. Then (R,+:, X) has no 0-divisors, and 


(4. 18) —U==— 12 (we R). 


Proof. Since s(—1) =— g, #(—,1) =—ı2, it is obviously sufficient 
to show that (A): —1=-—-,1. We have 


419) {D DH(— 1) (~ 1)} = (1) (~ 1) = 1, 


since — 1 commutes with all elements. Since no 0-divisors exist, v? — 1 
—>te= 1 or g= additive inverse of 1. Hence 


(4. 20) (-2D) (1) = 1 or — 1 or — 1. 

I£ (—1)(—.1) =1, then (—,1)=— 1, and (A) is proved. If 
(—1)(— 1) 1, then since X is the same in both rings, 

(4. 21) (—1) (11) =— 1 = ~l. 

Hence (A) and with it the Lemma is proved. 


Note. A comparison of H, and ((4)) shows that the Lemma is in 
general false if 0-divisors are present. | 

The proof of part (a) of Theorem 6 is now immediate. Let (F, +, X) 
be a field and let (F, +:, X) be a ring having the same C-logic as (F, +, X). 
We must show that + = +, By hypothesis 


(4. 22) 1— r= 1t. 


By the Lemma we then have 


(4. 23) z+1i=t+1 

We must show that 

(4. 24) z +y=&hıY. 

For «= 0 this is trivial, and for x 40, by (4.23), 

(4. 25) + y—a(1+ yor) = 81 Hat) =a tig, 


where 2 is the X inverse of'x. This proves part (a) of Theorem 6. 
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Proof of part (b). We shall show that (Fs, +, X), the field of residues 
mod 3, is not equationally C-logically definable. We recall a special instance 
of a well known theorem: 


(B) Each of the 3° monotations a(x) of the class F, may be (uniquely) 
expressed in the ‘ analytical’ form, 


(4. 26) a(x) = lo + aye + 00° (Go, M15 @2 = 0, 1,2 (mod 8)). 


We next show 


(C) If (x) is a monotation of F, which is e| X,C |, then if &(z) 
is expressed in the canonical form (4.26), a) 42. 

The truth of (C) is seen as follows. The class T consisting of all elements 
of | X, C | which are monotations, is inductively defined as follows: 1°) zeT'; 
2°) if o(x) and t(x) are e’sT, so are o* (x), o?(®), o(s) X r(z). That 
we need go no higher than o? follows from the identity 


(4. 27) =r (ze F3). 


We see that x satisfies (C). Also, if o(s) and r(x) each satisfy (C), so do 
o°, o* and o X r, the first and last since the constant term of the product 
oX r is the product of the constant terms, and the second since 1* = 0, 
0*—1. Hence, by induction, (O) is proved. 

We further observe that in F; 


(D) i 1= (x X #*)* = erT. 


Suppose now that . 
z+yise|X,C|. 


Then by (D), 1+1=2 would be e| X,C|. This is however impossible 
by (C), which contradiction completes part (b), and with it Theorem 6. 

By considering the prime subfield of a given field one can, with only 
minor modifications, strengthen part (b) of Theorem 6 to 


THEOREM 7. If F is a field of characteristic 2, it cannot be equa- 
tionally C-logically defined. 


Similarly one may show 


THEOREM 8. The ring (W, +, X) of whole numbers cannot be equa- 
tionally C-logically defined. 


8 
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5. Ring-logies (K). Let (R,+,xX) be an arbitrary but fixed ring, 
and K a group of permutations of R. We say that the group K is semi- 
adapted to the ring R if the ring is K-logically fixed; if in addition the ring 
is equationally definable in terms of its K-logic, we say that K is fully-adapted 
to the ring. We have just seen, for instance, that the simple complemen- 

„tation group C is always fully adapted to Boolean rings, but in general only 
semi-adapted to a given field. : 

If K is fully adapted to a ring R, we shall also refer to R as a ring- 
logic (K), or a logic-ring (K); in this case ring and K-logic uniquely and 
equationally fix each other, and it is therefore appropriate to speak of the 
ring of the K-logic, as well as the K-logic of the ring. 

It is natural to inquire: Given a ring À, does there always exist at least 
one group K which is (a) semi-adapted, or (b) fully-adapted to R? Question 
(a) may-be affirmatively answered by a simple construction into which we 
shall not here enter. Entirely different in nature is the stronger question 
(b), to which no complete answer has as yet been found. This latter 
question (b) may be restated: May any ring be converted into a ring-logic 
(K) by suitably choosing K? 

That Boolean rings are not the only ring-logics we shall explicitly show 
in 8. In general we may anticipate that the K-ality theory (see 2) of a 
ring-logie (K) will be a combinatorially rich theory, in view of the unique 
equational determinancy of ring in terms of logic and conversely. 


6. p-rings. In seeking interesting ring-logics other than Boolean rings 
we are led to a natural generalization of this latter class.” Let p be an 
arbitrary fixed prime integer. By a p-ring we mean a commutative ring 
with unit (8, +, X), in which, for all ae 8, 


(6. 1) Pm=axaxarxX:: Xa=a 
(6. 2) pr=atatat--:+a=—0. 


The class of Boolean rings is thus coextensive with the class of 2-rings 
(p==2). For this special case, p==2, (6.2) is a consequence of (6.1), 
as is well known. That this is not so in general is seen from ((6)), the 
ring of residues mod 6, in which (6.1) is satisfied with p = 3, but not 
(6.2). It is also easily shown that the prime p is unique for a given p-ring, 
i.e., that a ring cannot be both a p-ring and a p’-ring, with pp. 


7As already noted, “p-rings” were first introduced in [9], where a proof of 
Theorem 9 is given. 
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It is not our purpose here to enter into the structure, either elementary 
or ideal, of p-rings; we mention however in passing the following extension 
of a familiar Boolean theorem as 


THEOREM 9. For given prime p, Fy = field of residues mod p is a p-ring, 
and is a sub-ring of any p-ring. If S is a finite p-ring, 
` (6.8) 8 = Fa X FX- -X Fp 
where X denotes direct product; and hence the number of elements in a 
finite p-ring is always a power of p, pt. 


Let S= (8, +,X) be a p-ring. By the cyclic (negation) ® group N 
of S we understand the group of coordinate transformations in 8 generated 
by ^, where | 


(6.4) i a^=1 +a. 


(Here the order p of the cyclic group N is the (prime) characteristic p of N, 

unlike the complementation group C which always has the fixed order 2). 
If X, X’, X”,: - denote the transforms of X by ^, respectively by ™, 

ete., and if +’, +”, + + and —’,—”,- : - have similar. meanings, by (8.5), 


(6.4) one easily computes, 


(6.5) aX Ob =a xXb+r(a+b) +r—r. 
(6. 6) E i 
(6. 7) a— b = a — b —r. . 


Again, by Theorem 3, the operation ^ is N-fixed, i.e., the same in each 
permissible coordinate system; this applies also to each of the operations 
MA AAA ue, 

In a formula such as (6.4) the coefficient r (mod p) in r(a + b) is an 
apparent (or removable) constant, since it represents (a + b) + (a+) 
+-:-+ (ab). By contrast, the ‘additive’ constants, such as r?—#7 
(mod p) in (6.5), are real constants. | 

We now state, without proof, the p-ality theorem,—the generalization to 
p-rings of the classic Boolean duality. The proof of the theorem is much 
like that of the simple duality theory, and offers no difficulty. 


THEoREM 10. p-Ality Theorem for p-Rings. Let S be a p-ring, and let 


8 The terminology ‘cyclic negation’ is borrowed from the expression by the same 
name in many-valued logics. See 8,9. 
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? 
be any true proposition in S involving no apparent constants. Then each of 
the p-al propositions 

P == P(p—l, 0,1,2,° °° ER XM 4 5 + +”, 


rt... SAS AAS AAAS. a a) 
2 ? 2 3 3 ? 


Pom P(p— 2, p— 1,0,1,8 °° 3X KG gh 
” wae, SAS AA, AAA; . . "), etc. 


obtained by (a) leaving each of the operations “;;-- + unchanged, (b) 
applying any cyclic permutation ‘ cogrediently’ to all other operations and 
(c) the “ contragredient’ (= inverse) permutation to the real constants, is 
again a true proposition of the ring 8. 


The ‘ contragredient ? element of the theorem is one not apparent in the 
simple case, p = 2, since in this case there is no difference between x and 
its inverse, ¢*==a* = gY. The self-p-ality of the ‘cyclic negation’ ^, as 
well as that of M; ““;-- etc., is a consequence of Theorem 3. 


7. 8-ring-logics. We shall now specialize to the case of 3-rings (p = 3). 
Here we explicitly show that the cyclic negation group N (of order 3) is 
fully adapted to this class of rings, and hence that each 3-ring is a ring- 
logic (N). The class of 3-ring-logics contains the 3-valued logic (= F's) 
as its simplest representative, and the 3-valued logic and the general 3-ring- 
logics are related to each other and dominated by the tri-ality theory, exactly 
as are the ordinary logic of propositions (= #,), 2-ring-logics (— Boolean 
rings = Boolean algebras) and the enfolding simple (Boolean) duality theory. 
We may, in this sense, speak of a unified theory. (See 8, 9). 

Let $ be a 3-ring. We have then 


(7.1) a^=1 +a aM=1+ita=2+4+a, aM=a. 


Let us abbreviate 


(7.2) a = av. 
We have 
(7.3) a^ == AVY; gM = QW = aN = WY = 0; 


Mol ML, Al; =, Wal, Vol 
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By definition of X’, ete., we have 
(7.4) aX’ b= (a^X Ba Kb = (aY X BY); a+ b= (a^ + DY; 
a+” b = (av + bY)4; a — b = (a^ — IN); a—" b = (av — BY). 
In each of the relations (7.4) the +, X coordinate system is exhibited 
in a preferred role, in that each operation X’, X”,-+’,-: > + etc. is expressed 
in this coordinate system. This preferred role is removed, and each operation 
may then be expressed in any of the (three) permissible coordinate systems, 
by applying the tri-ality theorem, that is the p-ality theorem for p= 3. 


Each relation is then one of a tri-al set. From the first two relations (7.4), 
by tri-alization, we get for the tri-al ring products of a 3-ring, the 


THEOREM 11. Transformation Theorem (=‘De Morgan’ Formula for 
3 Rings). In any 3-ring, 
a X’ b = (a^ X DAYY = (av X” BY)A 
(7. 5) a XK” b = (av X bY)^ = (a^ X’ BA) 
a X b = (a^ X” BAYY = (av X’ DY)A, 


- 


(It may be noted that the simple ring ‘De-Morgan’ theorem (1.5) may be 
obtained by degeneration from (7.5) by taking a^ = aY = a* and writing 
x’ = 8). 

From its derivation it is easily seen that Theorem 11 gives the correct 
formulas not only for converting the ring products from one coordinate 
system to another, but also for converting any multitation (= operation) 
&(a,b,- + +) in the 3-ring. Thus, if ¢’, $” are the transforms (3.5) of & 
by ^ and by Y respectively, then, as in (7.5), we have 

(a, b, VE: 1 ET {pla^ b^, te DY = {$”(aV, bY, Se ) yA 
(7.6) Pa, b> + +) = {dlav, DV, = (a, BA: + JV 
g(a, bte ‘) = {g (a^, b^, ai DY = {$’(aV, byee DA 
In the particular case of bitations we also write 
$(a,b) =a $b 
and the formulas (7.6) correspondingly, i. e., 
ag b= (a^ DNY = (aV DV) ^ : 
(7.7) ap” b = (av p bY)N—= (a^ g DAV 
a gb = (ar g” BA)Y = (av g'bV)A, 
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The six general transformation formulas (7.6), and hence in particular 
(7.7) and (7.4), may be condensed into a single convenient formula by 
means of a simple rule of thumb. Let us agree to call the ‘ cyclical negation ? 
operation, ^, the predecessor, and Y (— M) the successor negation. Similarly, 
if k and x are any two different members of the set 0,1,2 we say that ‘k is 
the predecessor of «,’—also read, ‘x is the successor of k; if k—x in the 
‘standard’ cyclic permutation (012). Since we have to do with a class of 
only three elements, we have the evident dichotomy: for any given k,x with 
kx, of the two relations (1°): k is the predecessor of x, (2°): « is the 
predecessor of k, one and only one holds. 

To pre a ring element, a, is to replace it by a^; to pre a ring operation 
is to replace it by its predecessor. A similar terminology holds with respect 
to suc. For instance, pre ¢ = #”, suc + = +, suc a=a-+2,--- ete. We 
may now reformulate the generalized Theorem 11, which we do in two 
slightly different ways (A) and (@),—the latter for more convenient 
application. 


THEOREM 12. FUNDAMENTAL TRANSFORMATION THEOREM FOR MULTI- 
TATIONS. In a 3-ring, let o’ and $” be the transposes (7.6) of a multitation 
& by N and by Y respectively; let 6, p™® be elements of the set p, ¢’, $”; 
let D, © be some arrangement of the set ^, V. 

(A) For given k and «, with k.>&x, the formula expressing $® in 
terms of 6 is given by 


(7.8) 6% (a, LE, = {$ (aD, bO,- i *)}8, 


where © must be chosen to ‘agree with’ x, that is, D is the predecessor 
negation, ^, if x is the predecessor of k, and is the successor negation, Y, if 
x is the successor of k, 


(Q) For given k and given ©, 
(7.9) (9 (a,b, + +)}O = HM (a D, DD, + - +), 
where x must be chosen to ‘agree with’ ©, in the above sense. 


By repeated application of (@) of Theorem 12, and by use of the 
pre-ing and suc-ing terminology preceding Theorem 12, we have the very 
useful extension, : 


 'Truorem 13. Let © be a multitation built up (by composition) from ‘ 
one or more ‘component’ multitations. Then a formula for % is obtained 
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by pre-ing everything in Y, that is, component multitations as well as ring 
element arguments. Similarly a formula for YY is obtained by suc-ing 
everything in W. 

As illustrations of the application of Theorem 13, we have 
{(a Xb) X” c}\ (at x” BN) X ^ 
{(2 -+ a) X” (BY X’ c) Y = (0 +” av) X (BA X” cv). 

Note. The treatment of ‘constants ? in Theorem 13 is exactly like that 
of a variable, unlike the ‘ contragredient’ distinction required in the p-ality 
theorem. — | 

Each of the relations (7.5), as well as future identities, may be directly 
verified by expressing each side in the same coordinate system by means of 
(7.1), (7.2) and the relations (6.4)-(6.6) written for p = 3, namely 

ax’b=aXb+a+b, ax”b=aXb+2(a+5b) +2, 
(7.11) a+ b=a+b+1, . a+"b=a+b+2, 


a— b=—a—bd—l, ao—"b=—a—b—2. 


(7. 10) 


Here again these exhibit the +, X coordinate system in a preferred role; 
this may be removed by tri-alizing the relations (7.11), whence each 
operation, in any coordinate system, is expressible in terms of operations 
belonging entirely to any given coordinate system: 


THEOREM 14: In a 3-ring, 
GX b=axXb+atb—aX”b4”2(0-F”b) +” 0 
ax”b=aXb+2(a+b) +2—ax’b-+'a+’'b 
axb=ax”"b+’a+"b=ax’b- 2(a4'd) +/1 
a+/b=a+b+1—a+"b+"0 . 

(7.12) at’b=atb+2—a+'b+/0_ 

at+b—at"b4"2—a4'b4'1 
a— EN ER, BR (RO a pO 
a—"b =a —b—? =a ~b 0 
a—b=a— b1 =" b—” 2. 

8. 3-ring-logics (continued). We now show that each 3-ring (S, +, X) 


is N-logically fixed, and moreover equationally. By the logic (= logical 
algebra) of a 8-ring we shall here always understand the N-logic, 
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(8. 1) (8, X, x; ay z 


THEOREM 15. Fach 3-ring (S, +, X) is a ring-logic, with + logically 
definable by the equation 


(8.2) a -+ b = ab^ X’ ad X’ a’b?. 


Proof. The identity (8.2) may be verified by direct substitution from 
(7.1) and (7.12), making use of the 3-ring definitive properties (6.1) and 
(6.2) for p=3. In the +, X coordinate system the right of (8.2) then 
becomes 


(8.3) ab^ + a^b + aba + a?b? + ab? (ab^ + ab + abNaNb), 
which readily reduces to «+5. There remains to show that (S,+, X) 


is fixed by its logic. Suppose (5S, +, X) is a ring having the same logic as 
(S,-+, X). We must show that +—-+,. By hypothesis 


(8. 4) 1+a=1 +0, 


from which one finds that 3a == 0. Hence, since X is the same for both 
rings, (S, +1, X) is also a 3-ring, by definition (6.1), (6.2). We may 
now re-verify (8.2) with a +; b on the left, which shows that + = +, and 
proves Theorem 15. 

By tri-alizing (8.2), either directly as given or after expressing the 
right side in various ‘pure’ or ‘mixed’ ways by use of the transforming 
relations (7.12), one may obtain many similar formulas. We here note 
only one example. If we start with (8.2) expressed in a pure form, we get 
the tri-al set: 


THEOREM 16. In a 3-ring, 
(8.5) a+b= {(ab*)*(aXb)*(a2b?)4}V u 
(8.6) a+’b= {(a X DNAX (a XX (aX! @ X’ b Xb) 
(8.7) aH’ b= {(a x" DAX” (a KX” B)AX” (a X” aX” DX” DAW. 


Again, from each formula for a+’, such as (8.6), and similarly for 
a+” b, by recalling that (a -+ b)Y = a +b and (a +” b)^ a+ b, and by 
use of Theorem 13, we obtain numerous new formulas for a+b; we here 
mention one such, obtained from (8.6), 


(8. 8) a pa b= (aY X” b) (a X” BY) (av X” av X” BY X” BY). 
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9. 3-valued logic. We here give a very brief orientation of 3-valued 
logie within the framework of general 3-ring-logies, and consider an illus- 
tration of the tri-ality theorem applied to the former. A more comprehensive 
treatment of 8-valued-logic, with the general p-ality theory as background, 
will be offered in a later communication. 

Exactly as the logie of propositions (= 2-valued logic) is mathematically 
equivalent to the simplest 2-ring (= Boolean ring) F,— ring (— field) of 
2 elements or ‘truth values’ 0,1, so is the 3-valued logic equivalent to the 
simplest 3-ring F= ring (= field) of 3 elements or ‘truth values’ 0, 1, 2. 

By a well known theorem (holding as well in Fp= field of residues 
mod p = prime), (I): each multitation (x, 7,: : :) of the set F; may be 
‘analytically’ expressed,—and moreover, uniquely, as a polynomial, mod 3,' 
of the field (P, +, X). Thus the 3° monotations of the set F, are uniquely 
‘analytically’ exhibited in the ring language by 


(9. 1) $(x) =a + ba + cm, 
and the 3‘) bitations uniquely by 


(9.2) say) =a + br + cy + day + ev? + fy? + gay? + hay + ka? 


ete. 
The ‘logical language’ is concerned nes with 


(9. 3) (Fa x x’, x”, 2 ö 


and the ‘completeness’ of this logic follows from (I) and Theorem 15, 
making it possible to formulate all possible multitations of Fs i.e, all 
possible 3-valued propositional functions, entirely within the logic (9.3). 


Moreover, since in Fs, 
(9.4) [X=Y =x 1%, KERN; 


(see (4.7) and (4.8)), in a formal development of this 3-valued logie of 
propositions it is sufficient to take only the operations X, ^, or else only XV, 
etc., as undefined. 

We consider an illustration of tri-al propositions. Let us read’ 


(9.5) 0 = false, 1 = true,. 2 — indeterminate. 


Let a&b denote the propositional function which is true only if a and b 
are both true, and false otherwise. In the ring language (9.2) we find 
(uniquely), Zu | 
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(9. 6) a&b — ab + ab? + ab + a°b?, 

and in the logical language 

(9.7) a& b = ab (a X’ b)^ = aa^bb^, 

The tri-als of (9.7) are 

(9.8) a& b—ax'bxX'(ax"b)=ax' a xX"b XK’ OM 
a&’b=aX"b X” (ab)^ =a X” a^ X” b X” DA. 

Here, in words, 


a&b is false only if a and b are both false, and indeterminate 
otherwise. 

a&”b is indeterminate only if a and b are both true, and true 
otherwise, 


(9. 9) 


10. Conjectures, problems. We have seen that the cyclic negation 
group N is fully adapted to both 2-rings (Boolean rings), and 3-rings; 
otherwise stated, that a p-ring is a ring-logic (N) for p—® and p—8. 
Is this true for all primes p, or indeed for some prime p > 3? This question 
still remains unanswered. It may be shown, exactly as for 8-rings, that a 
p-ring is N-logically fixed if it is N-logically equationally definable. Hence 
the above question has an affirmative answer for such and only such primes 
p for which an identity similar to (8.2) exists. 

In the case of a Boolean ring (2-ring) the group N reduces to the 
complementation group C, and hence in a Boolean ring * =^, @ = X, 
@ =+, ete. (see 1). It is instructive to compare the logical formulas 
for + given in (1.8) and (8.2) for p—2 and for p =3, 


(10.1) a + b= ab^ X’ ab (in a 2-ring) 
(10. 2) . a + b = ab^ X’ a^b X’a?b? (in a 3-ring). 


It is easily checked that the 3-case does not ‘cover’ the 2-case, i. e., that the 
formula (10.2) does not give the correct definition for -+ when it is applied 
to a 2-ring; similarly the 2-case does not cover the 3-case. There are of 
course other logical equational formulas for +, such as (8.5) and (8.8), 
and others,—both for 2- and for 3-rings. It is however to be conjectured 
that there exists no single formula which covers both cases, in the above 
sense; and similarly for any primes p, p’ (pp) for which p-ring and 
p'-ring are both ring logics. 
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In this connection the formulas (10.1) and (10.2) suggest that a 
similar formula with 5 factors might exist for 5-rings, of the form 


(10. 3) a+b =ab* X' ab X’WX’ YX’ Z. 


It may, however, be shown that this is impossible, in fact that no formula 
of the type (10.3) exists which contains a ‘factor’ ab^ x’ a^b.? 


UNIVERSITY OF CALIFORNIA, 
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ON LINEAR DIFFERENCE EQUATIONS OF SECOND ORDER.* 


By PHILIP HARTMAN and AUREL WINTNER. 


The theorems to be proved below represent extensions to the case of 
difference equations of certain results proved in [2] for the case of differen- 
tial equations. The standard proof of the theorem of Kneser, used loc. cit., 
is not now available and will have to be replaced by another approach. The 
latter will be patterned after the method of [3]. It turns out that the 
resulting criterion is by necessity different from that prevailing in the case 
of differential equations. 

The first of the theorems to be proved is as follows: 


(I) Let Go Gi * * 3 Forts" be two sequences of real numbers 
satisfying the inequalities 
(1) 1—™m~—q. > 0 and gq > 0 (4==0,1,° °°). 


Then the difference equation 


(2) A + TAY: — ie = 0 | (b==0,1,+ : +) 
possesses a solution Yo, Yı * > satisfying 
(3) Yu > 0 and Ay, > 0 (k—0,1,-::). 
It is understood that Ayr = Yi — yx and Ayr = A(AYr) = Yrs — Yks 
-E Yi 
Kneser’s theorem, which deals with the differential equation 
(4) y” —4(z)y —0, 
was extended in [2] to the equation 
(5) y” + rl) —q(z)y =0. 


In the case of differential equations, it is supposed that r(x), q(x) are 
continuous for large x, and that q(x) = 0, but no restriction is placed on 
r(2). If r(x) =0, the analogue of conditions (1) becomes 


1— q(x) > 0 and g(z) >0. 


* Received March 5, 1949. 
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The first of the latter two inequalities is not needed in the theorem on 
differential equations. On the other hand, (I) becomes false if the first 
condition of (1) is omitted. In fact, the constant 1 occurring in this con- 
dition is the best constant; in the sense that if the first inequality of (1} is 
replaced by 1 — e — fr — qr > 0, where e > 0, then (2) need not have a solu- 
tion satisfying (3). This is illustrated by the equation Ay, — (1 + e)yx = 0, 


where k=0,1,2,: : <. In fact, every solution Yo, Yı" © -© of this equation 
is a linear combination of the solutions given by yr = (1 + (1 +e)#)#, where 
k—0,1,--:, but no linear combination can satisfy (3) when e > ©. 


I 1— rx — qk > 0 is weakened to 1—71;— qx = 0, then the assertion 
(3) must be weakened to allow y; = 0 for all large k. This is illustrated by 
case e = 0 of the equation just considered ; actually, the equation then reduces 


to the first order difference equation Yxi2—2Yxi = 0, where k=0,1,---, 
which possesses % = const. = 0, yı = Y2 =` + < = 0 as the only non-decreasing 
solution. 


Corresponding to the situation in differential equations, the second con- 
dition in (1) can be relaxed to gx = 0, provided that qx does not vanish for 
all large k. In the latter case, the second assertion in (2) must be relaxed 
to Ay, = 0 for large k. 

It is known (Sturm; ef. [1], pp. 176-177) that the first inequality in 
(1) assures that the “zeros” of two non-trivial solutions of (2) separate 
each other. A “zero” is meant in the following sense: If Yo 41,:-- is a 
solution of (2), and if one considers the polygonal path joining the points 
(n, yn) in the (#,y)-plane, then a point common to this path and to the 
x-axis is called a zero of the solution Yo, Y° * : 

It will be shown that a non-trivial solution of (2) has at most one zero 
in virtue of (1). In view of the separation theorem, it is sufficient to exhibit 
a solution of (1) which has no zero. Such a solution is obtained by assigning, 
for example, the initial conditions yo =1, Ayo = Yı — Yo = 1; the solution 
Yo Y` * * is then determined uniquely, since (2) can be written in the form 


Ya — (Pr — Te) Yer + (1 — Tr — Qu) Yu = 0 (&—0,1,- ::-). 


That the solution, determined by the assigned initial conditions, has no zero 
is a consequence of the following assertion: 


If yo, Yı * - is a solution of (2) and if, for some fixed n= 0, 
(6) Yn = 0 and Ayn = 0, 


then 
(7) Yr = Yn; in fact, Ay, = 0 (k=nn+1,:::). 
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In order to see this, rewrite the case k= n of (2) in the form 
Ana + (m — 1) Ayn = Gyn = 0. 


The first condition of (1) implies that 1-—r, > m>0. Consequently, by 
the last formula line, Aynn = 0. a (7) holds for k=n-H-1 and, by 
induction, for all k= n. 

Since a non-trivial solution of (2) has at most one zero, it follows that 
if n, m is a given pair of integers satisfying 0m < n, and if ym, Yn is a 
given pair of numbers, then there exists one and only one solution Yo, 44,° * - 
for which yn, ym assume the given values. In fact, every solution of (2) 
is determined by its pair of initial values yo, Yı; hence, every solution yo, 1, * °° 
is a linear combination, 


Yr = OY k CY ky 
(8) M + on? 


of the pair of solutions y*o Ytu’ * *,Y°o Y1,° * * determined by y—1, 
y,=0 and Yy=—0, y’ = 1, respectively. Conversely, every linear com- 
bination (8) is a solution of (2). Thus, what is required for the existence 
and the uniqueness of a solution, for which yn, Ym are prescribed, is the 
unique solvability for cı, cz of the linear equations 


Yn = Ym + Com and Ym = Ym + 62Y®m- 


If the latter do not have a unique solution cı, Cz, then there exists a pair 
of constants Cı, Ca, not both zero, such that 


Y'm + CY’ m = 0 and cryn + Caÿ°n = 0. 


But then the corresponding non-trivial solution (8) has two zeros, which is 
impossible. Consequently, if m4 n, the numbers Ym, Yn determine a unique 
solution of (2). | 

In order to complete the proof of (I), let yo’, y:4, y2/,- + > denote the 
unique solution of (2) satisfying 


(9) Y = 1 and y; = 0, (j= 1,2, $ D 


Then y > 0 for k = 0,1, +, hes 1, since otherwise the solution yo/, 41, * = * 
had two zeros. Also 


(10) 1= yi >i > > yi = 0. 


For, if Yaf Z Ynsii, that is, if Ayn? 20 holds for some value of n on the 
interval 0 <n j — 1, then y = Yn? > 0 for k = n, since (6) implies (7). 
But this contradicts y;/— 0. Consequently, (10) holds. 
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A diagonal selection process shows that the sequence of integers j—1, 
8," ° +, contains a subsequence having the property that, if the j-th element of 
the subsequence is denoted simply by 7, then, as j — œ, the limit y} = lim yz? 


exists for k = 0, 1,- - +. Clearly, this limit sequence Yo, y1,° © : is a solution 
of (2) and satisfies 
(11) Yn = 0 and Ays S 0, (k=0,1,- +) 


in virtue of (10). Furthermore, Yo =l, by (9); so that the solution 
Yo Yı” ` * is not identically zero. Since it has at most one zero, it follows, 
from (11), that it has no zero, that is, that y > 0. 

It remains to show that Ay, = 0 cannot hold for any n. If this did 
occur for some n, then Ay, = 0 for k = n, by (11), since (6) implies (7). 
Hence, A*y,==0 for kZn; so that quyx —0 for k= n, by (2). This 
implies g,==0 for k =n, which contradicts the second assumption in (1). 

The proof of (I) is now complete. 

(II) Let Po Pas + * 3 logu’ * 3 Tofu" be three sequences of 

"numbers satisfying 


(12) Pu D 05 Pr — 7% — Qu > 0; qr >O, (k—=0,1,: °°), 


and let the three sequences Apo, Apu * * 3 out "5 Tofu" be com- 
pletely monotone, that is, let 


(13) (—1)"A™ p20; (—1)"A"G ZO; (Yan 2, 
where k, n= 0,1,2, -. Then the difference equation 
(14) PrA’Yy + TkAYr — Que (k=0,1, +) 
possesses a positive, completely monotone solution Yo, Yı * 
(15) Yr > 0 and (—1)"A"y, = 0 (k,n—0,1,: ::). 
It is understood that 
Any, = A(A”"yr) — À 0n" (— 1)" ymaxs 
where the Om” denote the binomial coefficients. The theorem (II) is an 


analogue of a theorem on differential equations proved in [2]. 


The proof of (II) proceeds as follows: If (14) is divided by px, which 
is permissible in view of the first assumption in (12), then the difference 
equation (14) is reduced to one of the form (2). Furthermore, the last two 
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conditions of (12) imply the conditions (1). Hence, (14) possesses a 
solution Yo, Y1,° °° satisfying (3). This means that 


(16,) (— 1) "Ag > 0 (k=0,1,:: ») 


holds for n = 0,1. In order to prove that (16,) holds for every n, suppose 
that it holds for n=0,1,---,j+1. 
If 7 = 0 is fixed and if do, a,,- * * ; bo, bi,‘ © * are given sequences, then 


A’ (axbx) = 3 On! (AJ bam) (Ara), (k = 0, 1, où *) y 
m=0 


Thus, if the operator A’ is applied to (14) and the resulting equation is 
solved for A*?y,, it is seen that 24,5A’*?y, equals 


j-1 j j 
— I Oni (AI pm) (AMY) — X Conf (AM om) (AMTY) + E Omi (A Marn) (Ay). 
m=0 m=0 m=0 
The induction hypothesis and (13) show that every term in these sums 
vanishes or has the same sign as (— 1)?*?; hence, 

(— 1) pr A ye = 0 (k=0, 1) | 
Since pr; > 0,'the induction and the proof of (II) are now complete. 
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ON THE UNIFORM CESARO SUMMABILITY OF CERTAIN 
SPECIAL TRIGONOMETRICAL SERIES.* 


By Caine-Tsün Loo. 


1. It is well-known that if À, — 0, Adv = 0,1 then both series 


(1.1) BAo + È Av cos vO, > Av sin vd 
v=1 


v=1 
are uniformly convergent in (e, m —e),e>0. We also know that if À — 0, 
and A*\, 0, then the first derived series of (1.1) are uniformly summable 
(C,1) in that interval.? It is interesting to see whether these theorems can 
be extended to a theorem of general scale. The purpose of this paper is to 
give a positive answer to this question. 

THEOREM. If v0 and A1, 0, then the k-th derived series of 
(1.1) are uniformly summable (C,k) in any interval (er — e), e> 0, 
where k is any integer = 0. 

We write 
(1. 2) Cy = ih, hy) = vrAg © 
4 


‘where 4,9 = 4 + ) are the Cesäro numbers. We have to prove that 
La 
(1.3) on™ (9) = $ Me Ap 0 
p=0 


is uniformly convergent in the interval (e, m— €) as n— œ. Our theorem 
then follows by considering the semi-sums and semi-differences of on (8) 


and On Œ) (— 8). 
2. We shall first establish the following formula: If p = 1, then 


1 
(2.1) An Pon (6) = F (— 1/60 O / (1 — ett) 34 
j=0 : 
+ (— 1)reirt/(1 de et?) p SP eaP, 
v0 


+ ei m (— 1)##/(1 one, ef) F450, 7), 


* Received March 21, 1949. . 
1We write AR, = Ap AR, = AA, = A,—A,,, and AFA, = A (Aki) for k=l. 
2A, Zygmund, Trigonometrical series (Warszawa-Lwöw, 1935), p. 129, Ex. 6. 
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Let 
= 1+ ef 4+ + +4 gi? — (1 — ein) /(1 — ei), 
then 
Sy S Sy FREE (etw ee ei?) /(1 == ei) 
and 
(2.2) ŠO — È C, (Sy — Sva) 


v=0 
Ms D 0,%) (et (v41)9 _ ef) /(1 ne ett) 
p=0 


-1 
= {C — ei D eA) — eiD, 00} (1 — eh), 
v=0 . 


where C,® == 0. Hence the formula (2.1) has been proved for p = 1. 
The same device gives 


~(p-1) 
(2. 8) $ eA Pd), — {A000 — pit S iO, 
v=0 


v=0 
—— giln-pr2) A (p-1) Onpa ® }/ ( Ic ett) . 


Suppose (2.1) holds for p—1. Replacing the middle term of the right 
side of (2.1) by left side of (2.3) and rearranging the corresponding terms, 
we get (2.1) for p. 


8. Let us put &+1 for p in (2.1). Let 8n1(9), Sx2(8) and Sn (0) 
be the first, second and third sums of the right side of that formula. We are 
going to prove that Sn3(0)/d42™ =o(1) and that each of the sums 
8n1(0)/An™ and Sn 2(0)/An™ tends to a finite limit uniformly with respect 
to din (em — e). 

In order to estimate the orders of AlC,® for TAE k--1, we use 
the forinula 


l 
(3. 1) Alkımv = > Ci gaya.) 
g=0 
where (ig are constants. First of all we have 


l 
(3.2) AO = Aly Ay = D Cr AMA ny O AT (y + g)E 


g=0 


ı 
= $ Ci gån- DATI (y + q)”, 
g=0 


since AAny™ = Ay» — An vs) © = Any, and in general AlA,,® 
= Anv® for O=<SI=k, and is identically zero for l> k. Next we use 
(3.1) again, 
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t 
(3. 3) AMG, == Arh ™® = >; Ci DAPh O ATP pe 


p=0 


1 ; ; 
=% lip > Cp adn-v FD AP (y + q)FA vsp. 


p=0 q=0 


Observe that the terms in S, (6) /A»® apart from corresponding factors 
(— 1) teiam8/(1 — eff) are each of the form A019 /A,®, [== 0,1, 
+ +,k. Using (3.3), we obtain 


l 
AM, 1 /A,® —=O(N $ NEPIA PAn-1p/ N°) 


pro q=0 


=0( $ Emma) = 0(1), 


j=0 q=0 


since 1 = p, = q, and Ally up —0(1). Thus we have 
k À 
(3. 4) Sn 2/An™ ne et (nt) 07 A, > (— 1)5#/(4 — ef)iAiC, ; (k) = o(1) 
j=0 i 


uniformly in (e, rm — e). 


Next observe that terms in Sn 1(89)/An® apart from corresponding factors 
(— 1) /(1— eff) are each of the form A'C)/A,, L= 0,1, >+, k. 
Since we have : 


AMO, /A, 0 = 1/44 © à (— 1)4( ) Ang gq 
EN An pa An) 
which tends to x (—1)4(4)gfa as n— ©, it follows that | 
(3.5) Sn1(0)/An® = 1/A,™ 2 (— 1)je 50,9 /(1— ei) ir 
>Š S (Haye sy ati (ety 
4. It remains to prove that 


(41) Sn2(0)/An™ = {(— 1) teito / (1 el) 4,0) nE wag, 
=0 
tends uniformly to a limit. ” 


To make the situation clear, we shall separate A**0,/A, into three 
sums. By (3.2), 


k 
AIh, = È Cia gån DAMAY 4.) 
ql 
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since ABA, , 9 —0, A (y-t g) =0. By (3.3), 
k 2 
AO, O JAn = 1/4, = Or p © Cp qån-v HD Ar (y + g)#AM*PAy, 5 
p=0 qo 


k 
+ Orn ı/ An ) E Cru dân- FO Ard (y +q J Avi 
qt 


k , = 
= 1/4. I Cru pCp oAn-v P APEA, p 
p=0 
k p 
+ 1/40 F Cru p & Cp gAn-v EDAP (y + g) EAE hr 
gat - 1 
% 
+ Cru kar /, An (i) > Cress aAn-v (&-9) Abd (y + q Dates 

qe 


= Jn va -H Java-+ Javs, say. Putting 


n-(k+1) n-(k+1) n-(k+1) s 
(4.2) 1/4r® X eoan, h ae S Inv e+ S Juve 
v=0 v=0 v=0 


n-(k+1) 
> Jn y „et? 
v=0 


== Wn1(0) + Wu 2(0) + Wn:(8), we are going to prove that W, .(#) —0(1), 
Wns(@) =o(1) uniformly in 0, and that W„.(6) tends uniformly to a limit. 
Before doing so, we shall first deduce from our assumptions Ay —> 0, AHA, = 0, 
some simple consequences which are useful in the following proofs. 

We observe that the assumptions imply that 


(i) AA, 0, Gi) Am =olr!), 
4.8 20 n 
S i È piaco, (iv) It Maa a(n), 


8 > 0, 


for any 1—0,1,8,: - -,k. Since A*),=0, that ise A, = Aëh,,,, the 
sequence {A*)y} decreases to zero. Hence AX,=0. This implies AF1, = 0 
and so on. Finally we get A1, = 0. Since »—0, AA, = 0, we have 


(4. 4) E AM = Ào 


v=0 


from which, on account of the fact A*A,=0 (that is {Aà} decreases to 
zero), we conclude that vAAv ==0(1). Summation by parts. gives 


n n n-i 
-Š Aw = Y (Av) — Avr) Ay = E AAA + An Am 
v=0 v=0 p=0 


which gives 


(4.5) E AyMA2Ay = do, 
y=0 
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since An AAy = O(nAA,) = 0 (1). In general, as a consequence of 
(4. 6) D Ar VA, = Ag, 1<I<k+1, 


v=0 


together with the fact AtA» = 0 we have 


n 
1/n D vAr Al, > 0,8 


v=0 


n 
1/n 2 vAy (DA, Al, /n Š vÅ D == Altu/n D v(Ay — Avra) 
v=0 


v=0 
ze At, /n(— Ay H nAn?) = (1 — Ana H /nA®) An PAn 
v=0 $ 
= 1/ (1 4 1) AnP An, 


whence we conclude that n/A’An=0(1). Summation by parts gives 


N n-1 
> ÅA DAIA = = (Ay — — A, )AAy = DA Mar, + A, DAN. 


y=0 v0 
which gives 
(4. 7) > AyOARY, = Any 
v=0 ,* . 
so that (ii) and (iii) of (4.3) hold in general for /=-0,1,2,---,k. 
Finally, as is easily seen, since the terms in the (iii) of (4.3) are 
positive, _ 


(4. 8) È (v 1) Haley, = o(n°) 
i v=0 


for every s>0. Thus (iv) of (4.3) is established. 


5. With reference to (4.2), we shall prove in this section that 
Wn 2(0) =0(1), Wns(0) —0(1) uniformly in 6, and W,:(8) tends uni- 
formly to'a limit. Noticing the definitions of Wn :(0) and Wn (0) in (4.2), 
using the fact (iv) o£ (4.3), we get 


(5.1) W200) — O(n? S 2 >> P en — vyt + LJEPA PA) 


=0( Sno” > "+ era) = 0(1), 
pl q=1 


(5. 2) Wn (8) 0m" = (mn — v)F4(y + 1A) 


=0( S00 Sy $1) Aver) = 0(1), 


g=i v=0 


n 
3 If Sa, converges, then l/n 3 va, > 0. 
»=0 
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since g >0. Also 


n-(k+l 


k ) 
(5.3) MW) =1/An™ E Cru p0po D Anv P et APEA- Ayp 
2=0 v=0 
k n | 
== 1/47 ® > Orr 20 0 > Anv ® et OAPKAR-P*1),, y + 0 (1), 
p=0 v=0 
since we have added only a finite number of terms 


k n 
1/44 G) > Okr oCp o >» Any etary kaka), py 
2=0 


ven-(k+1l) 


the order of each term is of the form O (rate, ,), n— (k +1) Ev= n, 
p= 0,1,---+,, which is 6(1) for p—0 (using (iii) of (4.3) with l= k, 


since $ (v-+1)*A* Ay < œ, so that HA), = o(v)), and is o(1/n) for 
v=0 


pl: ,k (by (ii) of (43) 
We see that (5.3) consists of k +1 terms of the form 


n 
1 7 An (k) > Ay-v (k) giv8 AP A Ak-p+1 An k= P, 


v=0 
which are the k-th Cesäro means of the absolutely and uniformly convergent 
series 
Š EAR kAkpry, 


p=0 


since > (v + 1) PAK PtH), < + co, by virtue of (iii) of (4.3). Therefore 
J=0 


(5. 3) is uniformly convergent. (5.1), (5.2) and (5.3) together with (4.1) 
imply (4.2). Our theorem follows from (2.1), (3.4), (3.5) and (4.1). 

The conditions »—0 and AA,»=0 do not imply the uniform (C,1) 
summability of the first derived series of (1.1) in the interval (e, m — e).* 
In the same way we can show that the conditions A, — 0 and A, = 0 do 
not imply the uniform (0, k) summability of the k-th derived series of (1.1). 

I wish to express my gratitude to Professor Zygmund for his suggestions 
and encouragement. 
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ON ISOLATED EIGENFUNCTIONS ASSOCIATED WIIH 
BOUNDED POTENTIALS.* 


By ©. R. PUTNAM. 


1. Let f(t) be a real-valued, continuous function on the half-line 
O&S ¿< œ and let À denote a real parameter, — co < A < œ. Only real- 
valued solutions z = z(t) =£0 of the differential equation 


(1) MEATS) © =0 


will be considered. If, for some A, the equation (1) possesses at least one 
solution == 2(t) not of class (L°), that is, a solution which fais to satisfy 


(2) EOL <a, 


then, for every. A, the equation possesses at least one such solution; [7], p. 238. 
In this case, (T) is said to be in the Grenzpunktfall and the equation (1) 
and a homogeneous boundary condition 


(3) z(0) cos æ -+ g’ (0) sin æ = 0, 0Se<m 
` determine a boundary value problem for every fixed a. By S—S(a) will be 
meant the (closed) set of A-values constituting the spectrum of such a bound- 
ary value problem. The derivative of S(a), that is, the set of cluster points 
of S(a) is independent of a ([7], p. 251), and will be denoted by &. 

It is known ([7], p. 288) that if f(t) is bounded, that is, if 
(4) | f(t)| < const., 0<t< ©, 
or, more generally, if f(é) is subject only to the unilateral restriction 
(5) — œ < f(t) < const., 0St<w, 
then (1) is in the Grenzpunktfall. If f(¢) satisfies the limit relation 
(6) f(t) — 0, t—> ©, 


then the set 8° is the half-line A= 0; [2], p. 71. In fact, if f is subject only 
to (4), it follows from [3], p. 850, that every value A in 9’ satisfies the 
inequality À Æ— lim sup f(t), where t—» 0; furthermore, every A-interval 
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MZASH, of length not less than lim sup f(t) —liminff(¢) and for 
which x, satisfies m 2=—limsupf(t), contains at least one point of S 
([5], p. 618). 

If (4) is satisfied, it follows from the theorem in [9], p. 6 (cf. also [1]), 
that if a(t) is a solution of (1) belonging to class (L?), then 2’(t) also is 
of class (L?). In 2, 5, and 6, the following criterion for points of S(a) and 
8’, in terms of the solutions of the differential equation (1), will be proved: 


THEOREM (I). Let f(t) be a continuous function on the half-line 
0St< co satisfying (4); let À denote a fixed number for which either of 
the inequalities 


~ 


(7) à -+ lim inf f(t) > 0; (bis) A+ limsup f(t) <0 
t— © t-> co 


is satisfied; finally, let v= s(t) 0 denote any solution of (1) satisfying 
(3) for a fixed a. (i) If 


(8) lim sup f (as) + 2 (8) )ds/ (2° (€) + 2” (t) ) — ©, 
then À is in the set S(a). (ii) If x(t) is of class (L*) and if 
(9) lim sup Seo 4a"? (8))ds/ (2° (t) -+ 2° (t)) = 00, 


then À is in 8”. 
In the proof of Theorem (I), it will be convenient to replace assumption 
(7) by the (apparently more restrictive but, actually, equivalent) assumption 


(10) À > lim sup | MON : 


That (7) and (10) are equivalent follows from the fact that the differential 
‘equation (1) remains unchanged if À and f(£) are replaced by À + c and 
f(t) —c (e= const.) respectively. Hence (cf. (4)), there is no loss of 
generality in supposing that 


— lim inf f(t) — lim sup f(#)  (=1lim sup | f(#)|) 5 


and, consequently, (7) becomes identical with (10). 

If (1) is in the Grenzpunktfall and if À is not in the set 9’, then there 
exists one and (except for constant multiples) only one solution ¢ == y(t) 
of (1) belonging to class (L°); [4]. 

As a partial corollary of Theorem (I), there will be proved 
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Taxorem (II). Let f(t) be a continuous function on the half-line 
OSt< œ satisfying (4); let À denote a fixed number not in the set S and 
satisfying (7) or (Y bis) ; finally, let x = y(t) be a solution of (1) belonging 
to class (LP). Then there exist two positive constants, v and k, satisfying 


(11) y(t) Hy’) < vett, OSt<o. 


Furthermore, if x = s(t) denotes any solution of (1) which is not a constant 
multiple of y(t), then 


(12) L(t) + 27 (t) > wert, 0ZÉ< ©, 
where w denotes a positive constant. 


If p(t) denotes a continuous periodic function on 0 Æé < œ, it is 
known ([10] and [6], p. 844) that the set 8” associated with the differential 
equation 


(13) a” + (A+ p(i))z= 0 


is identical with the region of stability of the same equation. In case f(t) 
satisfies (4) while A satisfies (7) or (7 bis) and is not in 8”, it is seen from 
Theorem (II) that the solutions of (1) behave as the solutions of (13) in 
the regions of instability; that is, in both cases, there exist (exponentially) 
“large” and “small” solutions. 

It is known ([11], p. 604) that if f(t) satisfies (5) and if À is not in 
8’, then the “isolated” eigenfunction y(t) belonging to À (cf. the remark 
preceding the statement of Theorem (II)) satisfies y(t) = O(t”), t> œ, 
for every positive constant n. According to Theorem (II), the last relation 
can be sharpened to the exponential estimate of (11) provided assumption 
(5) is strengthened to (4) and the additional assumption, either (7) or 
(?bis), is made. It remains undecided, however, whether these altered 
hypotheses are necessary for this improved estimate. 

If (4) holds and A is arbitrary, it is known ([8], p. 391) that any 
solution æ(f) of (1) satisfies, for large ?, the inequalities 


oh < a(t) + a(t) < ot, 


for some pair of positive constants k, and ka It follows from a remark of 
Wintner [11], p. 604, that the more precise formulation of the above 
inequalities, given in [8], p. 391, together with (11), implies the theorem 
-of [2] concerning 8’ in the case (6). 


2. Proof of Theorem (I) under assumption (7bis). Let h(t) 
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= — (à + f(t) ) and choose, in virtue of (4) and (7 bis), a constant b such 
that 


(14) h(t) >b > 0, when £ is sufficiently large. 


Relation (7bis) implies that (1) is non-oscillatory and consequently A is 
not in 8’; cf., e. g, [3]. If, therefore, x == y(t) is the (essentially unique) 
solution of (1) belonging to class (L?), it follows from [9] (or directly, cf. 
also [1]), that 


(15) y(t) > 0, y (t) — 0, io. 


The identity (yy’)’=y?-+ yy” and (1) yield (yy’)’=y?-+ hy’; hence, 
by (14), if ż is sufficiently large, y? + by? < (yy’)’. An integration of this 
inequality and an application of (15) now imply 


Sr + woes vor, 


if ¢ is sufficiently large. This inequality and the inequality | yy’ | = $(y? + y?) 
clearly imply 


tim sup f Tu + y)ds/(¥() Hyl) < ©. 


This verifies the fact that the assumption (9) of (ii) is never satisfied in 
the case (7 bis). 

On the other hand, it follows from (15) that (8) holds if s= y(t) 
is of class (L?). Let v= s(t) be any solution of (1) linearly independent 
of y(t). The Wronskian 2’y— cy’ is a non-vanishing constant; consequently, 


(16) 0 < const. = | s'y — ay’ | = (a? + x°) (y? + y”). 


Hence, by (15), it is seen that z? + 4? œ as t—> œ. As above, it is 
easily verified that, for large t-values, 


t 
const. + f (2° + ba®)ds < | a(t)a’(t)|; 


where the “const.” represents a contribution of two sources, namely one 
related to the lower limit of integration, the other related to the fact that 
the inequality in (14) is assumed to be valid for large é-values. Since 
alst® +?) — co as t>w, the limit relation (8) is violated. 
Consequently, (8) holds if and only if v = z(t) is of class (Z°). The assertion 
(i) is contained in this statement; and so, Theorem (I) is proved in the 
case (7 bis). | 
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3. Before beginning the proofs of the remainder of Theorem (I) and 
of Theorem (II), it will be convenient to obtain an inequality from the 
“ Parseval” identity for the boundary value problem determined by (1) 
and (3). Let (i, à) = (t, à, a) denote the solution of the differential 
equation (1) satisfying the boundary condition (3) and normalized by 


$(0,A) =sine, ¢’ (0, A) = — cos 9, 
where the prime denotes partial differentiation with respect to t. If A= À; 
is an eigenvalue, the symbol ¢;(¢) = const. ¢ (t, àj) will denote an eigen- 
function of A; normalized so that the integral of p;?(s) over 0s < œ is 1. 
If p==p(A) denotes the unique continuous function normalized by p(0) —= 0, 


determining the continuous spectrum of the boundary value problem (1) 
and (3), the eigendifferentials dP (t, à) = dP (t, à, «} are defined by 


À 
P(A) = S adl), ie AP) = HN). 
An eigenfunction ¢; satisfies the differential equation 
(17) ++) 


while the eigendifferentials aP (t, À) satisfy (dP)” + (A+ f(t))dP — 0, that 
is, 


"AHA, 
(18) (AP)” + f(#)AP + if påaP (t, p) = 0. 


If a(t) denotes any function of class (L°) on 0St< œ, the Fourier 
“ coefficients ” cj and ATX) are defined by 


(19) = fa (546, AT(A) = f “a(s)AP(s, A, @) ds. 


The set of eigenfunctions and eigendifferentials forms a complete orthonormal 
system on 0 S ¿< ©; thus, the Parseval relation | 


(20) f Pods =z fan 
į -o 
is valid. 
Let f(t) and F(t) denote continuous functions on 0 Æ # < œ satisfying 
(4) and 


(21) | F(t) | < const., 0St< oa, 


respectively. Let g(t) be a continuous function of class (L°) on 0 Si<mw. 
Finally, let s(t) denote a solution of the equation 
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(22) "+ (A+ F(t) )e= g(t) 

belonging to class (L°) and satisfying (3) for a fixed «, provided that such 
a solution exists. Consider the boundary value problem determined by (1) 
and (3) for this value & On multiplying (22) by #; and (17) -by z, sub- 
tracting the resulting equations and then integrating, it is seen that 


t ë t 
(vd; — x¢’;) LE f, (àA — à; + F — f)ro;ds = f ghids. 


Since z(t) and g(t) are of class (L?) and (4), (21), hold, it is clear from 
(22) that the function g” + f(t)~ is of class (L?). It follows from a remark 
of Weyl ([7], pp. 241-242; cf. also [9] and [1]) that 


e(t) (t) NE) > 0, t> 0. 


Since z(t) satisfies (3) it follows from (19) and the last two formula lines 
that 


Sen: gas) 


A similar caleulation in which (17) is replaced by (18) shows that 


% AAA 
JIG Pega as— f Ad), 


where AT is defined by (19) (cf. [5], p. 616). The last two formula lines 
and the Parseval relation (20) applied to the function (f—F)s + g then 
yield 


JIG Pyet 0-32 Aao + S OA (ardt. 
In virtue of (20) and the inequality (a + b)? S 2 (a + b?), it follows from 
the last relation that 
(23) a f (F — fj'atds + f ads) > m? f “ds, 

0 o o 

where m = m (à, «) is defined by 
(24) m= min |à— p|, pin S(a). 

4. It will be shown that 


(*) IF T> 0, there exist three positive constants d, cı and c, (all 
independent of T); a continuous function g(t) on 0S t < œ satisfying 


(25) g(t) =O for0StSTandT+dSt<coa; 
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and a function y(t) satisfying the differential equation 
(26) y +g = g(t), 
the relations 
(27) (T)=0,  y(T)=0, (T +4)=y(T+4)=0 
and, finally, 
e9) f V(s)dsmoy(D), . f Fa = pn). 
Let T:, T, denote a pair of numbers satisfying 
(29) mA <T, <Tao  To— Ti < frit 
and let @(t) denote any continuous function on 0 S # < œ eng 
(30) G(t) is or is not 0 according as T, < t < T, is not or is satisfied. 
If the function Y(t) is defined by 


Y(t) =a Seo sin Ad — 8) ds, rn 
it is seen that 
(31) w(t) = Sia) cos A(t — s) ds, 
and, consequently, i 
(32) . X(T) = Y(T.) =0. 


It is easily verified that Y(#) satisfies the differential equation 
(33) w+ A = F(t). 


In virtue of (29) and (30) the integrand of (31) does not vanish for 
Tı < t< T and hence W(t) 0 when T, St < Ta. It follows from (30) 
that on the domain 0=¢T, the solution W(t) of (33) is a non-trivial 
linear combination of sin A¥ and cos A3¢. Consequently, there exists a (unique) 
point T, such that 


(82bis) W(T.) 0, Y'(Ts) =0, T,—mt<T, < Ti. 
Define the positive constants cı and cz by 
Te © 
(84) a= f W(s)ds/¥?(T;,) and af @?’(s)ds/W?(T;), 
7 Ts x o 


and d by Ta — Te. 
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If T > 0 is arbitrary, define the functions g(t) and y(t) on 0 5& t< œ 
by 
g(t) =0 fro Sit ST and g(t) = Gi — T+HT;) for TSt< œ, 


and 


w(t) =a (968) sin ME —s) ds, (Stew; 
Təd 


so that T now plays the rôle of T, in (34) and the formula preceding it. 
Relations (25), (26), (27) and (28) follow from (30), (33), (82), (32 bis) 
and (34), in that order, and the proof of (*) is complete. 


5. Proof of (i) of Theorem (I) under assumption (7). According to 
the remark following the statement of Theorem (I), it may be assumed that 
(10) holds. It will be shown that there exists a sequence t < t <° +t, 
where t,-—> œ as n—> œ, such that 


(35) x’ (tn) = 0, n= 1, à," ams 
and 
tn 
(36) f z? (s)ds/x? (ta) > co, non. 
0 


In virtue of (10), a pair of constants 8 and S can be chosen so that 
(37) FOI <E <A, tZS. 


Since À + f(#) > 0, when t= 8, the graph of æ—{|æ(t)| on this domain 
consists of a sequence of convex arches. If 7, < r2, where rı Æ S, denote 
two ‘successive zeros of a(t) it is clear from (37) that 


(38) Ta — Tı SS 2a (A— B)4 


If X(t) == x(t) + x°? (t), the proof of the inequality of [8], p. 391, together 
with (38) and (4), shows that 


| log Z (uw) /X (we) | Sy, u, and u, arbitrary in [71,72], 


where y is a constant (depending on À) independent of the choice of rn (= 8). 
In particular, the last formula line implies 


(nr) S O (a(t) +2 (t)), nStSn, 


and therefore, 


f "¥ (s)ds/X (t) Se f "Y (s)ds/2*(s), ee 
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The last inequality and (8) clearly imply the existence of a sequence 
ti <tg<:+--, where u œ, as n—> o,.such that (35) and 


a + 2")ds/ (tr) > ©, n— A, 


hold. Multiplication of (1) by æ followed by an integration and an application 
of (35) shows that for n—1,2,: ::, 


(39) LT ds — 200) (0) + fot ras 


in 
In virtue of (4), the last two relations imply (4 + B f 2*(s)ds)/2"(tn) > ©, 
0 


n— œ, where A and B are positive constants. This last relation obviously 
implies (36). 

Let D denote an arbitrary positive constant and choose a number N, 
depending on D, such that (cf. (37) ) 


(40) ty. > 8 
and (cf. (36)) 
(41) | | f "3?(s)ds/z2(ty) > D. 


Let sy denote the first zero of x(t) to the left of ty and choose uy, where 
Sy <uy < ty, so near ty that 


(42) | 2’ (uw) | S| e(uw)|(A—B)?/x, 
where ß is defined by (37), and 


(43) J, "o (s)ds/a? (uy) > D/2. 
Let é(#) denote the solution of the differential equation 
(44) &” + (A+ B)E=0 
which satisfies 
(45) - &(tw)=a(uy), (u) =v (uy). 


Let R (> uy) denote the first zero of the function &(¢) to the right of uy 
and define a continuous function F= F(t) on 0 St < œ so as to satisfy 
F(t) =f(t) for OS tS uy, [P| S| E) for ux SLR, 


(46) 
F(t) =0 for RSt<o. 
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Let y = y(t) denote the solution of the differential equation 
(47) + (AH Flt))y—0 
which satisfies 
(48) y(ux) = aux), y (uv) =z (ux). 
In virtue of (37), (40) and (46) it follows that 
(49) A—B<A+F(E) <A1+B, Uy Et < ©. 
Hence, if T denotes the first zero of the function y’(¢) to the right of uy, 
relations (44) to (49) imply the inequalities 
(50) uy <R<T. 
It is easily verified, as a consequence of (48) and (49) that 
| ¥(T)| S| 2(uw)| + |2 (ux)| (T— ur) and T— ur S r(A— B)4. 
The last two relations and (42) imply |y(L)|S2|c(uy)]. Since (46), 


(47) and (48) show that y(t) =x(t) for 0 S t S un, it follows from (43) 
and (50) that 


T 
(51) [cor > Das. 


Identify the point T, just constructed, with that occuring in the italicized 
statement (*) of this section. Since the assertions of (*) remain unchanged 
if g(t) and y(t) are replaced by Cg(t) and Cy(t) respectively, where C is 
any non-vanishing constant, it may be supposed that the function y(t) 
satisfies i 


(52) v(T) =y(T). 
In virtue of (27) and the definition of T (in the last paragraph) it follows 


that 
y (T) =y (T) =0. 


Define the function z = z(t) on 0S t< œ by 
z(t) =y(t) for 0 SiS T and z(t) =y(4) for TSt< œ. 


The statement (*) together with (46), (49) and the properties of y(¢) show 
that z(t) satisfies the differential equation 


(53) 2” + (A+ P(t) )a= g(t) 
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and boundary condition (3), for the (fixed) « specified in the statement of 
Theorem (I). The third relation of (27) and the facts that g(t) —0 when 
T+dst<o and F(t) —0 when !>R, where R<T<T-4d, imply 
that 


(54) z(t) = 0, T+dst<o. 
Let the functions f(t), F(t) and g(t), considered above, be identified 


with those appearing in the latter part of 3. It follows from (23), (46), 
(53) and (54) that 


(55) uf (F—Pirds + Í ds) = m? f pii 


Hence, by (52) and the second equality of (28), f eds = ca? (T), and 
` 0 
by (4) and (46), 


(F(t) —f(t))? < APE) < cs (= const), 0<i<e. 


T+d : ' 

Thus f (FPF —f)?2dt S csc,y°(T), by the first equality of (28) and the 
T 

definition of z(t). Since T — ux S r(A — p)? (= c4) and | z(t)ı— | y(¢)| 


=|y(T)| for uy S t ST, by the definition of uy and T, it follows that 


San ds S an). 


Un 
Relation (55) and the above relations imply 


© T 
cy’ (T) Z m? [raz m f y?ds, 


where cs denotes the constant cs = 2(cz + cica + caca). It follows therefore 
from (51) that m?D is less than a constant which is independent cf D. 
Consequently, m == 0, since D may be chosen arbitrarily large. This means, 
according to the definition (24) of m, that À is in 8(a) and the proof of (i) 
is complete. 


6. Proof of (ii) of Theorem (I) under assumption (7). By a process 
similar to that used in 5, it is easily shown that there exists a sequence 
tı <t <`: <, where mo asn— œ, such that (35) and 


f (a? + a) ds/x? (tn) >», n— ©. 
En : 


10 
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In virtue of (4), relations (15) are valid for v =y and consequently, from 
(35), 


f> ca [° (A + f)a?ds, nm=1,2,- °°, 
cf. (39). The last two formula lines clearly imply fo z°ds/2° (tx) > co, 


n—> ©, corresponding to (36). The remainder of the proof of (ii), including 
the construction of functions corresponding to g(t), F(t), etc. occurring 
in 4 and 5 is similar to that of (i) provided only that it is observed that the 
rôles played by 0 and co there may be interchanged in the present case. This 
procedure is permitted by the assumption that z (and hence 2’) is of class 
(L?), together with the resulting implication (15) for v = y. A copying of the 
proof of (i) given in the last two sections, with the appropriate modifications 
as indicated, leads to the construction of a function Z (t), corresponding to the 
function z(t) above, satisfying the identity Z(t) =0, 0StS const. < œ, 
corresponding to (54) for z(t). Since Z(t) satisfies, therefore, the boundary 
condition (3) for every a, the function m = m (à, œ) defined by (24) satisfies 
the identity m(A, a) =0,0Sa<-7. That is, À is in S(a) for every œ and 
hence, in 8’. This completes the proof of (ii) (and hence of Theorem (T)). 


7. Proof of Theorem (IT). It follows from (ii) of Theorem (I) that 
the expression appearing on the left of the equality (9), in which = 
is finite. Hence, if Y(t) is defined by 


(56) F) Sta 


there exists a positive constant k such that Y(t)/—Y’(t) <1/k, 0OSt< œ; 
consequently, 


(57) Y(t) < ¥(0)e*, 
Relations (15) and (1), where « = y(t), imply that | 
PO bag) =e S Wy Han S Fyy'as 


In virtue of (4), the last relation and the inequality | yy’ | =2(y?+ y?) 
imply 


yP (E) + Ay? (t) S const. f (y? + y°)ds, OSt<a. 
t 


The relation (11) follows from this inequality, (56), (57) and A>0. 


ON ISOLATED EIGENFUNCTIONS. 147 


Relation (12) clearly follows from (11) and (16), and the proof of Theorem 
(IT) is complete. (The existence of a constant k > 0 satisfying (12) can 
also be obtained directly from (i) of Theorem (T).) 
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ON THE DERIVATIVES OF THE SOLUTIONS OF ONE- 
DIMENSIONAL WAVE EQUATIONS.* 


By Psiuip HARTMAN and AUREL WINTNER. 


1. On the half-line 0S ¢ < œ, consider the linear differential equation 
(1) z” + q(t}z—=0, 


where q(t) is real-valued and continuous. By solutions of (1) will be meant 
real-valued solutions #(¢) =£0. For such a solution, and its derivative, the 
(L?)-character is defined by the respective conditions 


eo 


(21) f a (t)dt < ©; (22) f g (t)dt < co. 


o 
The present note centers about the following facts: 
For an unspecified q(t) in (1), where OSt < œ, let x= x(t) and 
z= y(t) be two linearly independent solutions. Then 
(i) for suitable q(t), both w(t) and y(t) become of class (L?) ; 
(ii) for no q(t) can a’(t) and y’(t) be of class (L?); 
(iii) if x(t) is of class (L°), then y(t) cannot be of class (L?). 
Remark. If (1) is generalized to 
(3) (p(t)2’)’ + g(t) 0, 


where p(t) is positive and continuous, then (ii) cannot be asserted. For 
instance, if p(t) = et and q(t) = e+, then every solution of (3), being given 
by s(t) =c cos e* + casin ef, has a derivative satisfying (2). What is 
true is that, with reference to (8), 


(4) f p(t)a’?(t)dt = œ holds for some x(t) if f {p(t) yidi = œ. 


0 0 


Since (ii) refers to (1), where p(t) ==1, it is clear that (ii) is contained 


* Received May 21, 1949. 
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in (4). Conversely, (4) can be obtained from (ii) by a change of the 
independent variable. 

Ad (i). The asymptotic results of [10] imply that, if g(t) is of class 
0”, tends to © as ¢—> oo, and satisfies 


lim sup g?/g? < oo and f (q?/q°/*) dt < 0, 
to 


then every or no solution of (1) is of class (L?) according as f {q (t) }4at 


is convergent or divergent. On the other hand, both requirements of the last 
formula line are readily seen to be satisfied whenever q(t) is a logarithmico- 
exponential function which tends to o as > œ. Accordingly, if g(t) is 
any such function, (i) will hold whenever g(t) increases at least as fast as 
# (or just #?/log?t,- - -); cf. [4], p. 306. 


Proof of (ii). Since x(t) and y(t) are linearly independent solutions 
of (1), their Wronskian is a non-vanishing constant. Hence, it can be 
assumed that 


(5) ay — yr = 1, 


Then, by Schwarz’s inequality, 1 S (a? + y?) (1? + y2). Consequently, if 
(ii) is assumed to be false, i.e., if both a’(t) and y’(t) are of class (L?), 
it follows that 1/(x° + y?) is absolutely integrable (over 0 S ¢ < œ). This 
implies that (1) is non-oscillatory; cf. [5], pp. 210-211. But if (1) is non- 
oscillatory, then it must possess some solution v = z(t) satisfying 


(6) f {2(4)} dt < œ if T is large enough; 
T 

cf. [2], p. 703. On the other hand, since z(t) is a linear combination of 
x(t) and y(t), and since a(t) and y’(t) are supposed to be of class (L°), 
the function z(t) is of class (Z°). In view of (6) and of Schwarz’s 
inequality, this implies that the product 2’z* is integrable over the half-line 
Tst<o. Since 721 (logz)’, it follows that logz(t), and therefore 
z(t) itself, tends to a finite limit as.f— ©. Since this contradicts (6), the 
proof of (ii) is complete. 


Proof of (iii). Suppose that (iii) is false, i. e., that #(t) and y(t) 
are of class (L?). Then, if (5) is written in the form 


(7) (zy) — 1 = Ray, 
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it is seen that (xy)’— 1 is (absolutely) integrable over 0O=t< œ. Hence, 
xy —t tends to a finite limit as > œ. This implies that, if ¢ is large 
enough, a(t) and y(t) do not vanish and satisfy 1/| z(£)| < | y(t)|. Since 
y(t) is of class (L*), it follows that 1/x2?(t) is absolutely integrable over 
TSt< o,if T is large enough (so large that s(t) #0 when t= T). But 
(5) shows that 1/x?(t) is identical with the derivative of y/r. Consequently, 
y/« tends to a finite limit as ¢—> œ. This limit is 0; for, on the one hand, 
y is of class (L?) and, on the other hand, zy ~ t as t—> œ. Hence 


y(t) /u(t) -—f ds/x?(s) whenever t = T. 
t 


Thus, yx < 0 if tÆ T. But this contradicts szy ~ t, and completes therefore 
the proof of (iii). f 


2. A modification of this proof leads to the substantial refinement of 
(iii). In this connection, the following lemma is of interest : 


Lemma. If, (1), where 0 = t< œ, is non-oscillatory, and if x = a(t) 
and y = y(t) are two linearly independent solutions the second of which is of 
class (L?), then (6) is satisfied by z = x. 


This Lemma is between the lines of [2], p. 703. It can be verified as 
follows: Since (1) is non-oscillatory, z(#) 0 if ¢ is large enough, say 
t=T. Then (y/z)’=1/2?, by (5). Hence, if (6) is denied for 2—#%, 
it follows that y/x— co. But this is impossible, since y is of class (2?) 
while x is not. For, if x were of class (L?), then, since y is, (1) had two 
linearly independent solutions of class (L?). As shown in [2], this is contra- 
dicted by the assumption that (1) is non-oscillatory. 

The refinement of (iii), referred to above, is as follows: 


(*) If (1), where OS t< œ, has a solution x(t) the derivative of 


which satisfies 
t 


(8) f a’?(s)ds = O(E), 


0 


then no solution linearly independent of this a(t) is of class (L?) (while x(t) 
itself may, but need not, be of class (L?)). 


COROLLARY. I f the derivative of some solution x(t) £0 of (1) satisfies 


(8) (e. g., if 
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(8 bis) either 2’(t) = O (t) or f 2? (t)dt < © 
0 
holds for some x(t) #0), then (1) cannot have two linearly independent 


solutions of class (LP). 


Remark. The O(t?) in (8) cannot be improved to O (4%), where e > 0. 
In fact, the O(t?) in (8bis) cannot be relaxed to O(t}*). In order to see 
this, it is sufficient to choose g(t) == ¢?** and then apply the general asymp- 
totic results of [10]. 


Proof of (*). Suppose that (*) is false. Then (1) has a solution 
æ= y(t) which is of class (Z*) and satisfies (5), where æ(#) is the solution 
occurring in (8). Hence, if C and T are large enough, 


t œ 
f a< (Ct)? HT<t< o, and | y%(s)ds< (40). 
o T 


Consequently, Schwarz’s inequality shows that, if T > 1, 
t 
2 f | 2’(s)y(s)| ds < 4t whenever ¢ > T. 
T 


t , 
Since (7) implies that æ(t)y (t). = const. + 2 f x’(s)y(s)ds + t, it follows 
T 
that 
(9) s(t)y(t) > $t + const. if T<t< œ. 


Since y(t) is of class (L?), it is clear from (9) that s(t) cannot be of 
class (Z?). It also follows from (9) that x(t), y(t) do not vanish for 
large ¢, i.e. that (1) is non-oscillatory. Hence, by the Lemma, (6) is 
satisfied by z(t) a(t). Clearly, the balance of the proof of (*) is sub- 
stantially identical with the end of the above Proof of (iii). 


(*bis) The assertion of (*) remains true if (1) is generalized to (3) 
but (8) is replaced by 


(10) J eoio f tpe), 


provided that the integral on the right of (10) is not O(1); cf. (4). 
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COROLLARY. If (3), where OS t< œ, has a solution the derivative of 
which satisfies (10), and if 


(4 bis) f Oi o, 


then (3) cannot have two linearly independent solutions of class (L*). 
8 Let (1) now be replaced by 
(11) a” + (q(t) + Az 0, 


where À is a real parameter. Suppose that (11) is of Grenzpunkt type, i. e., 
that not every solution of (11) is of class (L?). In order that this be the 
case, it is sufficient that 


(12) — œ S lim sup g(t) < co (>») 


([8], p. 238). Another sufficient condition is the existence of a constant 
satisfying the unilateral Lipschitz condition i 


(13) q(t2) — q(t) < const. (ta — t) for OSA < t< 00 
([4], p. 296). The above considerations lead to a more far-reaching result. 


“In order to describe the situation completely, assign to. (11) a linear 
boundary condition at t== 0, e. g., (0) — 0 or, more generally, 


(14) æ(0) cosa + 2’(0) sin « = 0, (0Z=a< +). 


Denote by S(a) the set of A-values representing the spectrum which is deter- 
mined by (11) and (14) when (11) is of Grenzpunkt type. According to 
Weyl [8], p. 251, the set of the cluster values of S(a) is independent of a 
and can, therefore, be denoted simply by S. Since S(a) is closed, 8” is 
contained in every O(a). Conversely, a A is in S” whenever it is in every S(a) 


- . (or, for that matter, in S(a,) and S(a.), where a, £ aa mod r). Let 8’ be 


called the essential spectrum of (11). 


The following theorem can now be proved: 


(I) Suppose that there exists a A = ìo corresponding to which (11) 
has a solution x(t) 20 satisfying (8) (e.g. (8bis)). Then (11) is of 
Grenzpunkt type. Furthermore, either x(t) is of class (L?) or A, is in the 
essential spectrum. 
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The second of these two possibilities (which are not mutually exclusive) 
must occur tf (8) is satisfied by two linearly independent solutions of the case 
À = Ào of (11) . 


Proof of (I). According to Weyl [8], p. 238, all solutions of (11) are 
of class (L?) for some A only if the same is true for every À. Since there is 
no loss of generality in assuming that À, = 0, the first assertion of (I) is 
equivalent to the Corollary of (*). 

In order to prove the second assertion of (I), suppose that A — 0 is 
not in the essential spectrum. Then (1) must have a solution of class (Z>); 
cf. [8]. This solution, say —x*(t), is unique to a constant factor, since 
(1) cannot have two linearly independent solutions of class (L?). It remains 
to show that x*(¢) is linearly dependent on the z(t) for which (8) is assumed. 
But if such were not the case, an application of (*) to y(t) =x*(t) would 
lead to a contradiction. 

This proves the second assertion of (I). Clearly, the third assertion 
of (I) follows in the same way as the second. In fact, (*) implies that no 
(non-trivial) solution of (11) is of class (Z*). Hence, by [3], the value 
A = ào is in the essential spectrum. 


4. A modification of the preceding arguments leads to the following 
‘theorem : 


(II) Suppose that the coefficient function of (11) satisfies (12) (so 
that, in particular, (12) is of Grenzpunkt type). Suppose further that (12) 
has, for some À = ào a solution x = x(t) 40 satisfying 


t 
(15) f z? (s)ds = O (tN) for some N. 


0 


Then either x(t) is of class (L?) or À, is in the essential spectrum. 


The second of these two possibilities (which are not mutually exclusive) 
must occur if (15) is satisfied by two linearly independent solutions of the 
case À = à of (11). 


The assertions of (II) were proved in [6] in the particular case in which 
s(t) = O(1), rather than just (15), is assumed. . 


Proof of (II). Without loss of generality, let ào = 0. Then (1) is 
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supposed to have a solution a(t) 340 satisfying (15). If e=y(t) is any 
solution of (1) linearly independent of this x(¢), then, since the Wronskian 
zy’ — ay’ is a non-vanishing constant, the square of this constant will satisfy 


0 < const. S (a? + g”) (y? + y?) for OS i< ©, 


by Schwarz’s inequality. On the other hand, from (15), 


f t-Ka?(t) dt < © 
1 


holds for some K (in fact, for every K > N + 1). But the existence of such 
a K and the assumption (12) imply that 


x 


f tKa? (t)di < © 


1 


holds for the same K; cf. [9], p. 9. In view of the last three formula lines, 
there exists a C > 0 satisfying 


(16) S vO + ara < o. 


Suppose that the first assertion of (II) is false, i. e., that x(t) is not of 
class (Z°) and A= 0 is not in the essential spectrum. Then (1) has a 
solution «= y(t) which is linearly independent of w(t) and is of class (L?) ; 
ef. [3]. But (12) necessitates, for every such y(t), the estimate y(t) = O(t”), 
where n is arbitrarily large; ef. [11]. It follows therefore by the procedure 
of [1] that y’ (t) = O(t”) holds for every n. This pair of O-estimates con- 
tradicts (16), since n can be chosen large enough with reference to a fixed C. 
This contradiction proves the first assertion of (II). 

In the remaining assertion of (II), the assumption is that (15) holds 
for two linearly independent solutions of (1), say for s = a(t) and z = y(t). 
Since (16) was deduced from (15), and since z(t) in (15) can now be 
replaced by y(t), it follows that both (16) and (16’) hold in the present case, 
if (16) denotes what results if y(t) in (16) is replaced by z(t). Conse- 
quently, (1) has no (non-trivial) solution «== s(t) satisfying the estimates 
x(t) = O(t") and 2’(¢t) = O(t”), where n is arbitrarily large. Hence, by 
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[11], the point À— 0 is in the essential spectrum and the proof of (II) 
is complete. 


Remark. If the assumption (12) of (II) is strengthened to 
(17) | a(t) | < const. (0OSt< a) 
and if À in (11) satisfies | 
(18) [A | > lim sup | g(£)| (t> œ), 


then (II) remains correct when (15) is replaced by 


t 
(19) f x?(s)ds = O(eft) for every « > 0. 


0 


The proof of this remark is similar to that of (II). For, by (19), 


x 


f s (t)etdt < œ 


0 


for e > 0, and by the arguments of [9], p. 9, 


f x? (t)e*dt < co 


0 


holds in view of (12). On the other hand, it is shown in [7] that (17) and 
(18) imply that if A = Ào is not in the essential spectrum, then (11) has a 
solution x == y(t) satisfying the estimates y(t) == O (e*t) and y’(t) = O(ett) 
for some k > 0. The proof can now be completed as above. 

It remains undecided whether or not the assertion (II) modified by 
replacing (15) by (19) is true without the additional assumptions (17) 
and (18). 


Tur JOHNS HOPKINS UNIVERSITY. 
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ZUSATZLICHE STABILITATSBETRACHTUNG BETREFFEND 
“DIE SYMMETRISCHEN PERIODISCHEN BAHNEN DES 
RESTRINGIERTEN DREIKÖRPERPROBLEMS IN DER 
NACHBARSCHAFT EINES KRITISCHEN 
KEPLERKREISES.” * 


Von Ernst HOLDER. 


Einer Anregung von Wintner aus dem Jahr 1938 zufolge habe ich (im 
Sommer 1945) auch die Stabilität der in meiner im Hill-Gedächtnisheft 
erschienenen Arbeit! berechneten periodischen Bahnen untersucht. Dazu ist 


A* bis zu den Gliedern vierten Grades in &,€',- + - explizit zu berechnen. 
Man hat jetzt also vollständiger 
(21) Va Ve + Ra tt = Vz + am? 2(m +1). 


In den beiden ersten Zeilen von (23) erscheint jetzt die Entwicklung des 
Faktors i 


[1+ MEOH AH HE HAH) 


sowie statt V3? | 
(24) VE Vè + am {— $(m + 1) (17m! + 15m? + 3m —3)e +}. 


Die Restglieder AM, A®, : - enthalten ausser von &, & unabhängigen 
Gliedern solche Glieder dritter Ordnung in x, p, £, ©, die den Faktor u 
enthalten, Glieder vierter Ordnung, die den Faktor « enthalten, ferner Glieder 
fünfter und höherer Ordnung. 

In - 


(27) ame A* = L 
braucht man ausser 


KO) (E, €) = x[Broroe? + B10028 7] mit Broz = j (8m +1), Bio: =F 
und 


oO) (g, &, £) = Boos? + Boorehl mit Booso = — Pm, 
Bor: = — j = — (m + 1) 


* Received June 2, 1949. 

1E. Hölder, “Die symmetrischen periodischen Bahnen des restringierten Drei- 
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noch explizit die weiteren Glieder 
OU (E, 6 € E) = Boosol* + Booaol?l? + Booo? . 
mit 
Boso = — j?(1¥m? + 6m + 1)/8, Boz = j(—m -+ )/4, Boos =— 1/8. 
Die Lagrange-Funktion wird dann vollständiger 
(27) Lama — 4 — 37°C + Bol = L(G £) +0 
= LEN) + OM (2) HL) + OM) (EE) + OO (EE, €) 
+O (66,66) + ub HAM. 


Die in 6 € linearen Glieder «@@(£) + &@(0(£) + pL (E) inter- 
essieren uns im folgenden nicht. 
Die lineare Variationsgleichung fiir einen infinitesimalen Zuwachs 


Z(r) = Cy cos jr + Ca sin jr ++ + - == CZ, (r) + OZ) + °°: 
lautet 
(Lee? + De)’ — (Legg! + Lys) — 0. 


Die an dieser Stelle nicht zu entwickelnde Störungstheorie der charakteri- 
stischen Exponenten (analog zu jener der Eigenwerte) liefert einen Instabili- 
tätsbereich zwischen den beiden Kurven in der (x, &)-Ebene, auf denen die 
Variationsgleichung eine periodische Lösung besitzt. Dafür muss die “rechte 
Seite” die beiden Orthogonalitätsrelationen bezüglich Z;(r) erfüllen, die für 
Ci, Ca zwei lineare homogene Gleichungen 


2 2r 
— 2 ; (® 22527; + Re (ZZi + 2525) + Rei) dr. Cj = 0. 
j= 


(t= 1,2) 
darstellen. Für deren Lösbarkeit ist das Verschwinden der Determinante 


2T 
(*)  det( Í (Opp 212"; + Ogg (22; + 2525) + OxZiZ;) dr) = 0 


(i j = 1,2) 
notwendig und hinreichend. 


Wegen -der Symmetrie der Ausgangslösung 
== 2m?«/ (ja?) + E cos jr + + = Zo + EZ lr) HH 
zerfällt die Determinantengleichung (*) in die beiden Faktoren (1—1, 2) 
@) x f (20 (ZZ) + 8.20 (2,42) )dr 
o 


2r 
+243 [OO (2,21; 22d 40. 
o 
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Dabei sind die polarisierten Formen in unserem Fall 
— 0) (2,22) — (m + 1) (mm +1)2,2° + 32,2” + 87 22°) 
und | 
— 99 (2,2,22) = 4(m + 1)2(1%m? + 6m + 1) 2,222 + 47,27 
— Hm + 1) (— m + 5) (42.°2° + 42722 + 32,27,27°). 
Mit Rücksicht auf die Integrale 
I) Frets. .;, Ser ee 

bekommt man (**) ausgerechnet 

2x (Bio2o + 12B1002 + 3Booso2o + j?Boor2Z0) 4 

= — 4.38{ (Booso + j*Booos) (2 = 1) + 7? Boooe(§(2 F1) + 2)}r/4 
= — (2+ 1)E{38Boos + 3(m + 1)*Booos + (m + 1) Booz2}r. 
Wegen 
(20) am? = (m + 1)m > 1 
ist 
— {BBooso/(m + 1)? + Boose + 8(m + 1)? Booos} = $(14m? + 4m — 1) > 0, 
m=], += 2, +8," +> 

sowie 
— 2(Brozo + 7° B1002 + 3Boo3020 + 1° Bo01220) 

— j(—3(3m + 1) — (m + 1) + (6m + 2m + 2)2m?/a?) 

= 2 (m + 1) [(8m + 2) m?/a® — (5m +2)] 

= 2 (m + 1) (2(4m + 1) (ma? —1) + 3m) > 0, 

m=1,+2,+3,--°. 

Wir bekommen daher endgiiltig die beiden parabelartigen Kurven 


k = — ByOË +--+, _m+l 14m? + dm — 1 
yet, VTE Bd +1) (mia —1) F 3m 
m=1, +2, +8, e. 





> 0; 


Sie sind beide in Richtung abnehmenden « geöffnet. In dem (schraffierten) 
Gebiet zwischen ihnen sind die periodischen Bahnen einer Gruppe p= po 
== const. instabil. 
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Auch die halbganzen Hill’schen Periodenquotienten sind beim restrin- 
gierten Dreikörperproblem zu beachten. Die Instabilitätsintervalle um diese 
Stellen herum sind von Wintner ? untersucht worden. Hier liegt keine Ver- 


instabil 





zweigung der periodischen Bahnen vor. Es gilt mit dem entsprechenden 
Zuwachs «x = k— k° der Jacobischen Konstante eine Entwicklung der Gestalt 


É = klo + pZe +: PND 


Das Instabilitätsgebiet besteht aus zwei vom Punkt x = 0, » = 0 ausgehenden 
Winkelräumen „>0 und »<0, die in erster Annäherung durch zwei 
“ Gerade ” 

k=yu bes und e= yut 
begrenzt werden. 


UNIVERSITY OF LEIPZIG, GERMANY. 


2 A. Wintner, “On the periodic analytic continuations of the circular orbits in the 
restricted problem of three bodies,” National Academy of Sciences Proceedings, vol. 22 
(1936), pp. 435-439. 


GEODESIC VERTICES ON SURFACES OF CONSTANT 
CURVATURE.* 


By 8. B. Jackson. 


1. Introduction. In a previous paper by the writer [6] * the attempt 
was made to characterize structurally, as far as possible, the closed plane 
curves of class O” which have exactly two extrema of the curvature; i.e. two 
vertices. In that paper there were obtained five structural properties. The 
first part of the present paper is concerned with a discussion of the extent’ 
to which these properties can be carried over to characterize closed curves? 
of class O” which lie in a simply connected region of a surface of constant 
Gaussian curvature and which have only two geodesic vertices, i.e. extrema 
of the geodesic curvature. Four of these properties go over without alteration 
and one important new one is added (Theorem 6.1) but the fifth one requires 
certain modifications (Theorems 8.1 and 9.1). The essential difference 
between the case of the surface and that of the plane lies in the geodesic 
cireles which may have different structural properties from plane circles. In 
particular, they may have more than two points of intersection, a fact which 
is the basis for some of the examples given in the paper (9 and 11). 


The last section of the paper (11) contains proofs for curves on surfaces 
of constant curvature of two theorems relating the number of geodesic vertices 
on a simple closed curve with its number of intersections with a geodesic 
circle (Theorems 11.1 and 11.2). These are direct extensions of known 
theorems on plane curves [6, Theorems 6.1 and 7.1] and are analogues of 
well known theorems on ovals [3,1]. 


Scherk [9] has observed that by stereographie projection any theorem 
regarding vertices of plane curves is equivalent to one on the sphere con- 
cerning geodesic vertices. For the sphere such theorems as Theorem 5.1, 
Theorem 11.1, and Theorem 11. 2 follow trivially from the known results 
in the plane. Moreover, by using results of Mohrmann [8] regarding inflec- 
tion points of curves on an ovaloid, these theorems may be readily obtained 
on the sphere directly, thence yielding simple proofs of the theorems in the 


* Received March 16, 1948; revised July 19, 1949. Presented to the American 
Mathematical Society, September, 1947. 
1 The numbers in brackets refer to the bibliography. 
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plane.” It is interesting that these methods of Mohrmann were available in 
1917, some years before the first explicit statements in the literature that 
every simple closed plane curve of class C” has at least four vertices. As far 
as this writer is aware, the first statements of this theorem were by Fog [4] 
in 1933 and Graustein [5] in 1937, and neither of them used Mohrmann’s 
methods. In the present paper however we consider curves in any simply 
connected region of a surface of constant curvature, without reference to its 
embedding in space. Mohrmann’s methods do not appear directly applicable 
to this work therefore. Indeed, from one point of view this paper is an 
answer in one special case to a question raised by Scherk [9] as to what 
parts of these theorems can be salvaged in case the curves do not lie on an 
ovaloid. 


s 2. Definitions and previous results. A geodesic vertex of an arc or 
curve of class 0” on a surface 3 is a point (or an arc of constant geodesic 
curvature) for which the geodesic curvature has a relative extremum with 
respect to the neighboring arcs. That is, if 1/p is the geodesic curvature at 
any point and 1/a the geodesic curvature at the vertex, then in a neighbor- 
hood of the vertex 1/p — 1/a does not change sign and is not identically zero. 
If, for two geodesic vertices, the geodesic curvatures are both relative maxima 
or both relative minima, they are said to be of the same type. For a plane 
curve, geodesic vertices coincide with ordinary vertices. 

An arc on which the geodesic curvature is monotone non-increasing or 
monotone non-decreasing is called a monotone arc. If two monotone arcs 
both have the geodesic curvature non-increasing (non-decreasing) they are 
said to be of the same type, otherwise of opposite type. An arc or curve for 
which the geodesic curvature remains constant is called a geodesic cürcle.® 
A geodesic is a special case of a geodesic circle. 

In discussing ares lying on a surface it is often convenient to speak 
of one arc as lying locally to the right or to the left of another. Such a state- 
ment always implies the surface is viewed from the tip of the positive unit 
normal, and that the surface trihedral is right handed. An are with positive 
geodesic curvature at a point thus lies locally to the left of the directed 
tangent geodesic at this point. 

A simple closed are of a curve which is never crossed by the remainder 


2 Cf. Scherk’s review of [6] in Mathematical Reviews, vol. 6, p. 100, where he 
indicates how these theorems may be obtained. 

ê This is what Blaschke [2,87] calls a Krümmungskreis, as distinguished from an 
Entfernungskreis, which is the locus of points at a fixed geodesic distance from a given 
point. 
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of the curve is called a simple loop. If a simple closed curve, composed of 
differentiable arcs but allowing corners and lying in a simply connected region 
of a surface, is directed so that the simply connected region bounded by it 
lies to its left, we shall say that it is positively directed. 

A transformation of class O” of a region d on a surface 3 into the 
Gaussian plane is said to be of type J if (a) it is locally one to one, (b) it 
carries the geodesic circles of 3 into circles (or arcs of circles),* and (e) it 
preserves sense. The following results were obtained by the writer in an 
earlier paper [7, Theorems 3.1 and 3.2 and Lemma 4.7]. 


THEOREM 2.1. A transformation of type I carries monotone arcs into 
monotone arcs of the same type. It carries geodesic vertices into geodesic 
vertices of the same type or into limit points of such vertices. 


THEOREM 2.2. There is a transformation of type I, not necessarily 
one-to-one, taking any simply connected region à of a surface 3 of constant 
curvature into a region of the Gaussian plane. 


THEOREM 2.3. If O is a positively directed simple closed curve, com- 
posed of a finite number of arcs of class C’, which lies in a simply connected 
region & of a surface of constant curvature 2, the image of C under any 
transformation of type I can contain no simple loop having no points of the 
curve lying to its left. 


As stated in the previous paper, Theorem 2.3 was for simple closed 
curves of class 0”, but the proof holds without modification for the more 
general case. 

In this paper we shall be concerned with arcs and curves having con- 
tinuous geodesic curvature in a simply connected region 3 of a surface of 
constant curvature 3, and this will be understood in all that follows except 
where it is indicated otherwise. The region 3 is assumed to contain no 
singularities of any kind. As it is used here, the term arc means the locally 
topological image of a line segment. This differs from the common topo- 
logical use of the term in that the mapping need not be one-to-one in the 
large, so an arc may have double points. Similarly a curve is the locally 
topological image of a circle. 


8. Geodesic circles. On a general surface, the locus of points at a 
given geodesic distance from a fixed point, or a distance circle as it is some- 
times called, need not be a geodesic circle as defined above. However, it is 


*In the Gaussian plane a line is a special case of a circle. 
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well known that for surfaces of constant curvature the distance circles are 
all geodesic circles [2, § 72]. It is not true however that all geodesic circles 
are distance circles. A distance circle which is a simple closed curve will 
be called a complete geodesic circle. 

Although it is true, by Theorems 2.1 and 2.2, that geodesic circles in 
8 go into circles® in the plane under transformations of type I, the fact 
that these transformations are not one-to-one makes it necessary to exercise 
caution about attributing to geodesic circles in 3 many of the familiar 
properties of circles in the plane. For example, it is not true that two 
geodesic circles can intersect in only two points. They can have any number 
of intersections, though under a transformation of type I all the intersections 
map into one or the other of the intersections of the corresponding plane 
circles. Examples of geodesic circles which intersect in more than two points 
will be given in 9 and 11. 

Let ® denote the closed simply connected subregion of 3 bounded by 
any Jordan curve C in 4. Consider the family of complete geodesic circles 
contained in ® with centers at a fixed arbitrary point P in R, and let r be 
the least upper bound of the radii of these geodesic circles. Since # contains 
no boundary point of 3, it is clear that these geodesic circles are complete. 
If 3 has positive curvature, r must be less than the distance from P to a 
conjugate point P’, for otherwise 3 would contain the region covered by all 
the geodesics through P and hence through P’. Since this region is isometric 
with a complete sphere, 3 would not be simply connected. If the curvature 
of 3 is non-positive there are no conjugate points in R. The geodesic circle, 
O, with radius r and center P has at least one point in common with C, for 
if it did not, O and C, being closed sets would have a positive distance. A 
geodesic circle about P of larger radius would then belong to R, which 
contradicts the definition of r. Clearly also no point of Ọ lies inside O. 
From this and the discussion of conjugate points, it follows that every point 
in and on O is joined to P by a unique geodesic which is the path of minimum 
distance between these points. 

If Q is any point on O and À is any point distinct from P on the geodesic 
segment PQ, the shortest path from R to any point of O is this geodesic 
segment RQ. For consider any other are RS joining À to a point of O. 
We see that PR + RQ =r =— PS < PR + RS whence RQ < RS which proves 
the contention. If, in particular, Q is a point where O meets O, RQ is the 
shortest path from any point R of PQ to the curve C. The results of this 
discussion may be summarized in the following statement. 


5 See footnote 4. 


GEODESIC VERTICES. 165 


Lemma 8.1. If a Jordan curve O in 3 bounds the closed region R, 
about any point P of R as center can be drawn a unique complete geodesic 
circle O contained in R and meeting C in one or more points. If Q is one 
of these common points and R is any point of the geodesic radius PQ, the 
minimum distance from R to C is along the geodesic segment RQ. 


t 


Lemma 8.2. If R is the closed region bounded by a Jordan curve C 
in 3, and if O is divided in any manner into three arcs Qu, Qa, As, then 
there exists a complete geodesic circle contained in R and having points in 
common with all three arcs. 


In view of Lemma 3.1, the proof of Lemma 3.2 is an immediate 
adaptation of one suggested by Paul Erdös for the plane case [6, Lemma 3. 1]. 


Lemma 3.3. If a Jordan curve C in 3 bounds the closed region R, 
and P, is any point interior to R, the largest complete geodesic circle in R 
which contains P, either in or on it has at least two points in common with C. 


It is clear that the radius of the largest geodesic circle in œ with 
center P is a continuous function of P. Thus the set of points P for which 
P, belongs to the corresponding circle is compact, whence the maximum 
circle, O, mentioned in the lemma actually exists. 


Lemma 3.3 may be made intuitively evident as follows. If O meets C 
only at a single point Q, a slight displacement of O yields a circle still 
containing P, but having no points in common with C. This contradicts 
the maximal property of O. A formal proof of the lemma can readily be. 
constructed on these lines. 


Lemma 3.4. A complete geodesic circle in 3 and its interior map in a 
one-to-one manner into the corresponding plane region under any trans- 
formation of type I. 


Under a transformation of type I a complete geodesic circle, being 
closed, maps into a plane circle traced one or more times. If the plane 
circle were traced more than once it would contain a simple loop without 
points of the curve to its left, which contradicts Theorem 2.8. The trans- 
formation is thus one-to-one on any complete geodesic circle, or, in fact on 
any two tangent complete geodesic circles since their images could meet 
only once. The lemma is now readily proved by showing any two points 
` of the indicated region lie on such a pair of tangent complete geodesic circles. 

Let O, represent any geodesic circle in 3, not necessarily complete. By 
a transformation of type I it goes into an arc of a circle, possibly over- 
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lapping itself. If O, has a double point, it must be a point of tangency, 
since this is true of the plane curve. O, is then merely a simple closed 
curve which maps one-to-one into its plane image, as in Lemma 3.4. Applying 
Lemma 3.2, we find that there is a complete geodesic circle O’, interior to 
O, and tangent to it at at least two distinct points. O, and O’, coincide 
near these tangencies since their plane images do, and are thus identical. 
We conclude that O, is a complete geodesic circle. 

From this discussion, the facts about plane circles, and Lemma 3.4 the 
following conclusion may be drawn. 


Lemma 3.5. A geodesic circle in 3 with a double point is a complete 
geodesic circle. Two geodesic circles, one of which is complete, either do 
not meet, or are tangent at just one point, or intersect at just two points. 


The lemma is false if the restriction that one circle be complete is 
removed. (Cf. 9). 


Lemma 3.6. Every geodesic circle in 3 divides 3 into exactly two parts. 


If geodesic circle O has a double point, the conclusion follows from 
Lemma 3.5 and the Jordan Curve Theorem, so it suffices to consider the 
case when O is a simple open arc. 

A neighborhood of a point of 3 bounded by a complete geodesic circle 
about the point is called a complete circular neighborhood. The closure of 
such a neighborhood, by Lemma 3.5, has at most a single arc in common 
with O, whence no point of 4 — O is a limit point of O. Moreover points 
of such a circular neighborhood which meets O may be classified as locally 
to the right or left of O. It follows readily that O divides 3 into at most two 
connected sets, namely the sets of points which can be joined in 3d —O to 
points lying locally to the right or left of O respectively. 

It remains only to show that no two points P and Q locally on opposite 
sides of O can be joined by an arc in d—O. Assume such an arc exists. 
It is clear that this arc may be completed into a simple closed curve by 
an arc PQ meeting O at a single point T. The region D bounded by this 
` curve can be covered, by the Heine-Borel Theorem, by a finite number of 
complete circular neighborhoods, the closure of each meeting O at most in a 
single arc. The subare of O in D is thus the sum of a finite number of 
closed arcs, whence it has an endpoint in D since it meets the boundary only 
at T. Since O has no endpoint in & this is impossible and the lemma is. 
proved. 

As a result of Lemma 3.6 it is possible to speak, in the large, of the 
subregion of 3 to the left or to the right of any directed geodesic circle. 
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Lemma 3.7. A geodesic circle contained in a closed bounded region of 
3 is complete. 


The region can be covered by a finite number of complete circular 
neighborhoods by the Heine-Borel Theorem. Each of these closed neighbor- 
hoods has at most a-single arc in common with the given circle 0, whence 
O consists of a finite number of closed ares. Since, as above, O has no 
endpoint, this is possible only if O has a double point and is therefore 
complete by Lemma 3.5. 


4. Monotone arcs and geodesic vertices. The following two results 
characterizing geodesic vertices and monotone arcs are known to be true on 
any surface of sufficient differentiability [7, Corollary 2.1, Lemmas 2.1 
and 2.1]. 


Lemma 4.1. A necessary and sufficient condition that an arc be mono- 
tone is that it cross every osculating geodesic circle at the point or arc of 
contact. The geodesic curvature is monotone non-decreasing or monotone 
non-increasing according as the crossing is from right to left or from left to 
right. 


Lemma 4.2. In some neighborhood of a geodesic vertex, an are lies 
entirely to one side of the osculating geodesic circle at this vertex, and con- 
versely, a point (or arc) with this property is a geodesic vertex or a limit 
point of geodesic vertices. The geodesic curvature at the vertex is a maximum 
or a minimum according as the arc lies to the right or left of the osculating 
geodesic circle. 


In both cases the arc and the geodesic circle have locally only a single 
point or a single arc in common. 


Lemma 48. If P, and P, are any two points in that order on a mono- 
tone arc CZ in £, the osculating geodesic circle at P, lies to the left or right 
of that at Po according as the geodesic curvature on Q is non-decreasing or 
non-increasing. The two geodesic circles have no point in common unless. 
they coincide and Q contains the arc PoP, of this geodesic circle. 


Let 3 be mapped into the plane by a transformation of type I, which 
is possible by Theorem 2.2. Since geodesic circles go into circles and mono- 
tone arcs into monotone arcs under a transformation of type I, by Theorem 
2.1, the fact that the osculating geodesic circles at P, and P, meet only if 
they are identical and coincide with @ from Pe to P, follows from the corre- 
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sponding known result in the plane [6, Lemma 2.5].* This implies imme- 
diately that once a monotone arc leaves its circle of eurvature it never meets 
it again. The location of the geodesic circle at P, with reference to that at 
P, is then a consequence of Lemma 4.1. 


Lemma 4.4. A monotone arc in 3 is simple except for any complete 
geodesic circles it contains. In this case the arc is tangent to itself without 
crossing at a single point or along a single arc of such a circle. 


This follows immediately by Lemma 4.3. Since an are without a 
geodesic vertex is monotone, Lemma 4.4 leads at once to the following. 


Lemma 4.5. A simple closed arc in 3, not a geodesic circle, has at 
least one geodesic vertex interior to the arc. 


Let AB be a monotone arc of J, not an arc of a geodesic circle, and let 
it be tangent to a geodesic circle O, at the point of minimum curvature, 
say B, and lie locally to the left of O, at B. Since AB lies locally to the 
left of O, at B, the same is true of its osculating geodesic circle at B. By 
Lemma 4.3 A is definitely to the left of this geodesic circle and thus is not 
on O1 A similar argument shows that if AB is tangent to and locally to 
the right of a geodesic circle O, at its point of maximum curvature, the 
other end is not on O2: Taken together these statements establish the 
following result. 


Lemma 4.6. If an arc AB in 3, not an arc of a geodesic circle, is 
tangent to a geodesic circle in the same direction at A and B and lies 
locally on the same side of this circle at A and B, then there is a geodesic 
vertex interior to AB. 


We shall conclude this discussion with a result on plane arcs that will 
be useful in the next section. 


Lemma 4.7. Let a non-circular plane arc AB satisfy the following 
conditions : 
(a) it is tangent to a circle (line) in the same direction at A and B; 


(b) it lies locally to the left of this directed common tangent circle (line) 
at A and B; | 


(c) it contains no minimum of the curvature in its interior. Then AB 


° As was mentioned by Scherk in his review of [6] (Mathematical Reviews, vol. 6, 
p- 100) the work on plane monotone arcs is not new in the literature. See, for example, 
the papers by Vogt and Kneser there mentioned. As a matter of convenience however, 
references are given to [6] rather than to these original papers. 
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contains a simple loop having no points of the arc lying to its left. AB meets 
the circle (line) only at A and B, which may coincide. 


Since, by a direct circular transformation, the given circle may be 
carried into a line, and all the properties are invariant under such trans- 
formations, it is enough to consider this case. By Lemma 4.6, which 
certainly applies to the plane, AB is not monotone, and therefore has a 
maximum of curvature, which may be a point or an arc. Let M denote this 
point, or a point of this arc. As in the proof of Lemma 4. 6, the monotone 
arcs AM and MB lie entirely to the left of this common tangent line, so 

AB meets this line only at A and B. The arc AB is not simple since a 
| simple are satisfying the conditions contains a minimum [6, Cor. 4.1.1]. 
For the same reason it would not be simple even if we deleted from AB all 
the complete circles noted in Lemma 4.3, so AM and MB meet. Since 
AM and MB are monotone and the curvature is non-negative at A and B 
by condition (b), it is positive interior to AB, and these arcs are respectively 
inwinding and outwinding spirals [6, Cor. 2.5.1 and 2.5.2]. The proof 
that the maximum of curvature lies on a simple loop with no points of AB 
to-its left is identical with the proof that the maximum on a curve with 
two vertices lies on such a loop [6, Lemma 5.4]. It will not be repeated here. 


5. Location of geodesic vertices. 


Lemma 5.1. If a simple arc AB in 3, not an arc of a geodesic circle, 
is tangent to a complete geodesic circle O in the same direction at A and B 
and never crosses this circle, there is at least one minimum or at least one 
maximum of the geodesic curvature interior to AB according as AB les to 
the left or to the right of this geodesic circle. A and B may coincide. 


If the arc AB lies interior to O, the lemma follows from the one-to-one 
mapping of type J guaranteed by Lemma 3.4 and the corresponding known 
result in the plane [6, Lemma 4.1]. Let AB then lie outside O. The are 
AB may be completed into a simple closed curve C of class C’ by adjoining 
the directed circular arc BA. Let @ denote the closed region bounded by C. 
It is sufficient to prove the lemma when AB is so directed that C is a 
positively directed curve. 

Consider first the case when O is exterior to œ, whence AB lies to the 
left of O. Let C be mapped by a transformation of type I into the plane 
curve C. Arc AB contains a minimum of the geodesic curvature since 
otherwise Lemma 4.7 and Theorem 2.3 yield contradictory results on its 
plane image, which establishes the lemma in this case. 
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In the contrary case O is contained in œ and the arc AB lies to the 
right of O. It remains only to show the existence of a maximum on AB. 
By Lemma 4.6, AB is not monotone, and it is clearly sufficient to consider 
the case when there is just one geodesic vertex, a point of which we denote 
by E. Let RS be a subare of AB containing E and contained in a complete 
geodesic circle O about Æ. Consider the complete geodesic circle O” guar- 
anteed in Lemma 3.2 meeting arcs RE, ES, and SBAR of O. The points of 
contact are necessarily tangencies. Since O” clearly cannot meet circular 
arc BA, by Lemma 4.6 it contains Æ only if it contains are RS, in which 
case this arc is a maximum by Lemma 4.2. If E is not on O” a subare of RS 
is tangent to O” at two points and the existence of a maximum is assured 
by mapping O’ by a transformation of type I and using Theorem 2.1 and 
the known results in the plane [6, Lemma 4.1]. This completes the proof 
of the lemma. 

The restriction that AB shall not cross O in Lemma 5. 1 may be lightened 
as follows. 


Lemma 5.2. If a simple arc AB in 3, not an arc of a geodesic circle, 
is tangent to a complete geodesic circle O in the same direction at A and B 
and lies locally on the same side of O at A and B, there is at least one 
minimum or at least one maximum of the geodesic curvature interior to AB 
according as AB lies locally to the left or right of O at these points. A and 
B may coincide. 


By Lemma 4.6 there is at least one geodesic vertex interior to AB. 
Consider the case when AB lies locally to the right of O and assume the 
lemma is false, i.e. assume the only geodesic vertex is a minimum. Since 
O lies to the left of AB at A and B, it lies to the left of the osculating geodesic 
circles at A and B. If the only vertex is a minimum, then by Lemma 4. 3 
O lies to the left of all the osculating geodesic circles. Arc AB thus never 
crosses O and lies entirely to its right. But Lemma 5.1 then states that AB 
has a maximum of geodesic curvature. The contradiction proves the lemma 
for this case. The remaining case when AB is locally to the left of O may 
be reduced to the one above by reversing the sense on AB. This completes 
the proof. 

Lemma 5.1 leads easily to the following useful result. 


LEMMA 5.3. Let AB be a simple closed arc in 3, not a geodesic circle, 
Let R denote the region bounded by AB, and 6 the positive angle interior 
to R between the two tangents at the double point. If 6 =x there is a 
maximum or a minimum of the geodesic curvature interior to AB according 


Å 
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as De lies to the right or left of AB. If 6<S there is a maximum or a 
minimum of the geodesic curvature interior to AB according as R lies to the 
left or right of AB. 


It is clearly possible to draw an arbitrarily small complete geodesic 
circle tangent to AB at points A’ and B’ near A and B. It may be that 
these four points will coincide. This complete geodesic circle can be drawn 
exterior to œ or interior to R according as Zr or Ox. The proof is 
then immediate from Lemma 5. 1. 

It is interesting to observe that Lemma 5.3 remains valid when @ is 
thought of as the region exterior to AB in 3. This follows easily from the 
lemma itself. 

Lemma 5.3 leads trivially to one of the main results of a previous 
paper [%, Theorem 4.1], namely the Four-vertex Theorem for 3. 


THEOREM 5.1. Every simple closed curve of class O”, not a geodesic 
‘circle, in a simply connected region 3 of a surface of constant curvature has 
at least four geodesic vertices. 


Let the curve be positively directed, and let M be a geodesic vertex. 
Consider the arc from M to M as the arc AB of Lemma 5.3. Since 9=r 
the arc contains both a maximum and a minimum distinct from M. This 
proves the theorem since the number of geodesic vertices is even if it is finite. 


6. Curves with two geodesic vertices. We shall turn our attention to 
obtaining structural properties of curves in 3 having exactly two geodesic 
vertices. Such a curve, C, consists of two monotone ares of opposite type. 
As was noted in Lemma 4.4, these monotone arcs may contain complete 
geodesic circles, and one or both of the geodesic vertices may be such circles. 
The curve which is obtained from C by removing all such complete geodesic 
circles is called the normalized curve, C, corresponding to C. © is still of 
class 0”, and the process neither gains nor loses geodesic vertices.’ In the 
following discussion © always denotes the normalized curve corresponding to C. 

A double point is called simple if the curve passes through the point 
only twice. 

We proceed to establish the following five properties of C. 


THEOREM 6.1. If O is a curve of class O”, not a geodesic circle, in a 
simply connected region 3 of a surface of constant curvature, and if C has 
exactly two geodesic vertices, then: 


‘If a complete geodesic circle is traced completely k times and partly so again, it is 
understood that in C the k complete revolutions are omitted, but the remaining arc left, 
so Q is closed and of class 0”. 
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(a) the normalized curve © may be divided into two simple arcs; 
(b) the normalized curve C has double points, but all of them are simple; 


(c) at any point of tangency of C with itself the directed tangents 
coincide; 

(d) CG contains exactly two simple loops, one loop containing the mavi- 
mum of geodesic curvature and having no points of C to its left, the other 
containing the minimum of geodesic curvature and having no points of C to 
its right; 


(e) C has only a finite number of double points and double arcs. 


Property (a) follows from Lemma 4.4 and the fact that the two mono- 
tone arcs making up Č are simple by construction. 

In (b), the fact the G has double points is precisely the content of 
Theorem 5.1. If P were a double point of © which was not simple, it would 
divide © into at least three closed arcs, none of which are geodesic circles 
by construction of ©. By Lemma 4.5 each of these arcs would have a 
geodesic vertex, contradicting the hypothesis of only two geodesic vertices 
on C. Property (b) can also be proved directly from Lemma 4.4, since 
neither of the two monotone arcs can pass through any point but once. 

To prove (c) let 3 be mapped into the plane by a transformation of 
type I. The result then follows from the corresponding property for plane 
curves with just two vertices [6, Theorem 5.1]. 

For the proof of (d), let m and M be the points of minimum and 
maximum geodesic curvature respectively (or points on the arcs of minimum 
and maximum geodesic curvature). If the maximum of geodesic curvature 
is a complete geodesic circle, this circle is itself the required simple loop 
since, by Lemma 4.3, no point of C lies to its left. In the contrary case, 
by Lemma 4. 4, arcs mM and Mm are simple except for any complete geodesic 
circles they may contain. Moreover they intersect, for otherwise C is simple, 
contrary to (b). Let A be the first point where Mm meets mM. We shall 
show that AMA is the required simple loop. The two arcs are not tangent 
at A, for the directed tangents would coincide by (c), whence the arc 
would contain both a maximum and a minimum by Lemma 5.3, and this 
is impossible. Since M is a maximum, by Lemma 5.3 the arcs pass at A 
into the region to the right of AMA. It should be noted that this region 
may be the exterior of the are. By construction, are mA does not cross AMA 
and thus lies to its right. If AMA is not the required simple loop the are 
Am must cross it. Let B be the first such crossing. Since Mm never 
crosses itself, B must lie on AM, and if B is the first crossing Am approaches 
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AM from the right at B. Consider arc BMAB. If the region @ bounded 
by it (inside it) lies to its left the angle # interior to R between the tangents 
at B is greater than or equal to m. If ® lies to the right of BMAB, then 
6. In either case there would be a minimum on BMAB by Lemma 6. 8. 
Since this is false, the point B does not exist and AMA is the required simple 
loop. The case of the minimum of geodesic curvature is reduced to this by 
reversing the direction on ©, which completes the proof of (d). 

Finally, consider property (e). Whenever one of the two monotone gres 
meets itself, it contains a complete geodesic circle by Lemma 4.4. These 
double points and arcs are thus surely finite in number, and hence isolated 
on the arc. At a point where the two monotone arcs are tangent to each 
other but have different geodesic curvatures, the directed tangents coincide, 
by (c), and it is readily verified that the arcs have locally only the single 
point of tangency in common, so that such tangencies are isolated double 
points. Ata point or arc of tangency where the geodesic curvatures are equal, 
the osculating geodesic circles coincide. Indeed the arc of contact, if any, 
is an are of this circle since one arc has monotone non-decreasing and the 
othér monotone non-decreasing geodesic curvature. But by Lemma 4.1 one 
of the arcs crosses this circle from right to left and the other from left to 
right. The osculating geodesic circle thus acts as a barrier and the two arcs 
have no other points in common in some neighborhood of this point or arc 
of contact which is thus isolated. If C had an infinite number of double 
points and arcs, they would have a limit point, which would necessarily be a 
tangency. But since all the tangencies have been shown to be isolated this is 
impossible, and property (e) is established. Properties (a), {b), (e), (d) 
above are already known for plane curves with two vertices [6, Theorem 5.1], 
while property (e) is new. 

By (e) the curve C divides 3 into a finite number of regions, which are 
all simply connected except one, called the exterior. Two of the regions, 
by (d), are completely bounded by the simple loops. For plane curves it is 
known [6, Theorem 5.1] that no region determined by C except the two 
indicated in (d) is bounded in the same sense by all the arcs of C which 
bound it. 

The next three sections of the paper are devoted to a discussion of the 
validity of this statement for curves in d. 


®In the case of the Gaussian plane, or equivalently the sphere, there is no real 
distinction between interior and exterior regions, since any finite point can be carried 
into the point at infinity by a direct eireular transformation. In general, however, the 
distinction between exterior and interior regions is genuine, as will be made clear in the 
work that follows, 
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7. Angular measure of transformed curves. Let C be a positively 
directed simple closed curve of class ° D’ in 3, and let K be the plane image 
of C under a transformation of type J which carries the interior of C into a 
finite region of the plane. Such a transformation always exists unless every 
point of the plane is the image of some point in this interior. K is also of 
class D’. Let C be deformed, as is always possible, through simple closed 
curves of class D’ lying in its interior into a simple closed curve C, lying in 
a complete geodesic circle of 3, and let the deformation be such that at any 
corner the angle between the directed tangents remains in the open interval 
(—7,7). Curve K is thereby similarly deformed through finite points into 
a curve Ko, which is a positively directed simple closed curve by Lemma 3. 4. 

The angular measure of a closed plane curve of class D’ is defined as the 
total rotation of a directed tangent on tracing the curve once. At a corner 
this includes the directed angle in the interval (— r,r) through which the 
first directed tangent must turn to coincide with the second. This is 
equivalent to rounding off each corner with a small circular arc and con- 
sidering the angular measure of the resulting curve of class C’. Since K, 
is a simple closed curve, its angular measure is 27, [10]. We conclude K 
also has angular measure 27 since the angular measure varies continuously 
(the deformation being through finite points) but is an integral multiple 
of 2m. This justifies the following statement. 


Lemma 7.1. The image, under a transformation of type I, of any 
positively directed simple closed curve of class D’ in 3 whose interior has a 
finite image has an angular measure of r. 


One further result regarding the angular measure of plane curves will 
be convenient. 


Lemma 7.2. Let K be a closed plane curve of class D’ for which there 
is a point O not on K, satisfying the following condition: the angle 8 from 
some fixed direction to OP changes monotonically as P traces K. Then the 
angular measure of K equals the total variation in 6. 


It is sufficient to prove the result when @ is monotone increasing. At a 
corner of K, the various positions assumed by a directed line rotating from 
the first directed tangent to the second will also be called tangents, for con- 
venience. Consider a point P of K and a directed tangent at P. The angle 8 
from the given fixed direction to OP, the angle À from this same fixed 


° A curve or arc is said to be of class D’ if it is a finite succession of differentiable 
ares. It is of class C’ except for a finite number of corners. 
# 
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direction to the directed tangent, and the angle & from OP to the directed 
tangent are clearly related by the equation À = & + 6, whence it follows that 
Ad = Ad + A9 where the A indicates the total variation around K. Since 
6 is increasing it follows that O<¢< 7. But since Ag is an integral 
multiple of 2r, it follows that Ad=0. This proves the lemma, for AA is 
the angular measure of K. 


8. Arcs bounding the exterior region. 


Lemma 8.1. Let AB and BA be two simple monotone arcs of opposite 
type in 3, meeting each other only at A and B and not tangent to each other 
in opposite directions at these points. Then there exists a transformation 
of type I of the closed region R bounded by the two arcs which is one-to-one 
and which carries this region into a finite region of the plane. 


Let the arcs be directed so that the region bounded by them lies to 
their left. Since the two arcs are of opposite type, one of the ends, say A, 
is the point of minimum geodesic curvature on both arcs. 

Suppose first that the angle interior to R at A is less than or equal to r, 
and let P be any point interior to ®. By Lemma 3.3 there is a complete 
geodesic circle containing P which is contained in R and has at least two 
points in common with its boundary. Since B is the only point where this 
circle could meet the boundary and not be tangent to it, this circle is tangent 
to one of the two arcs. There exists a complete geodesic circle passing through 
P which is contained in the one just constructed and has the same point of 
contact with one of the given arcs. This fact follows from the possibility 
of the construction in the plane and the fact that a transformation of type 7 
on the complete geodesic circle is one-to-one. The point P therefore lies on 
a complete geodesic circle tangent to one of the arcs and lying to the left of 
both the arc and its osculating geodesic circle at the point of contact. 

If, on the other hand, the angle at A in R exceeds r, draw the osculating 
geodesic circle to BA at A, which clearly passes to the interior of R at A. 
Since by Lemma 3.6, it divides #2 into two parts, it meets the boundary 
again for the first time in a point Q. The point Q must be on are AB, for 
BA has no further points in common with this circular are unless BA is a 
geodesic circle, in which case Q coincides with B. This circular arc, AQ, 
divides æ into the subregions R, and R., where R, denotes the subregion 
containing arc BA in its boundary. Since the only angle interior to ® 
which may exceed + is at B we apply Lemma 3.3 as before to any point P 
of Ra, and again conclude that P lies on a complete geodesic circle which 
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is tangent to and to the left of one of the osculating geodesic circles of the 
given arcs. If P belongs to R., Lemma 3. 3 assures us of a complete geodesic 
circle containing P and meeting the boundary of œ. at least twice. The 
angles interior to R, at A and Q are acute, so both contacts are tangencies. 
Moreover, by Lemma 3.5 a geodesic circle cannot be tangent to a complete 
geodesic circle at two points, so one of these tangencies is on the given are AQ. 
The argument used above shows as before that P lies on a complete geodesic 
circle tangent to and to the left of an osculating geodesic circle of one of the 
given arcs. "This property has now been established for all points in ®. 

Since the arcs do not have oppositely directed common tangents at A, 
there exists a point of 3 lying to the right of the two osculating geodesic 
circles at A and contained in a complete geodesic circle about A. Consider 
any transformation of type J of 3 which carries this point into the point at 
infinity in the plane [cf. 7, Lemma 3.5]. The two osculating geodesic 
circles at A are thereby carried into plane circles whose interiors lie to their 
left. That is so say, the transformed arcs A’B’ and B'A” both have positive 
curvature at A’, and since at A’ both arcs have their minimum curvature, 
it follows that both arcs have positive curvature at every point. All osculating 
circles lie interior to one or the other of the osculating circles at A’ by 
Lemma 4. 3, and all these osculating circles have their interiors to their left. 
Since we have shown that every point P in R lies on a complete geodesic 
circle tangent to and to the left of some osculating geodesic circle of AB or 
BA. the image point P’ lies on a circle tangent to and inside of one of the 
osculating circles of A’B’ or B’A’. This shows that the transformation takes 
every point P of R into a finite point. In fact the entire region & is 
mapped into the sum of the two osculating circles at A’. 

By Lemma 7.1 the curve of class D’ consisting of the arcs A’B’ and 
B’A’ has an angular measure of 27. Let this curve be taken as the curve 
K of Lemma 7.2. Any point lying to the left of both the osculating 
circles at B satisfies the conditions of the point O of the lemma, since it 
lies interior to all the osculating circles, so the vector OP always turns in 
the positive sense as P traces K. By Lemma 7.2 A0 = 2r; i.e. the radius 
vector OP turns around exactly once, turning always in the positive sense. 
This means that K is a positively directed simple closed curve. The trans- 
formation from the curve in g to K is then one-to-one. It is known that the 
interior of K is the topological image of one or more simply connected sub- 
regions of R [%, Lemma 4.5]. However, since the boundary of R maps 
into K one-to-one, the points of ® near its boundary map into the points 
in the plane close to K and interior to it. Since this set of points of R is 
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connected, they all belong to the same component of the inverse image of the 
interior of K. But the only simply connected subregion of R containing 
all these points is the entire interior of R. The transformation is thus proved 
to be one-to-one on œ, which completes the proof ‘of the lemma. 


Lemma 8.1 gives rise easily to the facts stated in the next two lemmas. 


Lemma 8.2. If C is a curve in 3 having just two geodesic vertices, 
and if the exterior region is bounded entirely by one of the simple loops of C, 
then none of the regions of 3 determined by C is bounded in the same sense 
by all of its bounding arcs except the two bounded entirely by the simple loops. 


Lemma 8.3. If C is a curve in 3 having just two geodesic vertices, it is 
not possible for the boundary of the exterior region to consist of exactly two 
arcs which bound this region in the same sense. 


For Lemma 8.2 the arcs AB and BA are the arcs into which the vertex 
divides the simple loop, while for Lemma 8.3 they are the two alleged 
bounding arcs. In both cases Lemma 8.1 guarantees a one-to-one trans- 
formation of type I of the interiors of these arcs, from which the conclusions 
follow from the known facts for plane curves with two vertices [6, Theorem 
5.1 (d); see also Section 6 above]. 

We turn finally to the possibility that the boundary of the exterior 
region for a curve C in ð having just two geodesic vertices shall consist 
of more than two arcs, all bounding it in the same sense. Assume this to 
be the case, and let C be so directed that the exterior lies to the right of 
its bounding arcs. It can be easily verified by use of Theorem 6.1 that 
this sequence of arcs, finite in number, form a simple closed curve which 
is the positively directed boundary of a simply connected region R. 

The arcs of monotone increasing and decreasing geodesic curvature con- 
stituting C will be denoted by A; and Ag, and their subares called i-arcs and 
d-arcs respectively. Since neither A; or Ag crosses itself, it is clear that the 
i-ares and d-arcs alternate on the boundary of #@. Thus if P, denotes the 
point of the boundary of R nearest the minimum of geodesic curvature on 
À; and if succeeding endpoints taken in order about the boundary of R are 
Qao Po, Qe, + +, Pa; Qn, arcs P,Q, are i-arcs while arcs Q;P,-1 are d-arcs. 
It is assumed that all subscripts are reduced mod n, and by Lemma 8. 3 n = 2. 

It is relatively simple deduction, using Lemma 4.4, that the order in 
which these endpoints occur on 4; and Ag coincides with the cyclic order, 
given above, in which they occur on the boundary of R. The first of these 
points on A; is Pı, while the first on Ag is, say, Qs. For every pair of con- 
secutive endpoints except P,Q, and Q,P, it follows that there is both an 
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ware and a d-arc joining them. If P is any point of œ between such a pair 
of arcs, Lemma 3.3 guarantees the existence of a geodesic circle containing 
P and tangent to both arcs, since neither are can be tangent to the circle 
twice by Lemma 4.6. As in Lemma 8.1 we can thus obtain a geodesic circle 
passing through P, tangent to the boundary of ® and lying to the left of 
the osculating geodesic circle at the point of contact. 

Any other point of R lies to the left of all the d-ares and i-ares here 
mentioned. Since a discussion of the various possible cases, namely s = 1, 
s =n, and sz£1, n, reveals that the subregion of œ bounded by these arcs 
and containing P can contain at most one interior angle exceeding m, it 
follows as above using Lemma 3.3 that there is a complete geodesic circle 
passing through P, tangent to A; or Aa and lying to the left of its osculating 
geodesic circle at the point of contact. This property has now been estab- 
lished for all points of ®. 

Let 3 be mapped into the plane by a transformation of type I taking 
some point to the right of the osculating geodesic circle of C at the point 
of minimum geodesic curvature into the point at infinity in the plane. The 
curvature of the transformed curve K is then always positive, and all oscu- 
lating circles lie interior to and to the left of the one of minimum curvature, 
by Lemma 4.3. By use of Lemma 7.1 and 7.2, taking O as any point in 
the smallest osculating circle of K, it follows exactly as in Lemma 8.1 that 
the transformation maps @ one-to-one into a finite portion of the plane. 
This would mean that the exterior region for the plane curve K has a 
boundary which consists of more than two arcs all bounding it in the same 
sense, which is known to be impossible [6, Theorem 5.1 (d)]. It is therefore 
impossible for the exterior region of C on £ to be bounded in the same sense 
by more than two arcs. This result and the facts stated in Lemmas 8. 2 and 
8.3 may be collected in the following theorem, 


THEOREM 8.1. If C is a curve of class O”, not a geodesic circle, in a 
simply connected region 3 of a surface of constant curvature, and if C has 
exactly two geodesic vertices, then the exterior region of C on 3 can be 
bounded in the same sense by all its bounding arcs only if it is one of the 
two regions completely bounded by a simple loop. In this case, no region 
determined by C except these two is bounded in the same sense by all its 
bounding ares. 


9. Arcs bounding an interior region. Theorem 8.1 answers affirma- 
tively for the exterior region the question as to whether the conjecture at 
the end of section 6 is valid on 3. It remains to consider the interior regions. 
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Lemma 9.1. If a curve C in 3 has just two geodesic vertices, no 
interior region determined by C whose boundary consists of more than two 
arcs can be bounded in the same sense by all these bounding ares. 


Suppose such a region Æ exists. Let any two adjacent arcs of its 
‘boundary be called @, and @., and let the remainder of the boundary be 
called G;. By Lemma 3.2 there is a complete geodesic circle in R having 
points in common with all three arcs. Since all angles interior to @ at its 
corners do not exceed 7, these contacts are all similarly directed tangencies. 
The tangencies divide ( into at least three arcs, each of which either contains 
a geodesic vertex by Lemma 4. 6 or is a geodesic vertex by Lemma 4.2. This 
contradicts the hypothesis that C has only two geodesic vertices, whence no 
such region À can exist. 

The conjecture of section 6 would be completely proved if we could 
show finally that no interior region could be bounded in the same sense by 
just two arcs. Strangely enough, this is false, as will be demonstrated by 
an example. 

It is readily shown that the lemniscate, whose polar equation is 
r? == Cos 26, has just two vertices, and that the inflectional tangents at the 
double point are the osculating circles there. The curve is directed so that 
the right hand loop is positively traced, inducing a direction also on the 
inflectional tangents. Certain points on the curve and its tangents will be 
denoted as follows: P’(0,0), A’(1,0), B'(—1,— 1), D’(1,1), #’(—1,9), 
F(1,—1), @(—1,1), and C” the point at infinity, the given coordinates 
being rectangular. Let us subject the figure to the complex linear trans- 
formation w == (1—i2)/(2—i) and denote the transforms of A’, B’, +>, 
by A, B,-- -. In the transformed figure the origin O is exterior to both 
the loops PAP and PEP but is interior to the two osculating circles at P, 
which are oppositely directed. Consider the curve PAPBCDPEPFCGP 
obtained by inserting the osculating circles into the original curve. Since 
the transformation is of type / the only vertices on this curve are at A and E. 
Instead of considering this as a curve in the plane let us consider it on the 
logarithmic Riemann surface with branch point at O, i.e. the Riemann 
surface for w == log z. 

Tracing out the loop PAP brings us back to the same point P of this 
surface, since O is not contained in this loop, but when we trace the first 
osculating circle, that does contain O, and therefore leads to a point P 
corresponding to P but on a different sheet of the surface. Upon tracing 
the second loop, not containing O, we return to P, but on tracing the other 
osculating circle, O is traversed in the reverse direction and we therefore 
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return to P. The curve is therefore a closed curve on the Riemann surface. 
Moreover the osculating circles clearly have a common point C on the 
surface. On the surface the curve can thus be described as the curve 
PAPBCDPEPFCGP. The only double points are P, P, and C, and they 
are all simple. It is immediately clear that there are two interior regions 
of this eurve which are bounded in the same sense by the two arcs which 
bound them. They are the region bounded by eircular arcs ODP and PFC 
and the region bounded by circular arcs PBC and CGP. 

Considering the curve as a curve of the Riemann surface was done 
merely for convenience in the. discussion. ‘The configuration can occur on 
an ordinary developable surface. For example, the conical surface with 
vertex at the origin and a circular helix about the-z-axis as directing curve 
will serve the purpose, as will the tangent surface of a circular helix. The 
conjecture of section 6 is thus false for the interior regions of the curve C. 
It should be emphasized that while, as here, the surface 3 may contain 
branch points or other singularities, region 3 is assumed free of them. 
Here 3 may consist of that part of the Riemann surface covering an annular 
ring about O. This region is simply connected and free of singularities. 
Similar remarks apply to the regions 8 in the examples of section 11. The 
results for interior regions may be summarized in the following theorem. 


THEOREM 9.1. If C is a curve of class O”, not a geodesic circle, in a 
simply connected region 3 of a surface 3 of constant curvature, and if O 
has exactly two geodesic vertices, any interior region determined by © and 
bounded in the same sense by all its bounding arcs is either completely 
bounded by one of the simple loops, or is bounded by exactly two arcs. If 
regions of this latter type occur, the regions bounded by the simple loops are 
both interior regions. 


It is interesting to observe that in the example just given the critical 
point is that the two circles intersect in three distinct points, namely P, P, 
and O. By continuing the subarcs so that their plane images are traced 
n times, these arcs meet in 2n— 1 points and the number of regions bounded 
as above by two arcs is 2n. Thus we can construct examples in which the 
number of regions bounded by two arcs in the same sense is arbitrarily large. 
As far as the circles themselves are concerned, it should be noted that in 
the simply connected region consisting of the part of the surface covering 
a circular ring in the plane about the origin, the circles intersect infinitely 
many times. Similarly we can construct examples of circles in such a simply 
connected region which are tangent at infinitely many distinct points. 
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10. Counterexample. As has already been noted in Lemma 4. 3, mono- 
tone arcs have an essentially spiral character. In fact any plane curve with 
just two vertices can be reduced by a direct circular transformation to a 
curve in which one of the two monotone arcs is an inwinding spiral, and 
the other an outwinding spiral [6, p. 573]. For convenience we will suppose 
the curves normalized, so the only double points are where the two monotone 
arcs meet each other. The following question then naturally arises. Let the 
double points or arcs be arranged in the order P,,P,,: © >, Pa in which they 
occur on one of the monotone ares. Will they occur in the reverse order 
Pa, Pas ° °, Pa on the other arc? The same question can be phrased in 
a different but equivalent way as follows. Is every double point or arc a 
cut point or arc for the set of points making up the curve C? Simple 
examples show that this is often the case. I£ the question could be answered 
in the affirmative, it would be a very strong structural characteristic of curves 
with just two vertices. Actually the answer is in the negative, however, as 
is shown by the following example of a normalized curve in the plane having 
five double points, for which the order of the points on one arc is Py, Ps, Ps, 
P, Ps, while on the other are the order is Ps, Pa, Ps, Pa, Px. 

A curve is determined by the following equations if the radius of curva- 
ture À is given as a function of the slope angle ¢ 


cmt f R Cos ¢ db Y = Yo + IK; Sin d.de. 


Let £o == Yọ = 0, and consider the curve (Figure 1) defined as follows for 
|p| S &r. 


1+ |¢l[, 0=|eg|=sr 
1+|$|—», 2a S| o| E 83r 
1+2|$| 4r, 38rS|¢| S40. 


As defined above, R is positive and continuous, and the curve consists of two 
monotone arcs. The arc — 4r S $ 0 is an arc of non-decreasing curvature, 
‚while the arc 0 ¢ S 4r is an arc of non-increasing curvature. It is a 
routine matter to carry out the computation to find the various points where 
the tangents are horizontal. 


These points, together with the corresponding values of ¢ are as follows. 
p= 0, 0 (0, 0) 


p =r A(— 22 +r); = — rT A’(2, 2 +r) 
o = 2r B(—2,— r); p = — 2r B'(2,— r) 
p = 3r C(— 4,2 + 27); = — dr O” (4, 2 + 2x) 


$ = år and — Ar, D(0, — 4r). 
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Since at D the tangents and curvatures of the two arcs coincide, it is clear 
that this is actually a closed curve of class O”, having just two vertices, O and 
D, and with angular measure 87. 

Since, by its definition, the curve is symmetric in the y-axis, all the 
points where the curve meets this axis are double points. P, is the first 
point where are OD meets the y-axis, and thus, by symmetry, the first double 
point on this arc. The open subarc P,AB clearly does not meet the y-axis, 
but it is readily found that BC crosses the axis twice since B and C have 
negative x-coordinates, while the point where ¢ = 57/2 has a positive value 
for æ. These two double points are denoted by P, and P,. However, it 





appears at once that arc OD has positive slope at Ps, while DO has negative 
slope there. The crossing is therefore in the direction indicated, proving 
the existence of the other two symmetric double points P, and P4 on ares 
P,P; and PP, respectively. The double points therefore occur on the mono- 
tone arcs in the orders indicated above. This answers in the negative the 
question asked at the beginning of this section. 


11. Geodesic vertices on simple closed curves. Closely related to the 
classical four-vertex theorem are several other theorems relating the number 
of vertices on an oval to the number of its intersections with a circle [1, 2 
p. 49, 3]. These theorems can be extended to simple closed plane curves 
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[6, §6 and §7]. It is the purpose of this section to investigate the extent 
to which these theorems can be generalized to simple closed curves on 3. 


THEOREM 11.1. A simple closed curve O of class O” in 3 not a 
geodesic circle which meets any geodesic circle at most four times has 
exactly four geodesic vertices. 


Let C be positively directed and consider a point or arc M of maximum 
geodesic curvature. We will show that the osculating geodesic circle G at 
M is a complete geodesic circle lying in the closed region @ bounded by C 
and meeting O only at M. The osculating geodesic circle O at M lies locally 
interior to C near M by Lemma 4.2. If it is not contained in R, koth 
branches of the circle from M must cross C, since by Lemma 3.6 each arc 
of the circle divides À into two parts. It will then be possible to select points 
À, B, M, B’, A’ in that order on O with A, A’ exterior to C and B, B’ 
interior to O. ‘Let O be deformed into an arbitrarily near geodesic circle by 
decreasing the geodesic curvature slightly, preserving the tangency with C 
at M (or some point of M). The points A, A’, B, B’ will vary continuously 
into points A,, A’,, Bı, B'i on the new circle O,, but the deformation may be 
taken so small that these points do not cross C. The new circle lies locally 
to the right of C at M by Lemma 4.-2, so it is possible to choose points P, P’ 
of O, exterior to C on arcs MB, and MB’, respectively. Thus, in addition 
to M, C meets O, on each of the arcs A,B,, BıP, P’B’,, B’A’,, which contra- 
dicts the assumption of at most four intersections. If O is contained in & 
it is necessarily a complete geodesic circle by Lemma 3.7%. If it meets C in 
some point of C other than M, this is a point of tangency. The deformation 
of O discussed above will take this point outside of C and yield the same 
contradiction as before. It follows that O is a complete geodesic circle in & 
meeting C only at the vertex M. 

The remainder of the proof of this theorem, based on Lemma 3. 2, is 
identical with that for the case of the plane [6, Theorem 6.1], and need not 
be repeated. 


THEOREM 11.2. Let a simple closed curve C of class O” in 3, not a 
geodesic circle, be met by a complete geodesic circle O. If, among the arcs 
into which O divides C, there can be found n arcs PaPa (t= 1, 2,°- +, n) 
interior to O such that the points Pr are in the same cyclic order on CO and O, 
then C has at least 2n geodesic vertices. 

It is possible to restrict attention entirely to the case when none of the 
P, are points of tangency, since in any case this can be arranged by a slight 
deformation of O. It should be noted that the theorem does not require that 
the arcs selected be all the arcs of C interior to O. 
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The proof of this theorem is identical with the proof of the corresponding 
result in the plane [6, Theorem 7.1] except that in the present case we have 
assumed outright the existence of the n interior arcs. For the present proof 
Lemma 3.2 and Lemma 5.2 replace Lemma 3.1 and Corollary 4. 1. 1 respec- 
tively of the former paper. The proof will not be duplicated here. The 
following immediate corollary is easier to visualize, though somewhat less 
general. 


COROLLARY 11.2.1. If a simple closed curve C of class O” in 3, not a 
geodesic circle, intersects a complete geodesic circle O in just 2n points, and 
if these intersections have the same cyclic order on C and O, then C has at 
least 2n geodesic vertices. 


In comparing this last theorem with the corresponding results in the 
plane, at least two questions naturally arise, as follows. 


(a) Is Theorem 11.2 still true if O is taken as any geodesic circle, 
rather than a complete geodesic circle? 


(b) The proof of Theorem 11.2 is based essentially on Lemma 5.2 
which assures us of the existence of a certain type of vertex on an arc AB 
tangent to a complete geodesic circle O. Is this lemma itself true if O is any 
geodesic circle rather than a complete geodesic circle? 


We shall proceed to show by counterexamples that both questions are 
to be answered in the negative. In other words, the restrictions indicated in 
the theorem above are essential. For convenience the examples will be con- 
structed on the Riemann surface of 9, but as noted there, they can be realized 
on an ordinary surface. | 

Consider any ellipse 4?/a? + y?/b? == 1 whose eccentricity is greater than 
1/ V2, so that the osculating circles at the points (+ a, 0) do not intersect. 
Let this figure be subjected to a direct circular transformation taking the 
center of curvature at (—a,0) into the point at. infinity and taking the 
z-axis into itself. The result is shown in Figure 2. The two solid circles 
are the transforms of the circles of curvature at (+ 4,0) and, as the 
curve is directed, are the two circles of minimum curvature. Let them 
be denoted by Cı and Cz as shown. Consider the curve C obtained by tracing 
arc ABD, then tracing O, n times, then arc DEA, and finally C, n times, 
_ -the directions being as indicated. As in Section 9, consider this curve on the 
logarithmic Riemann surface with branch point Q, as shown. Since the 
total rotation of the vector QP as P traces C is clearly zero, C is a closed. 
curve on this surface. Moreover, it is easily verified that on this surface 
it is simple, for the various double points in the plane correspond to points 
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on different sheets of the surface. C is therefore a simple closed curve with 
exactly four vertices (since that is true of the ellipse) lying in a simply 
connected region of a surface of constant (zero) curvature. The simply con- 
nected region is that part of the surface covering an annular region of the 
plane about Q. 

. Consider the dotted circle K in the figure. Since it goes around the 
branch point, it is an open arc and has points on all sheets of the Riemann 
surface. The same is true of C., and O, and K have two intersections on 
each sheet of the surface. Since curve Ọ contains the part of C, on n sheets, 


C, 





FIGURE 2. 


C meets K 2n times. Moreover, the order of the points is the same on C 
and K. This proves that Theorem 11.2 is false if the requirement that the 
geodesic cirele be complete is removed, for if the theorem were true it would 
say that C has 2n geodesic vertices, and this is false when n exceeds 2. This 
answers question (a). 

To answer question. (b) consider the trisectrix whose polar equation is 
r= 1+2 Cos. The smallest circle C which contains this curve has two, 
points of contact with it which divides the trisectrix into two arcs. Let AB’ 
be the one of these arcs containing the double point, and let it be directed 
so that the loop is positively traced. The only vertex on this arc is therefore 
a maximum. As in the last example, let this be considered on a logarithmic 
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Riemann surface with branch point at a point O interior to the loop, and 
therefore also to C. On this surface C is an open are with points on all 
sheets. Moreover, on this surface arc AB is simple since the double point 
corresponds to points on different sheets of the surface. On the surface, 
therefore, AB is a simple arc tangent to a geodesic circle in the same sense 
at A and B and lying to the left of this directed circle, yet it has no minimum 
of the geodesic curvature as there would have to be if Lemma 5.2 were true 
in this case. Indeed the example is a counterexample even for the simpler 
Lemma 5.1. Question (b) above must therefore also be answered in the 
negative. ‘ 


UNIVERSITY OF MARYLAND. 
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THE GENERAL TERM OF THE GENERALIZED SCHLÖMILCH 
SERIES.* 


By J. Ernest WILKINS, JR. 


1. Introduction. By a generalized Schlömilch series is meant a series 
of.the form 


30/7(r +1) + È (de) {and (me) + bn (ma)}, 
m= 
in which J,(u) is the Bessel function of first kind and order y, 


Jy(u) > (— 1) "(fu)" /nIT(v + n+ 1), 


and Hy(w) is the Struve function of order v, 
Hy(u) =X (— 1) (gu) (n+ 8/2) P(r +n + 3/2). 


Watson [2; 645] has shown that if the general term of the above 
generalized Schlömilch series converges to zero for all values of x in any 
interval, then dm = o (m), bn == o(m’*), provided that y is a real number 
less than 4. . 

By analogy with the Cantor lemma [1;84] we would expect to be able 
to prove this assertion even if the interval were replaced by an arbitrary set 
E of positive measure. This is our first result (Theorem 1). By making 
use of the explicit formulas for Jt(u) and H3(u) it is next seen (Theorem 2) 
that this result is still true when v==4. Even more is true when v > 4; 
we shall prove that an =0o(m’*), bm = o(m), in this case (Theorem 3). 

2. The case when y < 3. In this section we shall prove the following 
theorem. 

THEOREM 1. Suppose that — co <v < 4 and that 

(Im) *{anFv(mz) + bm» (ma) } = 0(1) l 
for all x in a set E of positive measure. Then an = o (m3), bm = 0 (m). 

Since w”J,(u) and w”H,(u) are respectively even and odd functions 
of u, we can suppose that in the proof of Theorem 1 (and the subsequent 
theorem also) # is contained in an interval (a, 8) such that 0 < «a < B. 


I£ Theorem 1 were false there would be an infinite subset M of the set of 
positive integers and a positive quantity y such that | am |? + | bm|? > m 





* Received August 24, 1948. 
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if m isin M. Since 0<a=x<8 if x is in E, it follows that if f,(x) . 
= (mt) Andv(mc) + BuHv(mz)}, where An — 4m/(| dm |? + | bi [#)4, 
Bm = Om/(| am |? + | Bm |?)%, then fn(x) —0(1) for all ¢ in E as m 


approaches co in M. It is known [2;199] that 
ER Iv(u) = (2/mu)?[cos (u— dv — ir) + O(u)], 
| Yy(u) = (R/ru)i[sin (u — der — de) + O(u*}], 


as u approaches oo, and that [2; 333] 
(2.2) Hy(u) = Yv(u) + (3u) rrr + 3) + O(ur) 


as u approaches «. It follows from these relations and the fact that E 
is bounded away from zero that J,(mx) = O(m) and H,(mx) = O (m) 
when v < 4, and the constant implied by the symbols O can be chosen 
independent of x. It follows that f(z) is bounded, and hence that 


(2.8) Sm) [Pde = 0(1) 
as m approaches oo in M. If we use equations (2.1) and (2.2) we find that 


| fm (a) |2 = 1+ (| Am |? — | Bm |?) sin (2m& — vr) ` 
— 2Re(AmBm*)cos(2ma — vr) + 0(1), 





(2.4) 


in which B„* is the complex conjugate of Bm, Re(u) is the real part of u, 
and the term o(1) is uniform in s on Æ. Since | 4, | S1 and | By | <1, 
it follows. upon substituting equation (2.4) into equation (2.3) and using 
the Riemann-Lebesgue lemma that the measure of Æ is zero, and this con- 
tradicts the hypothesis of the theorem. This contradiction completes -the 
proof of Theorem 1. 


3. The case when v = 4. In this section we shall prove the following 
theorem. | 

THEOREM 2. The conclusion of Theorem 1 follows from its hypothesis 
if v= 

It is known [2; 54, 333] that 

J;(mzx) = (2/mmx)isin ma, H, (me) = (2/rmx)#(1 — cos mx). 
The hypothesis of Theorem 1 thus reduces to the assumption that 

(mz) {a_, sin me + bm(1— cos mx) } 

== 2 (me) sin Imx{a, cos mx + bm sin mx} = 0(1) 

for all z in F. 

If Theorem 2 were false there would be an infinite subset M of the set 
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of positive integers and a positive quantity y such that | am |?-+ | bm |? > „m? 
whenever m is in M. If E is bounded and bounded away from zero as in 
the previous section, and if Am and Bm are defined by equations (2.0), it 
follows “that Im(z) = 2(An cos 4ma + B„ sin 4mx}sin 4ma = 0(1) for all x 
in E as m approaches œ in M. Since f„(z) is plainly bounded, we have 
(2.3) as m approaches œ in M. It is easy to see that 
| im)? = $(| Am |? + 3 | Bu |?) —2 | Bm |? cos mx + 2Re(AmBy*)sin me 
— Re(AmBn*)sin me — $ (| Am |? — | Bm |?) cos Ama. 
It then follows from equation (2.3) and the Riemann-Lebesgue lemma that 
| Am |? + 8 | Bm |?=0(1) as m approaches œ in M, since E has positive 
measure. ‘This is impossible, however, since | 4, |? +3 | Bm |? =| Am |? 
+ | Bm |\?==1. This contradiction completes the proof of Theorem 2. 

4. The case when v > 4.. In this section we shall prove the following 
theorem. 

THEOREM 3. If v> 4 and the hypothesis of Theorem 1 holds, then 
Om = 0 (mè), m= o(m). 

I£ Theorem 3 were false there would be an infinite subset M of the set 
of positive integers and a positive quantity » such that Cm? = | am | m>- 
+ |Om Pm > if m is in M. Let us define Am = am/M” em, Bm 
== by,/m"e,. Then 
(4. 0) B | Am | = 1, | Bn | = mè”, 


If we suppose as in the preceding sections that Æ is bounded and bounded 
away from zero it then follows that for every value of p, 

frp (a) = aM: ( ma)? { Amv (ma) + BnHy(mz)} =0(1). 
as m approaches œ in M. To see that fmu(x) is bounded we use the 
inequalities (4.0) and’ notice from equations (2.1) and (2.2) that 
Jy(ma) = O0 (m>) and H,(mx) = O(m”) uniformly in + on # when v > 4. 
It follows that 


f, fmue(2) Pde = 0(1) 
as m approaches oo in M. If we define dv(mz) so that H,(mx) = Yv(ma) 
+ ¢v(mz), then it follows from equation (2.2) that 
(4.1) dv(mz) — (dma) a4/P(y + $) = 0 (m), 
and that | fma(£)| = ama[| Andy (me) + BnYv(mz) |? — | Bm |p? (ma) 


+ 2Re{Bn* dy (ma) [Anr (me) + BmEv(mz)]}]. Tf we use equations (2. 2) 
and a 1) we e find that 
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| frou (2) |? — GET] Am |? + | Bm |? + (| Am |? — | Bm |?) sin (2ma— vr) 
— | Bm |? { (me) ut + O (m?) } — 2Re(AmBm*) cos (2ma — vr) 
+ 2Re{Bn"dv(mz) [AmJv(mz) + BmHv(mz)]} + 0(1)1, 


in which w=2”"T?(v+ $). Since (4.0) holds, it follows from the 
Riemann-Lebesgue lemma that the integral of z*[(| Am |? — | Bn |*)sin(2mx 
— vr) —2Re(AnBm*)cos(2mz—vr)] over E converges to zero as m 
approaches co in M. Since B,“py(mz) — O(m#) uniformly on F, it is 
true that #B*br (mx) [AmJv(ma) + BnHy(mx)] = O (m+) uniformly on Æ 
as m approaches © in M, and hence that the integral of this expression 
converges to zero. Similarly, the term | Bm |?O(m®) = O(m) has an 
integral over Æ which converges to zero as m approaches œ in M. We thus 
conclude that 


S (| Am 


as m approaches œ in M. Since | Am |? + | Bu |?=1 and | By, Pm <1, 
we may replace M by an infinite subset for which there exist quantities A 
and B such that 


lim(| An [?-+|Bm|?)—4, Tim | By [Pme — B. 


Evidently, OS AS1,0SfBS1, and 





® | By |2?—| Bm |2m?-12?”-1uy) de = 0(1) 


f zu (A — Busz?) dx = 0. 
E 


Since y is arbitrary we infer that À — Buy?” = 0 almost everywhere on E 
and hence that A = B = 0 since E has positive measure. It follows, however, 
from the definitions of A» and Bm that 


| Am |? + | Bm [PGA + m=) = 1 | bm [?/ (| am |? + | dm md) = 1, 


whence A-B=1 and so it cannot happen that 4 = B = 0. This contra- 
diction completes the proof of the theorem. 
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ON THE EXTENSION OF THE PARTIAL ORDER OF GROUPS.* 


By Lavistas FUCHS. 


1. In his paper “ Sur l’extension de l’ordre partiel” + E. Szpilrajn has 
proved that every partial order defined on a set has a linear extension. This 
general result does not necessarily hold for partially ordered groups, since 
it may obviously happen that the extended order does not satisfy the group 
axioms. The principal purpose of the present paper is the demonstration 
of the same theorem on abelian groups. The theorem will be proved to hold 
only for groups on which an additional condition is satisfied, a condition 
which requires that only positive elements have positive natural multiples. 


2. We recall that an abelian group G, written additively, is said to be 
a partially ordered group? if a relation > is defined between some pairs of 
its elements such that the following postulates hold: 


(i) any two of the three relations a > b, a=b, a < b are contradictory; 
(ii) transitwity: a> b and b> c imply a >c; 
(iii) homogeneity: a > b implies a + c > b + c for every c in G. 


By the laws (ii) and (iii) the relations a >b, c > d may be added to 
getta+e>b+d. , 
If in addition G satisfies the condition: 


(iv) na=a+a+-+:+a20 for some positive integer n implies 
a= 0, | 


we say the partial order is normal. 


If G is such that any two elements a,b are comparable in the sense 
that one of the possibilities a > b, a — b, a < b does hold, we say G is linearly 
ordered. A linearly ordered group always satisfies condition (iv), for if, 
under the hypothesis na = 0, a= 0 did not hold, we should then have by 
linear order a < 0 implying na < 0 for every positive integer n. 

We now prove that a group on which a normal partial order is defined 
has, with the exception of 0, only elements of infinite order. In fact, the 
normality states that if na = 0, or, what is the same, if na = 0 and —na = 0, 
then a = 0 as well as —a = 0, that is, a = 0. 


* Received February 3, 1949. 
1 Fundamenta Mathematicae, vol. 16 (1930), pp. 386-389. 
2 Qur definition is stated in a form which is most convenient for our purpose; cf. 
C. J. Everett and S. Ulam, “ On ordered groups,” Transactions of the American Mathe- 
matical Society, vol. 57 (1945), pp. 208-216. 
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Suppose that two partial orders P and R are defined on the same group 
and a relation a > b in P -implies a >b in R; then R will be called an 
extension of P. An extension which defines a linear order on @ will be 
called a linear extension. 


8 We shall now prove the following lemma. 


Lemma. If P is a normal partial order on the group G and x and y 
are any two elements non-comparable in P, then there exists an extension R 
of P such that «> y in R. Moreover if such an extension may be carried 
out for any two non-comparable elements, then P is necessarily normal. 


For the proof assume that P is a normal partial order on G and the 
elements z’and y are not comparable in P. Let us define a relation R as 
follows. 


We put a > b in R if and only if a&b and there are two non-negative 
integers p,q, not both zero, such that 
(1) p(a—b) 2q(a—y) in P. 

What we have to show is that by this definition R is a partial order and 
an extension of P, further «> y in R. 

First of all, we note that p is never zero, for otherwise we should have 
0=g(2—y) in P for a certain positive integer q, whence by (iv) we have 
y =v in P against hypothesis. 

a) We begin with verifying condition (i) for R. It is clearly enough 
to show that a>b in R and bœa in R are contradictory. For assume 
p(a—b) = q(e«—y) in P, as well as r(b—a) = s(æ—y) in P, for some 
non-negative integers p,g,7,s. By adding r times the first, p times the 
second inequality, one obtains pr(a—b) + pr(b—a) = (qr + ps) (x —y) 
in P, that is to say, 0 = (gr + ps)(t—y) in P. If gr + ps does not vanish, 
by normality we are led to y= x in P, a contradiction. On the other hand, 
if gr + ps is zero, i. e., both q and s vanish, then the inequalities p(a— b) = 0 
in P and r(b— a) = 0 in P imply by normality a= b in P and b Zain P, 
i.e., @== b which is absurd. 

B) We proceed now to the proof of the transitivity of R. Assume that 
a>bin R and b >c in R, that is, for some non-negative integers p, 9,1, 8, 
p(a—b) =q(x—y) in P and r(b—c) =s(x—y) in P. By adding as 
in a) one gets pr(a—b) + pr(b—c) = pr(a—c) = (gr + ps) (£ — y) in 
P. Here pr is not zero and a = c is by æ) impossible, so that, by definition, 
a > c in R, which establishes the transitivity of R. 


? Our proof is in some respect similar to Szpilrajn’s proof. 


ON THE EXTENSION OF THE PARTIAL ORDER OF GROUPS. _ 193 


y) In order to prove the homogeneity for R, take into account that (1) 
includes only the difference a--6 which is equal to (a+ ce) — (b -+ c) for 
every c in G and a + c = b + c is impossible if a and b are different. 


3) Ris an extension of P, for if a > b in P, then a—b > 0 in P, 
consequently, for p==1, g = 0, condition (1) is satisfied, hence a> b in R. 


€) One sees at once that x > y in R. In fact, for v =a, y—b and 
p= q = 1, the relation (1) takes the form —y=x—7y in P. 


£) To complete the proof of the lemma, let us now assume that there is 
an element g in G such that ng = 0 in P without g = 0 in P. Then g and 0 
are not comparable in P and we may infer, from the above discussions, that 
there exists an extension of Pin which g < 0. This is however absurd, since 
this would imply ng < 0 in R, contrary to the hypothesis ng = 0 in P. 


4. We may prove even the normality for the partial order R defined 
in 3. Indeed, supposing na Æ 0 in R for some positive integer n, i.e., 
p(na) = (pn)a = g(2 —y) in P, we are led at once to the result a = 0 
in R. | 

What has been proved shows that the extended partial order R may 
again be extended to another partial order S, in which two prescribed elements 
non-comparable in Æ become comparable, etc. 

If, in general, Pı, Pa't © +, Pr, >> is a well-ordered chain of partial 
orders such that each of them is some extension of the preceding ones, then 
the union of the chain may be defined to be a partial order P such that a > b 
in P if and only if a >b in P, holds for one and hence for all subsequent 
subscripts r. There is no difficulty in establishing that P is normal if all 
P, are normal. 

Hence, as a simple consequence of Zorn’s lemma‘ we get that in the 
set of all normal partial orders defined on the group G which are extensions 
of P, there are maximal orders M, that is, orders which have no proper 
extension. By our Lemma this can happen only in case any two elements 
are comparable in M, that is to say, M is a linear order. 'Thus we have, 
immediately, the result: 


THEOREM 1. For every normal partial order P defined on G and every 
two elements x, y non-comparable in P, there exists a linear extension Lay 
with the property that x > y in Lay. 


4M. Zorn, “A remark on method in transfinite algebra,” Bulletin of the American 
Mathematical Society, vol. 41 (1935), pp. 667-670. i 
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5. Let G = {Pa}, Pa: t, Prt > -} be any set of partial orders, each 
defined on the same group G. We define a new partial order P on @ as 
follows. For any two elements a,b we put a > b in P if and only if a > b in 
every partial order P, in the set ©. It is readily seen that P is again a 
partial order, moreover, P is normal if all partial orders of © are normal. 
The partial order P is said to be the product of the P, or to be realized by 
the set © of partial orders, written P = IP. 


THEOREM 2. A partial order P defined on a group G may be realized 
by a certain set of linear orders if and only if P is normal. 


The necessity is obvious, since a linear order, and hence every product 
of linear orders, is normal. On the other hand, if P is not itself linear, then 
take to any pair of elements x,y non-comparable in P the corresponding 
linear extensions Dzy and Lys described in Theorem 1. It is easily seen that 
these linear orders realize P. 

If by the dimension 5 of a partial order P we mean the least cardinal 
number w such that P may be realized by w linear orders, then we can 
reformulate Theorem 2: 


THEOREM 3. A partial order P defined on a group has a dimension if 
and only if P is normal. 


This theorem states, for example, that each commutative group which 
is lattice-ordered in the sense of G. Birkhoff,® has a well-defined dimension. 


6. When we start with an abelian group on which the relation > is 
defined for no pair of elements, then, by applying Theorem 2 we come to a 
theorem due to F. Levi.” 


THEOREM 4. In a commutative group a linear order may be defined, 
if all of its elements, except 0, are of infinite order. 


Indeed, a group in which no partial: order is defined is normal if and 
only if it has no element of finite order other than 0. 


BUDAPEST, HuNGARY. 


5 This definition is due to Ben Dushnik and E. W. Miller, “ Partially ordered sets,” 
American Journal of Mathematics, vol. 63 (1941), pp. 600-610. 

°G. Birkhoff, “ Lattice-ordered groups,” Annals of Mathematics (2), vol. 43 (1942), 
pp. 298-331. Lemma 3 of $9 states that a lattice-ordered abelian group is always normal. 

7H, Levi, “ Arithmetische Gesetze im Gebiete diskreter Gruppen,” Rendiconti 
Palermo, vol. 35 (1913), pp. 225-236. 


ON THE CONSTRUCTION OF PARTIALLY ORDERED SYSTEMS 
WITH A GIVEN GROUP OF AUTOMORPHISMS.* 


By RoBERT FRUCHT. 


In a recent paper * G. Birkhoff showed that when an abstract group of g 
elements is given (g being a finite number or an infinite cardinal number), 
there exists always a partially ordered system with g? + g elements whose 
group of automorphisms is simply isomorphic to the given group. I shall 
prove the following result for the case of a finite g: There can be found a 
partially ordered system with only (n+ 2)g elements whose group of auto- 
morphisms is simply isomorphic to a given abstract group of finite order g, 
when this group can be generated by n of its elements; and if n > 2, still 
fewer elements will be needed. 


Proof. Let a, be the identity of the given group ©, and az, @s,* * * , Gust 
the n generating elements; Gus, Gnis,* * *, &ÿ be the other elements of ©. 
We proceed now to construct a partially ordered system with the following 
(n+2)g elements: the g maximal elements (a1), (a), (as),° *, (a) 
corresponding to the g elements of the group ®, and the (n-+1)g other 
elements (@p,a) which correspond to ordered pairs of elements of ©; here 


the “first component” ap (where p—1,2,---,g) corresponds to any 
element of ©, but the “second component” a, (where o—1,2,: : -,n--+ 1) 
corresponds either to the unit a, or to any generating element de, d3,° * * ; nit 


of ©. (This limitation of the second component to the generating elements 
of & just represents our modification of Birkhoff’s original method by which 
` the number of elements is reduced from (g-+1)g to (n+ 2)g.) Between 
these (n + 2)g elements the following covering relations are defined: ? 


* Received May 11, 1949. 

1Garrett Birkhoff, “Sobre los grupos de automorfismos,” Revista de la Unión 
Matemätica Argentina, vol. 11 (1946), pp. 155-157; see also: R. Frücht, “Sobre la 
construccién de sistemas parcialmente ordenados con grupo de automorfismos dado,” 
Revista de la Unión Matematica Argentina, vol. 13 (1948), pp. 12-18. 

21t is not necessary to postulate (b) also for 7=1, as a, is the unit of ©, and 
therefore @ €g = tg so that (b) for r= 1 reads: (a,) > (a,,@,)3; but this relation is 
already contained in (a). 
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(a) N (ap) > (ap, a) > (ap, ay) EOS (ap, an1) 
(for p = 1,2,: < -,g); 
(b) (4c) > (7A, Gr) (for o=—1,2,° - +,g37—=2,8,---,n-+1). 


It is obvious that the system thus defined is a finite partially ordered 
system (in the usual* terminology), in which no element is isolated. We 
are now going to prove that this system has a group of automorphisms simply 
isomorphic to ©. 

Let A be any number from 1,2,---,g, and consider the following 
mapping of the partially ordered system defined by (a) and (b) into itself: 


(c) & { (ap) > (apa) 


(Go, ar) —> (GoM, Ar). 


This mapping ®) is clearly order-preserving; e. g. ©) carries (as) ' into 
(doan) and (arao, ar) into (arlot, ar), whence the relations (b) are changed 
into the (likewise correct) relations: (aoa1) > (@;Gody, ar). 

Now let A run through 1, 2,---,g; then the formulae (c) will give g 
distinct automorphisms ®,,:,- > :,%, of the partially ordered system, and 
from the first line of (c) it is obvious that these mappings constitute a 
group simply isomorphic to ©. 

It remains to be shown that there are no other automorphisms of the 
system besides those given by (c) for A—1,2,:--,g. Let ® be any order- 
preserving mapping of the system into itself; we are to prove that ® coin- 
cides with one of the g mappings ®\. According to (a) and (b), the g 
elements (a1), (@2),° * *, (ag) are the only maximal elements of the system; 
hence ® can merely permute them among themselves. Let (au) be that 
maximal element into which (a) is carried by ®; and let &,! be the 
automorphism inverse to p. Since p changes (a,) into (aap) = (ay), 
ut carries (au) into (a); hence the product 6,7 (i.e. the mapping © 
followed by the mapping xt) leaves the element (a,) fixed. We will show 
that this mapping leaves unchanged all the elements of the partially ordered 
system. 

Let us begin with the maximal chain (of length n + 1) that starts with 
(01): (41) > (01,01) > (i, de) > (G1, a3) > * > (41, Gnu). According to 
(b), (a) covers also the elements (dz, 2), (@s,@s),° * * ; (Ans, Ansı), but 
since the second component of each of these elements is different from a,, 
there is no other maximal chain beginning with (a,); and (i, 41), (ai, 2), 


2 Garrett Birkhoff, Lattice Theory, first ed., p. 5. 
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+, (di, Gnu) are left fixed by 66,1, as they constitute the only maximal 
chain starting with (a). . 

Consider now the elements (ar, ar), with r—=2,3,:--,n-+1, which 
are covered by (a:); they could only be interchanged by $,7; but the 
largest chain starting with (a,,a,) is 


(Ar, ar) > (Ar, Oru) > (Ar, Ar) >> (ar Ans1) 


and hence of length n + 1—7+, and since this length is different for any 
two values of r, no such interchange of the elements (a,,a,) is possible. 
It follows that also the elements (dz, a2), (@s,4s),° * >, (@ns1, an1) are left 
fixed by 66,72. | | 

But since any one of these elements belongs only to one maximal chain 
(of length n +1), viz. (ar, a-) to the maximal chain: 


(ar) > (ar, di) > (ar a2) >> (as a7) >> (Gr, Ans) 
also all the other elements of all these maximal chains are left fixed by 6,72. 


Thus we have already recognized as fixed the elements (as) and (do, ar) 
for o= 1,2, >>- n+ 1; 7r=1,2,---,n+1. It remains to be proved 
that the same is true also for c=n-+2,n+3,---,g. This may be 
accomplished by the following reasoning: 


According to (b) any element (ac)—already recognized as fixed if 
o= 1,2,: - -, n+ 1—covers the elements | 


(Gedo, G2), (Gao, d3),* * `, (Anito, Ans); 


which must be left unchanged by ®#,-1 too (due to the different lengths of 
the longest chain starting with each of them) ; and with them also the other 
elements of the maximal chains containing them must remain fixed, i.e. all 
the elements (apao) and (Gp&e,a,), where apa, is a product of any two 
generating elements of the group G. 

Repeating this reasoning for the elements covered by (apa) and their 
maximal chains, we are led to the conclusion that also the elements (arapac) 
and (@rdp@o, Gr) are left unchanged by ®,71, where ardp@y is any product 
of 3 generating elements of ©; and continuing the proof in the same way 
(or shortening it by complete induction as to the number of generating 
elements appearing as factors), we will easily recognize as fixed all the 
elements (ac) and (Go, 4), since any a, is the product of a finite number of 
generating elements of ©. 
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The proof is now readily completed as follows: We have already shown 
that 6,71 leaves all the elements of our system unchanged; hence 6,71 = #, 
(identity), and ® = 8,0, = p. Thus we have proved that any automorphism 
of the system coincides with one of the mappings Sy given by (c), and we 
already know that these g mappings constitute a group simply isomorphic 
to the given abstract group ©. 


Finally we shall prove that if n> 2 the system having the covering 
relations (a) and (b) defined above may be modified so that less than 
(n+ 2)g elements are needed. To prove this it will suffice to notice that 
if n> 2 it is possible to drop all the elements (ap,a,) where o is greater 
than a number m depending on n and defined as the least integer satisfying 
the inequality: m 24[1-+ (8n -+ 1)?]. One must only limit the covering 
telations (a) to the retained elements, and replace those of the relations (b) 
which refer to dropped elements, by others of the type: 


(b’) (ap, dx) > (dodp, ar), 


where o runs through m-+1,m+2,---,n-+1, and where for any two 
values of « two distinct combinations «x <A (from the numbers 1, 2,-- +, m) 
must be chosen. In order to avoid the formation of new maximum chains it 
will be convenient to choose always x = À —?. As there are 4(m — 1)(m — 2) 
combinations satisfying this condition, and n— m +- 1 dropped suffixes, m 
can be chosen as the least positive integer satisfying the inequality: 


}(m—1)(m—2) En—m+1, 
whence the value of m given above follows. 


The proof that also the modified system of (m + 1)g elements has a 
group of automorphisms simply isomorphic to the given group © may easily 
be supplied by the reader along the same lines of the proof given above for 
the system defined by (a) and (b). 


Addendum. 


Of course it will be convenient to take n always as small as possible, 
e.g. n= 1 for cyclic groups, n = 2 for dihedral groups, etc. In any group 
of finite order g however the number n of generators can always be chosen 
so small that n = log g/log 2; hence we have the following 
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COROLLARY. To obtain a partially ordered system whose group is simply 
isomorphic to a given group of finite order g, at most [(2 + log g/log 2) g] 
elements are needed.* 


Here [...] stands as usual for “greatest integer =.” 


It may be noted that when the factorization of g into prime powers is 
known: g = ppp. + + pr™, it can be shown that 


RE t + Ge + Ag+ + Oey 
whence another corollary similar to the foregoing can be concluded. 


TECHNICAL UNIVERSITY F. SANTA MARIA, 
VALPARAISO, CHILE, SOUTH AMERICA, 


t Combining the two inequalities: m < 343 + (8n +1) 3} and n Slog g/log 2, it 
follows that in this corollary [(2 + log g/log 2)g] can be replaced by [(5+ 7) 9/2], 
where y = (1 + 8 log g/log 2)3. 


ON THE BEHAVIOUR OF FOURIER TRANSFORMS AT INFINITY 
AND ON QUASI-ANALYTIC CLASSES OF FUNCTIONS.* + 


By I. I. HIRSCHMAN, JR. 


1. Introduction. Let f(x) e Le(— œ, co) and $(t)'e L,(— œ, œ) be 
corresponding Fourier transforms, 


fla) = (7) % J oletg (uae (Ma) 


(1) = 
e(t) = (27) 4 f eiat (a) da (M) 


The symbol (M2) indicates that the integrals in equations (1) are to be taken 
T 

in the sense (2) 1. i. m. T —> œ f . A general principle, due to N. Wiener, 
-T 


states that f(x) and (t) cannot both be too small at infinity unless they 
are both zero almost everywhere. This principle was first realized as a 
theorem by G. H. Hardy. A short time later further theorems were obtained 
by G. W. Morgan. They proved somewhat more precise results which imply 
that if 


LA| = O(I) (t-> o);  |f@)|- Oel‘) (z= ©), 


where p and q are positive and such that p + gt < 1, then f(x) and (t) 
are zero almost everywhere. 

We shall consider the case where ¢(¢) approaches zero very slowly while 
f(z) approaches zero very rapidly, a case which has applications to the 
theory of quasi-analytic functions. It is interesting to give a typical though 
very special case of our results, the general statement of which we postpone 
until Section 2. Let 


(2) p(t}ellf e Li(— œ, ©), 


| where 6(t) = (7/2) [log(|#|-+ e)]*. If f(x) is the Le Fourier transform 
of (t) and if 


(8) F(z) —O(exp{—expexp(1+e)|z|}), (z—+  ort>+—o), 


* Received March 22, 1949. 
1 Research supported in part by the Office of Naval Research. 
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for any e> 0, then f(z) — 0 almost everywhere. On the other hand, there 
exists a function f(z) s£0, the L transform of a function @(t) satisfying 
(2), such that equation (3) holds for every «<0. We may equally well 
treat one-sided conditions. Let $(é)el*l? eL,(— œ, œ), where 

O(t) = nflog(t+e)]? t>0, 6(t)—=0 tao. 


If f(z) is the La transform of p(t) and if equation (3) holds for any e > 0, 
then f(x) is zero almost everywhere. 

Let f(x) be an infinitely differentiable function defined for — œ < x < œ 
such that 


(4) |f® (x)| S A(2/r) "m1! —o<re<w;n=0,1::'). 


f(z) is then the restriction to the real axis of a function f(z) analytic and 
bounded in every strip [Imz|<7<#x/2. A simple application of the 
Phragmen-Lindelöf principle shows that if 


(5) f(x) = O(expl—esp(1-+ e)2]) («> + ©) 


for any « > 0, then f(z) —0. On the other hand there exists a function 
f(z) #0 satisfying (4) and such that equation (5) holds for every e< 0. 
Using our results on Fourier transforms we shall obtain similar results for 
quasi-analytic classes of functions defined by the more general inequalities 


[fo (x)| S Ak Ma (— wo <r<o;n—0,1,:::). 

Let us consider a special case closely related to our previous examples. If 
(6) | f™® (x)| S Anl(log(n+e)}"(2/r)" (— œ <t&< o;n—0,1,:::), 
and if | 
(7) fa) = O(exp{— exp exp(1 + e)2}) (+), 
for e>0, then f (x) =Q. On the other hand, there exists a function 
fx) 5 0, satisfying inequalities (6) and such that (7) holds for every e < 9. 

2. The main theorem. We proceed immediately to the demonsiration 
of our principal result. 

THEOREM 2. Let 


1. p(t) elt — y(t) e La(— ©, ©) 
where 0S 0(t) SM, — co <t< œ, for some M; 
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2. H(r) == f tlo [1 +], H(r)—> œ as r— ©; 
-r 
3. f(a) — (2r) f cieto(tdt AL); 
4. f(a) = O (eLa) (e+ 0), 
where for x sufficiently large L(x) is positive and L(x) /z is strictly increasing 
to + œ. If lim H[L(r)]r > 1, then f(x) —0 almost everywhere. 
We define 
(1) F(w) — (2r) foie (2) de (Sein: 
If v > 0 then the integral (1) converges because of assumption 4. The 
function F(w) is thus analytic for v > 0. Moreover since 
lim || ef (s) — f(x) l2 = 0, 
v>0+ 
we have, by Parseval’s theorem, 
(2) lim | F(u + iv) — $ (u) |: = 0. 
v>0+ 
Let 8, denote the strip 0<Imw=<r. The function U(w) harmonic 


in 8, which assumes the boundary values b,(u) for Im w == 0 and b,(u) for 
Imw=r is given by the formula | 


(3) Dat) f Blu Hk rat + [hat —Ditr— vt, rdt, 
where 3 ce 


(4) ku,i,r) = (Ar) ttan(rv/8r)[tan/(rv/2r) + tanh? (rt/2r)]*cosh?(rt/2r). 


This formula is easily verified by means of the mapping £—tanh(rw/?r) 
which carries the strip S, into the half plane Im ¢ = 0. 

. It is evident that the function F(w) is bounded in every strip 
eSImw=r. Since log | F(w)| is a subharmonic function and since it is 
bounded from above we have, by the principle of majoration, that 


log | Fw)|< f Tog | F(t + ie) | k(v—e br — eat 


J “og | P(t + in) | eent, r— edt 


Let us define M(r)— Max log|F(uw+ir)|. It can be verified that 
-a<u<® 
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fév, t, r—e)dt = (v—e)/(r—e). 
Thus = 
Tim log (PF GL wes: t,r—e)dtS (v/r)M(r). 


€-9 0+ 
Equation (2) implies that lim | log* F (t + ie) —log* $(t)]|»—=0, and thus 
e>0+ 
that 
lim log‘ | F(t + ie)| kl (v —«, t, r — e) dt 


e>0+ 
= f "log" | HC!) En, t, 1) dt, 
Finally by what is essentially Fatou’s theorem, see [10; p. 346], 
lim J. og: | F(t + te)| k(vu—e,t,r—e)dt 
Ss Sir | $(t)| kw, t, r) dé. 
Combining these three equations we see that for v > 0 
og | P(w) = J og | (6) EC 6, nd + (rate) 
s- fi 4 6) Ent, nat+ [og | yo) klo, t, r)dt + (v/r)M(n). 
By A(r) ~ B(r) we mean that lim A(r)/B(r) =1. 
LEMMA a. = 
fi: |6(t)k(u,t,r)di ~ vH (r) (r—> + 0). 
We first assert that if «> 0 then 
(6) MALOLO rd f" tlee tr) at (r->-+ 0). 
This is an immediate consequence of the relation 
(7) Sl |e(t)k(v,t,r)dt=0(1) (r— + œ), 


which we will now prove. Recalling the definition of k(v, t, 7) and making 
the change of variable = rz we have 
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S.- | | O(t) elu, tr) = (r/2)tan(rv/2r) f l z | 0 (rx) [tan? (mv/2r) 
+- tanh? (2/2) ]* cosh"? (wa/2) dae = 4Mr tan (rv/2r) S le | sinh? (77/2) da 


where M is the constant of assumption 1. Since lim (7/2) tan (rv/2r) 
T+ © 


== (rv/4), equation (7) follows. 
If « > 0 then we may show by the same argument that 


(8) m Slow + era (w/e) S Te] (e Lot + Pat 
We next assert that given ô > 0 there exists e > 0 and ro such that 
(9) (1—8) (v/m) (0 + #)7 S khv, tr) S (14-8) (v/r) (0? + 2)" 


(t| Serr E ro). 


This is easily seen. Combining equations (6), (8), and (9) we have proved 
that 


SJEO una (m) SIEH + Prat. 


It remains only to show that 
(v/m) fi t | 0(t) Co? + dt ~ vH (r). 


This follows from the fact that 


vH (r) — (v/a fi £| 0(4)[v + eedi 


= (0/7) (v2 —1) si tj a(t) Co + #7] + edt = 0 (1) 
(r— + ©). 


LEMMA 2b. 


im f totr) log | y(t) | dt < o. 


roto «7 - 


We have 
fiwir log vola=f totr) log: | Y(t) | di. 
Since y(t) e Le, log* | y(t)| e Lz, and hence 


Im f eCo, #7) log | YC) dt S (v/m) f Yow" | y] D + eT d 


retro — 


FOURIER TRANSFORMS AND QUASI-ANALYTIC CLASSES. 205 


For x and r sufficiently large, x > to, r > To, there is because of assump- 
tion 4 a unique solution = A (r) of the equation zr = L(x). 


LEMMA 2e. 


Mer) SH + DA( +1) (>+ 0). 
We have 
to Ar w 
iog | F(u+ ir) Stowt( f+ FFF” ere] Fe) | de] 


D 


< log[Za(r) + (r) + ln). 


Now | 
I(r) = 0 (e°) (r— + œ). 
A(r+t) | 
I(r) < f e-rel(r+Dada = g(r+1)A (r+1) (r > ro). 
20 
Is(r) S ererdag-Lie)dg = 0(1) (she 
A(r+1) 


From these estimates our lemma follows immediately. 
Lemma 2d. If 0 <a, 1 < b, then 
(10) H(a) 2 H (ab) — (2M/z)log b, 
(11) H(r+ a) ~H(r) (r—> + ©). 
We have | 
H(ab) =r fi Bd + ET dt + m" IPC [1 + t] dt 
S H (a) + (2M/m) log. E 


After transposition this is inequality (10). Setting b = (r + a)/r we find 
that 

H(r) SH(r +a) S H(r) +2M/r) logi (r + a)/r]. 
Equation (11) follows. 

Using equation (5) and Lemmas 2a, 2b, and 2c, we see that, if for 

some € > 0 

limi {r +1) Ar +] — (i—d)A(r) =— œ, 

73,0 


or, what is the same thing, if 


(12) lim H(r)r/(r + 1)A(r +1) >1, 
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then F(w) ==0 and hence f(x) — 0 almost everywhere. By equation (11) 
of Lemma 2d we see that 


H(r}r/(r+1)A(r +1) —H(r+1)/4A(r+1). 


If we set (r+1) = L(x)/x, A(r +1) =z, we find that equation (12) is 
equivalent to 
lim A[L(x)/x]/x > 1. 


By equation (10) of Lemma 2d we have H[L(x)/x]/x— H[L(x)]/x, and 
our theorem is proved. 


3. The converse. 
THEOREM 8. If 
1. OSO(t) SM (— oo <i< oo) O(t) =0(— t); 
2. t6(t)et (0St< a); 
3. H(r) =f t| 6(t)[1 + ET dé, H(r) — © as r+ co, then 
there exists a function $(t) not equivalent to zero such that 
FE) el = [1 + eJ (— 0 <t< o) 
and such that ; 
if No) — (2a) f oieto(t)dt, then Fa) =O (exp — HAT(1—e)a]), 
(z-> + œ). 
for every e > 0. 
The equation E 
Du + io) = (0/7) f Te] oc) (1-4 27° — [or + uea 
-defines Ọ(u-+ iv) as a harmonic function in the half plane v>0. For 
v==0, U assumes the boundary values |w|6(w), i.e., tim U (u + iv) 


== — | u | 6(u) almost everywhere. 
We assert that 


(1) U(u + iv) 2U (iv) area: 
We have 
9U (u + iv) /3u — v/a fi: | 0(#) {—2(¢—u) Lot (t — u) di 

fe f Tutt] out t)—|u—t| ouA te e, 
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Using assumptions 1. and 2. we see that OU/ôu is negative for u>0 and 
positive for u < 0, and this implies the validity of equation (1). 
We will show that 


(2) U(w)vt~HH(v) (v+ ©). 


Now U (ivj = 71 fit LI (v®—1) (H A)A(L LE) dé Tee >0, 
then 


(8) U(iv)wt@ wat Sl: | OCE) (0? —1) (v® + EL + B) dt. 
This is proved, as usual, by showing that 

mi f ODERA) Worte). 
Making the change of variable t = vr, we have 


ý Sd: [O0 (vt —1) + Yat | | 


< Ulm)“ f „ren. 


Equation (3) now follows. Given 3 > 0 there exists e > 0 and vo > 0 such 
that 


AUSNAHME)“ 


(|t| S ve; v = v). 


The proof of equation (2) may now be completed exactly in the manner of 


Lemma 2a. 
Let V(u-+ w) be a conjugate harmonic function of U (u+ w). The 


function exp [U (w) +iV(w)] is analytic for v>0 and is bounded in 
every strip 0<v <r. In particular its modulus does not exceed 1 in the 


strip O<v<1. We set 


F(w) = (w +i)? exp[U(w) + iV (w)], 
and 


fe) = Gr) het S etF(éLit)dt  (—o<t<o;é>0). 


It is easily verified using contour integration that f(x) is independent of £. 
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By Fatou’s theorem, see [1; vol. 2, p. 147), lim F(t + i£) exists for almost 
« E904 


‘allé. Call this limit ¢(¢). Since | F(t + ié)| S (1 + #2) for (0 << €<1) 
we have, by the principle of dominated convergence, 


f(a) = (2r) f eters (4) dé. 


Moreover | (t) | S elt (1 + ¢2)+ almost everywhere. 
It remains to prove that 


f(x) = O(exp{— H*[(1—e)2]}) @>+%) 


for every e > 0. From the definition-of f(z) and from equation (1) we see 
that 


HORAIRES 


By equation (2), if é is sufficiently large, | f(x)| S exp{— ér + (1 + JEH(&)}. 
We now set é= H1[(æ—1)/(1+e)] to obtain, for x sufficiently large, 
|f(æ)| S exp(— H[(x—1)/(1+4e)]}. Since, when z is large, æ(1—e) 
< (æ—1)/(1 ++), we have | f(z)| S exp{— H1[(1—e)x], and this com- 
pletes the proof of Theorem 8. 


4. Quasi-analytic functions. Let C{M,} denote the class of functions 
f(x) defined and infinitely differentiable for — œ < s< w and such that 
(1) | f(a) |S ARM, (— © <2< w3n—0,1,--*), 


where A and k are constants which may depend upon f(x). The convex 
regularization {M„°} of the sequence {Ma} is defined by the equations 


(2) T(r) = Max (r"/M,), M, == Max (r"/T(r)). 
nZo r20 

See [8]. It.may be shown that 

(3) Myo SU, My? S (Mas?) (Mpy) 0, 


The class C{M,} is said to be quasi-analytic if a function f(x) eC{Mn} 
which vanishes with all its derivatives at a point z = z, is necessarily inden- 
tically zero. It is well known, see [8], that a necessary and sufficient 
condition for a class C{M,„} to be quasi-analytic is that the integral 


f ‘log LT (r)rdr 


diverge. 
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The class C{M,} is said to contain the class C{n!}, the analytic class, 
if every f(z) in O{n!} belongs also to C{M,}. Using the function 
f(x) = (i+ 2) we see that a necessary and sufficient condition for C{#,} 
to contain C{n!} is that 


(4) nis Bom, (n=0,1,--°), 
for some positive constants B and b. 
Kolmogoroft, [5], has shown that, if Ris Se | f®(z)|, 
My (m/2) (Map) O (mug) IR, 
It follows that if f(x) satisfies inequalities (1) then 
(5) | F (x)| S (4r A) kM (— o << w; n=l, l,o). 
THEOREM 4. Let 
1. C{M,} D C{n!}; 
2. H(r) = (2/r) fig T(u)u?du, H(r)>o as r>+ o; 
8. |f® (x)| S AM, —»<ı<o;n-0,l:'.). 


If f(a) =O(e#™), (x + 0), where L(x) is positive and strictly 
increasing to infinity, and if lim H[L(2)]/a > k, then f(x) =0. 
B+ 


Conversely, if assumptions 1. and 2. are satisfied, then there exists a 
function f(x) satisfying 3. and such that f(x) =O(exp — H1(kx)), 
(<>+ co) for every K < k. 


We define F(a) == (sin z/r)f(x). We assert that if k, > k then there 
exists a constant A, such that 


(6) | PO (a) |» S Aik” Mn? (n=0,1,: > -). 
We have F™ (v) = $ (re (x) (sin s/z). Using equation (5) we 
obtain 5 
| #™ (a) |e S $ (") 4c Ak iM, || (sin 2/2) @ |. 
350 \J 
Now 
(sin a/e) O meg fetet(it) iat, (sin a/2) fa = (w/2)¥L_f ias 
S (7/2)* (7 =0,1,- ::). 


14 
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Also, by equation (3), M, (M,°)=“/™ (M,°)4/", Thus 


IF (2) fa S (1/2)A (*) 04 (Aye) do (is) 
3=0 
< (x/SPAT(M,c) k + (M,e)/n]r 
= (7/2)? Ak" Ma [1 + (M/M) rke]. 
Since, from assumption 1., (M„°)Yr > © as n— œ, equation (6) follows. 


Because F(x) e L2(— œ, ©), there is a function (t) e L:(— œ, œ) 
such that 


Fo) = (Br) # [era (M). 


Moreover, 
BPO (x) = (2r) fete (it)ng (tat (M). 


This implies that if k» > k,, then 
| > (¢/kz) "Mi (t) ll S Ska" My | tre (t) le = he | F™ (x) fl. 
SA, > (kı/kz)" < co. This in turn implies that | T(| ¢ |/k)s(t) l2 < œ. 
n=0 


Let us define 6(¢) by the equations 
O(t) =0, ([¢] S1); Lilo) =log'[T(] t |/k)]l, ({é| >). 


We then have elte g (t) e La(— œ, œ). Clearly #(t)=0. Assumption 1. 
implies inequality (4) for suitably chosen B and b, and equation (4) implies 
that 6(¢) SM for a suitably chosen constant M. Finally F(x) = O(e%™), 
(x— + œ). Applying Theorem 2 we see that if 


im H*[L(a)l/x > 1, where H*(x) = (2/7) f Tog'[T(t/k ) ]t*dt, 


then f(x)==0. Making the change of variable t= k;u in equation (6) we 
obtain 


H*(r) = (2/rka) [loge T(u)wtdu~hy*H(r) — (r>+ a), 


by Lemma 2d. Since k, may be taken as near k as we please the first part 
of our theorem follows. 
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By Theorem 3 there exists a function $(t) such that 
| SH) S re ried(1 + 1)" -a<i<e), 
and such that if 


F(x) = (2n)% f eletg(4)dt, then fa) = O {— HG 041) 
(%— + ©) 


for every e>0. Now fo (2) = (dr) % Serena, 
[7 (a) @ 4 f PIOI + a 
S (1/2)* Max ir /T(t) < (r/2) M S (1/2)*Ma. 


This completes the proof for k= 1. For general k we need only consider 


f(ke). | - 
Let us agree to write L(z) log, la(s) — log log x, : : +, and also 
e, (x) = exp T, e(æ) == exp exp z, : +. The following lemma is well known, 


but since I have been unable to find a reference the proof is included. 
Lemma 4, If 


Hey n! [1 (n) (n) sa -Im(n)]” n> Em(1) 
1 Ng) ome | n! ns ém(1) 


2. Tual) = Max e/N,™, 
neo 


then log Tm(x) —x[h(t)l2(x) - Im), (+ 0). 
Let 
(10) log T*n(v) = Max[n lege + n—nl,(n) — nla (n) —: ` -—nly,(n)]. 


Using Stirling’s formula it is easily seen that if 0 <e< 1, then, for « 
sufficiently large, 


log T*n((1— e)a) Slog Ta (2) Slog T*n||1 + €)2), 
so that it is sufficient to prove 
log T*n(2) ~ afl (s) (x) Im(z) 1”. 


Let n[x] be the integer for which the maximum in equation (10) is attained; 


~ 
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then n[r]— 1 < n(x) < nis] + 1, where n(z) is the solution of the 
` equation ; : : 
(d/dn) [n log x + n—nl,(n)"~+ + -—1ln(n)] = 0, 


which we may rewrite as log z — L(n) = 0, where 


Lin) =L(n) + L(n) — + In (n) + [h(n] + [h(n a(n) J 


| ++ hlaha) + > In (nm). 
Clearly : ` 
logs = h (n[£]) +- + -+ Im(n[a]) + 0(1) (>+ 0). 


Inserting this in equation (10), we find that 
log T*m(x) = nis] [1 +0(1)] —n(x) i (.>+%). 


It: may be verified that if 0 <e< 1, and if x is sufficiently large, then ` 
L(n) > logs when n == (1+e)e[Iı(z)l.(z) + + Im(z)]*, and L(n) < loge 
when n = (1—e)a[],(x)le(z) - + -In(x) J+. It follows that 


(11) n(a) ~ afl (@)le(2) : + -In(2) J (> +00), 
and our lemma is proved. 

Let us set Hu(r) — (2/n) flog Tu (u)w-*du. 
By Lemma 4 we have | | 
(12) Hn(r) ~ (2/1) bones (1) (r— + o). 
` Combining equation (12) with Theorem 4 we obtain 


COROLLARY 4. Let 
pue = (ea) LG sea). 
If 
(13) ` [FM (2)| S ANn® (2/r)" (—0 <z<o;n—0,1,: ::), 
and if l 
(14) Fa) = Oe: {— emul (1+ €)2]}) ‚@>+») 


for «> 0; then f(e)=0. On the other hand there exists a function 
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f(x) 0, satisfying inequalities as) and such that eioh (14) holds 
for every e < 0. ae 


- HARVARD UNIversity AND WASHINGTON UNIVERSITY. 
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THE MARRIAGE PROBLEM.* 


By Paur R. Hatmos and Herserr E. VAUGHAN. 


In a recent issue of this journal Weyl! proved a combinatorial lemma 
which was apparently considered first by P. Hall? Subsequently Everett 
and Whaples* published another proof and a generalization of the same 
lemma. Their proof of the generalization appears to duplicate the usual 
proof of Tychonoff’s theorem. The purpose of this note is to simplify the 
presentation by employing the statement rather than the proof of that result. 
At the same time we present a somewhat simpler proof of the original Hall 
lemma. : 

Suppose that each of a (possibly infinite) set of boys is acquainted 
with a finite set of girls. Under what conditions is it possible for each boy 
to marry one of his acquaintances? It is clearly necessary that every finite 
set of k boys be, collectively, acquainted with at least Æ girls; the Everett- 
Whaples result is that this condition is also sufficient. | | 

We treat first the case (considered by Hall) in which the number of boys 
is finite, say n, and proceed by induction. For n —1 the result is trivial. 
If n > 1 and if it happens that every set of & boys, 1% < n, has at least 
k + 1 acquaintances, then an arbitrary one of the boys may marry any one 
of his acquaintances and refer the others to the induction hypothesis. IE, 
on the other hand, some group of k boys, 1 =k < n, has exactly k acquain- 
tances, then this set of k may be married off by induction and, we assert, the 
remaining n — k boys satisfy the necessary condition with respect to the as yet 
unmarried girls. - Indeed if 1 Sh S n— k, and if some set of h bachelors 
were to know fewer than À spinsters, then this set of À bachelors together 
with the k married men would have known fewer than k+ h girls. An 


* Received June 6, 1949. 

1H. Weyl, “Almost periodic invariant vector sets in a metric vector space,” 
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4C. Chevalley and O. Frink, Jr., “ Bicompactness of Cartesian products,” Bulletin 
of the American Mathematical Society, vol. 47 (1941), pp. 612-614. 
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application of the induction hypothesis to the n— k bachelors concludes 
the proof in the finite case. 

If the set B of boys is infinite, consider for each b in B the set G(b) 
of his acquaintances, topologized by the discrete topology, so that G(b) is a 
compact Hausdorff space. Write @ for the topological Cartesian product of 
all @(b); by Tychonoff’s theorem G is compact. If {bı,; : ',b„} is any 
finite set of boys, consider the set H of all those elements g=g(b) of @ for 
which g(b:) s49(b;) whenever bi Ab, 1,j—1,:::,n. The set H is a 
closed subset of G and, by the result for the finite case, H is not empty. 
Since a finite union of finite sets is finite, it follows that the class of all sets 
such as H has the finite intersection property and, consequently, has a non 
empty intersection. Since an element g—g(b) in this intersection is such 
that g(b’) #g(b”) whenever b’54b”, the proof is complete. 

It is perhaps worth remarking that this theorem furnishes the solution 
of the celebrated problem of the monks.” Without entering into the history 
of this well-known problem, we state it and its solution in the language of 
the preceding discussion. A necessary and sufficient condition that each 
boy b may establish a harem consisting of n(b) of his acqaintances, n(b) = 1, 
2,3,---, is that, for every finite subset B, of B, the total number of 
acquaintances of the members of By be at least equal to Sn(b), where the 
summation runs over every b in By. The proof of this seemingly more 
‚general assertion may be based on the device of replacing each 6 in B by 
n(b) replicas seeking conventional marriages, with the understanding that 
each replica of b is acquainted with exactly the same girls as b. Since the 
stated restriction on the function n implies that the replicas satisfy the Hall 
condition, an application of the Everett-Whaples theorem yields the desired 
result, i 
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2 NOTE ON A RESULT OF L. FUCHS ON ORDERED GROUPS.*t. 


By ©. J. EVERETT. 


` Let G be an abelian group. If it admits a linear order, every non-zero 

. element satisfies the relation a > 0 or a < 0, whence na > 0 or na <0 for 

sal n= 1,2,: - +. Hence, G has the property (*): every non-zero element 
of G is of infinite order. 

If Po is an arbitrary partial order on an abelian group @ of type (*), 
it possesses a linear extension Z. To see this, it is convenient to recall that 
a partial order on G is completely defined by its set N of elements p= 0. 
The latter has the characterizing properties: A) N is closed under addition, 
B) contains zero, ©) contains no element along with its inverse except zero. 

Note that if positive multiples nz and m(—x) are in N, then? mng and 
nm(— x) = — (mne) are in N and «= 0. 

If N is the non-negative set: of a partial order P and neither T nor —% 
is in N, three mutually exclusive cases may obtain: 1) some positive multiple 
nz is in N, 2) some positive multiple m (— x) is in N, 3) no positive multiple 
nz nor m(— x) is in N. In case 1, define N* as the set of all elements of 
form p+ nz, pin N, n=0,1,2,--- ; in case 2, similarly but with « 
replaced by — x; in case 3, in either way. It is trivial that N” satisfies 
A, B, C, and contains N properly. 

The class of all sets N satisfying A, B, C, and containing the set N, 
of the original Py, is a partially ordered set under set inclusion; and every 
linearly ordered subclass has an upper bound, namely its set union. Hence 
there are maximal sets containing No But a maximal set must contain 
either & or — x for every x of G, and the corresponding order is a linear 
extension of Po. 


Los ALAMOS SCIENTIFIC LABORATORY. 
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4 L. Fuchs, “ On the extension of the partial order of groups,” American Journal of. 
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216 


THE GAUSS TEST FOR RELATIVE CONVERGENCE.* 


By R. L. Goopsrerx. 


Our problem is to establish in ‘extended recursive number theory a test 
for relative convergence analogous to the familiar Gauss test for positive 
series. Recursive number theory is a formal system admitting only (primitive `- 
or multiply) recursive functions or relations (and therefore only bounded 
existential and universal operators). Formulations of recursive number 
theory have been given, inter alia, by [1], [2] and [8]*; we consider a 
simple extension of recursive number theory to rational functions of positive 
integral arguments. Propositions and proofs of the extended system R may 
be translated into the parent system with the help of the familiar definitions 
of fractions in terms of pairs of natural numbers and of rational numbers in’ 
terms of pairs of fractions. A fractional recursive function f(m, na, * -,nx) 
is a pair of recursive functions a(m, nag > `, 'ny)/b (M, Ma" * +, Mm) such that 
b (na na’ © +, nx) > 0 for all natural numbers ni, no, > +, ny and a/b È a/b 
according as ab’ Zab, and a/b + a/b = (ab’ + a’b)/bb’, (a/b): (a’/b’) 

= ag /bb', and a rational recursive function r(m, 2° ++, ng) is a pair of 

. fractional recursive functions [f(nı, no’ ` * , Nr), glr, Me, * `, Mx) ] such that 
[f, 912 [, 9'] according as f+ 9 2f'+g and [fg] +f 9] =f +?, 
g9+9), Pg]: TI =U + 99, fy + Fa], ete. 


The concept of relative convergence was introduced in [2] to serve for 
the expression in a rational field of an analogue of a convergent sequence of 
real numbers. A rational recursive function f(m, n) is said to be convergent 
in m relative to n if (roughly speaking) f(m, n) satisfies the Cauchy criterion 
for convergence in m only for sufficiently great values of n; convergence 
relative to n does not involve convergence for any fixed value of n, since for 
instance m/n is convergent in m relative to n, but m/n is not convergent for 
any given value of n. 


Definitions in R. A rational recursive function s(n) is said to be con- 
vergent if it is associated with a recursive function n(k) such that {n = n(k)} 
—> | s(n) —s(n(k))| <1/(k +1), where n, k are free variables. A rational 
number p/q is said to be the limit of s(n) (and s(n) is said to tend to p/q, 


* Received July 30, 1948; revised December 27, 1949. 
- * The numbers in square brackets refer to the bibliography at the end of the paper. 
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denoted by s(n) — p/q) if s(n) is associated with a recursive function n(k) 
. such that {n= n(k)}— | p/¢—s(n)| < 1/(k +1), where n, k are free 
variables. If s(n) —p/q then s(n) is convergent, for | s(n) —s(n(k))| 
S| s(n) —p/4 | + |s(n(k)) —p/q| <2/(e +1), when nZn(k). The 
function s(n) is divergent if it is associated with a recursive d(n) and a 
constant k= 1 such that |s(n + d(n)) —s(n)| = 1/k, where n is a free 
variable. 

The function s(n) is said not to tend to a limit if there are recursive 
functions v(p, q) 21, n(p, q,r) Zr, such that 


{n—n(,9r)}> |s(n) —p/(9+1)| 2 1/(B, 9), 


where p, g and r are free variables. 

In a rational field, of course, a convergent function does not necessarily 
tend to a limit. For instance, if s(n) = u(n)/n!, where u(0) — 1, u(n +1) 
= (n+1)u(n) + 1 then s(n) converges, for if. > g then 0 < s(n) —s(q) 
< 1/4(4!) ; but 


{s(g) — p/g} (a!) = u(g) —pt(g—1)5 
= (g— Dee ug — 2) + 1—p{(q—2) 14-2 


= 2(mod (9—1)), gÆ4 Hence |s(n) —p/q|= (1—1/9)/q), for 
n > q =4; in the cases g = 1,9, 3, for n > 4 the difference | s(n) — p/q |: 
is least for p = 8, q =3 and | s(n) —8/3 | > 1/24 Thus s(n) does not. 
tend to p/q for any p, q. 

The restriction to bounded operators does not seriously complicate the 
theory of ordinary convergence. The principal classical result lost by this 
restriction is that which asserts the convergence of a bounded monotonic 
sequence. For a proof in R that any non-decreasing recursive function f(n) 
is associated with a recursive #;(k) such that 


n= my (k) >| f(n) — f(n (k) )| < 1/4 1) 
entails that an equivalent of the formula 
(n) (b) {n = nr (k) >| f(m) — f (nr (k) )| < 1/ (k + 1)} 


is provable in the system Z, of Hilbert-Bernays [3], and so if T(m) is a 
recursive relation such that T(v) holds for any assigned numeral v but 
(m)T(m) is non-demonstrable in Zp, and if f(n) is the characteristic function 
of the recursive relation (m){m=<n&T(m)}, then f(n) is demonstrably 
recursive, non-decreasing and bounded by unity, in Zu. By hypothesis there 
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is a recursive function n(x) in R and so a recursive term n(x) in Zu such 
that the formula i 


(n) {n = (0) — | f(n) —f(nr(0))| < 1} 


is demonstrable in Zp, whence it follows that 


(n) {n =m (0) — f(n) = f(n:(0))} 
is demonstrable. Since n;(x) is primitive recursive, there is a numeral w 
such that the equation np (0) = w is provable in Za; but T(r) is provable in 
Zp for r==1,2,: - -,w, so that (n)(nSw&f(n) = 0) is provable, and in 
particular f(np(0)) =0 is provable. It follows that (n)(f(n)=0) is 
demonstrable in Z,, from which we conclude that (m)T (m) is demonstrable 
in Zy, in contradiction to the hypothesis on T(m). 

We preface our discussion of relative convergence by a brief examination 
of the validity in R of the elementary tests for ordinary convergence of 
positive series. We denote by a(n), u(n), etc., positive (non-zero) recursivé: 
functions, and define for any function f(n), 


SF) ==f(m), "Er Sfr) + Im +- n + 1), 


m+n 
so that, e. g., Ya(r) is monotonic increasing with n. 
r=m 


If x is a rational variable then Sat -is convergent for 0 < x < 1, and 
r=0 


n-i 
divergent for v= 1; for if «Al, X a= (1—2")/(1—x) (proof by 
r=0 
induction), and if y > 0, (1+y)"Æ1 + ny (proof by induction), so that 
n-1 i 
1/(1-+y)"—0, whence, taking y= (1/z)—1 > 0, Xs —1/(1— r), 
r=0 


a 
provided that 0 <x<1. If vZÆ1i then 3 ar — > at = a" > 1, so that 


7=0 r=0 


ï x" diverges. Similarly if a(n) does not tend to zero then 5 a(r) diverges, 
r=0 r=0 


n+l 
for Sa(r) — Š a(r) = a(n +1) = 1/v(0,0) provided that n + 1 = n({0, 0, p). 
r=0 r=0 
I£ Š a(r) diverges then {1/ Š a(r)}—0 for any fixed m; let 
r=0 r=m 


s(n) = Ša) and 4(0)—0, Hn+1) = e(n) +dlsln)), so that 


s(p(n+1)) —s(p(n)) = 1/k, by hypothesis, whence s(¢(n)) = n/k and 
so, for p Z ẹ(n), 1/s(p) S 1/s(p(n)) S k/n— 0. 
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The elementary tests. ! 


The comparison tests. (i) I£u(n), v(m) are associated with a non-zero 


constant k, such that u(n) = kv(n), then the convergence of > v(r) entails 
r=0 


that of D u(r), and > u(r) diverges with Su(r). For Sur) < kY v(r). 
T=0 r=0 r=0 rm 


rm 


(ii) Ifu(n+1)/u(n) S v(m + 1)/v(n), then Š u(r) converges with 
Š (7) and the latter diverges with the former. For u(n) = {u(0)/v(0)}v(n). 


Cauchy’s first test. If for some constant k, u(n) Sk < 1, then > u(r) 
r=0 
converges (by the foregoing test); if u(n) 21, for n=n(r), where 
n(r +1) >n(r), then ¥ u(r) diverges (for u(n) does not tend to zero). 
r=0 


D’Alembert’s test. If for some k, u(n-+1)/u(n) Sk <1, then 


u(n+1)/u(n) S krtt/k", and so Zul) converges, by (ii) above. If 
u(n +1)/n(n) 21, then $ u(r) diverges, since 1 diverges. 
Kummer’s test (original form). If for en ß 
co(n) {u(n)/u(n +1)}—o(n-+1) Z8>0, 
and ¢(n)u(n) — 0, then Zur) converges, since 
p Xul) S e(nJu(n) —c(W)u(W) < e(n)u(n) +0. 


Dini’s form of Kummer’s test, which omits the condition c(n)u(n) — 0, 
is not valid in R (unless some additional condition is imposed, for instance 
that X 1/c(n) converges, when convergence follows by the comparison test). 
In fact we can show that Dini’s form of the test is equivalent to the assertion 
of the convergence of any bounded monotonic sequence. For if s(n) is any 
strictly increasing sequence bounded by B and if u(n) =s(n) —s(n—1), 


v(n) = B— $ u(r) and c(n) =v(n)/u(n), then e(n){(n)/u(n+1)} 
7 r=1 
— c(n +1) =1. 
Cauchy’s condensation test. If f(n) is steadily decreasing, then 3 f(r) 
g r=0 


and Š er (27) converge and diverge together. For fr) < 2°f(2") and 
r= ran 


ANAL] 


N M ON 
f(r) < È 2°f(2"), whence Z f(r) < D arf (27), fat — 1 = M. 


n 


therefore > 
r=2 
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an*ı Quad N 

Furthermore 3 f(r) = 2*f(2"*1) and so X f(r) = X 2f (2), if 2 +12 m. 
T24L r=m vn 

It follows that $ 1/r is divergent, and therefore aß S (1/r)} —0, for fixed 

r=1 rem 
m. Also, Š 1/r? converges since $ 1/8" converges. 
pal r=1 
Raabe’s tests. (i) If u(n)/u(n +1) 21+4k/n, for some & > 1, 


then È u(r) converges. 


We observe first that n u(n)/(n +1) un +1) 214+ (k—1)/(n +1) 
and so, since 


(1+ (k—1)/(m+1)) (1+ (k—1)/(n+2)) >> 
N 
"(1+ (k—1)/N) > (k—1) Z1/r 
therefore N -u(N) = ay EHD) £ (1/r) — 0, keeping n fixed. Hence 2 


Kummer’s test applies, and Š u(r) converges, since {n-u(n)/u(n +1)} 
=O 
SHEDSERtSG * 


Gi) If a+ D S14 HÈ (1/r), then 3 u(r) er 
verges ; we prove first that > tr 5 (1/p)} diverges. Since X 3 (1) <n+i, 
therefore È a/ 3 (1/p)} eee by comparison with 2 ies 1)), and 
so, by asians dan test, > {1/r( = ae Writing 
v(r) =1/r(&1/p), we find m 

PT es (n+1) È GARE (1/7) 
—14+1/n+ 1/n2 (1/9) 2 u(m)/u(m + 1), 


and therefore 2 u(r) diverges. 


Before summarising the foregoing tests in the Gauss test we must prove 
the theorem: 


If S u(r) is convergent and nu(n) steadily decreases to zero, then 
r=1 


{ > 1/r}nu(n) — 0. 


If n Zr, nu(n)/r = {nu(n)/ru(r)}u(r) S u(r), and so, since Š u(r) 
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converges we can choose n(k) so that {X 1/r}nu(n) < 1/24, for n>n(k). 
ren(k)+1 
a (x) 
Moreover since nu(n) —> 0, we can determine r(k) such that { X 1/r}nu(n) 
at 
< 1/2k, for n=r(k), whence { ¥1/r}nu(n) <1/k, n>r(k),n> n(k). 
r=1 


The Gauss test. If for some constants a, B, u(n)/u(n +1) = a -+ B/n 
+ 6(n)/n*, where |6(n)| = M, then by the ratio test, or Raabe’s test, « > 1 
or œ = 1, 8 > 1 suffice for the convergence of > u(r). Since { $ 1/r} (1/n) 
—>0 by the foregoing theorem, therefore = can find N (ry, such that 
| O(n) |/n? < 1nd (1/r), for n= N(M), and so æ < 1, or « = 1 and 8S1 
suffice for the divergence of > u(r). 


This completes the premiat survey and we come now to relative 
convergence. 


Definitions. 


The recursive function s(m, n) converges in n, relative to m, if we can 
determine recursive functions N (k), M (k, n, n*) such that 


| s(m, n*) — s(m, n)| < 1/k, for all k Z 1, n* = n = N (k), m= M (k, n, n*). 


s(m,n) diverges in n, relative to m, if we can determine recursive 
functions A(n), M (n, n*) and a constant k = 1 such that 


| s(m,n+A2(n)) —s(m,n)| Z 1/k, for m M(n,A(n)). 


s(m,n) —0 in n, relative to m, if we determine N (k), M (k,n) such 
that | s(m,n)| < 1/k, for all k Z 1, n= N (k), mÈ M (k, n). 

Throughout the following theorems a(m,n), b(m, n), c(m,n) are 
positive, non-zero, recursive functions. 


Taxorem 1. If for some k, a(m,n) Sk < 1, ie m= M(n), A 


Š {a(m, r)}r is convergent in n, relative to m. For Salm, ry < Im, 
m > max {M (r) n Ers N}. ™ = 


THEOREM 1.1. If a(m, n) = 1, for n= i(r), where i(r +1) Èr + ir), 
and for m È M (n) then Š {a(m,r) y" diverges relative to m; (proof trivial), 
rz=0 


THEOREM 2. If for some A>0, a(m,n) Sıb(m,n), for m= O(n), 
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then the relative convergence of > b(m,r) entails that of > a(m,r), and the 
r=0 r=0 


min 
relative divergence of the latter entails that of the former. ‘For X a(m,r) 


TEM 
m+ 


SNS b(m,r), m = max {0(r) m Sr Sm -+ n}. 


rm 


THEOREM 2.1. If there are constants h, H such that 0 <hSa(m, 0) 
SH, hzb(m,0) SH and a(m,n+1)/a(m, n) <b(m,n+1)/b(m,n), 


for m= O(n), then the relative convergence of Sb (m, r) entails that of 
T=0 


$ a(m,r), and the relative divergence of the latter entails that of the former. 
r=0 
For a(m,n) S (H/h)b (m,n), m Z max{0 (r), 0 Sr S&S n— 1}. 


THEOREM 8. a(m,n—+1)/a(m, n) Sk < 1, for m Z y(n), is a sufficient 
condition for relative convergence, since a(m,n-+1)/a(m,n) S kr/k”, for 
mZyY(n). a(m,n+1)/a(m,n) 21, for m= $(n), suffices for relative 


divergence, since > 1 diverges. 
r=0 
THEOREM 4. If there is a constant L > 0 such that c(m,n){a(m,n)/ 
a(m,n +1)}—c(m,n +1) Z B, form ZT (n), and if c(m,n)a(m,n) — 0 


in n, relative to m, then D) (m, r) converges relative to m. 


For BŸ a(m, r)£c(m,n)a(m,n), m = max (T(r,B), n£r= N —1). 


ran+l 


THEOREM 5. If there is a constant p > 1 such that a(m, n) /a(m,n +1) 
21+ p/n, fr m= M (n) then ` a(m,r) converges relative to m. 
rad 


We readily prove n-a(m,n) —>0 in n, relative to m, and the result then 
follows from the previous theorem. | 


THEOREM 5.1. If a(m,n)/a(m, n+ 1) S 1 ++ t/n + 1/n > (1/r), for 
rzi 
m= M (n), then Š a(m,r) diverges relative to m. (Proof the same as for 
r=0 
ordinary divergence.) 


THEOREM 6. If f(m,n) is monotonic decreasing in n, relatwe to m, 
i. e. if there is a recursive M (n, N) such that f(m, N) < f(m, n), for N >n, 


m = M(n, N), then $: f(m, Tr), Sef f(m, 27) converge and diverge together, 


relative to m. (Proof as for ordinary convergence.) 


THEOREM 7. If a(m,n)/a(m,n+1) =a + ß/n + O(m, n) /n?, 
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mZ&(n), | O(m,n)| < M, then a>1,or a=1, ß>1, are sufficient con- 
ditions for relative convergence, and a < 1, or a=1, B<1 are sufficient 
for relative divergence. This follows from Theorems 3, 5, 5. 1. 

We proceed next to sharpen Theorem 1, proving first a series of pre- 
paratory theorems. 


THEOREM 8. If a> b, nb < (a*— br)/(a—b) < nai, n= 2. 


Proof. If 2>1,n>1, then > z" >n--1 (proof by induction), and 
r=0 
therefore (a"**—1)/(t—1) >n+1, whence, taking z = a/b, 
(amı — bet) /(a—b) > (m+ 1)b% 


Similarly, if ¢< 1, » > 1, then Š z” < (n +1) and therefore (1— amt) / 
r=0 


(1— x) <n-+1, and the second half of the theorem follows by taking 
a= b/a. i 


THEOREM 8.1, If æ is positive, and p, q are positive integers, p >q, 
then (1+ a)? > {1+ (p/q)a}*. 

This is a simple consequence of a special case of the famous theorem of 
the means, viz. 

(ma + nb)""/(m + n) > ab, a&b, m,n positive, non-zero integers. 
. (There are several algebraic proofs of the theorem of the means which are 
valid in the present system, for instance Cauchy’s proof as it is given in [4]). 

Take m=q, m+n=p, a—1+ (p/q)a, b=1 and the theorem 
follows. Similarly, if p < q, taking m = p, m + n =q, b=1, a—1+a, 
we have (1 -+ a)’ < {1 + (p/g)a}t. 

THEOREM 9. If p,q, are integers, x > 1, q> 1, p21, and if zy is 
the greatest integer such that (x)? S a? - 2a, then zn/2" is convergent. 

Proof. Since, (22,)1S x? - 2109, therefore tr = 2% and so a%/2* is 
monotonic increasing, and since x, is the greatest integer such that (a)? a#, 
and 1% < æ, then 2, = 1 and so a >%# From (a,)% SS ar Mrd < ze. gka 
it follows that ax < 2?-2%? Hence 

O S ar — (m/27)a < (am + 1)9— (2) 3 /2!4 < (ae + 1) 24/280 ` 

(by Theorem 8) 
< q{a? + 1/2 S qfar + 1201/80, 

i.e. (æ/8*)1 converges to 2. 


-1 
? Since m — l = (3 ty (t—]), it follows that if t> 0, then t2 1 according as 
r=0 


weal. 
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Writing Erf" = Yu, so that yy is monotonic increasing and yx! converges, 
then, since- {(Yar)?— (Yu) }/ {Yur — y} > Q(y) TD Q Le Year Ye 
< {(Yer)!— (ye)%/q, so that yx converges, which completes the proof. 


Definition. We define, for p21, g>1, z >l, x(a, p,q, kb) = au/R* 
(where x, is given alone) and x(1, q, p, k) — 1. 
THEOREM 10. $ 1/x(r, p, q, k) is convergent in n, relative to k, if p> q 
ral 
and divergent in n, relative to k, if pS q. 


Since {x(x,p,qg,k)}1— 4, therefore, writing a@s==x(s + 1, p,q, k)/ 
x(2,2,9,k), we have if p>q, (a) (1+ 1/2)" > (1+ p/gr)t by 
Theorem 8.1; the convergence of a, determines a recursive function Q(x) 


such that |(1+ 1/2)? — (ax)? | < (1 + 1/2)? — (1+ p/gx)t for k = Q(a), 
and therefore (ax)! > (1+ p/qv)% ie. a > 1 + p/qx for kZ Q(x). It 


follows, by Theorem 5, that > 1/x(r, p, q, k) converges relative to k, if p >q. 
r=1 
If p =q, x(n, p,q, k) = n, and so > 1/x(r,p,q,k) diverges. If p < q, 
ral 
a; < 1+ p/qe for k = Q*(x), whence, by Theorem 5.1, S1/x(r, P, q, k) 
à r=1 
diverges relative to k. 


THEOREM 11. If (n,p,q,k)—n/x(n,p,q,k) then, for p>g, 
p(n, p,q, k) is monotonic decreasing to zero, relative to k. 
For 
p(n,p,9,k)/p(n + 1, p,q k) > {n/(n+1)}{1+ p/qn} 
= 1+ ((p/g) —1)/(n +1) 


if k Z Q(n), p > q, so that $(n, p, q, k) is monotonic decreasing, relative to 
k, and further, if N >n, i 


N 
N, P: 9; k)/ (n, P: Q k) < via + ((p/9) Eg 1)/r} 


N 
< 1/((p/4) — 1) 2,1) —>0, 
k = max {Q(r); n=r£EN—1}, 


ie. #(N, p,q,k)— 0 relative to k. 


Taeorem 11.1. If p>q, { 5 (1/r)yn/x(n, p, q, k) > 0, relative to k. 


r=1 


If n >r, by Theorem 11, 
$ (n, p, q, k)/$(r, p, q, k)xCr, p, q k) < 1/x(r, P, q k) 


\ 
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for k Z max{Q (m), r SmSn—1)}. Since È 1/x(r, p, q, k) converges rela- 

tive to k, if p >q, given z Z 1, we can determine n(x) and d{n,x2) such 

that, > 1/x(r, p, q, k) <1/2e, for nZn(e), kZ8(n,x). Furthermore, 
r=n(z) 

since (7, p, q, k) —> 0, relative to k, we can determine v(z) and (x) such 


that {Sa }4(n, p,q, k) < 1/24, for n= r(x), k = y(n, x). Hence 
CÈ /r)}0(m p, g, E) < 1/2, 


n= max (v(2),n(2)), k>max{n(n,2),3(n,2), [max {Q(m),n(e) <m 
£<n—1}}} ie. { > (1/1) je (n, p, q, k) — 0 relative to k. 


We are now in a position to state the analogue, for relative convergence, 
of the Gauss test. 3 


THEOREM 12. If a(n, k)/a(n -+ 1, k) = a + 8/n + O(n, k)/x(n, p, q, b), 
for p >q, | 6(n,k)| < M, and kZ A(n), then a > 1 or «1, 8> 1 are 


n 

sufficient conditions for the convergence of X a(r, k) relative to k, and a < 1 
r=0 

or «= 1, 8 & 1 are sufficient conditions for relative divergence. 


We have to consider only the cases «= 1, B>1; «=1, 8S1. If 
B > 1, since 8(n, &)d(n, p, q, k) — 0 relative to k, we can find N, K(n) 
such that 


| n: O(n, ke) /x(n, p,q, k)| < (1/2)(8—1), for n= No, k Z K (n), 
and so 
aln, k)/aln + 1, k) > 1+ (1/R)(ß + 1)/n, for n 2 No, k = max {K(n), A(n)}, 


which suffices for relative convergence, by Theorem 5. 
Similarly, if 8< 1, an, k)/a(n + 1, k) < 1-4- (1/2)(ß + 1)/n, which 


proves relative divergence, by Theorem 5.1. 
If 8 = 1, since { $ (1/7) }$(n, p, q, k) — 0, relative to k, therefore we 
rol 
can find n, and J(m) such that | 8(n, k)/x(n, p,q k)| < 1/n Ÿ (1/r), for 
real 


n = no k = J(n), whence D a(r, k) is divergent, relative to k, by Theorem 
. r=0 
5. 1. 
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Appendix. 

The index laws for x(n, p, q, k). 

1. Er>0,x(n,pr,gr,k) =x(n, p, q, k). | 

Writing nmx—%#:x(n,p,q,k), then me SS nr- 2ko and (me +1) 
> ner. Par so that m is the greatest integer such that n,@ = nor - 2kar, whence 
the result follows. 

Accordingly we may write x(n, p, q, k) in the form x(n, p/q, k). 

2. x (ab, p/q, k) — x(a, p/q &) 'x(b,p/g,k)>0 in k, 
We have {x(a, p/q, k) y S a, {x(b, p/q, k)}t Æ br, and therefore 

{2% (a, p/q, k) ` 2x (b, p/q, &)} 4S (ab) #24; 

but 2*y(ab, p/q, k) + 1 is the least integer such that 


{2*y (ab, p/q, k) + 1}4 > (ab)? - 2%, 

and therefore 
Rx (ab, p/q, l) + 2* > dy (a, p/q, k) - 2*x(b, p/q, k), 

i.e. 

x(ab, p/q, k) —x(a,p/q,k) - x(b, p/q, &) > — 1/2. 

Similarly i 


(x(a, p/q, k) + 1/2") (x (b, p/q, k) 4-1/2") > x(ab, p/q, k), 
whence 


— 1/2" < x(ab, p/q, k) — x(a, p/9, k) ` x(b, p/q; k) 
< {x(a p/9, k) + x(b, p/g, k) + 1/2} /R*, 
which proves the theorem, since x(a, p/q, k), x(b, p/q, &) converge in k. 
8. If pZz1,q4>1,r Z1, s>1, nZ 1, then 
x(n, p/q, k) ` x(n, t/s, b) — x(n, p/q + 1/s, k) >0 in k. 
(Proof the same as in 2 above.) 
Definition. We define, for a = 1, b > 1, 


xi (a, b, p/q, k) = x(4 p/4 k)/x(b, p/9, k). 


Since x(a, p/q, k), x(b, p/q, &) are both convergent in k, and x(b, p/q, t) >1, 
therefore xy (a, b, p/q, k) is convergent in k. 


4. Ifc21, x (ac, be, p/q, k) — xr (a b, p/q t) —0ink. 
For xr(ac, be, p/q, k) — xr (a, b, p/q, k) 


__x(ac, p/q, k) _ x(a p/q,k) x(c p/4, k) 
x(be, P/Q, F) x(b, p/q, k) x(¢, p/q, k) 


—> 0, in k, by 2. Accordingly we may write x; (a/b, p/q, k) for x(a, b, p/q, kì. 
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5. xr(x(2,P/g,k),r/s,A) is convergent in k relative to À and 
x(z, pr/gs, k) — xf (x(2, 2/9; k), r/s, À) — 0 
in k, relative to À. 
Proof. Write a, = 2%- (2, p/q, k), so that 


Xf (6467 p/9; k), r/8, À) = x (Trs r/s, A) /x (2; r/s, À). 
Keeping k fixed, {x(2r, T/S, A) }S > (m)" and {x(2*, 7/s, 4) }*—> 2r, and, 
further, (2%/2*)2— z”, in k, wherefore we can find K (n) and L(n, k) such 
that ` 
0S ar — (p/e < 1/n, for k= K (n), 
[8/2 — {x (21 1/8, A) /x (2, 775,0) | < 1/n, for à = L(m k), 
and so 
Far — {x (ax, 7/8, A) /x (2, 1/8, A) }% | < 2/n, for k= K (n), AZ L(n, k), 


i.e. {xr (x(a, 2/9, k), T/S, À) }® is convergent to +77 in k, relative to À; denoting 
xr(x(2, p/q, k),r/s,À) by Q(k, à) we see that, since s; > 2" and x(y,r/s,A) 
increases with y, therefore Q (k, À) 21, and so for any n, N, by Theorem 8, 
if p21, | Q(N, A) —Q(n, A)| S | ON, À)? — Q(n, A}? | /p, whence it follows 
that Q(%, À) converges in k relative to A. Furthermore {x(z, pr/gs, k)}4 — ar 
and so 


{x (z, pr/qs, k)}15 — {9 (k, À) J9 > 0 
in k, relative to A; since Q(k, à) Z 1 and x(x, pr/qs, k) = 1, therefore 
| x(2, pr/qs, b) — Q (k, A)| S |{x(«, pr/qs, k) }4* — {2 (k, d) }@ | /gs 


(if g 21, s 21) and so x(x, pr/qs, k) — 9 (k, À) — 0 in k, relative to A. 
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JACOBIAN EXTENSORS.* 


By Homer v. Craig and WILLıam T. Guy, JR. 


1. Introduction. The purpose of the present paper is to extend the 
general notions of contravariance and covariance so as to include what we 
shall call Jacobian-contravariance and Jacobien-covariance or briefly j-con- 
travariance and j-covariance. As the title perhaps suggests, the essence of 
this innovation is the introduction of quantities which follow a transformation 
law which is formally equivalent to that of tensor analysis but differs in - 
content by the presence of certain coefficients X“, which depend upon the 
Jacobian and are analogous to the extensor coefficients X sup ga inf pr. To 
be more specific, the new transformation equations contain, in addition to 
the coefficients X®, (X, — 0x°/02") and X sup aa inf pr of tensor and extensor 
analysis, certain coefficients X%, which are related to the weighted Jacobian 
X (X =«/%)”) in the same way that the coefficients X sup «a inf pr are 
related to the quantities X%. The symbol X sup aa inf pr denotes the partial 
derivative of æ% with respect to Z°” and the relationship just mentioned is 


Xu, = (3) Xe,(A-P), 


Here Aa, P==p and the enclosed superscripts indicate differentiation 
with respect to the curve parameter t. The capital indices are introduced 
to forestall summation. 

We shall find that Jacobian extensors include weighted and absolute 
tensors and scalars as special cases and that their properties are so similar 
to those of ordinary extensors that much of the older theory may be taken 
over without proof. In addition, we shall show that given an ordinary 
connection one may develop readily its Jacobian counterpart, which we call a 
Jacobian connection. Finally, the Jacobian connections are such that they 
enable us to express the higher order intrinsic derivatives of weighted tensors 
as contractions of certain extensors. This provides a very satisfying theory 
of the algebraic structure of these rather complicated derived tensors. 

The material to be presented falls into two rather sharply delineated 
subdivisions. Part A is concerned entirely with developments which are 
valid in any N-dimensional space which bears a coordinate system, while 
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Part B presumes a space with symmetric connection. The symmetry of the 
connection facilitates the work by providing for the use of geodesic 
_ coordinates. 


Part A. 


In the present major division, we assume that there is given an N- 
dimensional space, a coordinate system, and the group of one-to-one differen- 
tiable coordinate transformations. 


2. Notation. The notation employed is for the most part that of 
certain related works, particularly numbers [3], [4], [5] of the appended 
bibliography. Accordingly, we describe it rather briefly. Enclosed Greek 
and numerical indices as well as primes indicate differentiation with respect 
to a curve parameter ¢. Repeated lower case Latin and Greek indices engender 
summations from 1 to N and from 0 to M, respectively, unless the contrary 
is indicated; while repeated capital indices do not generate sums. Further, 
indices at the last of the alphabet such as 7, s, t, u, v, w, p, o, 7 indicate that 
the symbol of which they are a part belongs to coordinate system (7). Thus 
we write æ” for a. Indices at the first of the alphabet a, b, c, d, e, a, B, y, 8, € 
are correlated to system (x). Finally, the symbols (2/#), (@/x) denote, 
respectively, the Jacobidns associated with the coordinate transformations 
ut = vt (2), & — 2 (x), while X and X stand for these Jacobians raised to 
the w power with w a given positive integer or zero, thus X = (#/#)”. 


Special convention. All terms which contain symbols bearing numerical 
indices out of their natural range are to be given the value zero. For 
example Xæ) — 0 whenever p exceeds a, for we take the range of indices 
which indicate the order of differentiation to be zero and the positive integers 
instead of extending this range by a definition. 


3. The Jacobian symbols X%, X°,. The coefficients of the components 
in the transformation equation for Jacobian extensors are defined as follows: 


Definition 8.1. X*)— (è) XAP Xe (jee 
A =q, P =p. 

With regard to this definition, it should be borne in mind that the new 
symbols vanish, by virtue of our special convention, whenever the subscript 
exceeds the superscript. A second and very important property of these 
symbols is expressed by 
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THEOREM 3.1. If z, x, and à are any three coordinate systems of the 
infinite group of tensor analysis and if we correlate the indices A, a, and p 
to these coordinate systems, then 


XAGX%y = Xp, 
Proof. By virtue of Definition 3.1 and the fact that the effective range 


of æ is from p to A since an X vanishes whenever its subscript exceeds its 
superscript, we may transcribe the left member as follows 


RX, = > C) (p) roge. 
a=P 


We now replace the dummy index « in the right member with A— 8 with 8 
ranging from 0 to A— P. The result is 


P A A FB) X (A-P-8) 
aa PAEA | 
HS us ANT RP A \(a—B 
which upon substituting all B ) for ( en, € p ) becomes 
A\AcP de Re 
XB) HY (A-P-8) , 
(as a 


But by the Leibnitz rule for differentiating a product and the fact that 
XX = (E/x)” (x/Z)” = (&/5)0 =X, we may transform this last expres- 
sion successively into the members of the equality 


(J exam (fran, 


Thus we have proved that X%,X%, = XX, and the theorem is established. 
An immediate consequence of this theorem is the 


COROLLARY. KP Xto — Po. 


Proof. Kr, = G) 1(P-2) — Hp, 


4. Jacobian extensors. As we have indicated in the introduction, the 
essential point of distinetion between ordinary and Jacobian extensors is the 
presence of the symbols X“, in the transformation equations of the latter 
quantities. To illustrate, the transformation equations for the two types of 
Jacobian extensors of the first order of weight w (w > 0) and range M are 
as follows 


(4.1) Ua — UoXa,; (4.2) Va = VpX’a. 
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v 


The first of these quantities 7 will be described by saying that it is j-contru- 
variant, while the quantities such as V, which follow the transformation 
equation (4.2), will be said to be j-covariant. Similarly, the single Greek 
indices such as the « on U® and the « on Va will be said to be j-contravariant 
and j-covariant indices, respectively. The distinction between these two: 
equations, it will be observed, hinges on the fact that w by convention is never 
negative. The concept extensor when enlarged so as to include the present 
innovation, may be formulated as follows: 


DEFINITION 4.2. Let there be given at a point P of a parameterized 


arc of class c™ one set of labelled numbers ESF? for each coordinate system 
of the infinite collection of tensor analysis. Further, let x and # denote 


any two coordinate systems of this group and let Egur and BE nun, be asso- 
ciated with systems x and &, respectively. If these quantities are related 
according to the equation 

(4. 8) Bar ee pov Xp Kg X nX go XX 


[7207 


then, we shall say that they are the components of an extensor of range M 
and weight w which is j-contravariant, j-covariant, excontravariant, exco- 
variant, contravariant, and covariant—each of order one. 


The extension of this definition to higher orders of contravariance and 
covariance and the generalization to the case in which not all of the Greek 
indices have the same range are obvious and do not require special enunciation. 
It should be observed in passing, however, that if a Jacobian superscript is 
confined to the value zero or a Jacobian subscript to the value W (in the 
case of doublet indices these are tensor values), then the effect of these indices 
is to weight the extensor in the ordinary sense of the term; in other words, 
the effect is to introduce a weighted Jacobian as a multiplier. To illustrate, 
if « in H;* is confined to the value zero, then the transformation equation 


Eye = EPX pX reduces to Hy? = (f/x) VME YX? ; 
while the introduction of the restriction 8 = M into 
Eg = Eo" Xg Xas yields Bue = (3/2) "Env Xt. 


Thus E7° is a tensor of weight — w, while Ex" is a tensor of weight w, and 
we can see that the concept Jacobian extensor encompasses that of weighted 
tensor as a special case. 


Reduced range. Obviously, the property just noted admits of an imme- 


JACOBIAN EXTENSORS. 233 


diate extension since it is true in general that Xp* vanishes whenever p 
exceeds « Thus, in particular, we see from the transformation equation for 
Ept, namely, Let = Ho’ X p*X 9%, that the components of Eg* which have «= 9 
and 8 = © are independent of the components in the other coordinate systems 
which do not meet the corresponding restrictions. 


Transitive property. Since Xp%Xp° = ôg and Xa Xt = Xy’, it follows 
‘at once that the inverse of Equation 4.3 is of the same type as the original 
and that the transformation law for Jacobian extensors is transitive. 


Inwariance, sums, products, and contractions. From the fact that 4.3 is 
linear and homogeneous it follows as in tensor-analysis that extensor equations 
of the Jacobian type are invariant equations, and that the familiar rules 
regarding the sums and products of tensors have their counterparts in the 
new theory. Similarly, as in extensor analysis, there are M +1 contractions 
of a mixed second order Jacobian extensor. The form of these contractions 
is given by the following statement: 


THEOREM 4.1. If Egt is a Jacobian extensor of the type indicated by 


M 
the indices, then for each fixed value of 6 from 0 to M, inclusive, S(p JE 
a=8 
is an absolute scalar or invariant. 
Proof. Applying successively the transformation equation for Jacobian 


extensors, Definition 3.1, and the formula 


a\ [a — 6 ( = fp 
\87 \p—07 \e ~~ \8/° 
we get the chain of equalities 


M fg M fa E 
a (6) E, = > (5) Er Xe, gi Sa 


a=0 a,p=8 


5 A > M M 
SIT mee SG) err AG) sur 


and the theorem is established. 


Remark. This proof is obviously sufficiently typical to enable us to infer 
the corresponding theorem for higher order extensors. The additional indices 
whether single Greek, doublet, or single Latin would call for only trivial 

modification. 


Remark. This contraction process, except for the cases 9=0,9=M, 
is more complicated than that of tensor analysis. However, it will be found 
to be easy to reproduce if we note that the essential point is the pattern 


2 
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M 

of œ and 9 in the expression Soe Strictly as a memory device, this 
f = : 

pattern may be regarded as generated by rotating the «ð in Ee? first clock- 


wise into the binomial coefficient E and then counterclockwise to the 


M 
summation symbol, thus %. With this in mind, we denote S(p E by 


a=6 a= 
the abridged symbol RE«*.. In this notation the contraction theorem asserts 


that RE**-, is an extensor of the type indicated by the remaining indices. 


Quotient law. Following the pattern of the parent theories, there is 
associated with the contraction theorem a quotient law involving a partly 
arbitrary Jacobian extensor A. The degree of arbitrariness is of course that 
required in the proof. The theorem in question is as follows: 


THEOREM 4.2. If Ew.. is independent of A, and if for some admissible 
value of 0, RH** Ag is an extensor of the type indicated by the free indices 


for arbitrary choice of the Jacobian extensor Aa, then the same may be 
asserted of Et. for a in the reduced range 0 to M—9. 


Préof. As in the case of tensors and ordinary extensors the proof consists 
of merely writing out the given transformation equation, “factoring out” Aa 
and then assigning Aa certain special values. The details are as follows. 
We have given that for some fixed value of 6 | 


RE- Aa — REP A,X = 0, 
if X represents the set of Jacobian symbols and partial derivatives that are 


tied into the missing indices on 2. Replacing Ap with AaX% (the range of x 
here may be taken to be 4 to M since p= 6), we get 


[RES vs REP X% Ag =Q. 


We now assign A. the special values 8%, ® -+0 S M, and simultaneously 
replace the dummy index p with p +6, with the new p ranging from 0 to 
M — 0. The result is | 


M-0 
4 T 7) ES. — > 4 j g Er XO pg = 0, 


p=0 


: : P+6\/® +9 G-r) 
An easy calculation will show that ( 9 C a À p) = a) 


Hence e 55 °) XFN = (e E re. and the Theorem follows. 
P+ 
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Remark. For M — B any number from 0 to M, Aa will reduce to 8-2, 
at i=c, if BA, = [(t— c)#]'#-®, Later we shall encounter Jacobian 


extensors satisfying the relationship A, (Hann. Thus the fore- 


going proof will be valid if it is required, in addition, that Aa (Nas (M-A) 


in all coordinate systems. 
Remark. The corresponding proposition for A«® is 


THEOREM 4.3. If E~.. is independent of the arbitrary extensor A and 
for some admissible value of 6, RASE... is an extensor of the type indicated 
by the free indices, then the same may be asserted of Ea.. for à ranging 
from 6 to M. ` 


The proof of this theorem may be obtained from the proof of the 
corresponding theorem for ordinary extensors, making the obvious changes. 
See [3],! page 272. 


Examples of Jacobian extensors. Obviously, as we have tacitly assumed 
in the preceding proof, Jacobian extensors may be manufactured by arbitrarily 
assigning values to the components in any one coordinate system and then 
defining the components in the other coordinate systems by means of the 
transformation law itself. In addition, we may, of course, take over without 
proof many of the theorems of ordinary extensor analysis because of the 
formal similarity between absolute and Jacobian extensors. Certain of these 
theorems will point the way to the construction of Jacobian extensors. As 
cases in point, we may cite the following propositions: 


THEOREM 4.4. If V° is a completely reduced Jacobian extensor and 
hence of range 0 (or, in other words, if V° is a scalar of weight — W), then 
the quantities VO, 0 Sa S M, constitute a Jacobian extensor of the range 
. 0 to M. 


THEOREM 4.5. If Vu is a completely reduced Jacobian extensor of the 
type indicated, i. e., a scalar of weight W, then the quantities Va defined by 


Va -(?) Vy MM, A =, OS aS M are the components of a Jacobian 
extensor of range 0 to M. 
Remark. Since the proofs of these theorems are very short and essen- 


tially the same, it will perhaps be defensible to present one of them in place 


*Numbers in brackets refer to references in the appended bibliography. 
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of reexamining the corresponding proofs for ordinary extensors. Accordingly, 
we give the argument for Theorem 4. 4 in outline form. 


Proof. From the transformation equation 7? == V4X’a, we derive as the 
transformation equation for the completely reduced Jacobian extensor, the 
relationship V° = V*X°,— V°Ž. Differentiating p times by the Leibnitz 
rule, we get 

Yor) = (VPŽ) (0 = S Vola) C) X (P-a) — VO la) XPa. 
3 a=0 a 

These theorems provide the means for expanding the range of completely 
reduced Jacobian extensors (weighted scalars) to the full range (0, M). 
A moment’s consideration will show that similar theorems exist for higher 

aa.Bb.yeo 


order weighted tensors. To illustrate, the quantities 2% defined by 


aa.B0.yc A,B,T ” f 

per ve =] i A | Tavc,(A+B+T-2M-A) constitute the components of an abso- 
9 

lute extensor provided Te; is an absolute tensor.? Furthermore, the con- 


version of the fixed Jacobian subscript M in Theorem 4.5 into a full range 
Jacobian subscript by differentiation with respect to the parameter is, as we 
have pointed out, perfectly analogous to the conversion of a tensor subscript d 
into the doublet subscript dd in the illustration just cited. Similarly, the 
conversion of a Jacobian superscript zero (this indicates weight — w in the 
usual nomenclature) into a full range Jacobian superscript a is formally 
exactly equivalent to the conversion of a tensor superscript a into the doublet 
superscript aa. Accordingly, we may take over without proof the following 
theorems from [5], pp. 335, 336. 


THEOREM 4.6. If TOdo is a second order contravariant tensor of weight 
—w and the necessary derivatives exist, then the quantities defined by 


A,B,T 


M ] TelA+B Ta, A = q, Bam 6, T = y, 


POBL — [ 
are the components of an extensor which is j-contravariant of order 1 and 
excontravariant of order 2. 


Remark. To make the complete formal equivalence of this theorem 
with Theorem 2.1 of [5] evident, we present for comparison the following 


Proof. The quantity (T°¥°AyB,C.) is an invariant for arbitrary 
choice of the scalar of weight w, Ax, and the covariant vectors B and C. 


2 See reference [5] pages 334-336. 
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Dropping the original indices, performing the indicated differentiation, and 
finally replacing a with M — a, etc. we get | 


(TABO) =F ( 4 ) A BBC GT (M-a-B-y) 
a, B, Y 


a ee tn NY GG) Ceas 


. Joe (M—y) Po.betarpty-2M) — EwBbvcA M gC ye, 


and the theorem follows from the quotient laws. The summation on a, B, y 
is from 0 to M throughout and the quantities Ag, Bgo, Cyc denote, respec- 


tively, the extensors (Mara, (zn, (Moon, 


THEOREM 4.7. If Tete,, is a third order contravariant tensor of weight 
w, then EeuBb.vo, defined by the statements: 
ö 


A,B,T 
Boye — 27 abc, ,(A+B+T-2M-A) 
7 à | M, A te , 
A, B, T ! AIBIT! a 
M,A MIMIAI(A+B+T—2M—A)! 


according as À + B+T—2M—AZ 0 or < 0, is an extensor of excontra- 
variant order three and j-covariant order one. 


Remark. The multiplier of M m (A+B+T—2M—A) and the 
number of times M! occurs in the denominator of the preceding fraction is 
one less than the number of doublet superscripts on E. To illustrate, if there 
A,B,- 
M, T, A 
regarded as occurring (g—1) times, and thus the symbol { } is equal to 
(AIB!---) + (MITIA [A +B +: — (g—1)M—T—A]!). 


are g top numbers in À é L, then the bottom number M should be 


Turorem 4.8. If Ti; is contravariant of order q, of weight w, and 


covariant of order one, then E; D defined by 


pes Bu | A,B, ab...LA+B#...-(g-1)M-T-A] 
.ôd = MT A M.a 
3 > 


is an extensor which is extravariant of order q, j-covariant of order one, and 
excontravariant of order one. 


THEOREM 4.9.. If Tue is a second order covariant tensor of weight w 
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; M -A-B- 2 
and if Hapu.ye denotes (a B, r is A-B-D) ‚then FEapv.yo is an extensor of 


j-covariant order one and excovariant order two. 


Remark. These theorems are sufficiently typical to indicate the general 
situation. They may be proved directly or by following the method used in 
establishing Theorem 4.6, or by differentiating the transformation equations 
of the ‘given tensors by the product rule of Leibnitz. Perhaps it should be 
remarked in passing that the treatment of subscripts on T is much simpler 
than the treatment of superscripts. In the former case it is not necessary 
to change the associated Greek index, and to introduce the reciprocals of the 
binomial coefficients. To illustrate, the proof of Theorem 4.9 may be read 
out of the following equation: 

(Tar vcA° BC?) M) — z(, =“ 


a c ... (M-a-ß-y) 
i jan ) BUA) gem n Ma6) 
Similarly, by expanding the indicated derivatives by means of the multi- 
product rule and proceeding as in the proofs of the foregoing theorems, we 


obtain the formulas: 


(4. 4) (T°*°B,C.) (a) — EsB.V0B goyo; 
(4. 5) ( Ty AgBoCe) (M-A) — Bea.Bb.Y05 À aa BavC ye, 


(4. 6) (Peres AqBy: - - Dé) OD = Be AaaBpo * - pus), 


(4.7) (2) (Tir.veB?C°) M-A — Ba pvyeB A Ce, 


Finally, we note for future reference that if the extensors Ags, BP(P) etc. 
appearing in the right members of these relationships are all expressible by 
extensor equations of the type V4 = VL or Vaa = Vola, then we have 
at once: 


(4. 8) (T*beB,C.) (a) — EeBb.ye Li gp lS yBtOg; 
4.9 M Tebe„A.BrQe) (M-A) — EaaBuy sea gy DL yaAeB$Ca; 
( A 
(4.10) (7) aire AqBo- - < Da) (M-D) = Be De Lip: - + Lüd,A,B;: ++ Dh; 


(4. 11) (TirveB’C*) (M-A) — Ea.pvyeL#taLve,BiCe. 
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In our application of these formulas the quantities L will be taken to be the 
extended components of connection introduced in the major division imme- 
diately following. 


Part B. 


The foregoing developments have been presented against the background 
of a space devoid of the structure imposed by an affine connection, and are 
of course valid regardless of the nature of any connection that might be 
added subsequently. In the two sections which follow, numbers five and six, 
we shall apply the preceding theory to the fundamental problem of con- 
structing tensors from weighted tensors by differentiation with respect to 
the curve parameter—or, in a word, the problem of intrinsic differentiation. 
Accordingly, we now assume that we have given in addition to our space a 
set of components of connection:of class C and, in order to secure the 
possibility of introdueing geodesic coordinates, we suppose further that these 
components of connection are symmetric three index symbols Le, L*ye = Den. 
From'the quantities L%,., we can of course derive the two index components 
of connection L%, Lw=— Lss’ and finally the extended components of 
connection Le, Lt. These latter quantities may be constructed from 


the following formulas: Le, = wi Cons A = Q; Dara = Iaa + Dach, 


Lita == Sa; DOMA, = Lee, — LOLs, L°, =$. The extended components 
of connection are extensors and are involved in iterated intrinsic differen- 
tiation. In addition, they enable us to express the derivatives of the com- 
ponents of a vector which is equipollent along a given curve in terms of the 
components of the vector. Specifically, if Ve and Va are the components of 
vectors defined and equipollent along a curve C, then? Vela) — VL, and 
Vaa = Vi Daa, Vaa -(} 
in passing that formulas (4.8)-(4.11) inclusive are valid if the vectors 
A, B, C are each equipollent along the curve in question. Perhaps it should 
be emphasized that equipollence throughout space is not required. 


)re (MA), A==a, A not summed. Thus we note 


5. Jacobian connections. In addition to the foregoing methods for 
constructing Jacobian extensors from weighted scalars and tensors, it develops 
that it is possible to construct the new quantities from certain absolute 


* These equations were obtained by B. B. Townsend and H. V. Craig in a paper 
that has not yet been submitted for publication. They may be proved readily by 
induction. 
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extensors by merely contracting components through their Latin indices and 
then multiplying by the appropriate invariants, 1/N and w. To convince 
ourselves that such procedures may be fruitful, it will suffice to compare 
the transformation equations for Jacobian and absolute extensors with M 
equal to unity. These equations expanded on the Greek superscripts are: 


Jeu = IKK, TtuA XP; Br, = BOX Prag XY, + EXO XY, 


In either equation if p—0, the second term drops out and the Jacobian 
equation becomes the transformation equation for an absolute invariant while 
the second equation reduces to the transformation equation of an absolute 
tensor of the right type to yield an invariant on contraction. When p = 1, 
the first equation becomes 


(5.1) Dy = Dyk! + Iu = Jun (2/2) + Jr, 
while the second may be written 
(5. 2) Er, = EOX” aX’; + Ea AXXa. 


Now, according to a well known formula, In’(&/z) = X,X@, (X°, is the 
normalized cofactor of X”). Consequently, if E°% is the Kronecker 
delta y and we multiply equation (5.2) by w and contract, the result 
wE, == win’ (&/x) + wE'“, may be identified with (5.1), if we adopt the 
definitions: J'u = wE", J'u = WE, J'u = 1 (= 1/ Nè% =1/NE™,). 
To recapitulate, we assert 

THEOREM 5.1. If E, is an absolute extensor of the type indicated by 
its indices for M = 1 and if further E%%, = 5%, then the quantities Ja: defined 
by Fy = 1/NEY, J'y = wE., constitute the components of a Jacobian 
extensor. 


The corresponding proposition for extensors of the type Haq is as follows: 


THEOREM 5.2. If Et is an extensor with M == 1, Eia = 8%, then the 
quantities J°, defined by 


Ja—I(A)E,, Aa, I(0)=W, I(1)=1/N, 
are the components of a Jacobian extensor. 


The proof of this theorem is similar to that of number (5.1), accordingly 
we omit it. 


Remark. The connection extensors L% and Lt, with NM=1, are 
examples of extensors of the types involved in the two preceding theorems. 
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These extensors it will be recalled are defined by the equations L°% == Lp» 
= &%, L'y = — Ly = Lane, Lop = Lt. Here the L%,. are the Chris- 
toffel symbols or, more generally, the components of a symmetric connection. 
Symmetry is desirable since it allows the introduction of geodesic coordinates. 


DEFINITION 5.1. The Jacobian extensors J%ır and J°, which are derived 
from the ordinary connection extensors in accordance with the formulas: 


Jty—=I1(A)LA%,  Jel(A)L,, Aa, M=, 


with I(A) =1/N or w according as the index A on the operand L is a tensor 
index or a nontensor index, will be called the Jacobian connection extensors. 
The table of values for these symbols is J’ = 1, —J1 = J == wl. 


Remark. It will be found that the Jacobian connection extensors play 
a rôle in the intrinsic differentiation of weighted tensors which is entirely 
analogous to that played by the ordinary connection extensors in the differen- 
tiation of absolute tensors. 

As an illustration of this remark, let us consider the following proposition : 


THEOREM 5.1. If Su and O are scalars of weights w and — w, respec- 


tively, and if Sa = A Sa Ma), Sa = S(a), then the contractions JS. 


and JS, M = 1, yield the intrinsic derivatives of Sy and 8. 


Proof. J%Sq = J°uSo + Sud, = S'ar — Sywl, = 6Sy/8t, and JS 
= 9’ + Swl) = S/d. 


Extensive differentiation and the extended Jacobian connection. A 
moment’s consideration will show that the processes upper and lower extensive 
differentiation, which were defined in [4], have their counterparts in the 
present theory. Thus, if E% is a Jacobian extensor of the type indicated by 
its indices, S° is a scalar of weight — w, while S® denotes 8°), then E396 
and its intrinsic derivative I(H#°sS°) are scalars of weight — w— (the operator 
I indicates intrinsic differentiation). Consequently, by the quotient. law the 
multipliers of 8 in /(2°59®) constitute the components of a Jacobian extensor 
of range M +1. We denote this derived extensor by the symbol DE |°s and 
call it the upper extensive derivative of #%. The details of this procedure 
are as follows: 


I( E958) — E59 4 BS? + Foy LS 
M 
= X (Boa + Es + BL) 4+ HSM, L= Lra. 
6=0 ä 


Thus we are led to formulate 
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DEFINITION 5.2. If E% is a Jacobian extensor, then the quantities 
DE|?” given by the equations 


DE|% = E”, +EwL; DE|% = Es + E% + EswL, DE | ua = Fu, 
will be called the upper extensive derwative of Es. 


Remark. The process upper extensive differentiation extends the range 
of the variable index. Except for the additional term, it is similar to intrinsic 
differentiation of a contravariant vector. 

The lower extensive derivative may be obtained by a similar procedure. 
The starting point is the intrinsic derivative of the weighted scalar EeyS,. 


Here Sa = oO SpA) with Sy a scalar of weight w. The intrinsic 


derivative of £%,S, will involve linearly the derivatives of Sar from order 
zero to order M +1. Application of the quotient law will then yield a new 
extensor which involves the total derivative of # and the connection quantity 
L. In order to carry out this procedure it will be necessary first to evaluate 
Sa and S'a in terms of S*,, the corresponding quantities for range M + 1, 
with Sara = Su. These formulas | 


(5.3)  (M+1)S'e— (M—A + 1) 8u (M + 1)8e = (A + 1)8* 


Au? 
A =g, 


may be verified readily. Applying them to the intrinsic derivative, which is 
given by the equality, 


I(E 8a) = E uNa + EY uNa — ErySawL, 
we get the relationship 


M 
(M +1) (Baus) = X (M — a + 1) Eea 

a=0 

M +1 

LS a(EY y — Hey) Sa 

a=1 

M+ 
SM — à + 1) Bou + a(Bery — BrtywL)]8%,. 

a=0 


The conclusion is that the quantities in the bracket constitute the components 
of an extensor of range zero to M +1. 


DEFINITION 5.3. If Ey, is a Jacobian extensor of the type indicated 
by the free indices then the quantities D-E [wa defined by DE |Pırı = Ex; 
(M + 1)D EB] m = (M — a +1) B%y + a (EN Vu — Ee ywL) will be called 
the lower extensive derivative of the original extensor Ex. 


. JACOBIAN EXTENSORS. 243 


Remark. Again the range of the derived extensor is one greater than 
that of the original extensor. 

Since any absolute invariant is a Jacobian extensor of the type Ex, 
it follows that we may apply upper and lower extensive differentiation to any 
such quantity. As an illustration, we complete the extensive derivatives of 
unity. Thus, if we take the M — 0 and E°» — 1 and apply Definition 5.2, 
we get DE =1; DE|”, = wL, the components of the Jacobian connection 
extensor J°,. Similarly if we apply lower extensive differentiation (Definition 
5.3), we obtain the results DE], —1; DE| = —wL or DE|% = J%. 
As a recapitulation, we state 


THEOREM 5.2. The upper and lower extensive derivatives of unity are 
equal respectively to J°, and Je, the components of the Jacobian connection 
extensors. 


From the development of extensive differentiation, it is obvious that if 
ES gives the M-th intrinsic derivative of S°, then DE|°.S*, with a summed 
from zero to M + 1, will give the intrinsic derivative of order M-+1 of 8°. 
Likewise, D,F|%,,S*, with « summed from 0 to M +1 is the intrinsic 
derivative of Sara (S*m = Su) of order M + 1, if FeyS is the M-th order 
intrinsic derivative of Sy. Consequently, since the first order extensive 
derivatives of unity constitute the components of the Jacobian connection 
extensor, we may generate quantities Æ, having the properties just postulated, 
by repeated extensive differentiation. With this as a background, we introduce 


DEFINITION 5.4. The Jacobian extensor generated by applying re- 
peatedly upper and lower extensive differentiation to unity will be denoted by 
the symbols J°, and Jay, respectively, and wil be referred to as the extended 
Jacobian connections ; 


and: assert 


Turorem 5.3. If S is a scalar of weight —w and S* denotes §, 
then the M-th order intrinsic derivative of S is given by the relationship 
IMS = TS; 
and 


THEOREM 5.4.4 If Sx is a scalar of weight w and Ia denotes 


‘Mr. J. M. Hurt has treated in his Master’s thesis the problem of expressing 
certain intrinsie derivatives of weighted tensors as contractions of the appropriate 
extensors with the components of the absolute extended connection. In particular he 
investigated the case of the first order derivatives of higher order weighted tensors and 
the first and second derivatives of weighted vectors. 
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(4) Sur MA), then the contraction JeuS, yields the M-th order intrinsic 
devrivative of Su, IMS. 


Because of the formal similarity of Jacobian extensive differentiation 
and absolute extensive differentiation, we may take over the rules given in 
[3] for the computation of extended connections. Specifically, to compute 
J°,, we proceed as follows: We start with J’r=1; then we differentiate 1 
and add in the product of 1 with wL; next we take the result just obtained 
and differentiate it and add in its product with wL. This process is con- 
tinued until we have constructed M + 1 terms. The final step is to multiply 
in the binomial coefficients from row number M + 1 of Pascal’s triangle. 

The procedure to be followed in the construction of J%x is somewhat 
simpler. We start with J°y— 1 as before, but instead of adding the products 
with wL we subtract these products and do not introduce the binomial 
coefficients. Thus to obtain any component of J'y after the given one, we 
differentiate the preceding component and subtract the product of this pre- 
ceding component with wL. i 

As an illustration of these rules, we compute J°, and J“, for the case 
M—3. The calculation is as follows: 


Ja =1, a= 3 (V + 1uL) = 3uL, J’, = 3(wL/ + wL’), 
. To (WE + WILY + (WE + wD?) wL; - 
IP = 1, J = Y — wL = — wL, J3 = — wL + wI, 
J? = (— WE + wY — (— wE + w?L?)wL- 


6. The structure of the intrinsic derivatives of weighted tensors. In 
a preceding paper [5], the M-th order intrinsic derivatives of certain typical 
higher order tensors are expressed as contractions of the extended components 
of connection with certain derived extensors. Thus it appears that these 
rather complicated derivatives may be “factored” into quantities which 
themselves have desirable invariantive properties. We shall now show that 
the M-th order intrinsic derivatives of higher order weighted tensors admit 
of a similar “ factorization.” 

The method of attack is to contract the weighted tensors with arbitrary 
equipollent vector fields so as to yield a weighted scalar, which we denote 
by Sm or 8° according as the weight is + w or —w, w > 0. We then form 
the M-th order intrinsic derivative of S first employing Theorem 5.4 or 
Theorem 5.3 and then by employing the analogue for intrinsie derivatives 
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of the formula for the derivative of a multiproduct. This formula may be 
verified readily by introducing geodesic coordinates and considering the key 
case M — 1. The extension to higher values of M follows the pattern of the 
patent theorem. 

The specific theorems to be studied are: 


THEOREM 6.1. If T° is a tensor of weight —w and of contravariant 
order two and if E«Pb-ve is the associated extensor (given in Theorem 4. 6), 
then JP,B*Pb-veLfg,L9,. is the M-th order intrinsic derivative of Tb: 


Proof. Let 8° denote T°-*°B,C., with B and C arbitrary, equipollent, 
absolute vectors. By way of Theorem 5.3 and Equation 4.8, we may write 


IMS? — 7,5%) — J, E807 Lt gy D9 y BrO Pe 


Similarly, from the rule for expressing derivatives of a multiproduct in 
terms of the derivatives of the factors, and the fact the intrinsic derivatives 
of B and C of order greater than zero vanish, we have 


ms a(g, 


) (IPBy) (I7C,) IM Te — BO ITO, 
»Y 


Consequently, 
’ ByCgIMT-19 = BC TB Lt gp Lyo, 
and the theorem follows by way of the arbitrariness of B and C. 


THEOREM 6.2. If Tey is a tensor of weight w and of contravariant 
order three, and if EewPßbvo, is the corresponding derived extensor, then 
Py EOP T Las, is the M-th order intrinsic derivative of Tel. 


Proof. Following the pattern of the previous proof, we employ Theorem 
5.4 and Equation 4.9 and conclude that 
IMS y = Dy S3 = Jy (7) Se MS) — PEL Pg Lg LI cA Bj Cg. 
Next we apply the multiproduct rule to Sx and simplify the result by taking 
advantage of the equipollence of the vectors A,B,C. Thus we have 


M 
BY 


The theorem then follows by comparison of results. 


ISu == z( ) (IAa) (IPB,) (IYO o) II-B- Taber — Aa BrO TAT. 


THEOREM 6.3. If T®--uais contravariant of order q, of weight w, and 
covariant of order one, and Ee=Pb..zı is the extensor presented in Theorem 
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4.8, then the contraction JY yB Poy saD°aal' gy: - : Lh, is the M-th order 
intrinsic derivative of Tefan. 


Proof. Since the salient features of the proof are the same as in the two 
preceding theorems, we present the argument in skeleton form only. The 
foundations are supplied by Theorem 5.4 and Formula 4.10. Briefly, we 
have, on the one hand, 


IM Sig = IVS = J Yu 3 Sap MD — JV 0080, aL aa Li pL À @B yD" ; 


while on the other 


IMS y = SC) (TeA.) (IPB,) - -© - (IED) [MBB tbuig g 
i — ABr: - - DIMT ety p 


THEOREM 6.4. If Tue is a second order covariant tensor of weight w 
and Eagoyo is the extensor of Theorem 4. 9, then 


Jay Fa. poyo LPa LY. = IMT y ae. 
Proof. From Formula 4.11 and procedures similar to those employed 


in establishing the foregoing theorems, we get the equalities: 


IM8y = Stud = Ty (7) sie M-a) — Jy Hg pryel Pgh Ve, BâCe, 
and 


IMSy = 4 ) (TEB?) (170°) I 1-8- Ty 49 = BIOIM Ty ae 


and the theorem is established. 
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ALGEBRAIC SYSTEMS OF POSITIVE CYCLES IN AN ALGEBRAIC 
VARIETY.* 


By Wei-Liane CHow. 


1. Introduction. In a paper! some years ago van der Waerden and 
the author introduced the idea of the associated form of a positive cycle. 
For a positive cycle of dimension d and degree n in the projective space Sm 
of m dimensions the associated form is a form of d + 1 sets of m +1 indeter- 
minates each, which has the degree n in each set of the indeterminates. If 
we arrange all the monomials of this type in an arbitrary but fixed order 
Wo, 1,’ ' ‘ , wp then each form of this type can be expressed in a unique way 
as a linear combination >> cw; of the monomials. By assigning to each such 

izo 
form the point in the projective space S; with the (homogeneous) coordinates 
(Co; C1, * * *, Ct), we obtain a one-to-one correspondence between all the forms 
of this type and all the points of S; Applying this in particular to the asso- 
ciated form, we can then assign to each positive cycle of dimension d and 
degree n in Sm a point in S+; we shall call the coordinates of this point, 
which are the coefficients of the associated form, the natural coordinates of 
the positive cycle. In this way the totality of all the positive cyclés of 
dimension d and degree n in Im (or in any variety contained in 8,) is 
represented by a set of points in S; The main theorem about this repre- 
sentation of positive cycles in Sm by points in S;, proved in the above men- 
tioned paper,? asserts that this set of points constitutes a bunch of varieties 
in S; An important consequence of this main theorem is that it enables us 
to give a precise definition of an (irreducible) algebraic system of positive 
cycles in Sm: If V is a variety contained in the above mentioned bunch of 
varieties in S;, then the set of all the positive cycles in Sm which correspond 
to the points in V is called an algebraic system of positive cycles. The 
variety V is then called the associated variety of the algebraic system. The 
associated variety gives a representation of the algebraic system of positive 
cycles in the sense that there is a one-to-one correspondence between the 


* Received January 20, 1949. 

1 Chow and van der Waerden [5]. Following Weil [8], we shall use the expression 
“ positive cycle” instead of “reducible variety.” 

2? Chow and van der Waerden [5], p. 698 and p. 700. 
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points of V and the positive cycles of the algebraic system, and that this 

correspondence is of an algebraic nature. This latter statement means that 
there is an algebraic correspondence T between the variety V and the carrier 

variety U of the algebraic system ® such that to each point of V there corre- 

spond under T exactly the points of the corresponding positive cycle. This 

algebraic correspondence T is called the associated correspondence of the 

algebraic system of positive cycles. The significance of such a representation 

of an algebraic system of positive cycles as an algebraic variety is easily 

seen, for it enables us to apply the concepts and results in the theory of 

algebraic varieties to the study of the algebraic systems. Thus, for example, 

the set of all linear subspaces (i.e. positive cycles of degree 1) of a given 

dimension in a projective space is represented by means of their natural 

coordinates, which in this special case are the well-known Pluecker coordinates, 

as a certain variety called the Grassmann variety, and various algebraic 

systems of such linear subspaces are then represented as subvarieties of the 

Grassmann variety. It is well-known that the study of these algebraic systems 

of linear subspaces is greatly facilitated by their representation as such . 
subvarieties. 

However, except in very special cases such as the Grassmann variety 
and its subvarieties just mentioned, the usefulness of the associated variety 
of an algebraic system has been hitherto rather limited. The main reason 
for this lies in the fact that we know very little about the properties of the 
associated variety besides its algebraic nature and the fact that it represents 
the system of positive cycles in a one-to-one manner. In fact, if we consider 
an associated variety in general without any restriction, it cannot have by 
itself any special properties; for it is easily seen that any variety whatsoever 
can be the associated variety of a suitably chosen algebraic system of positive 
cycles of any given dimension. Therefore we must look for whatever special 
properties that might exist in the relation between the carrier variety U and 
the associated variety V under the associated correspondence T; in other 
words, we must study the special properties of the associated correspondence 
T and the manner in which it connects the properties of U with those of V. 
In particular, it is important for the purpose of application to know under 
what conditions about the variety U and the correspondence T can we be 
sure that the associated variety V is non-singular or at least simple at a 
given point. For, most of the deeper concepts and results in the geometry 
of an algebraic variety can be applied without serious restrictions only to a 


® The carrier variety of an algebraic system is defined as the smallest variety which 
contains all the cycles of the system. : 


ALGEBRAIC SYSTEMS OF POSITIVE CYCLES. 249 


non-singular variety or only to a simple point or subvariety of a variety. 
For example, the entire intersection theory has been up to now developed 
only for the case when the ambient variety is simple at the intersection point 
or variety, and there are strong indications that such an intersection theory 
cannot be extended to a substantially more general class of varieties without 
a radical change of its character. Thus the usefulness of the Grassmann 
variety in the study of the geometry of systems of linear subspaces is due 
by no mean measure to its being non-singular. A particular case in point is 
the problem of the Jacobian variety of an algebraic curve, a problem which 
we have studied in some detail in a recent paper.* We have shown there that 
each class of equivalent positive divisors of degree n > 2g—2 on a non- 
singular curve C (where g is the genus of C) can be represented as a sub- 
variety of dimension n — g on the n-fold symmetric product O” of the curve O, 
and that the set of all such subvarieties forms an algebraic system. The 
associated variety of this algebraic system would then be a Jacobian variety 
of the curve C, if we could prove that it is non-singular; and this require- 
ment of being non-singular is essential, for without this property a Jacobian - 
variety would not be of much use in the study of the geometry of the divisor 
classes. In the quoted paper we have solved the problem by proving that 
any derived normal model of the associated variety is a Jacobian variety; 
however, as we have indicated there, the entire results would be much more 
satisfactory if we could prove that the associated variety itself is already a 
Jacobian variety. That this is so will follow from the results of the present 
paper; in fact, the attempt to prove this particular result about the Jacobian 
variety is the original problem from which we started out and which leads 
us finally to the general problem considered here. 

Before we go over to the exact formulation of the problem and results, 
we shall give a short summary of the main definitions so that there will be 
no ambiguity about the terminology we are going to use in this paper. This 
is the more necessary in view of the fact that there has been so much diver- 
gence in terminology in the recent works in the field of algebraic geometry. 
Although this is a rather unfortunate state of affairs, yet it is in a sense 
not entirely avoidable; for the different terminologies of different authors 
are actually more suitable for their particular purposes, and it is difficult 
to adopt a uniform terminology without its being too cumbersome to be con- 
venient. In fact, we ourselves are forced to adopt in the present paper a 
somewhat different terminology from that of our recent paper on the Jacobian 
variety; for, in our present problem the consideration of “ relative” varieties 


t Chow [4]. 
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over a given ground field is natural and in a sense essential, while in the 
other paper we have only to deal with the absolute varieties. 

We consider a field 8 called the “universal domain ” which is an alge- 
braically closed field of infinite degree of transcendency over the prime field 
contained in it. The set of all subfields K of the universal domain $ such 
that & has an infinite degree of transcendency over K, has evidently the 
property that the intersection of any number of fields of the set is also a 
field of the set, and that any subfield of & which is a finite extension of any 
field of the set is also a field of the set. In this paper, whenever we speak 
of “a field,” we shall always mean a field of this set; on the few occasions 
when we have to consider a field not in this set, we shall expressly say so 
and refer to such a field as an “abstract field.” Any ordered set of m + 1 
elements (2) = (%o,%:,°* *,2%m) in the universal domain , not all zero, 
is called a point of the projective space S,, of dimension m, and two points 
are regarded as identical if their coordinates are proportional. Given any 
point (x) in Sm and a field K, the field K((x)) is the extension of K generated 
by the adjunction of the ratios of the m +1 coordinates To, %,° * *, Um of 
the point (x). We can regard this field K((x)) as the field generated by 
the adjunction of the point (a); it serves the same purpose as the ordinary 
field extension by adjunction of coordinates in the case of a point in the 
affine space. In similar way we can define the extension K((2), (y),- >) 
generated by the adjunction of several points (e), (y),- > in the same or 
different projective spaces. The degree of transcendency of the field K((x)) 
over K is called the dimension of the point (x) over K the point (x) is 
called algebraic over K if its dimension over K is zero, and it is called 
rational over K if K((x))—K. Beside the elements of the universal 
domain 8, we shall consider also elements which are not in S, mainly as 
symbols by means of which we can express polynomials and functions. Such 
an element is called an indeterminate, and an ordered set of m + 1 indeter- 
minates (X) = (Xo, Xi, © °, Xm) which are independent variables over & 
is called a set of indeterminates in Sm. We shall always denote the indeter- 
minates by such capital Latin letters as X, Y, Z. 

Let K be a field and let (X) be a set of indeterminates in Sm. Any 
homogeneous prime ideal X in the ring K[X] = K[Xo, Xa © ©, Am] is said 
to define a variety U/K in Sm over the field K. A point (x) is said to be in 
the variety U/K if all the polynomials of the ideal X vanish for (X) = (x). 
A variety W/K’ over any other field K’ is said to be contained in the variety 
U/K if every point of W/K’ is in U/K; if we have furthermore K = K’, 
then the variety W/K is said to be a subvariety of U/K. Two varieties are 


ALGEBRAIC SYSTEMS OF POSITIVE CYCLES. 251 


“ 


identical if they are subvarieties of each other. Any point (x) in Sn deter- 
mines over any field K a homogeneous prime ideal consisting of all the 
polynomials of K[X] which vanish for (X) = (x), and hence it determines 
a variety over K. A point (2’) is called a specialization of the point (x) 
over K if it is contained in the variety determined by the point (x) over K; 
and if the point (x) is at the same time also a specialization of (+) over 
K, then the two points are called generic specializations of each other over K. 
Any variety U/K contains a point (æ) such that the variety determined 
by (x) over K is identical with U/K; such a point (x) is called a generic 
point of U/K. Any two generic points (x) and (+) of a variety U/K are 
equivalent over K in the sense that the fields K((x)) and K((#’)) are K- 
isomorphic under the correspondence (x) <> (x), i.e. the ratios of the 
corresponding coordinates are to correspond to each other. In particular, 
all generic points of a variety U/K have the same dimension over K; this 
dimension is called the dimension of the variety U/K. A finite set of 
varieties is called a bunch of varieties; and any point or variety contained 
in any one of the varieties of the bunch is said to be contained in the bunch. 

Let K be a field containing K. If U/K is a variety such that its 
defining ideal X in K[X] generates also a prime ideal X in K[X], then the 
variety defined by X over K is called the extension U/K of U/K over K. 
The extension of a variety is in a sense essentially the same as the original 
variety, for they not only are contained in each other but also can be defined 
by the same set of equations.” This is the reason why we denote the exten- 
sion by the same symbol U as the original variety. If a subvariety W/K 
of U/K has also an extension W/K over K, then W/K is also a subvariety 
of U/K. In order that a variety U/K has an extension U/K over K, it is 
necessary and sufficient that the fields K and K((x)) are linearly disjoint ® 
over K, where (x) is a generic point of U/K, free with respect to K over K. 

Two varieties in Sm are called equivalent if they are both extensions of 
a third variety. It is easily seen that equivalent varieties are contained in 
each other and can be defined by the same set of equations; and that two 
. varieties over the same field can only be equivalent if they are identical. 
We shall consider equivalent varieties as essentially the same and shall denote 
all of them by the same symbol over different fields such as U/K, U/K’,: - -. 
A variety over K which has an extension over any field containing K is called 


. 5 Following Weil [8], we shall say that a variety is defined by a set of equations 

fi, (X) = 0, if the polynomials f,(X) generate the corresponding prime ideal in K[X]. 

"See Weil [8], p. 15, Theorem 3. We observe here that the prime ideal determined 

by the point (æ) in K[X] has a basis in K[X] if and only if the prime ideal determined 
by (æ) in K[X] generates a prime ideal in K[X]. 
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absolutely irreducible. If a variety is absolutely irreducible, then any variety 
equivalent to it is also absolutely irreducible. A complete set of mutually 
equivalent absolutely irreducible varieties is called an absolute variety, and 
any variety in the set is to be regarded as a representative of absolute variety 
over the particular field. If an absolute variety U has a representative U/K 
over a field K, then it is said to be defined over K. It is known‘ that among 
all the fields over which a given absolute variety U is defined, there is a 
smallest one which is contained in all of them; this smallest field is called 
the defining field of U. As an absolute variety is uniquely determined by 
any one of its representatives, there is little danger of confusion in identifying 
it sometimes with one of the latter. The absolute varieties are of great 
importance for us, for it is by means of them that we are going to define the 
concept of a cycle in Sm. Before doing this, we shall introduce the associated 
form of a variety. 

Let U/K be a variety of dimension d in Sm. As we have shown else- 
where,® there is associated with U/K a K-irreducible form F(Z,Z7,.--,Z@) 
of the same degree n in each of the d + 1 sets of indeterminates (Z), (2%), 

-,(Z@) in Sm with coefficients in K. This form is called the associated 
form of the variety U/K, and the number n is called the degree of the variety. 
Conversely, given any K-irreducible form F of this type satisfying a certain 
set of algebraic conditions, there is a uniquely determined variety U/K of 
which F is the associated form. It is easily seen that equivalent varieties 
have the same associated form; the converse of this statement is also true in 
case the varieties are separably generated or (which is the same thing) the 
associated form has no multiple factors. A variety is absolutely irreducible 
if and only if its associated form is absolutely irreducible. It follows then 
that an absolute variety is uniquely determined by its associated form; this 
is the reason why the associated forms are particularly suitable for the study 
of absolute varieties and cycles. 

A cycle of dimension d or d-cycle in Sm is an seen of the free Abelian 
group, the generators of which are the set of all absolute varieties of dimension 
din Sm. Thus a d-cycle is a finite set of absolute varieties Uj, called its . 
components, to each of which is assigned an integer n; which is called the 
multiplicity of U; in the d-cycle. If the degrees of the varieties U, are s; 
respectively, then the number n — J, sjn; is called the degree of the d-cycle. 

J 


A cycle is said to be contained in a variety if each of its components is con- 
tained in the variety. A cycle is called positive if all the multiplicities n; 


T See Weil [8], pp. 70-1, Theorem 1, Corollary 3. 
8 Chow and van der Waerden [5], pp. 693-694. 
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are positive. If F; are the associated forms of.the varieties U; respectively, 
then the form F = [J F” is called the associated form of the positive cycle. 
j 


A positive cycle is said to be rational over a field K if its associated form 
is rational over K, i.e. the ratios of its coefficients are rational over K; and 
if furthermore the associated form is irreducible over K, then the positive 
cycle is said to be prime rational? over K. Since such a K-irreducible form 
determines a variety over K and vice versa, it folows that there is a one-to-one 
eorrespondence between the varieties over K and the prime rational cycles 
over K. It is clear that every rational cycle over K can be factorized in a 
unique way into a sum of prime rational cycles over K corresponding to the 
factorization of its associated form into a product of irreducible forms over 
K. Therefore every rational eycle over K can also be regarded as a sum 
of varieties over K, each with a certain multiplicity; we shall call these 
varieties the K-component of the cycle. i 

Let (x) be a generic point of a variety U/K, then the field K((x)), 
which is uniquely determined up to an isomorphism by the variety, is called 
the field of U/K. Let (£) be any point of U/K, then the ring of all the 
elements of K((z)) of the form f(x)/g(x), where f(x) and g(x) are two 
homogeneous polynomials of (x) of the same degree and g(é) =£ 0, is called 
the quotient ring U=0Q(U/K,(&)) of U/K at the point (£). It is clear 
that if (#) is a generic specialization of (£) over K, then Q(U/K, (8) 
= Q(U/K, (£)), so that the ring U depends only on the subvariety W/K 
in U/K determined by the point (£) or (é) over K, not on the particular 
choice of the generic point (£) or (£) of W/K. Therefore we shall also 
call the ring U the quotient ring of U/K at the subvariety W/K, and shall 
sometimes write U = Q (U/K, W) to indicate its dependence on W/K. The 
quotient ring U is a local ring in the sense of Krull! i.e. a Noetherian ring 
in which the set of all non-units is an ideal, and its maximal prime ideal u 


° This is not the “correct” way to define a rational cycle, but is more convenient 
for our present purpose. The “correct” definition is as follows. A cycle is said to be 
rational over a field K if it satisfies the following conditions: (1) Each component of 
the cycle is algebraic over K; (2) if an (absolute) variety occurs in the cycle, then all 
the conjugate varieties over K also occur in it with the same multiplicity; (3) the 
multiplicity of each component is a multiple of its order of inseparability. See Weil 
[8], Chapter VII, §6. Our definition differs from this “ correct ” definition in that the 
multiplicity of a component will in general be a multiple of a smaller power of the 
characteristic of X than the order of inseparability of this component over K. 

10 Krull [7]. Our Appendix, On the Extensions of Local Domains, contains a 
detailed treatment of many of the concepts and results concerning local rings which 
are used in the text. i 
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consists of all elements f(x)/g(x) such that f(£) —0. It is also known ™ 
that the completion U* of the local ring U has no nilpotent elements; in 
other words, the zero ideal in 11* is an intersection of a finite number of 
prime ideals. Let V/K be another variety, and let ® be the quotient ring 
Q(V/K, (n)) of V/K at one of its points (7); if W/K is the subvariety in 
V/K determined by the point (7) over K, then ® is also the quotient ring 
Q(V/K, W) of V/K at the subvariety W’/K. We shall say that the varieties 
U/K and V/K are analytically equivalent’? at the points (é) and (7) 
respectively, or at the subvarieties W/K and W’/K respectively, if the com- 
pletions U* and B* of the two local rings U and ® are K-isomorphic. Local 
properties of a variety at a point or a subvariety which are invariant under 
analytical equivalences are called locally analytic properties. It is known ¥ 
that the property of a variety being simple at a point or subvariety in the 
absolute sense is a locally analytic property. 

For an absolute variety U the concept of a quotient ring can only be 
defined with respect to a given field of definition. However, in order that 
this concept has a significance independent of the choice of the particular 
field of definition, it is advisable to restrict ourselves to the case where the 
subvariety W is also an absolute variety and the field X is a field of definition 
for both U and W. Then the ring Q(U/K, W) is called the quotient ring 
of the absolute variety U at the absolute subvariety W over the field K. 
This includes in particular the case when W has the dimension 0 and hence 
consists of a point which is rational over K. The advantage for imposing 
these restrictions regarding W and K lies in the fact that if K’ is any field 
containing K, then the quotient ring Q(U/K’, W) is the extension ** of the 
quotient ring Q(U/K, W) over K’, so that the ring Q(U/K’, W} is uniquely 
determined by the ring Q(U/K,W) and the field K’. Furthermore, the 
completion of Q(U/K’, W) is the completion of the extension of the com- 
pletion of Q(U/K,W) over K’, so that the completion of Q(U/K’, W) is 
also uniquely determined by the completion of Q(U/K, W) and the field K’. 
Let V be another absolute variety and W’ be an absolute subvariety in V; 
let Ko be the smallest field over which all the varieties U, V, W, W’ are 
defined. Then the absolute varieties U and V are said to be analytically 


34 See Chevalley [3], p. 11, Theorem 1. 

12 In this definition of analytical equivalence we are following Zariski [10], p. 49, 
Definition 4. 

18 See Zariski [10], pp. 49-51, Theorem 15, where this theorem is proved for the 
most general case. 

14 See Appendix. 
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equivalent at the subvarieties W and W/ respectively, if the completions of the 
two local rings Q(U/K,W) and Q(V/Ko, W’) are K,-isomorphic. It 
follows then from what we have just said above that if K is any field con- 
taining Ko, then the completions of the two local rings Q(U/K,W) and 
Q(V/K, W’) are also K-isomorphic; or, in other words, the (relative) varieties 
- U/K and V/K are analytically equivalent at the subvarieties W/K and W’/K 
respectively. 


Let U/K and V/K be two varieties in the space Sm and S; respectively, 
and let (x) be a generic point of U/K. If V/K has a generic point (y) 
which is rational over K((x)), then the correspondence (x) — (y) defines a 
rational transformation T of U/K onto V/K; and the pair (x), (y) is said 
to be a pair of corresponding generic points of U/K and V/K respectively 
under the rational transformation T, and we shall write (y) —T(x). For 
every point (£) of U/K, its image under the rational transformation T con- 
sists cf all the points (n) such that (gy) is a specialization of (+, y) over 
the specialization (x) > o over K. If for a suitably chosen linear form 


À &;y;, the elements y;/ > ajyj, t==0,1,---,¢, are all in the quotient ring 


Q ( U/K, (€)), then the anstehen T is said to be regular at the point (£). 
In this case the image of (£) under T is a uniquely determined point of V/K. 
The rational transformation T is called birational, if conversely the point (x) 
is also rational over K((y)), i.e. if we have K((x)) = K((y)); the resulting 
rational transformation of V/K onto U/K is called the inverse 7”! of the 
transformation T. If a birational transformation T is regular at a point (é) 
and the inverse transformation T-t is also regular at the image point (n) 
of (é) under T, then the transformation is said to be biregular at this point 
(é) or at the pair of points (é), (7). Two varieties U/K and V/K which 
are in biregular correspondence at the two points (£) and (7) respectively, 
have evidently the same quotient rings Q(U/K, (£)) and Q(V/K, (nm); 
hence they are also analytically equivalent at these two points. These concepts 
can be carried over to the case of two absolute varieties, just as we have done 
above for the definitions of quotient ring and analytical equivalence; we have 
then to replace the points (é) and (7) by two absolute subvarieties W and W” 
in U and V respectively, and the field K must be a field of definition for all 
the varieties U, V, W, W’. 


2. Statement of the problem and result. Let U/K be a variety of r 
dimensions in the projective space Sm. As we have indicated at the beginning 
of the previous section, any positive d-cycle of degree n in U/K can be repre- 
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sented through its associated form by a point in the projective space S+, and 
the set of all such points in S; constitutes exactly the points of a bunch of 
varieties over K. Let V/K be any variety contained in this bunch, then the 
set of all the positive cycles in U/K corresponding to the points in V/K is 
called an algebraic system of positive cycles in U/K, and-the variety V/K 
is called the associated variety of the algebraic system. Let (y) be a generic 
point of V/K, then the cycle G(y) determined by (y) is called a generic 
cycle of the algebraic system and we shall denote the algebraic system itself 
by | @(y)|. We shall assume that the generic cycle G(y) is prime rational 
over the field K((y)), and that a generic point (x) of G(y) over K((y)) is 
also a generic point of U/K. This last assumption means simply that U/K 
is the carrier variety of the algebraic system | G(y)|. The pair of points 
(x), (y) then determines an algebraic correspondence T between the varieties 
U/K and V/K, which we shall call the associated correspondence of the 
algebraic system | G(y)|. 

The problem with which we are concerned in this paper can be described 
as follows. Let 7 be any (K-irreducible) algebraic correspondence between 
the variety U/K and another variety V/K (which may of course lie in a 
different space). If (ÿ) is a generic point of V/K, then the set of all points 
in U/K which correspond to (9) under the correspondence T constitutes a 
variety or prime rational cycle G(ÿ) in U/K over the field K((ÿ)). If this 
cycle G(ÿ) has the dimension d and the degree n, then there corresponds to 
G(g) by means of its natural coordinates a point (y) in the projective 
space 8;; let V/K be the variety in S+ determined by the generic point (y) 
over the field K. This variety V/K then determines an algebraic system of 
positive cycles in U/K, of which the cycle G(y) = G(ÿ) is a generic member, 
and there is an algebraic correspondence T between U/K and V/K associated 
with this algebraic system. Thus every algebraic correspondence 7 between 
U/K and a variety V/K induces in U/K an algebraic system of positive 
cycles, but in general the variety Ÿ /K is of course different from the associated 
variety V/K of the algebraic system and the correspondence T is different 
from the associated correspondence T. In fact, under the correspondence T 
between U/K and V/K, the points of V/X will not in general be in one-to- 
one correspondence with the positive cycles of the algebraic system without 
exception; that is, to some points of V/K there might correspond more than 
one or even an infinite number of cycles of the algebraic system.” The 
question arises as to whether there are any other properties which distinguish 


35 For a more detailed description of the relations between the correspondences 
T and T, see Chow and van der Waerden [5], § 2. 
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the associated variety V/K from the rather arbitrarily chosen variety V/K, 
apart from the fact that V/K represents in a one-to-one manner the cycles 
of the algebraic system | G(y)|. One would naturally ask for those properties 
which are invariant under a biregular birational transformation of the asso- 
ciated variety V/K. In terms of local geometry we can formulate the question 
as follows: Let (7) be a point of V/K to which there corresponds a uniquely 
determined cycle G(%) in U/K and let (y) be the corresponding point in V/K 
so that we have G(y) —G(q). Then both varieties V/K and V/K can be 
said to represent through the correspondences T and T respectively the 
algebraic system of positive cycles | G(y)| = | @(#)| in a one-to-one manner - 
in the neighborhoods of the points (y) and (7) respectively. The question is 
whether there are any locally birational or analytic properties which distin- 
guish the associated correspondence T in the neighborhood of the pair (n), 
G(n) from the correspondence T in the neighborhood of the pair (7), 
G(7). In this paper we shall give an answer to this question in the special 
case where the correspondence 7 is a rational transformation of U/K onto 
V/K and consequently the associated correspondence T is also a rational 
transformation of U/K onto V/K. We shall show that in this case the local 
analytic properties of the variety V/K in the neighborhood of the point (7) 
has a very simple connection with the local properties of the variety U/K 
in the neighborhood of the cycle G (y), which is not true in general for the 
variety V/K in the neighborhood of (7). 

We shall from now on restrict ourselves to the case where the associated 
correspondence T of the algebraic system | @(y)| is a rational transformation 
of U/K onto V/K. It is clear in this case that the variety V/K has the 
dimension r—d. We shall call such an algebraic system of positive cycles 
an involutional system, on account of the fact that in case d = 0 such a system 
is essentially what is usually called an involution in the classical algebraic 
geometry. For the sake of convenience, we shall assume that the ground 
field K contains infinitely many elements. Our main result is the following 
theorem : i: 


THEOREM. Let U/K be a variety; let | G(y)j be an involutional system 
of positive cycles in U/K with the associated variety V/K and the associated 
transformation T, where (y) is a generic point of V/K. Let (q) be a 
rational point of V/K and (£) be a generic point of a K-component G’/K 
of Gr) ; we assume that the field K((£)) is analytically disjoint 1° with respect 
to the quotient ring Q(V/K, (n)) over K; this implies in particular that 


18 For the definition of analytical disjointness, see Appendix. 
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K((y)) and K((é) are linearly disjoint over K, so that the product variety 
W/K of V/K and @’/K is defined. If the transformation T is regular at 
the point (£) and the variety G’/K is a simple K-component of G(n) and is 
separably generated, then the varieties U/K and W/K are analı EN equi- 
valent at the points (£) and (n, é) respectively. 


For the sake of greater generality, we have stated our theorem above 
for the “relative” varieties; this is the reason why we have to make the 
assumptions that the point (y) is rational and the field K((£)) is analytically 
disjoint with respect to the quotient ring Q(V/K, (y)) over K. In the 
applications, however, we are mostly concerned with the case where both 
varieties U/K and V/K are absolutely irreducible; in other words, we are 
concerned with an involutional system of positive cycles in an absolute variety 
U with an absolute variety V as the associated variety. It is then natural 
to assume that G” is an absolute variety, i.e. an (absolute) component of the 
positive cycle G(7), and that the field K is the smallest field over which all 
the varieties U, V, G’, (7) are defined. Since the field K((é)) is in this case 
a regular extension of K, it follows (Appendix, Theorem 4) that I((é)) is 
analytically disjoint with respect to any local domain with K as a basic field, 
hence in particular with respect to the local domain Q(V/K, (y)) over K. 
Recalling our definition of the analytical equivalence between two absolute 
varieties, we can state our theorem for absolute varieties as follows: 


THEOREM. Let U be an absolute variety; let | G(y)| be an involutional 
system of positive cycles in U with the associated (absolute) variety V and 
the associated transformation T. Let (q) be any point of V and let @ ben 
component of G(n). If @ is a simple component of G(n) and the trans- 
formation T is regular at the subvariety G’, then the variety U and the 
product variety W =V X G’ are analytically equivalent at the subvarieties 
G’ and (n) X G respectively. 


From this theorem we can derive as an immediate corollary a criterion 
for simple points or subvarieties. Since the product variety W is simple at 
the subvariety (7) X G’ if and only if both V and G’ are simple at the sub- 
varieties (7) and @ respectively, and since the variety G” is certainly simple 
at the variety G’ itself, i.e. at its generic point, it follows that under the 
conditions of the above theorem the variety U is simple at the subvariety @’ 
if and only if the variety V is simple at the point (7). It is evident that 
the application of this criterion to the problem of Jacobian variety gives an 
affirmative answer to the question we have posed at the beginning of the 
previous section. 
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Finally, we should like to add that the significance of our theorem goes 
beyond a mere criterion for simple points; it gives us a certain information 
about the analytic structure of U in the neighborhood of a cycle of an 
algebraic system. In order to.express this more clearly, we introduce yet 
another definition. An involutional system | G(y)| in an absolute variety 
U is called a fiber system if the transformation T is regular at every point 
of U and the cycle GŒ (y) is an absolute variety (i.e. consisting of one com- 
ponent with multiplicity 1) for every point (7) of V. It is evident that 
in this case each point of U belongs to exactly one cycle of the system, so 
that the entire variety U is fibered by the algebraic system of cycles. Our 
result can then be expressed roughly as follows: If | @(y)| is a fiber system 
in U with the associated variety V and the associated transformation T, then 
U has properties similar to those of a fiber space in the topology, with V as 
the base space and T as the projection. In fact, there seems to be more than 
a formal analogy between this algebraic “ fiber space” and the fiber space 
in topology; we hope to be able to come back to these questions on some 
future occasions. 

Before we proceed with the proof of our theorem, we shall make a change 
in our terminology. It is clear that our main theorem is of-a purely local 
nature, and as such it can be stated just as well for varieties in affine spaces 
instead of projective spaces. In fact, this is the form in which we shall 
prove the theorem in the next two sections; for, as is usually the case with a 
problem of purely local nature, it is very convenient to be able to work with 
the affine coordinates. It is easily seen that most of the definitions and 
concepts as developed and. indicated in this and the previous sections can be 
carried over with suitable modifications to the varieties and points in affine 
spaces, and we can replace such field extensions as K((z)) by the ordinary 
field extension K(x). Thus we shall from now on consider only varieties 
and points in a suitably chosen affine space in the projective space Sm; we 
shall denote this affine space also by Sm and represent a point in it by the 
affine coordinates (£) = (2%1,:°-*,2m). We shall assume that the affine Sm 
has been so chosen that the d-cycle G(7) is finite; this implies of course that 
the variety U/K as well as the generic cycle G(y) of the system are also finite. 
A variety is said to be finite with respect to an affine space if every generic 
point of it is finite (i.e. in the affine space), and a cycle is said to be finite 
if all its components are finite. Similarly, we can assume that the affine 9; 
has been so chosen that the point (y) is finite, which implies that the variety 
V/K is also finite; but for the sake of convenience later in our proof, we 
shall make a more definite choice of this affine space S; with respect to a 
given choice of the affine coordinate system in the affine space Sm. 
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We set w= (Z.2%,---Z a)" in the ordered set of monomials 
wo w ',o in the d+ 1 set of indeterminates (Z), (Z™),---,(Z@) 
as defined in the beginning of the previous section. Then the affine $, is 
defined as the set of all points (co, 1, * *,@&) with ¢)3<0, and such a 
point will be denoted by its affine coordinates (cı/co‘ ` +, ¢:/¢o). In order 
to insure that the point (7) is finite with respect to such a choice of the 
affine 9:, we shall assume that the affine coordinate system in the affine 
space Sm has been so chosen that the linear variety defined by the d equations 
Xi vi, += 1,: + +,d, where the v,- - :,w are independent variables over 
K, intersects the d-cycle G(y) properly and finitely, i.e. the intersection 
consists of a finite number of finite points. Then the coefficient of the term 
wo in the associated form Pim) (Z,Z2,---,Z2) of G(n) cannot be zero. 
For, let vo) = — v, vO, = 1, vo); = 0, fori —1,---,d, and j 1, then 
the form Fm (Z,v™,- - -,v@) is the associated form of the intersection 
of G(n) with the linear variety. It is easily seen that the coefficient of the 
term Zo" in the form F(m)(Z,v™,---,v@) is exactly the coefficient of 
the term w in the form Fin (Z,2,---,Z2@). T£ this coefficient were 
zero, then the form Fim (Z,v™,:+-+-,v@) must contain as factor at least 
one linear form without the term Z,, and this linear form would then corre- 
spond to an infinite intersection point of G(n) with the linear variety, in 
contradiction to our assumption. Thus the coefficient of the term wọ in the 
form Pm(Z,29,- + -,Z) is not zero, and this means-that the point () 
is in the affine space S; From now on we shall assume that the associated 
form has been so normalized that the coefficient of the term wo is equal to. 1; 
the coefficients of the rest of the terms will then be the affine coordinates of 
the corresponding cycle. 


3. Two lemmas. We begin by recalling some well known facts con- 
cerning the semi-local rings. A ring o is called a semi-local ring," if it is 
a Noetherian ring and contains only a finite number of maximal prime ideals. 
We shall consider o also as a topological space in the following way. Since 9 
is in particular a group with respect to the addition, we can define a topology 
in o by specifying a fundamental system of neighborhoods of the element 0. 
Let a be the product of all the maximal prime ideals of o, then the sets a®, 
for s=1,2,---, will be taken as a fundamental system of neighborhoods 
of 0. It can be shown that the usual conditions are satisfied; they are all 


trivial except the one asserting that [| a*—0, which is the well known 
8=1 


17 Chevalley [11. 
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theorem due to Krull. Thus o is a topological group and consequently a 
regular space; moreover, not only the addition but also the multiplication 
is a continuous function in 0. 

Let o’ be another semi-local ring which contains o as a sub-ring, and 
let o’ be topologized in a similar way by means of the product a’ of its 
maximal prime ideals. The question arises as to the relation between the 
topologies of the two rings o and o’. In general, they are not concordant; 
in other words, the sets a's f] o do not in general constitute a fundamental 
system of neighborhoods of 0 in o. However, in the important special case 
when 0” is a finite o-module (and this implies itself that o’ is a semi-local 
ring) and no non-zero element of o is a zero-divisor in o’, it can be shown 1° 
that the sets a's f] o also constitute a fundamental system of neighborhoods 
of 0 in o, so that 0’ contains o not only as a sub-ring, but also as a sub-space. 
Explicitly this means that, in this case, there exist two sequences of positive 
integers 1(s) and m(s), with I(s) >o and m(s) —c as s—>o, such that 
the relations a!(9 Ca's oCam(e hold for all s. 

Let U/K and V/K be two varieties of the same dimension r in the affine 
spaces Sm and S; respectively. Let T be a rational transformation of U/K 
onto V/K, and let (x) and (y) = T(x) be a pair of corresponding generic 
points of U/K and V/K respectively. Then K(z) is a finite algebraic exten- 
sion of K(y); let n be the degree of the extension. To the generic point 
(y) of V/K there correspond in the inverse transformation T- n (not neces- 
sarily distinct) points (I) = (x), (x@),---,(@™) of U/K, which 
are all generic points of U/K and which together constitute a complete set 
of conjugates over K(y). We shall say that the inverse transformation 
T- is defined at a point (7) of V/K, if there is a finite specialization 
(@@),- + -,a() > (EI, - -,&™) over the specialization (y) — (7), such 
that every specialization of (2@,- - - ,æ(1)) over the specialization (y) — (7) 
coincides with this one except possibly for a reordering of the points 
(€@),-- +, (€M). It is clear that if the rational transformation T is one 
which is associated with an involutional system of positive 0-cycles on U/K, 
so that V/K is the associated variety of the system, then the inverse trans- 
formation 7-1 is defined at every point of the variety V/K, for a suitable 
choice of the affine spaces Sm and S:. 


Lexma I. Let T be a rational transformation of a variety U/K onto 
a variety V/K, both of the same dimension r. Let (£) be a point of U/K 


18 See Chevalley [1], p. 699, Proposition 7. For the properties of semi-local rings 
used in the following, we refer once for all to this paper of Chevalley. 
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such that T is regular at (£) and the inverse transformation T> is defined 
at the image point (n) —=T(£). Then the quotient ring U = Q(U/K, (8) 
contains the quotient ring B—Q(V/K, (n)) as a subspace. 


Proof. Let r == K{y] be the coordinate ring of V/K, and let p be the 
prime ideal in r determined by the point (7), and let 3=r-—p be the 
multiplicatively closed system of all the elements of r not in p. Then the 
quotient ring of r with respect to 8 is a local ring o, and the ideal m = op 
is the maximal prime ideal of o. It is easily-seen that o is the quotient ring 
V = Q(V/K, (y)) of V/K at (q). Let t= K[æ] be the coordinate ring 
of U/K, and let pi,’ - +, p’, be the n prime ideals (not necessarily distinct) 
in v’ determined by the n points (€),- - -, (€), and let 3’ — N (V — pi) 

izt 
be the multiplicatively closed system of all elements of r’ not in any one of 
the ideals p’,,-- -,px Let o” be the quotient ring of r’ with respect to 3’. 
Then o’ is a semi-local ring, and its maximal prime ideals are the ideals 
Mis 0p; (i= 1,- : -,n), which are not necessarily distinct. Let 0”; be 
the quotient ring of o’ with respect to the multiplicatively closed system 
o — mi; each ring 0”; is a local ring with the maximal prime ideal o'sm’; 
It is clear that o’, is the quotient ring U = Q(U/K, (8) of U/K at (£). 
We have to show that if 0’: 0, then o is a sub-space of o’. We shall achieve 
this by constructing a bigger ring which contains both o’, and o as sub-spaces. 

Consider the ring R = K[z™,- - -, a], and for each i (i—1,- < - ,n), 
let Pa, 7 =1,- + +, a, be the distinct prime ideals determined by the speciali- 
zations of («@,--+-+,a) over the specialization (7) > (EW) over K. 
Since there is an automorphism of the field k(a™,---,a™) over K(y) 
which carries any one of the points (æ) into any other, it follows ‘that 
we can arrange the ideals ®;; in such a way that the ideals Bi, - >, Pa; are 
conjugate to each other for every j—=1,2,---,a. Let G= N (R — Py) 


be the multiplicatively closed system of all elements of R not contained in 
any one of the prime ideals ®;,, and let © be the quotient ring of 9 with 
respect to ©. The ring is then a semi-local ring, and its maximal prime 
ideals are the ideals Ntij—= OP. Let © be the integral closure of ©; since 
© is a finite O-module, it is also a semi-local ring. For every i and j, let 
Nip, (k— 1,---,b) be the distinct maximal prime ideals of such that 
Mix N O — My; and we shall arrange these ideals in such a way that the 
ideals Dex, - - +, Daj. are conjugate to each other, for every j and k. Now, 
since every element of o is finite over any finite specialization of the elements 
of ©, it is integrally dependent on ©; hence, we have ÖDo. On the other 
hand, since every element of is also finite over any finite specialization of 
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the elements of o and is consequently integrally dependent on o, we conclude 
that © is the integral closure of o in the field K(xW,- - -,z m). From 
this it follows that © is a finite o-module, and hence D contains o as a 
sub-space, and we have Din N o =m. 

It is clear from our construction that Dr’; and, as all the prime 
ideals Py; of N contract in r’ to one of ideals p’,,- - -, ph, we have r’ N) SG C8’, 
from which it follows that Oo”. The ideals Pı; (j—1,: - :,a) are evi- 
dently the only maximal prime ideals of § which contract to p’ in’. It 
follows that the ideals Mt; (j =1,---,@) consist of all the maximal prime 
ideals of O which contract to m’, in o’. Hence the ideals Mm are all the 
maximal prime ideals of which contract to m’, to o. Let ©, be 
the quotient ring of © with respect to the multiplicatively closed system 
N(S— Dan). Since Pig Mo’ = m, the ring o, is contained in Ñ.. 

jk 

On the other hand, it is easily seen that every element of ©, is finite 
over any finite specialization of the elements of o’, and hence is integrally 
dependent on 01 Therefore, 9, is the integral closure of 0’, in the field 
K(«@™,--+,2%), from which it follows that 9, is a finite o’,-modul and 
consequently contains o’, as a subspace. 

We shall now show that ©, contains also o as a sub-space. Let 
Ni = Il Dix and A — I Dj where the product []’ extends over all the 


distinct ideals only Saone the Mis Since S contains o as a sub-space, and 
‘since the sets Ws (s == 1, 2,- - -) constitute by definition a fundamental system 
of neighborhoods of 0 in 5, we have the relations WC Ns f) o C a” (s) 
with Z{s) —>co and m(s) >o, as s—>œ. Since any two distinct ones of the 


ideals Ws are relatively prime to each other, we have 
x= IT Prin = N Ds = N (N Mijn?) = N (I Mas) 
ijk ijk i DE i Ik 
= N Me. 


Hence we have at C A (As N 0) Ca”). Now, since the ideals Ms are all 
conjugate to each other over K (y), we have evidently W8 N 0 —: :: 
—=W,° No. Hence we have the relations a CAs f) oCar(®, which means 
that the sets 2,*{] o constitute a fundamental system of neighborhoods of ` 
0 ino. Now, the sets ($,9,)* constitute by definition a fundamental system 
of neighborhoods of 0 in S., and we have from the theory of quotient rings ” 


1° We observe that since the M,,. are maximal prime ideals in ©, we have 
Ue == N) Dyr", and each Myg” is a primary ideal. Therefore we have DM. N) 5 — My," 


ik = = 
and hence also 9,2, N 0 = A. 
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that (0,9)? N =M. Therefore we have (OWN o = (SH) NS 
NM o = Ms f) 0, which shows that o is a sub-space of $. 

Since the ring ©, contains both o’, and o as sub-spaces, and since (on 
account of the regularity of the rational transformation T at (EW)) of, 
contains o, it follows that o’, contains o as a sub-space. Thus the lemma 
is proved. 


[Note added in proof (March 10, 1950): Professor Zariski has kindly 
called our attention to the fact that our Lemma I is closely related to a result 
in his recent note in the Proceedings of the National Academy of Sciences, 
vol. 35 (1949), pp. 62-66, Theorem 3. In fact, if the variety V/K is 
analytically irreducible at the point (7), our Lemma I is an immediate con- 
sequence of Zariski’s theorem. In case V/K is not analytically irreducible, 
it is also possible to deduce our Lemma I from Zariski’s theorem, if we make 
use of Zariski’s theory of normal varieties. This can be done in the following 
way, as communicated to us by Professor Zariski. 

Let U/K and V/K be derived normal models of U/K and V/K respec- 
tively. Let (€@)), (€@),---, (E@) be the points of Ọ/K which correspond 
to (é) and let similarly (7), (g@),---,(q7™) be the points of V/K 
which correspond to (7). Since (y) is the only point of V/K which corre- 
sponds to (£) under T, the points of P/K which correspond to any (£®) 
(in the rational transformation T of U/K onto V/K) are among the points 
(79) and hence are finite in number. Since Ü/K is normal it follows that 
to each point (£() there corresponds a unique point, say (7(#)), and that T 
is regular at (£(9). Recalling the fact that a normal variety is analytically 
irreducible at any one of its points (see Zariski, Annals of Mathematics, vol. 
49 (1948), pp. 352-361), it follows from Zariski’s theorem that 


(1) the quotient ring of (7) is a sub-space of the quotient ring of 
(E9) (t= 1,2, g) 

Now let us assume that in every specialization (¢@,¢@,---,¢™)— 
(EM, EM, - »,E@)) over the specialization (y) — (7) the point (é) occurs 
at least once among the (£(# ) (this assumption is weaker than the assump- 
tion that the inverse transformation T- is defined at (7)). We have for 
each j=1,2,: + +, h the specialization (y, ÿ) — (7,7) (where (ÿ) is the 
point V/K which corresponds to the general point.(y) of V/K), and if we 
apply the above assumption to the specializations of (eW,29,- + :,200)) 
which are over the specialization (y, 7) — (7,7) we conclude at once that 


(2) each of the k points (7%) occurs at least once among the points 
Fe), i= 1,2, 2,9. 
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From (1) and (2) it follows that the intersection of the quotient rings 

(79) of the k points (70?) is a sub-space of the intersection of the quotient 

rings o’(€) of the g points (ZW). Since Ÿ/K is a derived normal model 

of V/K, the quotient ring o of the point (7) is a sub-space of N o(7). 
3 


Hence o is a sub-space of [) o’(E®W). Since also U/K is a derived normal 
i 


model of U/K, the quotient ring 0’, of the point (E£) = (EM) is a sub-space 
of [v (E0). From these conclusions and from the fact that the space o is 
FA 


a subset of the space o’, (since T is regular at (£)), our Lemma I follows.] 


Before we proceed to the second lemma, we shall make a few remarks 
about the coefficients of the associated form. Let U/K be a variety in Su. 
Consider an involutional system of positive 0-cycles of degree n in U/K with 
the associated variety V/K and the associated transformation T, and let (x) 
and y = T(x) be a pair of corresponding generic points of U/K and V/K 
respectively. Let Fey (Z) be the associated form of the generic 0-cycle G(y) 
of the system. We have then 


Fwy (4) = IT (Zo + 2a ),), 
=1 j=l 


where the n points («®) = (x), (x@),---,(2@) form a complete set 
of conjugates over K(y). The coordinates of the point (y) are the coefficients 
of the form Fip (Z), and they are by hypothesis rational functions of (x). 
Let fz(Z., Zx) be the form obtained from Fen (Z) by setting Z;— 0 for all 
j 740, %; we have then evidently — | 


fr (Zos Zr) == [Í (Zo + Ze), k — 1,: <, m. 
del 


Thus, for each k == 1,: : : ,m, the coefficients of the form f;(Zo, Zr) are the 
` elementary symmetric functions of the n elements 29, ‚em. It is 
clear that the coefficients of the m forms fe(Zo;Zx), k= 1,::-,m, are all 
part of the coefficients of the form Fen (Z); that is, they all occur among 
the coordinates of the point (y). Furthermore, let 


Ir (Zo Zx) = II (Zo + Zier), k =1,: m 
so that we have fx(Zo, Ze) = (Zo + Zr£r)gr(Zo, Zr), k—=1,: * :,m. It is 
well known that for each k = 1,: : +, m, the coefficients of gz(Zo, Zr), being 


the elementary symmetric functions of the n— 1 elements sp, + - ,æ(n),, 
can be expressed as polynomials in the coefficients of the form fx(Z,, Zz) and 


4 
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the element vy. It follows then that the coefficients of the forms gr (Zu, Zr), 
k= 1,: : -,m, ave all elements of the ring K[z, y]. We shall make use of 
this remark presently. | 


Lemma II. Let U/K be a variety; let | G(y)| be an involutional system 
of positive O-cycles in U/K with the associated variety V/K and the associated 
transformation T. Let (£) be a point of U/K such that the transformation T 
is regular at (é), and that the corresponding point (n) = T(é) on V/K deter- 
mines an O-cycle G(n) which contains (E) as a simple component. Then the 
maximal prime ideal u of the quotient ring U = Q(U/K, (8) has a basis 
consisting -of elements in the quotient ring B == Q(V/K, (m): 


Proof. Let (x) and (y)=T(z) be a pair of corresponding generic 
points of U/K and V/K respectively. The hypothesis that the point (£) is 
a simple component of the special cycle G(y) implies that the generic cycle 
G(y) can only have simple components; hence the field K(x) must be a 
separable algebraic extension of K(y) and the n points (7) = (a), («@), 
- ++, (Ææ) of the generic cycle @(y) are distinct. Let (c,---,2@) 
— (€M,-+-,éM) be any specialization over the specialization (x) — (é) 
over K; the points (€@),---, (é™) are then evidently the n points of the 
cycle @ (y). Since the point (£) occurs only once in the cycle G (y), we have 
(E) A (é) for all +541. Therefore, we can assume that the affine 
coordinate system in Sm has been so chosen that we have £; 46; for all 
t>£1 and all j. It is easily seen that this condition can always be obtained 
by means of a suitably chosen affine transformation with coefficients in K, 
the field K being assumed to contain infinitely many elements. Let 


A= (i` +, im) be any ordered set of m positive integers not greater than 
n, we shall set (é) = (€(),,-- -,é@m),,). Then, as A runs through all 
the n™ possible ordered sets (t1,---,%m) of positive integers not greater 


than n, we obtain a set of n” (not necessarily distinct) points {(&)}. Since 
we have é); -4 é; for all 1541 and all j, it is clear that the point (é) occurs 
only once among the n” points of the set (&). Similarly, we set 


(ah) = (sl), olma) and obtain a set of n™ points {(4\)}. It is 
clear that for every À the specialization (zì) > (À) is the only specializatiou 
over the specialization (a,---,a2™)— (éM,- - -,é™) over K. 


Let (X) (j=1,: : ',h) be a basis of the prime ideal determined by 
the point (é) in the polynomial ring K[X] = K[X,,---,Xm]. It is easily 
seen that the h elements (x), j= 1,: >+, h, constitute then also a basis 
of the ideal u in the local ring U. Since the point (£) occurs only once 
among the set {(&*)}, it follows that for every à £ (1,: - -,1) the h elements 


ALGEBRAIC SYSTEMS OF POSITIVE CYCLES. 267 


WE), j—1,:::,h, are not all zero. There exist then A linearly inde- 
pendent combinations 


h 
(X) = È twh (X), j= 1°: ‘yh, 


of the polynomials ¥;(X) with coefficients a} in K, such that for every 
As (1,- + -,1) none of the h elements 4;(é), j = 1,- - -,h, vanishes. The 
elements ¢;(%), j= 1,: > +, h, constitute of course also a basis of the ideal 
u in U; and we have for each À and 7 the unique specialization $,(z*) > $,(&) 
over the specialization (,- : -,a™)— (EW,- - -,E™) over K. 
Now we set 
t= IT (2), j=L''.,h, 


where the product runs over all the n” points of the set {(æ\)}. We prove 
first that these À elements &, j —1,: - -,h, are elements of the ring Ky]; 
this evidently implies that they are also elements of the quotient ring &. 
To show this, we set (X) =, 9 (Xat - °, Em), j—1,:::,h; we can 
then write 

D; = II ee II $j (at), FO ay alts) mn), j= 1, Va h. 


im=1 421 
Consider the polynomials 


n 


h (Zn, Xn) = 11 40 (2, Xe, Xn), fleshy 
1=1 
we have evidently f 


a= il . TL; (di), + + alm) „), ER 
im= o= 

Since the coefficients of the polynomials 59 (Xa: + +, Xm), J= 1, ©, h, 
are integral rational symmetric functions of the n elements ta, --,a™, 
they can be expressed as integral rational functions of the elementary sym- 
metric functions of these n elements. This means that the coefficients of 
the polynomials ¢;® (Xo,---,Xm), j—=1,:::,h, are integral rational 
functions of the coefficients of the form f1(Zo, Z1) ; and since the coefficients 
of fı(Zo, Z1) are themselves some of the coordinates of the point (y), it 
follows that the coefficients of ; (Xa: - +, Xm), J= 1, : `, h, are elements 
of K[y]. Consider next the polynomials 


pj) (Xs, ° +, Xm) 119 (2623, Xs, ° . +, Xm)» j =l, "sh; 
=i 
we have evidently 


268 WEI-LIANG CHOW. 


n PR 
®, = i Il gP (203, Be em); I= Tor ty h. 
m= g= 


Since the coefficients of the polynomials 4; (Xa ,Xn),j=1L''',h, 
are integral rational symmetric functions of the n elements »,.,---,a™, 
with coefficients in K[y], it follows that they can be expressed as integral 
rational functions of the elementary symmetric functions of these n elements 
also with coefficients in K[y]. This means that the coefficients of the poly- 
nomials 59 (X3,- --,Xm), j= 1, > -, h, are integral rational functions of 
the coefficients of the form f2(Zo, Z2), with coefficients in K[y]; and since the 
coefficients of the form fə(Zo, Z2) are themselves some of the coordinates of 
the point (y), it follows that the coefficients of ¢;% (X3,---,Xm), j=1, 
Sh, are elements of K [y]. Thus, proceeding successively in this manner, 
we conclude after m steps that the elements ®;, j7==1,---,h, are elements 
of K[y]. 

We maintain that the h elements &, j == 1,- - -,h, constitute a basis of 
the ideal u in the ring U. Since we have $; == (&,/¢,(%))¢;(x), 7 —1,: © +, h, 
and since the h elements #,(2), j= 1,: - +, h, constitute a basis of u in U, 
it is sufficient to prove that the elements $,/$;(r), j==1,---+,h, are units 
of the ring U. We first show that these elements are elements of the ring U. 


(m) 
In fact, indieating by ir the product over all the m—k--1 indices 
(k) | 


ds © *,%m With the exception of the one combination iy =- —=in=1, 
we obtain by a simple calculation the following: 


: (m) 
®,/d;(2) = IV 6; (x), + -, alim),,) 


© H © (m) 
=Í 3°) (a, Lo,” * + Em) Ir ee) 
172 2 


m n 


= [Í ( II der (at, Lars" © ‘> Em) = IT 6, (Er * *,Tm); | 
E k=1 ik=2 =l . 
(j—=1;:::,h), 
where in the last step we have set 


m 


0,%) (Kia Pe, Xm) un I pie (a (4) le Ka pauan Xm) $ 


ix=2 . 
k=1,---+,m;7=—1,---,h. 
Thus it is only necessary to prove that for each k==1,---,m and each 
j==1,:::,h, the element 6; (£r, Em) is dn element of U. Since 


the coefficients of the polynomial 6; (Xz4,: * *, Xm) are integral rational 
symmetric functions of the n— 1 ‘elements z? - >, a, with coefficients 
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in K[y], they can be expressed as integral rational functions of the elementary 
symmetric functions of these »— 1 elements, also with coefficients in K[y]. 
This means that the coefficients of 4,4%) (Xps © -,X,) are integral rational 
functions of the coefficients of the form gr (Zo, Zr), with coefficients in K[y] ; 
and since the coefficients of g,(Zo,Z,) are themselves elements of K[z, y], 
it follows that the coefficients of 6; (Xnu,:-+,Xm) are also elements of 
Kle, y]. Therefore, the element 6; (25,1, + *, 8m) is also an element of 
Klz,y]; and since the transformation T is regular at the point (£), the 
element 4,4 (zu, - *, 8m) is in the quotient ring U. Thus we have shown 
that the elements 8,/6,(2), j —1,:  ',h, are all elements of the ring U. 

Finally, we show that the elements ®,/¢;(t), j—1,- © -,h, are units of 
the ring U. In fact, we have 


&;/b;(x) — IP #0), j=i,- . ZUR 


where the product []’ runs over all the n” points of the set {(a%)} except 
À 


the point (x). For every À and 7, we have the unique specialization 
$j (a) > ;(&) over the specialization (c™,- - ‚a m) > (éM,- - -,Em) 
over K; hence we have also the unique specialization 


D,/$;(2) Da IF (0>) > 48), j= 1,-- “yh, 


over the specialization («,---,a) > (é™,- + -,é)) over K. Since 
the elements ©,/¢,;(%), j —1,: : :,h, are elements of U, it follows that the 
specialization i 


B;/p;(T) RIE 5), j=1,: . ‘yh, 


is the uniquely determined specialization of these À elements over the speciali- 
zation (x) — (£) over K. Now, we have shown above that $;(&) 40 for 
‘every À =&(1,---,1) and every j; hence we have also 


18) # 0, j=l h, 


` This means that the A elements %;/¢;(x), 5—1,: : -,h, are not in u and 
hence units of U. This concludes the proof of Lemma II. 


4. Proof of the theorem. We restate here our theorem with slight 
modifications for affine varieties: 


Turorrm. Let U/K be a variety; let | G(y)| be an involutional system 
of positive cycles in U/K with the associated variety V/K and the associated 
transformation T, where (y) is a generic point of V/K. Let (q) be a 
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rational point of V/K such that the cycle G(n) is finite, and let (£) be a 
generic point of a K-component G’/K of G(n). We assume that the field 
K(é) is analytically disjoint with respect to the ring Q(V/K, (n)) over K; 
this implies in particular that the fields K(£) and K(y) are linearly disjoint 
over K, so that the product variety W/K =V/KX @/K is defined. If the 
transformation T is regular at the point (E) and if the variety G’/K is a 
simple K-component of G(n) and is separably generated, then the varieties 
U/K and W/K are analytically equivalent at the points (é) and (y, é) 
respectively. 


Proof. As before, let (x) and (y) = T(x) be a pair of corresponding 
generic points of U/K and V/K respectively. We shall first prove the 
theorem for the case when the dimension d of the positive cycles of the 
involutional system is zero and then extend it by a well known device to 
the general case. 


(a) The case d—0. The assumption that @’/K is a simple K-com- 
ponent of G(7) and is separably generated implies that the point (£) is a 
simple component of the 0-cycle G (7) ; hence the hypotheses of both Lemma I 
and Lemma II are satisfied. Let U = Q (U/K, (&)) be the quotient ring of 
U/K at the point (£) and u be the maximal prime ideal in U; let 
B= Q(V/K, (n)) be the quotient ring of V/K at the point (7); and let 
W — (W/K, (m) be the quotient ring of W/K at the point (y,é). Let 
U* be the completion of the local ring U and let u* be its maximal 
prime ideal; let ®* be the completion of the local ring ® and b* be 
its maximal prime ideal; let A8* be the completion of the local ring W. 
Our aim is to prove that the two rings U* and W* are K-isomorphic. 
We observe first that W is also the quotient ring Q(V/K(é), (n)) of 
the extension variety V/K(é) of V/K over K(£) at the point (q); 
which means that W is the extension of ® over the field K(£). Further- 
more, since K(é) is a finite extension of K and since B contains K as 
a coefficient field, it follows that W* — K(é) X B*. According to Lemma I, 
U contains ® as a sub-space; hence U* contains V* as a subring. Since 
K(E) is separable over K, U contains K as a basic field; hence the com- 
pletion U* contains a coefficient field K’ over K, which is K-isomorphic to 
the residue ring 11*/u* and hence also K-isomorphic to K(£). The field K’ 
is not in general a subfield of the universal domain & and is hence an 
“ abstract” field in our terminology; however, since K’ is K-isomorphie with 
the field K{£), we can without loss of generality identify the two fields by 
setting K’—K(é) through the given K-isomorphism. If we now set 


ALGEBRAIC SYSTEMS OF POSITIVE CYCLES. 271 


R=U*, o = %, L— K’ in the Theorem 7 of the Appendix, it is easily seen 
that all the conditions in the hypothesis are fulfilled; we can therefore con- 
clude that the subring K’S* in U* is an (K’,%*)-isomorphic image of 
W* — K’ x B*. This shows in particular that K’S* is a complete local 
ring and its maximal prime ideal is the ideal K’o*, which is contained in 
the ideal u*; it follows then that the subring K’S* is equal to its own 
adherence in U*. Therefore, to complete our proof, we only need to show 
that U* == K’B*; for then the two rings U* and W* will be K’-isomorphie 
and a fortiori also K-isomorphic. To prove this equation 11* = K’B*, it is 
sufficient to show that the elements of K’S are everywhere dense in the local 
ring U*. This means that given any element « of U* and a positive integer s, 
there is an element ß, of K’% such that «= ß, (mod u**). Now, according 
to Lemma II, the ideal u of U has a basis &, j=1,: - :,h, which are 
elements of V, hence also of K’®. It is well known that the elements &,, 
j= 1,:; < :,h, constitute then also a basis of the ideal u* in U*. Since the 
elements of K’ constitute a complete set of representatives of the residue 
field U*/u*, there exists an element «, in K’ such that « =ø, (mod u*). 
We set 61 = gı. Assuming that the element £s-ı has already been constructed, 
we proceed to construct the element ß,. Since the element a — s- is an 
element in the ideal u***, we can express it as a form of degree s— 1 in the 
basis elements ®, j—=1,'  ',h, with coefficients in U*. Now, by the case 
s = 1, each of these coefficients is congruent to an element of K’ modulo u*. 
If we now substitute every coefficient of the form by the corresponding element 
in K’, we obtain an element a, in K’B-such that a— f,,==a, (mod u**). 
The element B,==a;-+ 8s. is in the ring K’® and satisfies the ‘condition 
a= f, (modu**). Thus the proof for the case d= 0 is complete. 

(b) The case d>0. As we have mentioned at the end of Section 2, 
we shall assume that the affine coordinate system of Sm has been so chosen 
that the (m — d)-dimensional linear variety defined by the equations X, = v; 
j=1,:":,d, where the vı,’ : +, vg are independent variables over K, inter- 
sects the d-cycle G(7) properly and finitely. Then, if G,/K is any K-com- 
ponent of degree n, of @(n), a generic point (£) of G,/K can be chosen such 
that the first d coordinates &,: : : , &a are any given set of d independent 
variables over K, and the field K(£:,- ` `, ém) is an algebraic extension of 
degree n, over the field K(é:,---+,€2). Since the first d coordinates 
%,° ` :,% Of the generic point (x) of U/K are in this case independent 
variab'es over K, we can therefore set ;=z; for j—1,---,d. In other 
words, each K-component of G(n) has a generic point with the first d 
coordinates ©,,° © ",za. This holds in particular for the K-component G’/K 
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of @(n), and we have a generie point (é) with é; = z; for j—1,---,d. 
‚Since the variety. G’/K is separably generated, we may without loss of 
generality assume that the affine coordinate system of Sm has been so chosen 
that K(£) is separably algebraic of degree n’ over field K(m,,' - -, 2a). 

Let K — K(a,,- - <, £4), and let U/K and V/K be the extensions of the 
varieties U/K and V/K respectively over X. Let L/K be the linear variety 
of dimension m — d defined by the d linear equations X; = a, j=1,' -,d. 
Then the intersection of U/K with L/K is a variety Ü/K over K, and the 
point (x) is also a generic point of Ü/K. The point (£) is evidently also a 
point of Ü/K, and it is well known * that the quotient ring Q(U/K, (€)) 
coincides with the quotient ring U — Q(U/K, (é)). Since the point (x) is 
a generic point of U/K and the point (y) is also a point of V/K, the 
rational transformation (y) =T(x) of U/K onto V/K can also be regarded 
as a rational transformation 7 of the variety U/K into the variety V/K. 
In fact, this rational transformation T is also a transformation of U/K onto 
V/K; in other words, the point (y) is not only a generic point of V/K, but 
also a generic point of V/K. To prove this, we only need to show that every 
generic point (y) of V/K is a specialization of the point (y) over K. In 
fact, since G(y’) is a generic d-cycle of the involutionary system | G(y)|, it 
has at least a finite intersection point (x) = (21; + °, a, Vdr’ * Em) 
with the linear variety L/K. The pair of points (+), (y’) is then a 


specialization of the pair (x), (y) over K; hence, the pair (2:,:::,æa),. 


(y’) is also a specialization of the pair (#,---,@a), (y) over K, and this 
means that the point (y’) is a specialization of (y) over K. 

It is evident from the definition of the transformation 7 that to the 
point (y) of V/K correspond in the inverse transformation 7 exactly the 
points of the intersection of L/Æ with the d-cycle @(y). Since each K-com- 
ponent G,/K of G(y) has a generic point of the type (£) = (%4,:- +, 2a 
fau,* * *,>m) such that the field K(£) is an algebraic extension of degree m, 
over À, it follows that the intersection of G,/K (considered as a d-cycle) 
with L/K is a finite 0-cycle G, of degree m, prime rational over X; thus 
we have a 0-dimensional variety G,/K, and the point (£) is also a generic 
point of G,/K. This holds in particular for the intersection G’/K of @/K 
with L/K ; and since the field K(£) =K(£) is separable over K, this 0-dimen- 
sional variety G’/K is also separably generated over X. Summing over all 
the K-components of the cycle G(y), we conclude that the intersection of 
G(n) with L/K is a finite 0-cycle G(») of degree n, rational over K, which 


20 See Zariski [10], p. 8, Lemma 1. 
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contains the variety @/K as a simple K-component. It is well known that 
in such a case the intersection of the generic cycle G(y) with L/K is also 
a finite 0-cycle @(y) of degree n, prime rational over K(y), and the cycle 
G(n) is the unique specialization of the cycle G(y) over the specialization 
(y) > (n) over X. Thus the rational transformation 7 induces in U/K an 
involutional system of 0-cycles | @(y)| , and the inverse transformation Ñ% is 
defined at the point (7). Since the transformation 7 is evidently regular 
at the point (£), it follows then from Lemma I that the quotient ring 
U = @(U/K, (£)) contains the quotient ring B— Q(V/K, (n)) as a sub-space. ` 

The variety V/K is however not the associated variety of the involutional 
system | G(y)|. To find the associated variety of this system, we only need 
to observe that the associated form of the generic cycle G(y) is the form 
F(Z) =F (Z,uM,- -< -,u@), where the form Fy) (Z,2,- + -,Z7@) is 
the associated form of the d-cycle G(y) and the (wu), i—1,---,d, are 
defined as follows: For each i=1,: : :,d, we set u); =— t, 1, or 0, 
according as j = 0, j} = i, or j £0,i, respectively. As we have mentioned at 
the erd of Section 2, the form Fiy)(Z,2™,-++,Z) is assumed to be so 
normalized that the coefficient of the term wọ is 1. It follows then the 
coefficient of the term Zo” in the form F(Z) is also equal to 1, so:that F(Z) 
is already in the normalized form. Let (7) be the set of coefficients (except 
the coefficient 1 of the term Zo”) of this form F(Z), ordered in some arbitrary 
but fixed way, then the variety V/K determined by the point (7) over K is 
the associated variety of the involutional system | G(y)|; and wé can now write 
G(#) instead of G(y) to indicate its dependence on the point (ÿ). It is 
clear that the coordinates of (ÿ) are linear combination of the coordinates 
of (y); this means that there is a projection P of V/K onto V/K and that 
this projection P is regular at every finite point of V/K, hence in particular 
at the point (7). We shall denote by (7) the corresponding point of (») 
under this projection P, and write @(7) instead of G(y) to indicate its 
dependence on the point (7) of V/K. Since the hypothesis of Lemma I is 

“™avidently satisfied by P at the point (n), it follows that the quotient ring 5 
B— Q(V/K, (n)) contains the quotient ring $ — Q(V/K, (5)) of V/K at 
the point (%) as a sub-space; and this means that ® is also a sub-space of 
the local ring U. 

Let T be the associated rational transformation of the involutional system 
| 4(9)|; it is easily seen that 7 is the product of the rational transformation 
T of Ü/K onto V/K and the projection P of V/K onto V/K. Since the 
transformation Ÿ is regular at the point (£) and the image point on V/K is the 
point (7), and since the projection P is regular at the point (7) and the 


4 
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` image point on Ÿ/K is the point (7), it follows that the associated trans- 
formation 7 is regular at the point (é) and the image point on V/K is the 
point (7). Moreover, the 0-dimensional variety G’/K is a simple K-component 
of the cycle G(7) and is separably generated; hence the hypothesis of Lemma 
IT is fulfilled by the involutional system | G(#)| on the variety U/K with 
the associated variety V/K and the associated transformation 7. It follows 
then that the maximal prime ideal u in the quotient ring U = Q(U/K, (8) 
has a basis consisting of elements in the subring ® and hence also in the 
subring B of U. 

Finally, let W — Q(W/K, (n&)) be the quotient ring of W/K at the 
point (m,£). It is clear that W is also the quotient ring Q(V/K(é), (a) 
of the extension variety V/K(£) of V/K over K(é) at the point (7), and 
the variety V/K(é) is also the extension variety of V/K over K(£); this 
means that the local ring ® is the extension of the local ring ® over the 
field K(é). Since K(£) is a finite extension of K and since V contains K as 
a coefficient field, it follows that W* = K(é) x 8*. Furthermore, since 
the field K(£) is analytically disjoint with respect to the quotient ring 
B — Q(V/K, (n)) over the field K, and since ® is the extension of ® over 
the subfield X of K(£), it follows (Appendix, Theorem 6) that K(£) is also 
analytically disjoint with respect to ® over the field &. 

We are now ready to apply the method of (a). Consider the completion 
U* of U; it contains the completion ®* of ® as a subring. Since K(£) is 
separable over X, the local ring U contains K as a basic field; hence the 
completion 11* contains a coefficient field X’ over K, which is K-isomorphie 
to the field K(£). Here again the field X’ is an “abstract” field, but we can 
just as before identify it with K (é) by setting K’ = K(£) through the given 
K-isomorphism. If we set R = U*, o —%, L = K’, K = K in Theorem 7 of 
the Appendix, then all the condition in the hypothesis are fulfilled; we can 
therefore conclude that the subring X’B* in U* is a (K’, B*)-isomorphic 
image of W* = K X %*. Observing that the maximal prime ideal in 11* 
, Das a basis consisting of elements in %, we can repeat the same argument as 
in the last part of (a) and conclude that UF == K“B*. Therefore the two 
rings U” and W* are K’-isomorphic and a fortiori also K-isomorphie with 
each other. This completes the proof of our theorem. 
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APPENDIX.* 
On the Extensions of Local Domains. 


In this appendix we shall develop some notions and results concerning 
the extension of a local domain over a field, which are used in the text, but 
are not directly related to the problem considered there, so that we consider 
it more appropriate to present them separately. Theorems 1-6 are not essen- 
‘tially new; in fact, most of them are contained implicitly in the work of 
Chevalley, to which we shall refer for some of the proofs. However, for our 
present purpose, we have to develop the subject in a somewhat different way. 
The one new result is Theorem 7, which plays an essential part in the proof 
of the main theorem in the text. As a matter of terminology, we stress here 
that the expression “ field” will be used in this appendix in its usual general 
sense as meaning an abstract field, not necessarily a subfield of a certain 
“universal domain.” 

Let R, and R, be two (commutative) rings which contain a field K as 
common subring. We shall consider the Kronecker product R, X Ra of R, 
and R over the field K, which is a ring containing both R, and R, as subrings. 
The Kronecker product R, X R, has the following characteristic ‘property: 
Let R’ be any ring containing K, and let R’, and R’, be two subrings of R’, 
both containing K; then if R’, and R’, are K-isomorphic to R, and R: 
respectively, then the subring 4 R’,R’, in R’ is a K-homomorphie image of 
RıX Re. Furthermore, this homomorphism will be an isomorphism if and 
only if R’: and R’, are linearly disjoint over K. We recall here that R’, and 
RE’, are linearly disjoint over K, if every set of linearly independent elements 
of À”, over K is still such over R’; and that when this is so, then every set 
of linearly independent elements of R’, over K is also still such over A”. 
If we identify the rings R’, and R’, with the rings R, and R, respectively, 
as we shall often do, then the homomorphism of R, X R, onto the subring 
RıR, in R is not only a K-homomorphism, but also an (R, R,)-homo- 
morphism in the sense that both R, and R, are left invariant by the 
homomorphism. 

Let L and M be two fields which contain a common subfield K. We 
shall say that L and M are algebraically disjoint over K, if the prime ideal 
in the volynomial ring K[X:,- - -,X,] determined by every set of n elements 


* Added January 20, 1950. 

* We shall denote by R’,R’, the subring of R’ consisting of all the sums of products 
of elements in R’, and R’,. Thus, in case of two subfields L and M of a larger field, the 
ring Lif is in general not the compositum of L and M. 
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in L generates a prime ideal in the polynomial ring M[Xi,---,Xn]. Eis 
easily seen that in case both Z and M are subfields of a larger field such that 
L and M are independent over K, then they are algebraically disjoint over 
K if and only if they are linearly disjoint over K. On the other hand, given 
any two fields Z and M having exactly a common subfield K, there always 
exists a field N which contains L and a subfield M’, K-isomorphie to M, such 
that L and M’ are independent over K. If L and M are algebraically disjoint 
over K, then L and W’ are also algebraically disjoint over K and hence also 
linearly disjoint over K; and since in this case the intersection of L and HW” 
is exactly the field K, we can identify M’ with M, so that N contains both L 
and M as subfields. Thus there is no essential difference between algebraical 
disjointness and linear disjointness; the former is a natural generalization 
of the latter to two arbitrary fields over K and hence more suitable to use 
in those investigations in which it is not possible or convenient to impose a 
fixed “universal domain” in advance. 

The above described relation between algebraical disjointness and the 
linear disjointness enables us to carry over most of the results about the 
linear disjointness to algebraical disjointness. Thus, in particular, we can 
conclude that algebraical disjointness is a symmetrical relation between 
the two fields. Furthermore, we can define a field L as a regular extension 
of K, if L and K (the algebraical closure of K) are algebraically disjoint 
over K. It follows then from a well known result ?? that if L is a regular 
extension of K and M is any field containing K, then Z and M are alge- 
braically disjoint over K. 

The definition of algebraical disjointness can be extended to two integral 
domains. We shall say that two integral domains R, and R,, both containing 
the field K as subring, are algebraically disjoint over K, if their corresponding 
fields of quotients L and M are algebraically disjoint over K. 


THEOREM 1. Let R, and R, be two integral domains which both contain 
the field K as subring. Then the Kronecker product Bı X Re of R, and Ra 
over K is an integral domain if and only if R, and R: are algebraically disjoint 
over K. 


Proof. If R, X R, is an integral domain, then the fields Z and M will 
be subfields in the field of quotients of Ri X Rə, and since R, and R, are 
linearly disjoint over K, it follows that E and M are also linearly disjoint 
over K and hence algebraically disjoint over K. Conversely, if L and M are 
algebraically disjoint over K, let N be a field containing both L and M as 


22 See Weil [8], p. 18, Theorem 5. 
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subfields, such that Z and M are linearly disjoint over K. Then the subring 
LM in N is a homomorphic image of L X M; and since L and M are linearly 
disjoint over K, this homomorphism is an isomorphism. Since LM is an 
integral domain, it follows that LX M is an integral domain, and hence 
R, X R: is also an integral domain. 


THEOREM 2. Let R be an ‘integral domain containing the field K as 
subring, and let L be an algebraic extension of K. If Land R are algebraically 
disjoint over K, then any R-homomorphism of L X R is an isomorphism. 


Proof. In fact, if M is the field of quotients of R, then any R-homo- 
morphism of L X R can be extended to an M-homomorphism: of the ring of 
quotients of LX R with respect to the multiplicatively closed system R, 
which is the ring L X M. Since L is algebraic, L X M is a field, and hence 
the hornomorphism must be an isomorphism. 

Following Cohen,?? we shall define a generalized local ring o as a (com- - 
mutative) ring with an element 1 in which (1) the set m of all non-units is 


an ideal with finite basis, and (2) N m: = (0). Ifa generalized local ring ` 
8=1 


is a Noetherian ring, then it is a local ring in the sense of Krull. It is 
known ™ that a complete generalized local ring is a local ring, so that in any | 
case the completion o* of o is a local ring. We shall speak of a local domain 
or generalized local domain if the ring has no zero-divisors. 

If a generalized local ring o contains a field K as subring, then no 
elemens of K is contained in the maximal prime ideal m of o, and hence the 
residue ring o/m can be considered as an extension field of K. Furthermore, 
the completion 0* of o also contains the field K as subring, and the residue 
ring o*/o*m, which is K-isomorphie to o/m, can also be considered as an 
extension field of K. Any field K’ in the ring o which is a complete system 
of representatives of the residue ring o/m is called a coefficient field in 0; 
and if the field X’ contains the field K as a subfield, then K’ is said to be a 
coefficient field over K in o. It has been shown by Cohen * that while the 
ring o in general does not contain a coefficient field, the completion o* of o 
always contains a coefficient field, provided o/m has the same characteristic 
as 0; however, even in o* there need not always exist a coefficient field over 
any given field K. We shall say that a generalized local ring o contains a 
basic field ** K if o* contains a coefficient field over K. _ 


23 Cohen [6]. 

24 See Cohen [6], p. 61, Theorem 3. 

25 See Cohen [6], p. 72, Theorem 9. 

*°Tt is to be noticed that we use the expression “ basic field” in a quite different 
sense from that of Chevalley in [2]. 
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en 3. Lei U/K bea variety in à Sms and let (£) bea ope in v/i je 


= that K(£) is à separably generated extension of K. Then the quotient. 
ring Q(U/K, (€)) contains K as a basic field. 


Proof. ‘Let r be the degree of transcendency of K(£) over K. It is well 
known that we can always find a suitable affine transformation in Sm, such 
that after such a transformation the first r cöordinates &,,- + >, é of (£) are 
_ independent variables over K, and the field K(é) is separably algebraic over 
K(&,° té). This implies that if (7) = (a,---,2%m) is a generic point 
of U/K, then the 2,---,2z, are independent variables over K and the 
quotient ring Q(U/K, (€)) contains the field K(2,,---,2,). The residue 
ring of Q(U/K, (€) over its maximal prime ideal, being isomorphic to the 
field K-(&), is then a separably algebraic extension of K(a,- - +, 2,); and it is 
well known ?” that in this case the completion of Q(U/K, (£)) contains a 
coefficient field over K(a,- - -,2,), which is then evidently also a coefficient 
field over K. i i 

_ Let o be a generalized local domain with a basic field K, m be the maximal 
prime ideal in 0, and. M be the quotient field of o. Let'Z be any field con- 
, taining K, such that both Z and M as well as Z and o/m are algebraically 
disjoint óver K. According to Theorem 1, the Kronecker product Z X o of L 
and o over K is an integral domain, and it contains o and L as two linearly 
disjoint subrings over K. It can be easily shown that (L X o)q N o =q for : 
every ideal q in o, and that n (LXo)g=(LXo) (N qı) for every. set 


of ideals q in o. In particular, we have the relations ñ (LxXo)m®, 
s=1 


= (BOC f ms) — (0) and (LX.o)m N o =m"; which shows that if 


we consider i x o as a (generalized) (Z X o)m-adic ring in the sense of 
Zariski,” then’ L X o contains o as a subspace. Moreover, it is easily seen 
that the residue ring L X 0/(L X o)m is isomorphic to the ring L X (o/m) 
which is according to Theorem 1 an integral domain; this shows that 
(LX o)m is a prime ideal in LX o. Let oz be the quotient ring of L X 0 
with respect to the multiplicatively closed system L X 0 — (LX o)m; then 
ozm is the ideal of non-units in oz and has obviously a finite basis. We shall 
show now that oz is a generalized local domain and contains o as a subspace; ` 


to do this it is sufficient to show that N} ozm = (0) and um f] o = me. 
3 8=1 » 
27 See Chevalley [2], p. 701, Proposition 3. 


28 See Zariski [9]; we add the word “generalized” to indicate the fact that the 
ring, is not necessarily Noetherian. 
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In case K is a coefficient field of o, the se ring | LXo/(LxX he is 
= isomorphic to the field L; this implies that the priie-ideal (£ X o)m is 


“maximal in L Xo and hence the ideals (LX o)m® are all primary. It. 


follows then that N orm? = oz (À (LX ojm!) = ou ms). = (0) ‘and 


gai 
| orme f) o = opm? (| LX o Mg (L X o)m N o= me. “Ie K is not a 
. coefficient field of o, then the completion o* of o contains a‘ coefficient K’ 


over K. Since K is K-isomorphie to o/m, the fields Z and K’ are alge- `, . 


braically disjoint over K. Therefore the Kronecker product L X K’ of L and 
K’ over K is an integral domain; let L’ be the field of quotients of L X K. 
` Since K’ is a coefficient field of o* and I’ contains K’, we can apply to L’ 


. and o* over the field K’ the case we have just proved and’ ‘conclude that 


A (o*)zm® == (0) and (0*)rms N o = o*m. Since the ring” (er con- 

sl : # 

tain oj as a subring, it follows then that N ozm°Coz N (N (o*)v,ms) = (0) 
8=1 s=1 un : 


‚and ozm’ () oc (o*) pms N o = o*m fo m, and hence N örm = a 
8=1 


and om f) o = më. 
Thus we have shown that in any case the ring oz is a generalized. local 


domain and contains the generalized local domain o as a subspace. We shall. . 


call oz the extension of o over the field L. We remark further that in case Z 
“is a finitely generated extension of K (which is the only case of interest for 
our present purpose), it can be shown that oz is a Noetherian ring if o is 
` such; in other words, in this case oz is a local domain if o is a local domain. 
However, this additional restriction is not necessary for our considerations 
here. It is easily seen that if a variety U/K has an extension over a field Z 
containing K and if (é) is a point of U/K such that K(é) and L are linearly 
disjoint over K, then the quotient ring Q(U/L, (£)) is the extension of the 
quotient ring Q(U/K, (£)) over the field L. 

Consider the completion (or)* of the generalized local domain oz; (or)* 


is a local ring and contains the local ring o* as a subring. Let Ppa’ - -, Pr 
be the minimal (unimbedded) prime divisors of the zero ideal in o*. ` Then 
for each 1==1,:--,n, the residue ring o*/p; is a complete local domain, 


and the residue ring (or)*/(or)*p; is a complete local ring and contains 
o*/p; as a subring. We shall say that the field Z is analytically disjoint with 


respect to the generalized local domain o over the field K, if the ideals. 


a 


(or)*pi t==1,---,n, are all prime ideals in (5:)*, so that the rings : 


(or)*/(0r)*p;, i= 1,- <+, n, are all complete local domains. 


Let q be any ideal in o*; we are concerned-with the relations between 
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the complete local ring (or)*/(or)*q and the complete local ring o*/g. 
Let K’ be a coefficient field over K in the complete local ring o*, and let L’ 
be the field of quotients of the Kronecker product L X K’ over K. Then 
the Kronecker product L’ X 0* of L’ and o* over K’ is an m-adic ring, and 
the residue ring L’ X 0*/(L’ X o*)m is isomorphic with the subfield L’ of 
L’xX0* It is then easily seen that every element in the set I/ X 0* 
— (L’ X 0*)m is =1 (mod (I X 0*)m), from which it follows * that the 
(L’ x o*)m-adic ring L’ X 0* and the local ring (0*)z have the same com- 
pletion. Since the completion of (o*)z is evidently equal to (0,)*, we have 
therefore (oz)* = (L’ X 0*)*. If now q is any ideal (-£0*) in o*, then 
the residue ring I’ X 0*/(L’/ X 0*)q contains L’ and o*/q as subrings and 
is (L’,o0*/q)-isomorphic with the Kronecker product LZ’ X (0*/q) over 
Kk’. Since the completion of L’ X 0*/(L’ X 0*)q is the residue ring 
{L X 0*)*/(L’ X 0*)*q = (or)*/(or)*q, we conclude therefore that the 
two complete local rings (o,)*/(or)*qg and (L/ X (o*/q))* are (L’, 0*/q)- 
isomorphic with each other. In other words, the complete local ring 
(0:)*/(or)*q contains the Kronecker product L’ X (0*/q) of the two sub- 
rings I” and o*/q over K’ as a subspace and coincides with the adherence of 
the latter. 

The following two theorems (in somewhat different form) are due to 
Chevalley : 


THEOREM 4. If o is a generalized local domain with a basic field K 
and if the residue field of o is a finitely generated extension of K, then any 
regular extension of K is analytically disjoint with respect to o over K. 


THEOREM 5. If o is a generalized local domain with a coefficient field 
K, and if K is analytically disjoint with respect to o over K, then any field 
containing K is analytically disjoint with respect to o over K. 


For proof we shall refer to Chevalley [2], § 4 It is sufficient to observe 
that if we set (L X (0*/p,))*, o*/p,, D’, K’ equal to D, o, Z, K in the 
notation of Chevalley [2], p. 77, then all the conditions there are fulfilled. 
If L is a regular extension of K (ive. K is “strongly algebraically closed ” 
in L, in the terminology of Chevalley), then Z is also a regular extension 
of K’, and Theorem 4 then follows from [2], p. 78, Proposition 9a and the 
remark immediately after it. Theorem 5 follows from [2], p. 80, Proposition 
10b. 

We shall also mention the following rather trivial theorem: 


29 See Zariski [9], p. 183. That our ring L’ X 9* is not necessarily Noetherian is 
immaterial here. 
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THEOREM 6. Let o be a generalized local domain containing a field K, 
and let L and L be two fields such that LOL/DK. If L is analytically dis- 
joint with respect to o over K, then or is defined and L is analytically Bo 
with respect to ox over L. . 


For, we have (oz)*D (or)*Do* and (or)*pi N (or)*= (ox) *p; for 
every i; hence if the ideals (0,)*p; are prime in (0z)*, the ideals (ox) "i 
must also be prime in (oz,)*. 

Let o be a generalized local domain with a coefficient field K, and let 
L be a field containing K such that the extension oz, of o over L is defined. The 
residue of L X 0/(L X o)m is in this case isomorphic to L, and hence every 
element in the multiplicatively closed system DX 0 — (L X o)m is =1 
(mod(Z X o)m). It follows then that the (L X o)m-adie ring L X o and 
the local ring oz have the same completion ; that is, we have (L X 0)* = (oz)* 
or also (L X 0*)* = (0,)*, since it is evident that (L X 0)* = (LX 0*)*. 
In case L is a finite algebraic extension of K, we can even write 
(or) * = L X 0*; for, in this case the m-adic ring L X 0* is already complete 
and hence coincides with (L X 0*)*. 


Texorem 7. Let o be a generalized local domain with a coefficient field 
. K, such that its completion o* has no nilpotent elements. Let R be a ring 
containing o* as a subring, and let L be a field in R such that L is a finite 
algebraic extension of K. If L is analytically disjoint with respect to o over 
K, then the subring Lo* in R is (L, 0*)-isomorphic to (0,)*. 


Proof. It is clear that the subring Lo* in R is an (L, 0*)-homomorphic 
image of (0,)* == L X 0*. Therefore, in order to prove our theorem, it is 
only necessary to show that the subrings L and o* in R are linearly disjoint 
over K. Let pi, : :,b, be the prime divisors of the zero ideal in o”; the 
assumption that L is analytically disjoint with respect to o implies that 
each ring LX 0*/(L X 0*)p; is an integral domain. Since the ring 
LX 0*/(L X 0*)p; is (L, 0*/p;)-isomorphic to the ring LX (0*/p;), therefore 
L X (0*/p;) is also an integral domain ; it follows then from Theorem 2 that 
any (o*/p;)-homomorphism of L X (0*/p;) is an isomorphism. Since every 
element in p; is annulled by every element in n Pz it follows that every element 

ji $ 


in (Lo*)p 9 o* is also annulled by every element in f} pj; and since 
j ji 


(Lo*)p; 1 o* Dp; and since the ring o* has no imbedded prime divisors of. 
the zero ideal, it follows that (Lo*)p; M o*— It follows then that the | 
residue ring Lo*/(Lo*)p; contains L and o*/p, as subrings, and it is an 
(L, o*/p;)-homomorphic image of L X (0*/p;) and hence also an (L, 0*/p;)- 
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isomorphic image of L X (o*/p;). Thus each Lo*/(Lo*)p; is a complete 
local domain and contains L and o*/p; as two linearly disjoint subrings 
over K. | 

Let w,’ ` *, Um be a set of linearly independent elements over K in 0%, 
and denote by (t,°*-,tm) the linear space determined by this set over K. 
Tf 1, is the dimension of the sub-space of (u, * *, Um) which is contained 
in the ideal pı, then we can replace the set uw,---+,uUm by a linearly equi- 
valent set over K, such that the space (t, + `, un) is in p, and the space 
(Uns * > Um) contains no elements in p; If l, is the dimension of the 
subspace of (W: ` * , Un) which is contained in ps, then we can replace the 
set %,° + >, Un by a linearly equivalent set over K, such that the space 
(t: °°, Un) is in pif} pe and the space (wi, ` *,'W,) contains no 
elements in ps. Thus we can proceed until in the final stage we have a set 
U,’ *,U1,, such that (Ui, +, Urna) is contained in pif]: : N Pahis 
here the process must stop and the space (u, ` - ,1,,) contains no elements 


in Pr, for we have N pi = (0) on account of the absence of nilpotent elements 
izl 


in o*, Adding for the sake of convenience an element uo = 0, our final 
results will be a set %,° * +, Um, which is linearly equivalent over Æ to the 
original set, but has the property that for each i= 0,: --,n, the space . 
(Uo * +, U, ) is contained in pı [+ + AN p and the space (415° +, Una) 
contains no elements in p; (where we set lo = m and ln == 0). We shall now 
show that if there is a linear relation Š cu; = 0 with coefficients c; in L, 
j=l 
then all the c; must vanish. Assume that it has already been proved that 
e;=0 for all j > Li, we shall show that c; = 0 for all j >l; In fact, if 


Li 
not all Cru, * *, Cun are zero, then the relation 3 cyu; — 0 will induce a 
j=1 
lint 2 z 
linear relation > cju; == 0 in Lo*/(Lo*)p; between the u,‘ * *, Ury COD- 
j=u+ 


sidered as elements in o*/p; Since in Lo*/(Lo*)p; the subrings L and o*/p; 
are linearly disjoint over K, it follows that the u.a,‘ + * , rı must be linearly 
dependent over K in 0*/b;; this means that there is a linear combination of 
the una‘ $ * , Una With coefficients in K which is an element in p, in con- 
tradiction to the fact that the space (us, * -p Una) contains no elements 
in p; Thus we have shown by induction that all the ¢,,- - >, Cm must vanish, 
and hence the elements ui,’ ` -,Um are linearly independent over L. This 
concludes the proof of our theorem. 
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ARITHMETICAL PROPERTIES OF THE ELLIPTIC POLYNOMIALS 
ARISING FROM THE REAL MULTIPLICATION 
OF THE JACOBI FUNCTIONS.* 


By Morean Warp. 


I. Introduction. 


1. Ina previous paper in this JOURNAL, referred to hereafter as “ M,” 
I have made a detailed investigation of the arithmetical properties of the 
sequence of polynomials (4), 


Yn = Yn(@ (U) ; 92, Js), (n= 0,1,2,: . ) 


associated with the real multiplication of the Weierstrass @ function when 
P (u), gz and gs are given fixed rational values. If the elliptic discriminant 
92° — 27g," vanishes, (y) reduces essentially to Lucas’ well-known linear 
sequence (U), | 


Un, = (a” — Br) / (« — 8), (n= 0, 1,2, > De 


I study here the arithmetical properties of the four polynomials An, By, 
Ch, and D, associated with the real multiplication of Jacobi’s sn, en, and dn.? 

Here each of An,‘ +, Dn is a polynomial in sn?u and k? with rational 
integral coefficients. Consequently, if we substitute for sn’u and k? two fixed 
algebraic numbers, we obtain four sequences of algebraic numbers (A), (B), 
(C) and (D). The arithmetical properties of these elliptic sequences are the 
subject of this investigation. If k? is zero or one, the four sequences reduce 
essentially to Lucas’ sequences (U) and (F), where Vy, = a” + Br. 


2. To give an idea of the type of results obtained, choose fixed rational 
integral values x, and a, for sn?u and &?. Then the four elliptic sequences 
consist exclusively of rational integers. Each sequence is numerically periodic 
modulo m for any modulus m, but only the sequence (B) is an elliptic 


* Received January 28, 1949. 
1 See the reference Ward [1] at the close of this paper. 
2Tf n is an odd integer 


snnu/snu = Ba/An, onnu/onu = Cr/An, dnu = Dr/An 


with similar formulas when n is even. 
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divisibility sequence in the sense of M. The only primes whose laws of 
apparition present new features of interest are those dividing neither 
Rao(1— do) nor To(1— To) (1— aT). Let p be such a prime, and let its 
rank of apparition in the divisibility sequence (B) be p, so that B, = 0 (mod p) 
if and only if n==0 (modp). Then if p is odd, p divides no term of (A), 
(C) or (D). But if p is even, it appears as a divisor of precisely one of the 
sequences (A), (C) and (D). Suppose for example that it is a divisor of 
(C). Then no term of (A) or (D) is divisible by p, and C,==0 (mod p) if 
and only if n is an odd multiple of p/2. 

The laws of repetition and apparition for powers of primes in (A), (B), 
(C) and (D) are easily reduced to the corresponding laws for (B) which 
in turn are corollaries of the results in Ward [2] for elliptic divisibility 
sequences. 


3. The plan of the paper is sufficiently clear from the chapter titles. 
Accounts of the elliptic polynomials A,,---,D,, are given in Krause [1] 
and Fricke [2]; but there are errors in the formulas given in these works. 
Although the properties of the Al functions* on which we base the theory 
were very completely worked out in Weierstrass [1], most of the formulas 
which we utilize are most simply obtained by transformation from the 
corresponding « or 0 function formulas. 


II. Properties of Weierstrass AL Functions. 


4. The multiplication theory of the Jacobian elliptic functions is most 
conveniently developed in terms of certain modified 4 functions, the Al 
functions of Weierstrass (Weierstrass, [1]). These may be defined as 
follows: Let v be a complex variable, q = e7* with Im7>0, u== 2K, 
where X is the complete elliptic integral. The Jacobi theta functions are then 


O(u) = b (v) = > (— 1) mgqme2mriv, 
-a 
H(u) = 6, (v) ——ı $ (— 1) mg (m+3) 29 (2m+1) miv 
-a 


+4 
H, (u) = be (0) = È qD teeman, 
-4 


+4 
®, (u) En CA (v) == > qr ermriv, 
—& 


® The functions were named by Weierstrass in honor of Abel who was the first to 
consider them. 
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If we write 4 for 0.(0) and & for 6,(0), then Weierstrass Al functions 
may be defined by 


Al, (u) = 03/0002 exp (— 3020” ,/00) Ox (v), 


4.1 

ED Al,(u) = 1/6, exp (— 4760/60) ba (0), (a = 0, 2,3). 
Note that Al,(w) is odd and Al (u), Als(u) and Al,(w) even. Also 

(4. 11) Al,(0)=0, Alg(0) =1, («= 0,2, 3). 


sn, cn and dn have particularly simple expressions in terms of the Als; 
namely 
(4.2) snu— Al (u)/Al (u), onu = Al, (u) /Al (u), dnu = Al, (u) /Al (u). 
The relationship to the Weierstrass o functions is also very simple; 
namely if w = wu/K, then 
ee Al,(u) = (e1 — eg) 46%" o (w); Ala (u) = e/o, (w) ; 
2) Ale (u) = e/o (w); Al (u) = ewo; (w). 


For the lemniscate case, eg = 0 and the Al functions are essentially the o 
functions. 
The fundamental three-terms sigma identity becomes 


(4.4) Al(w+ w)Alh(u— u) Al; (te + Us) Alı (Uz — Us) 
+ Al, (u + us) Alı (U — Ua) Alı (Us + u) Alı (Us — 1) 
+ Al, (u + us) Al, (u — ug) Alı (ta + Ue) Alı (u — Ue) = 0. 
5. We next introduce four new functions Kan(u) of u and n by the 
definition 
(5.1) Kan = Ala (nu) /Alo(u)”, (n= 0,1,2, > >; a = 0, 1, 2,3). 
Evidently 
(5.2)  snnu = Kin/Kon, ennu = Kon/K on, dnnu = Kon/E on. 


The first three initial values of the four sequences (Ka) are as follows: 


TABLE I. Initial values of Kan. 


a/n 0 1 2 
0 1 1 1— k’sntu. 
1 0 snu 2snu cnu dnu. 
2 1 onu 1— 2sn7u + ksntu. 
3 1 dnu 1— 2sn?n + ksntu. 
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There are twenty-four addition formulas for the products Al,(u-+ v) 
X Alg(u—v) obtainablé by simple transformations from the corresponding 
formulas for 6.(u + v)6g(u—v) or by suitably specializing (4.4). If in 
these formulas we replace u by nu and v by mu and divide by Al, (u)? 07m, 
we obtain on using (5.1) twenty-four addition formulas for the products 
KanımK pum. It is sufficient to quote here a few such formulas as examples: 


Taste II. Addition formulas for Kan 


(i) KonsmK on-m = K?onK?om — Km Kim. 
O) EnEn KaR on — Koga 
(xix) Kank a = in: — K onKanKomKım. 
(xxiv) K a = = KaK 7 2 | Bann 


In formula (xxiv), W’? is the complementary modulus 1— #?. 

If we take m = +n or m = n and n = n + 1 in the addition formulas, 
we obtain a set of over forty “ duplication formulas ” which it is also unneces- 
sary to give in detail; the two formulas so obtained from (i) and (xix) 
suffice as examples: 


( 5. 3) Kien kK i inst Kon oo Kon Kin, 
(5.4) Kion = 2K nK inK onK sn. 


As noted in Krause [1], the duplication formulas allow many results 
about the algebraic form of the polynomials Kan to be proved by mathematical 
induction from the initial values given in Table I; the results in the next 
section are easily obtained in this manner. 


III. The Four Elliptic Polynomials. 


6. If we write 


Kon(u) = An (sn?u; k?) n odd or even; 
(6.1) snuB, (sn?u; k?) l n odd; 
Kin(u) = 
snu cnu dnuB,(sn?u ; k?) n even; 


enuC,(sn?u; k?) n odd; 
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Kon(u) = 
C,(sn?u; k?) - n even; 
dnuD,(sn?u; k?) n odd; 

Eon(u) = 
D, (snu; k?) n even; 


then (Krause [1], pp. 159-162, Fricke [2], Chapter 2) An, Bu, On and D, are 
polynomials in sn?u and k? with rational integral coefficients. It is con- 
venient to let 


(6.2) T == SnU, a= k. 
Then 
(z)iB,(z; a), n odd; 
.8 Kn(u) = 
(6-8) an(w) (a(1— x) (1— ar) )YB,(z;a), n even; 


with similar formulas for Kon, Koy, and Kan. 


We shall refer to An, Bn, On and D, as the “elliptic polynomials of 
order n.” If we let 
(n? —1)/2, n odd, (n? —1)/2 n odd, 


(6. 4) An n?/2, n even, LE (n° —_ 4) /2 n even, 


then An, Cn and D, are of degree &, in z and B, is of degree 8, in z. 


7. There are a number of transformation formulas for the elliptic 
polynomials (Krause [1], Chapter III, Fricke [1], [2]) which are of arith- 
metical importance. These arise either by increasing u in the Al and Ka 
functions by the quarter periods K, iK’ and K + iK’ or by performing the 
fundamental substitutions r—r-+1, r—>— 1/r of the modular group on 
the four Al functions. It suffices here to develop one formula of each type 
by way of example. 

Weierstrass showed that 


Alu + E) = 1/k M-a AT (u), 
Ah (u + 2K) = MP- A] (4), 
where we have written A for (K — #)/2K. 
It easily follows that if n is odd, 
Alo(u + nK) = 1/K -nO AL (u). 
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Hence 
Kon(u + K) 
== Alh (nu + nkR)/Al(u + K) = WV? (Al; (nu) /Als(u)™. 
On multiplying both sides of this expression by dnw? = (Al,(u)/Aly(u))™, 
we find that 
(7.1) dnw Kon (u + K) = KDK (u). 


Now sn(u +- K) ==cnu/dnu. Hence the substitution of w+ K for u 
induces the substitution of (1—x)/(1—ax) for z=sn’u. -Therefore we 
obtain from (7.2) on substituting for Kan their expressions in terms of 4, 
and D, the transformation formula ` 


(1—ar)A,((1—2)/(1—az)) = (1—a)*D, (2) n odd. 


The following sets of transformation formulas are obtained by proceeding 
systematically in this manner. 


8. The modular transformation r — — 1/r is simply Jacobi’s imaginary 
transformation u—>iu, k—>k’. Now Weierstrass‘ showed that 


Als (iu; k’) = e®PAl (u; k) 
Ali (iu; k’) = ew/2Al,(u; k) 
Hence w 
Kon(iu; k) = Al, (niu; k')/Alo (iu; k)” = Als (nu; k) /Ala (u; k)”, 
or 


(8.1) f Kanliu;k’) = cenu K5,(u; k). 
But since sn (iu, k’) = isn (u, k)/en(u, k), Jacobi’s imaginary transformation 
induces the transformation 
(8.2) z>—a/(l—r), a>1—a 
on v and a. 
Now Kan = (1 — as)? D, or D, according as n is odd or even, and (8.2) 


throws V1— az into (1 — az)?/1— xv. Hence on substituting into (8.1) 
and using the abbreviation a, for (n?—1)/2 or n?/2 we obtain the formula 


(1 — s)®D,(£/ (£ —1);1— a) =D,(2;0). 


The formulas listed below were obtained by systematically combining 


z 


‘Weierstrass [1], page 20. 
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(2)"Taym(9/(P— 1)) = 
(2)"Qejmm(0/(2 — 1) an (LT) = 
(2)*Tang(8/ (0 —T)) = 
(2)"Yerm(0/(P —T) Jam (T —) = 
(z)“a = 

(2)9 = 

("auen (1 —) = 

(2)" Ya (T —) = 

(2)"Teym (2—1) = 

(2) dem? — Tax (T—) = 
(Eang (D — T)ayte-m (1 —) = 
(2)" Yan (D — 1) = 


una U 


£ (a) "gpm (0/ (2 — 1) Jara- (L—) = ( (20 — v) / (20 —1))"Qw(T — 1) 
€ (2) "Fero (0/ (0 — 1) ) = ( (20 —2) / (20 — 1) )"0w(2 — T) 
§ (2)" Geng (0/0 — 1) Jya- (T —) = ( (20 — 0) / (20 — 1) ) “dug (@ — T) 
£ (@)"Darm(0/( — 1) ) = ( (20 — v) / (20 — T) )"V (2 — T) 
£ (£)"0 = (w/T)"Tm(e A) 
A (20/1) "Duo (20 A) 
(2) "Var (T —) = (20/1) "aug (20 À) 
€ (2) Farce (T—) = (00/1) "Fu (20 A) 
ED)" Yan — 1) = ( (20 — 1)/ (2 — 1) "veo — F) 
€ (8) "Fera — T)ar- (T —) = ( (20 — 1) / (€ — 1) )"0m (20 — T) 
€ (2) "Yang (0 — T) arm (T —) = ( (20 — 1) /(@ — T) ) "dug (29 — T) 
£ ()"Cepem (0 — 1) = ( (20 — 1)/ (8 —T)) "Fue (20 — T) 
ppo u 


'SEINULIOF UOLFBULIOJSUBLT, "III 114V 
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the two transformations r > — 1/7 and r— 1 + 7; the latter transformation 
induces the transformation 


(8.3) z>(2e—ar)/(1--ar), a—a/(a—1) 
on z and a. 
Taste IV. Transformation formulas. 
An(a3a) = (1— av) D, ((&— ax)/(1— a2) ;a/(a—1)) 
= (1—2)"Ca(x/(x—1);1—a), 
= (1— ar)“ 0,(az/ (ar —1) ; (a —1)/a) — Aula; 1/0) 
= (1—2)™D,((ae—2)/(1— x) ;1/(1—a). 
Bn(v; a) = (1— ax) B,((a— ax) / (1 -— as) ;a/(a—1)) 
= (1—2)/"B,(a/(e@—1);1—a), 
== (1 — av) "B,(aw/(av — 1); (a—1)/a) = B(ax; 1/a) 
= (1 — 2) *B,( (ax —2)/(1—2);Y(1—a). 
(8.4) Onlz;a) = (1—ax)#C,((xz—ax)/(1—-ax) ;a/(a—1)) 
= (1—2)*A,(2/(a—1),;1—a), 
= (1— a0) D, (a2/(00— 1) ; (a—1)/a) = Dy (ax; 1/a) 
= (1—2)*An( (ae —2)/(1—2) ;1/(1—a)). 
Dy(a3 a) = (1— az)™A,( (z — az) / (1 — az) ;a/(a—1)) 
= (1—2)*D,(2/(%—1);1—a), 
== (1 —az)™ A, (az/ (as — 1); (a—1)/a) = Cn (ax; 1/a) 
= (1—«)*C,( (ax —z)/ (1 — 2); 1/(1 —a)). 
We finally tabulate for later reference the first few initial values of the” 
four elliptic sequences. 


TaBre V. Initial values. 


n 0 1 2 3 

Aa 1 1 1— az’ 1 — baz? + 4a(1 + a) a — 3a?z* 
Br 0 1 2 3 — 4(1 + a) + bas? — ax 
On 1 1 1 — 2x + ar? 1 — 42 + bar? — 4a’? + xt 
D 1 1 0 1-—Bar tar  1— 4ar + bar? — dar? + azt. 


The transformation formulas of Tables III and IV may all be proved 
without function theory by mathematical induction from the duplication 
formulas and the initial values in Table V. 
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IV. Elliptic Divisibility Sequences in Domains of Integrity. 
9. In M, the functional equation 
(9. 1) | Om+n®m-n > OmnWm-10"n Fi On+10n-10 m 


was solved completely over the ring of rational integers and over the field of 
all complex numbers. It is necessary for the purposes of this paper to extend 
certain theorems of M to solutions of (9.1) over more general rings. 

Let ® denote a domain of integrity; (commutative ring with a unit 
and no divisors of zero). R may be a field; in any event we denote its 
quotient field by F, and for brevity refer to R as a ring. We are interested 
in solutions of (9.1) over R and over 4. We lay down the following 
definitions: 

A particular solution 


(h): ho Ras hat lm‘ * 


of (9.1) will be said to belong to ® (to F) if all its terms belong to &@ 
(to F). If a and b belong to R, we say that a divides b in ® if there 
exists an element c of @ such that ac =b. We write: a|b (R). 
In particular, if ® is a field, and 640, a|b(®R) for every a0. 
If m is an ideal of R, a=b (m) means as usual a — b is contained in m. 
If p is a maximal ideal of R, the quotient ring R/p is a field. If this 
field is finite its order is a power of a certain rational prime p. We denote 
the order by Np = pf and call p the (rational) prime belonging to p. 


Definition 9.1. A solution of (9.1) is said to be “regular over F” 
if it belongs to F and if 
(9.2) ho, - Kr, ho, he not both zero. 


Definition 9.2. À solution (h) of (9.1) is said to be “a divisibility 
sequence over R ” if it belongs to R and if 


(9. 3) | hr | hs (R) l whenever r | s. 


Let (h) belong to R, and let m be an ideal of R. m is called a divisor 
of (h) if it contains at least one term h», of the sequence (h) with m > 0. 
n is called a “place of apparition” of m in (A). If in addition hr 5&0 
(mod m) for every proper divisor r of no, then mp is called a rank of apparition 
of min (4). 


10. The proofs of the theorems which follow are by mathematical 
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induction with the exception of the proof of Theorem 10.7 which uses the 
. Dirichlet box principle. In any event they are almost word for word the 
same as corresponding theorems in M for the special cases when R is the 
ring of rationals or the complex field. We shall accordingly cite the corre- 
sponding results in M for the details of proof. 


THEOREM 10.1. Let (h) be a sequence satisfying the following three 
conditions: 


(10.1) (h) is a regular solution of (9.1) over F, 
(10.2) hes and hs belong to R, 
(10. 3) ho | ha (R). 


Then (h) is a divisibility sequence over R uniquely determined by its initial 
values he, ha and ha. 


Proof. M, Theorem 4.1. Chapter II. 


. Taeorem 10.2. Under the hypotheses of Theorem 10.1, 
(10. 4) | in = Pa (hz, hs, ha), 


where P, is a polynomial in ho, hs, h, with rational integral coefficients and 
such that for any element a of F 


(10. 5) Pa (ah, aha, a*h,) = a”P,, (he, ha, ha) . 
Proof. M, Theorem 4.1. Chapter II. 


TEEOREM 10.3. If (k) is any regular solution of (9.1) over F and a 
any non-zero element of F, then (1) is also a regular solution over F, where 


In = ah, (n= 0,1,2,° °°). > 


THEOREM 10.4. If (k) is any regular solution of (1.1) over F, then 
there always exists an element a of F and a regular solution (h) of (9.1) 
over R satisfying conditions (10.1), (10.2) and (10.3) such that 


ken = a” thy, (n = 0,1,2, ° ) . 
Proof. M, Theorems 21.1, 21.3. 


THEOREM 10.5. Let (k) be a regular solution of (1.1) over F with 
k:5<0. Then if two consecutive terms of (k) are zero, all terms vanish 
beyond the third. 
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THEOREM 10.6. Let (h) be a solution of (1.1) over R with hop —0 
and hh=1 (but not necessarily a regular solution). Then if (h) is a 
divisibility sequence over R and two consecutive terms of (h) vanish, all 
terms of (h) vanish beyond the third. 


Proof. M, Lemma 4.1. 


It is shown in M that the hypothesis that (4) is a divisibility sequence 
in Theorem 10.6 is necessary for the truth of the theorem when (h) is not 
regular; that is, when both À, and À, are zero. 


THEOREM 10.7. Let (h) be an elliptic divisibility sequence over R, 
and let p be a prime ideal of R whose quotient ring R /p is of finite order Np. 
Then p is a divisor of (h), and has a rank of apparition r in (h) less than 


2(Np +1). 
Proof. M, Theorem 5.1. 
It is shown in M that the upper limit 2(Np +1) is the best possible 
for the rank of p in (4). 
V. The Laws of Apparition of Prime Ideals in Elliptic Sequences. 


11. The connection between the results of Chapter IV and the elliptic 
polynomials is made by the following theorem. 


THEOREM 11.1. If uo is neither a zero nor a pole of snu and if 
(11.1) ln = KEın(W)/KulWw) = Kin/Ku (n=0,1,2,° °°) 
then the sequence (h) is a solution of the functional equation 
(9.1) OmnOm-n == Om10m-10 n — On10n-10 m 
over the complex field. 


Proof. Let, m and n be fixed integers. Take u == 0, u, = lup, Uz == MUo 
and u, = nu, in the basic three-term identity (4.4), and divide by the non- 
zero quantity Alo (uo)? tm, Then we obtain on substitution, from (5.1) 
the formula 


KR mn K ım-n + mB ant K nt + K” inKitimKit-m = (. 


Now Ki, = snuo £0. Hence on letting Z=1 and dividing by K^, we 
obtain from (11.1) the formula 


Iumsnlim-n = bmsihm an — Insıltin-ıh ms 


for Kirm = — Kim. 
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We shall now assign to v and to a algebraic integer values z, and dp. 
Let F, be the field F[x,, @] obtained by adjoining x, and a, to the rational 
field F, and let R, be the ring of integers of Fı. Let F be the field 
Pro, 1 — zo, 1 — uot], and R the ring of integers of F. Clearly 
RDR, FO Fs, and every ideal of either ring has a finite norm. We 
shall use German letters to denote either ideals of R or of R, and let p 
denote as usual a prime ideal, and p the corresponding rational prime. 

The four elliptic sequences (A), (B), (C) and (D) belong to: ®, 
while the four sequences (Ka), («= 0, 1,2,3) belong to R. 

Let u, be chosen in a period parallelogram so that 5 


So = (To). 
Then 
Bn(%o, &o), n odd, 


(11.2) hin = ((1— a») (1 — azo) )#By (20, 00), n even. 


Hence the initial values of (h) are 


hyo = 0, hy = 1, he = 2((1 — zo) (1 — aot) )}, 
hg = Bs (Xo, do); ha = ( (1 — zo) (1 — tozo) } Ba (To Ao). 


Now by direct calculation or from Table ITI, 
(11. 3) Bs(1 ; a) SS ne (1— a)’, Bz (1/80; do) =— (1 — a0/ag)?. 


Hence h, and hg both vanish if and only if æ —1 and »—=1. Also 
ha = 2h2A202D2 by formula (5.4). Hence ha | ha (R). 

Thus the sequence (4) satisfies all the hypotheses of Theorem 10. 1. 
We may consequently state 


THeoreM 11.1. Unless both x, and a, are unity, the sequence (h) 
defined by 


(11.2) lin = Bn (£0; G0), n odd; 
= ( (1 — 20) (1 — toto) ) Bn (£o; Qo), n even 
is an elliptic divisibility sequence over the ring R. Every prime ideal b of 


R is a divisor of (h). Furthermore, if p does not divide both h, and h, 
then p has a umque rank of apparition p in (h) such that 


(11.4) An=0 (mod p} if and only if n==0 (mod p). 


‘Two choices of t are possible; for definiteness let u, be chosen with smallest 
imaginary part; if % is real, with smallest real part. 
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If p does divide both h, and hy, it divides every subsequent term of (h) 
by Theorem 10.5. We call such primes “null divisors” of (h). 


12. Let p be a null divisor of (4). Then 


(12.1) Bs(o; a) ==0 (mod p), 
((1— 20) (1 — aot) ) Ba (T0; do) == 0 (mod p). 


We first consider the case when p divides both B, and B,. Then the 
two polynomials B;(z,a,) and B,(z,a,) have a common root in the field 
R./p. Hence their resultant must vanish in this field. Now this resultant 
is found to have the value 2%°a,t (1 — a)”. Hence either a = 0, a)==1 or 
2 == 0 (mod p). 

EI (mod p). For if & = 0, then by Table V, Bs (a, do) = 3 — 4% 
and By(2, do) == 4 — 8% (mod p). But the congruences 3 — 4a, = 4 — 8% 
== 0 mod p) are impossible. 

If ao =1 (mod p), then x ==1(modp). For by Tables IV and YV, 


Bs(%o, do) = (1 — %)*(3 — To) 


PRO RER ie ee 


if @a==1. Hence if z54£1(modp), we must have 3—«#,==2-4 2a, = 0 
(mod p) but 1—2)5£0 (mod p), which is impossible. 

Now finally if 2=0 (mod p) but a.541 (mod p), since By (£o; a) = 0 
(mod 2) and Bs; (23; ao) = (1— mT)’ (mod 2) we must have 1 — aga? == 
(mod p).° Hence since a)5£1 (mod p), 


(1-2) (1 — ave) )? 5 0 (mod p). 
If on the other hand ((1— 2%) (1— ao%))?==0 (mod p), it is easily 


shown that the previous case a === 1 (mod p) must hold. We have thus 
proved 


THEOREM 12.1. The only prime ideal null divisors of (h) are primes 
dividing 2(1—a). Necessary and sufficient conditions that p be a null 
divisor are that either 


&=1 and xt) ==1 (mod p) or 
2=0 and ax =1 (mod p) but 
a 41 and #1 (mod p). 
In the lemniscate case, for example when a) —— 1, the only null divisors 


are divisors of two for which z= 1 (mod p}. Hence if so is an even rational 
integer, there are no null divisors. 
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13. We may classify the prime ideals of both R and Rı into three 
categories: 
I. Ideals dividing 2a,(1— a). 
II. Ideals dividing zo(1— £o) (1 — 00%). 
IH. Ideals dividing neither 2a)(1— ao) nor %(1— 2%) (1 — dot). 
Ideals of the first and second categories will be called irregular; they 
include all null divisors, and are usually finite in number. Ideals of the 


third category will be called regular. In this section, we shall determine 
their laws of apparition in the elliptic sequences (A), (B), (C) and (D). 


TEEOREM 13.1. No regular prime ideal can divide any two of An, Ba, 
Ch and D, for the same value of n. Common divisors of An, Bn; An Cn3* * *, 
Cn, Dn are always null divisors of the sequence (B). 


Proof. Suppose, for example, that for a certain fixed value-of n 
n==0 (mod p) and B,=0 (mod p), p regular. 
Then Kn==0 (modp) and Kın=0 (mod p). Hence by the duplication 
formulas (5.3) and (5.4), 
Kien = KaKo = 0 (mod p) 


so that KyRon = K* hens = 0 (mod p) by formula (11.1). But Kĉ, = sn?uo 
= to 520 (mod p). Hence p divides two consecutive terms of the elliptic 
divisibility sequence (A). Therefore by Theorems 11.1, 10.5 and 12.2, 
hs == h,= 0 (mod p), 2(1— ao) =0 (mod p), contrary to the hypothesis 
that p is regular. 

It can be shown from the duplication formulas that a similar contra- 
diction ensues if it is assumed that any other pair from An, By On and D, 
is divisible by p. 

14. For regular prime ideals, the rank p of p in (h) and in (B) is 
evidently the same. Hence if p is regular, 

(14.1) B„= 0 (mod p) if and only if n= 0 (mod p), 
where p is a fixed positive integer depending only on p and B; and By. 


THEOREM 14.1. Let p be a regular prime ideal. Then if the rank of 
apparition of p in‘ (B) is odd, p is not a divisor of (A), (C) or (D). 

Proof. Let p be regular. Then B,==0 (mod p) if and only if K,,=0 
(mod p); similarly An, On or D, are divisible by p only if Kon, Kon or Kan 
are divisible by p. Suppose that p is of odd rank p in (B) and a divisor 


6 
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of (A), for example. Then there exists a term A, of (A) such that 
A,=0 (mod p). Now by the duplication formula (5.4), 


(14. 2) Koy, = 2K op KK aK ox. 


Hence by the preceding remarks, Bo,==0 (mod p) so that p | 2k by (14.1). 
‚Therefore p | k so that A,==B,==0 (mod p) contrary to Theorem 13.1. In 
like manner, p cannot be a divisor of (C) or (D). ` 


THEOREM 14.2. Let p be a regular prime ideal of even rank of appari- 
tion in (B). Then p is a divisor of precisely one of the three sequences 
(A), (C) and (D). If p is a divisor of (C), then C,=0 (mod p) if and 
only if n is an odd multiple of p/2, with similar results if p is a divisor of 
(A) or (D). 


Proof. Let p and p satisfy the hypothesis of the theorem. Then by the 
duplication formula (5. 4) 


Kip =2K op) Kio Karp) K spa) (mod p). 


Hence since Bp==0 (mod p) and p is regular, precisely one of Ape, Boys, 
Coyz, Dpz2 is divisible by p. Evidently, Bpjzs0(modp). Assume that 
Cp; = 0 (mod p) so that p is a divisor of (C). Then p is not a divisor of 
(A) or (D). For if for example D,==0 (mod p), then by the duplication 
formula (14.2), Ba = 0 (mod p). Hence p | 2h, p/2 | k and Be = 0 (mod p) 
contrary to Theorem 13.1. In precisely the same way we can show that 
Ay, 540 (mod p), and that if C;,,==0 (mod p), then k must be an odd multiple 
of p/2. It remains to prove the converse of this last statement. Consider 
then any term C, of the sequence (O) in which & is a multiple of p/2. 
Then 2% is a multiple of pş. Hence by (14.1) and (14.2) 


Now either B; or Cs must be divisible by p but not both, by what we 
have already proved. If & is an even multiple of p/2, it is a multiple of p, 
so that B,==0 and C,5s40 (modp). But if & is an odd multiple of p/2, 
it is not a multiple of p. Consequently, B;:5£0 (mod p), so that C,==0 
(mod p), completing the proof for regular divisors of (C). The proof for 
divisors of (A) or (D) is precisely similar. 


15. It remains to discuss the laws of apparition of the irregular prime 
ideals of categories I and II in Section 18. Since the elliptic polynomials 
have rational integral coefficients, if p is a prime ideal dividing a, say, 
we have A,(2;%) =An(2;0) (mod p). Consequently the arithmetical be- 
havior of the sequences modulo p is given immediately by the algebraic 
behavior of the elliptic polynomials in the following five singular cases: 
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(15.1) (i) a=0; (i) a—1; (iii) s=0; (WNı=l; (v) wel 


Here the first two cases apply to all prime ideals of category I save divisors 
of two, while the last three cases apply to prime ideals of category II. We 
discuss the former two cases in this section, and the latter three in Section 16. 


Case 15.1 (i) a=0. 


Then #?— 0 and snu becomes sin u, cnu becomes cos u and dnu becomes 
one. Thus if 


Un Un(e) = (a"—B)/(a—B) Va Vala) = a" + Br 
are the Lucas functions of the quadratic equation ? — 2#V/1—x + 1 where 
(15. 2) gz = sin? u, 
then we readily find that 
4a(2;0) = Da(2;0) =1; 


B,(#; 0) = sin nu/sin u = U, (2), n odd, 
== sin nu/ (sin u cos u) = RU,(x)/Vi(x), n even; 

Cn(@; 0) = cos nu/cos u = Vh(x)/Vi(x), n odd 
cos nu = V„(x) /R, n even. 


We thus obtain the following theorem: 


THEOREM 15.1. If p is a prime ideal of the first category dividing ao, 
then 
A, == D,=1 (mod p) 
B,= Un, n odd; ==2U0,/Vi, n even; 
On ==Vn/Vi, n odd; ==4V,, n even. 
Here U,—=Uy(a) and Va = Va(æo) are the Lucas functions of the quadratic 
equation t? —2(1—2)#t+1—0. 
Case 15/1 (ii). a—1. 
- Then k? =1 and snu becomes tanh u, while cnu and dnu become sech u. 
Now by the transformation formulas of Table IV, 
A,(2;1) = (1—2#)*€,(2/(e—1) ;0) 
B, (#51) = (1— 2) *Ba(x/(x—1) ;0) 
Cn(@51) = (1—2)An(a/(x — 1) ; 0) 
Da(2; 1) = (1—2)%Dy(/(@—1) ;0). 
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| Hence-if we let u= ir, then e=—tan?r and z/(z—1) =sin?r. 
Therefore, by the results of case (i), 


An(t;1) = see r cos nr = (2/ V1)” Vn/2 ° 

= see 1"? (sin nr/sinr) = (2/V1) 3U n n even 
B„(2;1) = see r (sin nr/sin r) = (2/V1) U n n odd 
Cn (@31) = Da(w;1) = sen ra — (2/V1)*™ . 


Here Up = Un(£/ (£ — 1) ) Vn = Vn(a/(e—1)) are the Lucas functions of 
the quadratic equation 2? — 2t/(1— t} +1 =0. 


We thus obtain. the following theorem : 


THEOREM 15,2. If p is a prime ideal of the first category dividing 
1— a, then i 
An == (2/V1)"V2/2) 5 
(2/V3)""0,, n odd, 


a (2/V1) Un, n even; 
une ` nod 
PTE. R/V), n even. 


Here Un = Up (£o/ (£ — 1) ), Vn = Va(to/(%o — 1) ) are the Lucas func- 
tions of the quadratic equation ? — 2t/(1— x)? +1 =0. 


For prime ideals of the first category dividing two, a special discussion 
must be made as in the case of the rational field for the prime two treated 
in M, pages 40-41. We shall not pursue the matter further here. 


16. Consider now prime ideals of the second category. We may confine 
ourselves to ideals which are not also of the first category; for ideals of both 
categories are either null divisors of (B) or else are already covered by the 
results of Section 15. A prime ideal of this character is easily shown to 
divide precisely one of the algebraic numbers x, 1 — £o or 1 — aoto. Clearly 
then A,(%,@) is congruent to either Án (0, ao), An(1,@) or An(1/do, do), 
with similar results for Ba, C, and D,. 


By the results of Table IV, we find that 


°For example, A,(#; 1) = {1 — 4°) (1 + 3x) by direct calculation from Table V. 
On the other hand, the formula for n = 3 becomes A(x; 1) = sec r° (cos 8r/cosr). Now 
cos 8r/cos r = 4 cos? r —3= [1 +3(—tan?r)]/seeer and sec? r= )]— (—tan?r). 
Hence 4,(%; 1) = (1-— (—tan?r))®{1+3{(—tan?r)), checking, since « = — tan? r, 
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n odd n even ` 

An(0) = . 24 | 1 

B,(0) = n° n 

D, (0) = 1 1 

A,(1) = (1— a) (n°-1)/4 | (1— a)” 

B,(1) = (— 1) (n-1)/2(1 —4«) (n®-1) /4, (— 1)#2(1 — a) (n®-4)/a ` 

Ca(1) =  (—1) P21 — a) Dy (— 1)"2(1 — a)” 

D, (1) = (1— a) nas (1— a)" 
An(1/a)= ` ((1-a)/a) 9s (—1)#2((1—a)/a)"* 
B,(1/a) = (— 1) (n-1)/2( (1—.e)/a) (n®-2)/4, ((1 = a)/a) (n?-4) /&n, 
Ca(1/a) = — ((1—a)/a) nn (DV ( (1 — a) /a) 


D,(1/a) = (— 1) PPL ((1— a) Ja) Pn  ((1—a)/a) ve 
We deduce the following theorems from these results. 


THEOREM 16.1. Let p be a prime ideal of the second category which is 
not of the first category. Then p never divides the sequence (A). Further- 
more p divides (B), (O) or (D) according as me=0, 1—%==0 or 
1— apt) =0 (mod p). Its rank of apparition in every case is p, where p is 
the rational prime which p divides. 


THEOREM 16.2. Under the hypotheses of the preceeding theorem, if p 
divides (C), it does not divide (D), and its rank of apparition in (B) is 2p. 
Furthermore, C,==0 (mod p) if and only if n is an odd multiple of p. 
Similar results hold for divisors of (D). . 


17. If we compare the results of Sections 15 and 16 for irregular prime 
ideals, we see that the laws of apparition are the same for all ideals save 
null divisors, and that the laws of apparition for (A), (C) and (D) essen- 
tially generalize Lucas’ law of apparition for (V), and in a sense explain it. 
Furthermore, the laws of apparition for ideals of the field ¥, are precisely 
the same as for the field F. If in particular then x, and a are rational 
integers, the. four elliptic sequences are sequences of rational integers, and 
the ideals become ordinary primes. It is of some interest to note that the 
Lucas sequences associated with the primes of the first category in this case 
involve quadratic irrationalities, and are of the type studied in Lehmer’s 
thesis. (D. H. Lehmer [1]) | 
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VI. Conclusion. The Laws of Repetition. 


18. We conclude the paper by giving the laws of repetition for powers 
of primes in rational integral ellipti@ sequences. The extension to arbitrary 
algebraic. integral sequences is easy, but will not be discussed here. 

Assume then that x, and «a, are rational integers. We need consider 
only regular primes p not dividing 2ao(1 — ao)%o(1—-%) (1— doto). Let 
2 be such a prime. Then p is odd. Assume that p divides (D), and that its 
rank in (B) is 2p. Then the rank of p in (D) is p, and.p does not divide. 
(A) or (C), by the results of Chapter IV. Consequently by the duplication 
formula (5.4) if p! is the highest power of p dividing B-p, it is also the 
highest power of p dividing Dp. Now since (B) is essentially the elliptic 
divisibility sequence (h) so far as regular primes are concerned, the law of 
repetition of powers of p in (B) follows from the results in Ward [2] for 
elliptic divisibility sequences; namely, if Z & k, the rank of apparition of pt 
in (B) is 2p, and if I Z k, the rank is 2p!%. Now p is odd, and the only 
terms of (D) divisible by p are odd multiples of p. Hence since D,=0 
(mod p?) if and only if Ban == 0 (mod pt), we can state the following theorem: 


THEOREM. Let wo and a, be rational integers, and p a regular prime of 
rank p in (D). Furthermore, let p* be the highest power of p dividing Dp. 
Then the rank of apparition p* of p! in (D) is p or p**p according asl Sk 
or lk. Furthermore D,=0 mod p if and only if n is an odd multiple 
of p*. 

Precisely similar results hold for prime divisors of (A) or (C). For 
the Lucas functions, these results become Lucas’ law of repetition for primes 
in (V). 
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HARMONIC DOUBLE SERIES.* 


By LEONARD TORNHEIM. | 


z eo 
The value of the sum c, of the harmonic series in one variable Cn = X; p™ 
pel 
is not known for n odd. For n even, Com = 2?"!7?mB,/m!, where By, is the 


m-th Bernoulli number; in particular cs == 1/6, ca == 74/90, Ce = °/945. 
We call 


Sve +a)” 


P 


a harmonic double series. Its value will be denoted by (r,s,t) and we shall 


show how to express it as a polynomial in the c, with rational coefficients for 
certain values of r, s, t. 


The following lemma will be useful. 


Lamma 1. Let f(p) be a monotone decreasing function with lim f(p) = c. 
—> © 
Suppose ” 


(p,q; f) =f(9)/p(p +4) + f(p)/q(p +4) — Flp + 4)/p4. 
Then 


(1) È emnt) =Š o) —d/r, 
(2) Š (7493 f) = 20) — 0). 
haer 3 


The terms in the series (1) and (2) are non-negative. For, by the 
monotonicity of f(p) 


&(p,93f) = f(p + q)[1/p(p + 9) + 1/q(p + 9) —1/pql = 0. 


Let g(x) — f(x) —e if es4— œ. (The proof of the lemma for the 
case c = — œ is almost obvious and will not be discussed.) Then }(p, q; 9) 
= (p, q; f), and the proof may be restricted to the case c = 0. 


Since 1/p—1/(p +4) = 9/(p+9)2, 
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x j(g)/p(p+g)= Z (F) D (1/p—1/(2+9)) 
pra<N a<N-1 ?<N-a 
= 3 (f(a)/a) È (1/s—1/(N—s)). 
q <N- 8=1 > 
The last equality is obtained by noticing that 


N-g-1 N-1 q N-1 
2 1/s + À 1/8 —2 1/s + 2, 1/58; 
thus ü = g 2 
N-q-1 N-g-1 N-1 
2 (1/p — 1/(p + q}) = 2 1/s— À 1/s 
q N-1 q 
—21s— È 1/s = 2 (1/s—1/(N—s)). 
Next = ns = 
S fet O/= = E e—a 
ma<N T=2 gi > 
= (f(r)/r) > (1/9 +1/(r—9)) 
- Zum 231/93 
thus 2 
2 88.47) =2 3 HDD) È (1/8—1/(N—s)) 


pta<N 
—2 © (f()/0 Sys 
2£q<N = u 
ps 2 2,0 (2)/0) (1/4) —2f(N—1)/(N—1) 81 
—2 5 (g/g) Š 1/(N—s). 
a<N-1 szi # 


It remains to be shown that the last two terms approach 0 with increasing N. 
The absolute value of the middle term is at most 


N-1 
(AW Y/N) f Aa +0. 


Half of the last term can be decomposed into two summations, 


N-2 
— 5 =—3— 2 


g<N-1 g<d ao 


‘of the summands (f(g)/g) > (1/ (N —s)). Choose go large enough so that 
s=1 
(ge) < e and take N greater than 2q,?, Then 
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S< (1) £ 1/4 $ 1/(N/2) SF (1)/eo. 
a< go q< go 8=1 i 
Finally 


N-2 7 w 
2 S 2 (F(g)/9) Sara 

| Fo) 21/4 log (N—1—q)/(N—1) 
= f(g) f Eao + g/2(N —1)? + g/3(N—1)° +- + -}dg 


= of (qo). 


This completes the proof of the lemma. 
Equation (2) may be proved similarly.t- Also (1) can be derived from 


(2) by replacing p by Ap, q by Ag, and taking >. 
Azı 
Every function h(p) defined for positive integral p is a sum of two 
monotone functions h, and ha where 


(p) =4h(1) + È max (0, A(s) —As—D)), 


ha(p) = $A (1) + È min (0, h(s) —h(s —1)). : 


If either h; or ha is bounded then Lemma 1 is true for À replacing f. 
In (1) take f(p) = p to obtain 
COROLLARY 1. (1,1,1) = 2c. 
Also j 
x 1/[pq(p + 9)] =2. 
(pig) =1 


In fact, = pq (p + q)* = (r, 8 t) /Crasat. 
ONE 
Satting f(p) =p? in (1) yields the following corollary after using 
Lemma 2 below to assure the absolute convergence of the series. This 
property is needed to allow the rearrangement of the terms. 


COROLLARY 2. If n>2, 
(3) 2(n— 2, 1, 1) — (1, 1, n— 2) = cn. 
We write [r,s; t] for p” q (p+g)"; then (r,s, t) = 5 [r, s, t]. 
Pal 


* This result was originally obtained geometrically by considering the areas of the 
triangles described by means of a diagram of Ford, “ Fractions,” American Mathematical 
Monthly, vol. 45 (1938), pp. 586-601. The triangles have vertices at the points 
(p/a,fiq)) where 0=p/q=1 and (p,q) =], two vertices belonging to the same, 
triangle if | pig —P:9:| = 1. The proof given here was found jointly with N. J. Fine. 


306 LEONARD TORNHEIM. 


The solutions to be obtained will be based only on er and the eig 
simple relationships 


(4) (r,s —1,t +1) + (r—1,st+1) = (r,s, t) 
resulting from the fact that the same expression in brackets is an identity; 
(5) | (r,s, t) = (51t); 
| (6) (r, 8, 0) = CrCs; 
and | 
(7) > (r, 0,8) + (s, 0, r) = Crs — Cres, 


which comes from the fact that 


Epr(p+g)s+Eps(p+o)T=2>prus + E wep 
up u<p 


= > prus ae > wuts, 


mul ual 


Lemma 2. A necessary and sufficient condition that (r,s,t) be finite 
is that r-+i>ls+t>i,andr+s+t>2. 


Proof. Observe that 
(1, 8, t) > 2 + 9)/k}7g ep + 9) * 


® D vr 1 G2 ) 
rt 8 WAR r-t k; = j 
CR Due (m=3 Geo 


which is œ ifr+¢1. Otherwise it is greater than 


co 1/2 
kr hep à 3 f | q5 Est dq, 
p=2 1 


which is œ ifr+s+¢2. On the other hand if the conditions of the 
lemma are satisfied, 


(r,8,t) < E pg (kp) + 2 prg (kig) 
PE q=p 
< klar + Cort + 2 J gp" dp + 2 f pq *dg} 
q=2 q-1 p=2 p 


` and this last expression is finite. 


We shall assume that r, s, tin (r,s, t) are all integral. If every (r,s, t) 
is known for r, s, { all non-negative and r + s + t = n, by means of (4), (5), 
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and Lemma 2 it is possible to evaluate (rı,$1,tı) for any integral f1, 81, 4 
with rı -+ sı + tı =n. Hereafter we shall consider only non-negative integral 
r,s,t. In view of (5) we shall usually state our results with r= s. 


-THEOREM 1. 
(n— 1,1,0) = ©, (n— 1,0,1) = œ, (n, 0, 0) = œ: 
These follow from Lemma 2. 


THEOREM 2. If n= 3, 


(8) (1,1, n— 2) = (n— 1) — © cate 
(9) (m—2,1,1) = H (n + 1) 0n — E cacra), 
(10) mieni (m Hon — S cate}. 


First from (4), (a, 0, n— a) + (a— 1, 1,n— à) = (4,1, n—a—1) 
so that summing on a from 2 to n — 2, 


= (a, 0,n— a) + (1, 1, n— 2) = (n—2,1,1). 


But from (7) 


NZ2 nm? 
RD (a, 0, n— a) = X Caln-a — (n — 8) Cry 

a=2 a=2 p 
so that 

n—2 

2 CaCn-a — (n— 8)¢n, + 2(1, 1, 1 — 2) —?2(n—2,1,1). 
Using this result simultaneously with the equation of Corollary 2 of Lemma 1, 
the first two equations of the theorem are readily established. Rasa) (10) 
follows from (4), (5), and (8). 


THEOREM 3. 


(11) (an—a—1,1) (NEE 1) ites + FS cree nt De. 





. All that is needed to prove this are equations (9), (5), and the equation | 
(a, n—a— 1,1) + (a—1,n—a,1) = (a,n—a, 0) = Catne, 


this following directly from (4) and (6). 
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COROLLARY. If nis even, i. e, n= 2m, 
m-l 


D CorCn-2r = A(N + 1) Cn. 
k=1 


It is a consequence of the fact that (a, n— a — 1, 1) = (n— a — 1, a, 1). 
This identity can be translated into one for Bernoulli numbers. 
Hereafter [m] means the largest integer not exceeding m. 


THEOREM 4. For n odd, i.e., n= 2m + 1, and a > n/8, 
[m/2] 
(a, 1 —a— 2,2) = (—1) (Ra — 2m +1){ 2 CakCn-ox — $( + 1) en} 
=1 
+ IDE (~ 1) att 1) ciens. 
=m+1 
Proof. From 
(j,m— j —2, 2) =. (»n—j—1L1) Zu (j —1,n—j—1,2) 
by summing get 


(a,n—a—2,2) = È (DG n—j— 11) + (Dm, m—1,2), 


Use the previous theorem, and the fact that (m, m — 1, 2) — 4 (m, m, 1) by 


—2 M 
equation (4), and also that S Cilni = 2 À CiCn-i- 
i=2 4=2 
THEOREM 5. If m>1, (0,0,n) = Cn1 — in 


Proof. S1/(p+Q*—=S 2 y= D (r—1)/ = ons — Ow 
Pq T=1 p 


+q=r r 
THEOREM 6. For n even, i.e., n— 2m, (m,0,m) = $ (Cm? — com). 
Proof. Immediate from (7). 


Denote (a, 0, — a) by fa. Every quantity (r, s, £) for fixedn=r--s-+¢ 
and r, s,¢ all non-negative integers may be expressed as a linear combination 
of the fa (a =0,:-++,n). For, if r 405s, then by (4) (r,s,t) may be 
expressed in terms of similar expressions having larger t. This process is 
repeated, if necessary, until only expressions (7’,s’,?’) are obtained with 
either 7’ = 0 or f ==0. In the next lemma the fa are expressed in terms of 
the quantities d; = (i,i,n— 2i) (i= 1,- - -, [n/2] —1) and polynomials.in 
the c;. Hence (r,s,t) may be expressed in the same way. 

Using the explicit formulas of the next lemma and the relation (7), 
we obtain linear equations for the d; which are solved in certain cases to 
give finally Theorems 7 and 8. 
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Lemma 8. (a, 0, n—a) = 4M, + La (a =2,: : +, n— 32), where 


min(a,m) 


Mo = À (— 1) {0-5 + las} d; 


and La is a polynomial in ca," + +5 Cn, and m = [n/2]. 


Denote [a;b,c] + [b,a,c] by. [a,b,c]’. We shall prove the corre- 
sponding identity in p,q when [a, b,c]’ replaces 2(a, b,c) and Dg is a linear 
combination of [j,n—7—1,1] and [j,n—j,0]. Then summation over 
all positive p, g followed by the use of (11) and (6) will yield the lemma. 

The proof will be by an induction on a. For a = 2, we have 


[2, 0,0 — 2)’ = ${[2, 2,n— 4)’ —2[1, 1, n—2]"}, 


the validity of which can be easily verified. Likewise the identity holds for 
a = 8: | | 
[3, 0, n— 3)’ = ${[8, 3, n — 67 — 3[2, 2, n— 4]’}. 


Next, to make the induction step, assume the result for a and &— 1, and 
prove it for a+ 1. Multiply both sides of the identities for a and a—1 by 
[1,1,— 2] except for terms of the form [7,s, °] or [r,s,1], these terms 
being multiplied by i 


(11. 5) [1,—1, 0] + 2[0, 0, 0] + [— 1, 1, 0] 


which equals [1,1,— 2], and then subtract. An application of (4) to the 
left hand side and a simple manipulation of the other side using the identity 
Cs + rOs-1 = 105 proves the identity in the summands [r,s, t]. 

We must show finally that no term (r,s,#) in Le is infinite; ie, if 
t==1 then r>0 and s > 0, while if é— 0 then r > 1 ands>1. But the 
only d, having t = 0 or 1.is dm = (m, m, t) and it first occurs in the induction 
when a—m. Each subsequent multiplication by (11.5) reduces r or s by 1. 
Only. n—m—2 more steps are required to reach the last step when 
a == n — 2, and r and s then still satisfy the required conditions. The proof 
of the lemma is complete. 

When the equations of the lemma are combined with (7), m — 1 equa- 
tions in the m— 2 unknowns d; are obtained. Write Na == Ma -+ My then 
N. is known in terms of ¢:,---,¢, by Lemma 3 and equation (7). A 
relationship of dependence is easily noticed by adding the Na; from Lemma 3 
the sum is simply zero. i 

Ultimately we shall have to work with N, since its value in terms of 
the c;’s is known. But it is easier to treat Me and M, separately and then 
add later. 
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We shall next show that for a S m, 
(12) da = 2 $ 20-1300 (i, 0, n — i) (a—=2,--~,m). 
This is in fact true for the corresponding summands 
(13)  [a,a,n—2a] = È Ole 0, n— i] + [0, i n— il}. 


We proceed by induction, equation (13) being true if a—1. Multiply 
both sides of (13) by [1,1,—2]. On the right are obtained terms 
[n+ 1,1, *]. (In the notation (b,c,*) the value of * is to be chosen so 
that 5b+c+"=n.) But since (4) is true if brackets replace the 
parentheses, 


[i + 1, 1, *] -3 [j, 0, *] + [9, 1, *] 3 


and similarly for [1,i+1,*]. Hence, assuming (13), 


[a+ 1 041,4] — È winloal SU, 0, #7" + [0,1,*7} 


al a z z a : 
== À À 204-10 a1 [7,0, sa +2 > oa-t-1Ca-1[1, 0, ile 
j=2 i=j-1 del 


But Oa + kOa-1 = 110%, so that 


+1 
[+ 1a 1, *] — È sonsCali, 0, *' + (20/0) 110211, 0, #7 
£ J= 


atl ; ; 
= È ram am Ci, 0, *] ; 
as was to be proved. 
We next take the corresponding sums for Mn-i, 
a a l m A 
> 20-100 1Mni = 2 2a-i-1Ĉa-1 >; (— IyPij { jCn-i-j + 33 Cn-i-j-r} dj 
i=1 j=l 


i 

where a Sm and prove 
Q m 

LEMMA 4. > 2a-i-1Qa-1Mn-i = > bad; (a = 2, RER m) 

4=1 j=1 

where baj == 0 if : 

(14) a < n— 25, 

or 


(15) j>aandj>n—Ra. 
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The coefficient of d; is 
baj = È 20-1- 1Ca-1 (— 1)*-#4{;0. n-i-j + j-1 a-i-5-1} 





on LG $ (pts (2a —i—1) (n—i) 
ren ) (n—i— 7) +i+n) Ka—i)! 


and the factor involving the summation sign becomes, on setting 
k=n—i— j, 
k au lape jnt) 
k 
Gy SOHN iG ape Ey 
where ko max (n—a—j,0). Now since 2a+h+j—n—12e+j 
—n + k we have that 
(a+ k + j—n—1) (e+) 
(a+j—n+k)! 
(18) = (2a + k + j—n—1)(2a+k+j—n—2) 
‘(a+ j — n+ k+ 1) (k+ i) 


and the right hand side considered as a polynomial in & has degree a and 
is expressible as 


(19) Š 4: k1/(k—1)! 





where the A, are constants, and k!/(k—1)!—=k(k—1)---(k—i+1) 
if 121 and 1 ifl=0. | 
Setting k = 0,1,2,- + - in turn we see that 


(20) A1= 0 (n+1—2—jS0SiSn—a—j—1). 
Then (17) becomes 


(1) $ $(—1)t4y(j—k)!(k—1)! 


ko 


= 
ea 
© 


er ‚den! 
DS 
-Åg m gehn 
where kı == max (n—a— j, l). Here we have taken k = 7 since k!/(k — 1)! 
= k(k— 1) -+ - (k—1 4-1) and is zero if 0& k <1 (see (19)). Thus 
the left hand side of (21) equals 





en Im > ie ! 


We know from equation (16) that baj is zero if (14) holds. We want 
to get the conditions of (15). 


È (— 1) "j0 j- 
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By (20), 410 for 0 SIS n—a—j—1 if n+1—2a—j0 or 
(23) j > n— Ra. 
Also 
j 
2 (181i (Sn—a—j) 
will equal zero unless j=] since it is the binomial expansion of (— 1)! 
(1— 1) But jl if 
(24) j>a 
since 2=Sa. Thus Lemma 4 is proved. 
We wish to compute the values of certain coefficients which are not zero. 
LEMMA 5. If a=n— Rj, then baj = (—1)12. If a>n— Ra, then 
baa = (—1)% Finally if j >a and j =n— 2a, then baj = (— 1)". 
If in (16) we take a = n— 2j, we get 
bn-25,i = ala (— 1)" {Onno + 54052} = (MR. 
If (23) holds, but j =a (instead of (24)), then by. the reasoning preceding 
(24), (22) becomes (— 1)°A, since all terms are zero except when 7 = a. But by 
(19), Ac is the coefficient of #2 in (18), so that Aa = 1. Then from (16)- 
we find baa = (— 1) 
Finally if j > a and instead of (23), j = n — 2a, then (17) becomes 


"S (—1)8(b + n—2a)/k(n—2a—k) I(t —a) . 
kza 
Denote this sum by Sp. First San = (—1)2/a. Next 
Sa— X (—1)*{1/(n — 2a — à) (tk — a)! 
k=a 


+ (n—Ra)/k(n—2Ra—k)!(k—a)!} 
= (—1)*(1— 1)***/(n— 3a) ! 
+ (n— 2a) = (—1)*/k(n — 2a— ke) !(k —a)}. 


(25) 


Thus if n— 3a > 0, 


Ia = 0 + X (—1)*{(n— 2a —k)/k(n— 24-—k) CA)! 
a + 1/(n—2a— k) (k—a)!} 
— (3 (ieaiai 
k=a 
| + (—1)*(1— 1) **4/ (n — 3a) ! = Sn1/ (n — 2a — 1) 
because of the last part of (25). 
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We conclude that the coefficient of d; is, when j = n — 2a, 


((j—1) 1/(a—1) 8 = ((n — 2a —1) / (@—1) 1) Sn 
= ((n— 2a—2) 1/(a—1) Bra 
= == (01/(a— 1) gar = a(— 1)*/a = (— 1}. 


Since (a,0,n—a) + (n—a,0,a) is known by (7), we obtain from 
(12) and Lemmas 3 and 4 the following simultaneous linear equations in 
the da: 


(26) | da + X basds = gos 


where the bo; are known constants, j ranges from [(n—a<+1)/2] to m, 
and g are polynomials in the c; with rational coefficients. 


. THEOREM 7. If n is odd, (r,s, n—r— s) may be explicitly determined 
as a polynomial im Co, + * , Cn with rational coefficients. 


We shall treat only the case n==1 (mod 6) i.e., n—6r+1. Separate 
the equations of (26) into two groups according as a= 2r or not: In the 
first case baj —0 if j= n4 1— 2a from (15), and (26) need be summed 
only to n— 2a. 

Also baj = 0 if simultaneously 


(27) jan +1— 2, 
(28) j>a. 
If aS 2r then (27) implies (28), for j > n—2a= 6r-+1—4r > 2r Za, 
whereas if a > 2r then (27) is a consequence of (28), for j=a+1Z2r +2 
= (6r +1) +1—2(2r) >n+1—2a. | 

To solve the system (26) first take a — 2r +1. The summation in (26) 
is from 2r to 2r-+1, and by Lemma 5 the left hand side of this equation 


reduces to 24,5; thus der — go. To find the other da we divide all 
equations (26) into three sets of equations 


I: a = 2r + 2s (s=—1,2,:::) 
II: a = 2r + 2s +1 (s =1,2, +>) 
II: del —s ` | 1: Aa 12), 


and solve one equation at a time from the sets I, II, III in turn. 
I. Assume that der_s41, dar-s+2, * * * , dor+2s-1 are known. When a = 2r + 2s 


7 
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the summation in (26) is from ?r—s + 1 to Br + 2s. Thus all quantities 
are known except der... By Lemma 5, barızs,2r428 = 1 so that the coefficient 
of dyr.2s on the left-hand side of (28) is 2 and ds may be found. 


II. Now dorsiui;' © <, dorsos have been determined. The summation in 
(26) for a—2r-+ 2s + 1 is from 2r—s to 2r + 2s + 1=a. Al ds that 
appear are known except d and ders. By Lemma 5, the coefficient of da is 0 
while that of ds is (— 1)?" so that dər-s may be expressed in terms of 
known. quantities. 


III. Finally assume dors,” - `, ders are known. If a—2r—s the 
summation in (26) is from 2r to 2r + 2s + 1. Every d; appearing has been 
evaluated except ders2s.1 Whose coefficient is (—1)* by Lemma 5. Thus 
dars2s:1 may also be found. 


The order in which we solve the equations (26) is this. First take 
s= 0 in Case ITI, then s= 1 successively in Cases I, II, III. Repeat with 
8—À,8, * - until ds, is determined. This occurs either in Case I with 

= 2s or in Case III when r—=2s--1. By then des," + +, der have been 
determined. Finally d,,: > >, dər-s are found by using (26) witha=1,---, 7 
2r—s respectively, for these equations are simply 


3r 
da + 2 bajdi = ga. 
j=ar 


The proof that the equations (26) may be solved when n = 6r +3 and 
6r + 5 is similar and will not be given. When n is even, however, many 
relations of dependence occur among the equations (26) and it is impossible 
to solve for the d; except in the following case. 


THEOREM 8. The values of (2r,2r,2r) and (?r—1,2r,2r + 1) may 
be found explicitly as a polynomial in cə, + +, Cer with rational coefficients. 


Proof. When a = 2r and n = 6r, equation (26) becomes der + 2dar = Gor 
by Lemmas 4 and 5. Hence (2r, 27, 2r) — gor/3. Next by (4), (2 + 1, 2r, 
2r +1) = (2r, 2r, 2r) /2. 


Tf n = 6 we may evaluate all (r, s, n—1—s) according to our theorems 
except (3,1,2), (2,0,4) and (4,0,2). These too may be found using (4) 
since (3,1,2) = (3,2,1) — (2,2,2), (2,0,4) = (1,2, 3) — (1,1,4), and 
(4, 0, 2) = (4, 1, 1) — (8, 1, 2). We remark in particular that (2, 2,2) = 6/3. 
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ESSENTIAL AND NON ESSENTIAL FIXED POINTS.* 


By M. K. Fort, JR. : 


1. Introduction. Let (X,d) be a compact metric space having the 
fixed point property. We denote by X* the set of all continuous functions 
on X into X. If f and g are in XX, we define 


p(f,g) =sup[4 (f (2), g(2))| ee X]. 


It is well known that (XX, p) is a complete metric space. 

Let p be a fixed point of fe X¥. We say that p is an essential fixed 
point of f if corresponding to each neighborhood U of p there is e> 0 such 
that g has a fixed point in U whenever ge X* and p(f,g) < © 

The concept of essentiality for fixed points is a stability property which 
is quite analogous to the concept of stable value of a function. (See [1], 
p. 74). Several definitions of stable fixed points have been given in the past. 
However, no definition of stable fixed point with which the author is familiar 
is equivalent to the definition of essential fixed point which is given here, 
We will later prove that there exists a close connection between essential fixed 
points and essential mappings in the sense of homotopy. 


2. An approximation theorem. Members of XX, all of whose fixed 
points are essential, are especially well-behaved functions. We shall prove 
that each element of XX can be approximated arbitrarily closely by such 
functions. 

We shall make use of the hyperspace (2%, H) and of the theory of semi- 
continuous functions into 2%. The points of 2X are the non-empty compact 
subsets of X. If Ae2X ande > 0, we denote by U (e, A) the set of all points 
æeX for which there exists ye A such that d(x,y) <e The set 2° is 
metrized by H, where 


H(A, B) = inf[e| ACU (e, B) and BCU (e, A)] 


whenever A and B are in 2%. It is well-known that (2¥, H) is a compact 
metric space. 
A function T on a topological space S into 2* is upper semi-continuous 
[lower semi-continuous] at pe S if corresponding to each s > 0 there is a 
* Received February 21, 1949. 
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neighborhood V of p such that T(z) CU(e T(p)) [T(p) CU(S T(x})] for 
allæe V. It is clear that T is continuous at p (with respect to the metric H) 
if and only if T is both upper and lower semi-continuous at p. 

We next define a function F on XX into 2X by defining F(f) to be the 
set of all fixed points of f whenever fe XX. The following lemma is due to 
Wehausen [2]. 


Lemma 1. The function F is upper semi-continuous. 
Proof. Let feX* and suppose e > 0. Define 
§— inffd(a, f(2))| ee ¥—U (s F(f))] 


unless X — U (e, F(f)), in which case define = 1. It is easily verified that 
38> 0, and that if ge X* and p(f,g) <8 then F(g)CU(e F(f)). This 
proves that F is upper semi-continuous. 


Lemma 2. Each fixed point of fe XX is essential if and only if f is a 
point of continuity of F. 


Proof. Assume that each fixed point of f is essential. Let e be any 
positive number. For each ze F(f) there is a neighborhood V(x) of f such 
that if ge V(x) then g has a fixed point in the e/2-neighborhood of x. There 
exists a finite set %,-° - ,æ, of points of F(f) such that each point of F(f) 
is within e/2 of some one of the 4. If we now choose a neighborhood V of f 
which is contained in the intersection of V(a),: > -, Va.) we see that if 
geV then F(f) CU(e, F(g)). We have therefore proved that F is lower 
semi-continuous at f. This fact, in view of Lemma 1, proves that F is 
continuous at f. 

We now assume that F is continuous at f. Let pe F(f) and let U bea 
neighborhood of p. Choose e> 0 such that the e-neighborhood of p is con- 
tained in U. Now choose 8 > 0 such that if p(f, g) <8 for ge XX, then 
H(F(f),F(g)) <e Thus if ge X* and p(f,g) <8, then g has a fixed 
point in U. This proves that p is an essential fixed point of f. 


THEOREM 1. If fe XX and e>0, then there exists ge XX such that 
p(f,g) <e and such that every fixed point of g is essential. 


Proof. It is known, (see [3]), that the points of continuity of an 
upper semi-continuous set-valued function form a residual set. Since F is 
upper semi-continuous and XX is a complete metric space, we see that F is 
continuous at each point of a set dense in XX. Our theorem now follows at 
once from Lemma 2. 
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3. Existence theorems. It is easy to see that there may exist members 
of XX which have no essential fixed point. A simple example is obtained 
by taking X to be a Euclidean n-cell. For this special case, every point of X 
is a fixed point of the identity transformation, but no point is an essential 
fixed point. 

It is of interest to know conditions under which a transformation will 
have essential fixed points. We prove two theorems in this section which 
give sufficient conditions for the existence of an essential fixed point. The 
second of these theorems, Theorem 3, contains in the hypothesis a rather 
strong restriction on the space X. The author does not know whether or not 
the conclusion of this theorem is true if the hypothesis is weakened by 
allowing X to be an arbitrary compact metrie space. 


THEOREM 2. If f has a single fixed point, then this point is an essential 
fixed point of f. 


Proof. Suppose e> 0. By the upper semi-continuity of F, there exists 
a neighborhood V of f such that if ge V then F(g)CU (e, F(f)). Since 
F(f) contains but a single point, this implies that F(f) C U (e, F(g)). Thus 
if ge V, then H(F(f),F(g)) <e We have proved that F is continuous 
at f, and hence it follows from Lemma 2 that the fixed point of f is an 
essential fixed point. 


THEOREM 8. In addition to our standing hypotheses concerning. X, 
we. shall assume that X is a topological n-manifold, either with or without 
boundary. If feX* and the set F(f) of fixed points of f is totally dis- 
connected, then f has at least one essential fixed point. 


Proof. Let us assume that f does not have an essential fixed point. We 
shall show that this implies the existence of a function ge XX which does 
not have a fixed point. Since X has the fixed point property, this is a con- 
tradiction. 

Each point ve X has a neighborhood N(z) whose closure is homeo- 
morphic to a convex subset C(x) of Euclidean n-space. For each xe F(f) 
choose a neighborhood U(x) with the following properties: U(x) CN (s), 
the intersection of F(f) and the boundary of U(x) is vacuous, there exist 
members of XX arbitrarily close to f which do not have fixed points in U (s). 
Let us cover F(f) with a finite set U(2,),-- +, U (2x) of these neighborhoods. 

Now define F, — F(f) N U(2,.) and define 


F,=F(f) N U (z) —Ür, 
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if 1<i=%k The sets F; are closed, pairwise disjoint sets; and we may 
suppose the sets U(2,),- - -, U (£x) chosen so that each set F; is non-vacuous. 
Choose open sets V;,- + +, Vz, Wa," - -, Wy with the following properties: 


F.CViCViCW.CW.CU(a,), Wi N W; is the empty set fie, _ 
f(W) CN(z,). 


Let h; be a homeomorphism of N (z;) onto C(a;) for each 4, 1<i<k. 
k 

Define e=inf[d(z,f(a))|aeX— U Vi]. Choose è> 0 so that if 
¿=l 


p, q € C(a;) and |p — ql] < 8, then d(hi(p), hit(q)) < € for 1 Sik; choose 
7 > 0 so that if u, ve N (z) and d(u,v) <n, then | hi(u) — hi(v)| < 8 for 
1=<Si=k. Next, we may choose functions ge XX for 1Si>Sk such that 
p(f, gi) < m, gi does not have a fixed point in P, and g(W;) CN (2). 

If peW;—V, we define a;(p)=inf[d(p, x)| ze Vi] and b;(p) 
= int[d(p, s)| ze X— Wi]. We assume that each W; has been chosen small 
enough so that X— W; is non-vacuous. Let Ai(p) = ai(p)/(ai(p) + bi(p)) 
and Bi(p) —b:(p)/(a(p) + bip). We now define g(p) to be f(p), if 


k 
peX—UWi; gip), if peVi for some i, 1SiSk;, hr(4i(p)hf (p) 
wel 


+ Bi(p)lugi(p)), if pe Wi— Vi for some i 1Si<k. The function g 
belongs to XX and it is easily seen that d(p, g(p)) > 0 for all pe X. This 
is a contradiction. 





4. Local study of essential fixed points. Although Theorem 3 is fre- 
quently useful in proving the existence of an essential fixed point of a 
function f, this theorem is of no value in deciding which fixed points are 
essential if f has more than one fixed point. For example, let X be the 
unit disk in the complex plane and let f(z) — 2°. The fixed points of f are 
0 and 1. We know by Theorem 3 that at least one of these is essential, 
but we do not know which ones are essential and which ones are not essential. 
It is desirable to have theorems which we may use to prove that a fixed 
point is essential merely by examining the behavior of the function in a 
neighborhood of the point. The following is a simple theorem of this type. 


THEOREM 4. If feX*, peX and p has arbitrarily small neighborhoods 
V such that V has the fixed property and f(V)C V, then p is an essential 


fixed point of f. 
Proof. It is clear that p is a fixed point of f. 
Let U be any neighborhood of p. Choose a neighborhood V of p such 
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that FC U, V has the fixed point property, f(V) CV, and X—V is non- 
vacuous. Let us define e—inf[d(x,y)|æef(V),yeX—VT]. Since f(Ÿ) 

and X — V are disjoint, non-vacuous, compact sets, we see that e is a positive: 
number. 

Now let ge XX and assume that p(g,f) <e Then g(V)CVCY, and 
since V has the fixed point property, g has a fixed point in V and hence in U. 
This proves that p is an essential fixed point of g. 

Using the above theorem, it is now easy to show that 0 is an essential 
fixed point of the function f(z) =? for z in the unit complex disk. 

It is very easy to describe situations where Theorem 4 is of no use. 
For example, consider the function f(z) =<2/|z|# defined for all z in the 
unit complex disk, f(0) being defined to be 0. The behavior of this function 
on neighborhoods of 0 is fairly typical of the situation we may expect in 
general, in that the function f does not transform small neighborhoods of 0 
into themselves. This suggests that one might prove stronger theorems than 
Theorem 4 if one had as tools fixed point theorems for mappings of sets 
into subsets of some containing space rather than merely into subsets of 
themselves. We prove one such theorem in the next section. í 


- 


5. A fixed point theorem. Let n be a positive integer and let H, 
denote Euclidean n-space. The set of all points v in En such that |z || Sr 
will be denoted by K (r), and the set of all points æ in #, such that [a | =r 
will be denoted by S(r). If we Z, and x is not the origin, we let P(e) 
=2/| z ||. 

Throughout this section we shall assume that r is a positive number 
and that f is a continuous function on K (r) into E„ such that f(x) x for 
all æeS(r). We associate with f a mapping f* of S(1) into S(1) by 
defining f"(z) = P(rz—f(rz)) for all ee S(1). 


THEOREM 5. If f* ts an essential mapping (not homotopic to a constant 
mapping) then f has a fixed point. 


Proof. Suppose that f does not have a fixed point. In this case 
tra &f(tre) for all ee S(1) and O=StS1. Thus we may define D(z, t) 
= P(tre—f(tre)) for all ze S(1) and 0Si=S1. The function D is 
clearly a homotopy of f* to a constant function. 


Example 1. Let f be such a mapping that f(K(r)) CK(r). It is 
easily seen that f* is homotopic to the identity mapping if one considers the 
homotopy defined by D(z, t) = P(rx—tf(rxz)). The Brouwer fixed point 
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theorem now follows from the fact that the identity mapping on S(1) is 
essential. 


Example 2. Let n==2 and let g be the mapping of K(1) into E, 
which takes the point (u,v) into (2u,v/2). The homotopy defined by 
D( (u, v), t) = P ( (tu — 2u, 20 — 3iv/2)) deforms g* into the mapping 
which takes (u,v) into (— u,v). This mapping, being a square root of the 
identity, is essential. Thus g* is essential. | 

Now there exists e>0 such that |e— g(z)| Ze for all ee S(1). 
It is easy to see that if f is any mapping of K(1) such that || f(x) — g(x)| < e 
for all se S(1), then f* is homotopic to g* and consequently is essential. 
Any such mapping f, by Theorem 5, has a fixed point. Notice that f is 
required to be close to g only on S(1) and not on all of K(1). 


THEoREMm 6. If f* is homotopic to a constant, then there exists a 
mapping g on K(r) into En without fixed points such that g(rx) = f (rz) 
for all ze S(1). Moreover, if 8>0, we may choose g so that p(g, I) 
SS p(f, 1) +38, where I is the identity mapping on K(r). `- 


Proof. Let D be such a homotopy that D(z,1) =f*(z) and D(z, 0) 
is constant. Define g(irr) = tre — [t | re —f (rx) | + (1—1t)8]D (z, t) for 
all ce 8(1) and 0S¢=1. It is easily seen that g is a continuous function 
on K(r) into £, which has no fixed points. Also, 


gr) = re — || rx —f(r2)|| D(z, 1) = rx — | re — f(re)|| Ce) = f (rz) 


for all ee S(1). 
Moreover, 


|| gra) — tra | = [t || re — f(rx)|| + (1—2)8] | DG, t)| 
<|re—f(re)| 48S pF, D +8 ° 
for all ve S(1) and 0S t1. Thus p(g, 1) Sp(f, I) +8. 


6. Isolated fixed points on manifolds. Let X be a compact n-manifold 
(either with or without boundary) which has the fixed point property. Let 
feX* and let p be an isolated fixed point of f. In case X has a non- 
vacuous boundary, we shall also assume that p is not a boundary point of X. 
Let N be a neighborhood of p whose closure is homeomorphic to the closed 
unit sphere K(1) in Ea. We may assume that A is a homeomorphism of N 
onto K(1) which takes p into the origin of Ep. We also assume that N has 
been chosen small enough so that the only fixed point of fin N is p. 
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For all sufficiently small positive numbers r, say 0<r<, 
fh*(K(r)) CN and hence hfh|K(r) is defined and is a function which 
we shall denote by fr. Since the only fixed point of fr is the origin, we may 
associate with each fr, 0< rR, a mapping f*, of S(1) into S(1) by 
defining f*;(æ) =P(re—fr(rxz)) for each se S(1). It is clear that f*, 
‘is homotopic to f*r if 0 <r SR. 


THEOREM 7. The point p is an essential fixed point of f if and only 
‘af fer is an essential mapping. 


Proof. Let us assume that fr is an essential mapping. Let U be any 
neighborhood of-». Choose r, 0 < r < R, such that h-1(K(r)) and fh>(K(r)) 
are both contained in U. Now choose «> 0 such that if p(f,g) < e then 
gh (K(r)) is contained in both U and N. For all g such that p(f,g) <e, 
_we may define gr and g*, in the obvious manner. We may assume that e 
has been chosen small enough so that g*, and f*, are homotopic. Thus, if 
p(g,f) <e gr is essential and it follows from Theorem 5 that gr has a 
fixed point q in K(r). The point h+(q) is in U and is a fixed pent of g. 
This proves that p is an essential fixed point of f. 

Now let us assume that f*r is non-essential. Let e be any positive 
number. We will show that there exists ge XX such that p(f,g) <e and 
such that g does not have a fixed point in N. Choose r, 0 < r < R, such that 
h(K(r)) and fh"(K(r)) are both contained in the e/4 neighborhood of p. 
Now choose s, 0 < s <r, such that p(fs, 1) +2s<yr. By Theorem 6 there 
exists a function gs on K (s) into Fn such that gs(x) = f,(x) for all s = S(s) 
and such that gs has no fixed points. Moreover, we may assume that 
p(gss 1) +sSp(f, 1) +?%s<r, and hence gs(K(s))CK(r). We now 
define g(a) = f(x) if ve X —h-*(K(s)) and g(x) =hgsh(e) if we h-*(K(s)). 
It is easy to verify that g has the required properties. We have thus shown 
that p is not an essential fixed point of f. 


Example 3. Let X be the set of all points (u,v) in E, such that 
max(|w|,|v]) S1. Let f be the function on X which transforms the 
point (ut, v). Locally, f behaves similarly to the mapping defined iu 
Example 2. Combining the methods used in Example 2 with Theorem 7, 
it is easy to prove that the origin is an essential fixed point of f. 


7. A fixed point theorem for product spaces. Let X be a compact 
metric space having the fixed point property, and let 7’ be the closed unit 
interval of real numbers. We denote by f a function on X X T into X X T, 
and denote the transform of the point (z,#) under f by (fi (x), g(s, #)). 
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THEOREM 8. If for each t, 0 St S 1, the function fi of X into X has 
only essential fixed points, then f has a fixed point. 


Proof. For each ¢ let Z(t) —#F(f:). Using Lemma 2 it is easy to 
prove that Z is a continuous function on T into 2%. It follows that there 
exists a connected set C contained in X X T such that if (2,2) eC then 
æeZ(t), and such that there exist 2,2, eX for which (%,0)eC and 
(2,1) eC. Consider the continuous real valued function on C defined by 
h(a, t) = g(2,t) —t. Since h(a, 0) 20 and h(a, 1) = 0, it follows that 
h(2*, t*) — 0 for some (2*, *) eC. Thus g(a*, t*) =t* and fr (*) = 2%, 
and we see that (=*, ¢*) is a fixed point of f. 

The hypothesis of the above theorem is quite restrictive. It is not known 
whether or not there exist spaces X and Y with the fixed point property for 
which X x Y does not have the fixed point property. Consequently, one 
would hope for a much stronger theorem than Theorem 8. 
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ON THE COMMUTATOR GROUP OF A SIMPLE ALGEBRA.* + 


By SHrIANGHAW WANG. 


Introduction. Let A be an algebra. If « in A is a commutator: 
æ = ßyß"y', clearly, its norm (in any sense) must be unity. It follows 
that any element in the commutator group must be of norm 1. 

Now, consider as an example the algebra D of quaternions over the field 
R of real numbers. Any element « in D is contained in a quadratic extension 
of R, which is by necessity a field R(i), isomorphic to the field of complex 
numbers. If œ is of reduced norm 1: a@—1, it can be written in the form 
cos 0 + isin 0 = ef. Since there exists an element j in D such that jéjt — à 
for any € in R(t), we have ei == e+; (¢#*)-17-1, This shows any element of 
reduced norm 1 in D is a commutator. 

Nakayama and Matsushima ? proved that any element of reduced norm 1 
in a p-adic division algebra is a product of at most three commutators. 
Combining this result with the above simple fact in the quaternion algebra, 
we may say that any element of reduced norm 1 in a “local” division algebra 
is in the commutator group. It is but a step to infer the corresponding state- 
ment for any “ local ” simple algebra. 

Our main purpose here is to prove that the statement holds “in the 
large,” i.e., the commutator group of the group of all regular elements in a 
simple algebra A over an algebraic number field & coincides with the group 
of all elements of reduced norm 1. From this theorem and the norm theorem 
of Hasse-Schilling-Maass, we infer that the factor commutator group of A is 
isomorphic in a natural way to the group of all elements in #, which are 
positive at all infinite primes where A is ramified. 

Whether the theorem is true for any simple algebra we cannot yet 
decide. Nevertheless, we shall prove its general validity in the special case 
where the index of the algebra is square free. | 

The commutator group of a simple ring which is not a pure division 
ring is a generalization of the classical special linear group. Apart from 


* Received February 21, 1949. 

1 This investigation of the multiplicative group of a simple algebra was suggested 
to the author by Professor E. Artin. 

2T, Nakayama and Y. Matsushima, “Über die multiplikative Gruppe einer 
p-adischen Divisionsalgebra,” Proceedings of the Imperial Academy of Japan, 19, 1943. 
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certain special cases to be discussed in I below, the question of its structure 
was settled by Dieudonné. But the group of a pure division ring is entirely 
different. The structure problem in this case seems very difficult even when 
a division algebra over an algebraie number field is concerned. 


I. Commutator Groups of Simple Rings. 


Let A be a simple ring, i.e., a full matrix ring over a division ring D. 
The set of all regular elements in A forms a group which will be denoted by 
the same symbol denoting the ring itself. 

Suppose A is of degree m > 1 over D:A=M m X D, and let Ey, 4, 
j—=1,:::,m, form the usual matrix basis. Æ being the unit matrix, let - 
By X) =E + Ay, ij, and let E(a) = E + (a—1)E£mm. Then the set 
of all B,,(A) generates the commutator group A’ of A and any coset of A’ in 
A can be represented by a matrix F(a). The central elements of A or of A’ 
are contained in the center k of D. 

Dieudonné proved in [2] that the factor commutator group A/A’ is 
isomorphic to D/D’ and the isomorphism can be brought up by the function 
A which maps the coset of Z(«) to the coset of & in D/D’. A(X) was called 
the determinant of the matrix X. The following lemma is an immediate 
consequence of this result of Dieudonné: 


Lemma 1. The matrix GE, +: "+ amEmm is in A’ if and only if 
the product a: ` `am isin D’. 


We shall call a group simple if any proper normal subgroup is con- 
tained in the center. Dieudonné determined the structure of A’ by showing 
that it is simple when m > 2, or when m ==? and the center k of D is not 
the prime field Rə, Rs, or Rs of characteristic 2, 3, or 5 respectively. We 
wish to show that this restriction can be removed. In fact, we shall prove 
that the group A’ is simple, when m > 2, or when m =? and DAR, or Ra. 


Proof. The general proof given below does not apply when D = &;. 
For this singular case, see Dickson [3], p. 85.4 

Let A == Mi.) X D, D s4 Re, Rẹ, Rs. Let N be a normal subgroup of A, 
containing a matrix 


z-(° ran k, 


8 J. Dieudonné, “Les déterminants sur un corps non commutatif,” Bulletin de la ` 
Société Mathématique de France, vol. 71 (1943). 
4L. E. Dickson, Linear Groups, Leipzig, 1901. 
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Following the method in [2], we shall first construct a matrix of the form 
Biz (Ao)! from X and its transforms. 

Suppose one of 8 and y is not 0. We may assume e 8 ~0. For, if y0, 
Ä may be replaced by 


ne) 


Furthermore, we may assume «== 0, because 


Mm pte) Ge) ete) GS) 


For ée D, ke will denote a subfield of D, containing the field k(£), and 
containing at least one element outside k in case k == Ra, R; or Rs. 
If nek,, we have 


(2) | € aC AG OG A = « ae) oi 


When k=£R;, Rs, Rs, we choose q in k such that nt £1. When k=R,, Rs 
or Rs, we choose y in ky outside k such that 7°#k. In both cases, Y has the 
property that either its two diagonal elements are distinct or they do not 
belong to k. 

If 8 = y = 0 in the original matrix X, X has already the above property, 
because it is not in the center of A’ by assumption. Hence, N always 


contains a matrix & à where «3&8 or a = ô but afk. So, there exists 
an element £e D for which g =Æ ¿8. We have 


(3) ODGODI E-a TE )= But), 


where Ay = E — at 40. 

Now, consider a field ky, Starting with Bı2(ào) as the original matrix . 
X, we first obtain a matrix of the form ( ' ) as in (1), 8, y,dek,. This 

ß i Y i 

time, we choose 7e kn such that »*541 and obtain a matrix of the form 
& ) as in (2), « 8,8 € krs a8. Taking ¢ = (1—aÿ1)1 in (3), we 
obtain the matrix B,.(1). 

Let Ae D be arbitrary. Starting with B,,(1) as our matrix X, we 
repeat the above process, keeping the coefficients of the matrices inside a 
field Ay. Setting &=A(1— a8) in (3), we obtain Bi.(A). Since 
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we have finally the matrix Ba (à). So, N= 4’ and the statement is proved. 


Since, as we shall prove, the commutator group of a simple algebra over 
an algebraic number field coincides with the group of all elements of norm 1, 
it is conceivable that the group D/D’ might always be isomorphic to a sub- 
group of the center k and Dieudonné’s determinant of a matrix could then 
be realized by an element in k. As the following example shows, this is not 
the case: 


Let K be the field of all power series over R, of the form . 


© 
> avt”, dv = 0 or 1, r20. 
ver 


We introduce a second variable y and consider all the double power series 


Ÿ any, ue K, s=0. 

u=8 
We add and multiply them formally applying the rule ya = «°y, ae K, where 
o is the automorphism of K defined by the equation ` 


(4) we = x + 2% 


As can be readily verified, these double power series form a division ring D. 
Now, in a power series field, an automorphism of infinite,period, which can 
be defined by an equation like (4), leaves fixed only the coefficient field. 
Since o is obviously of infinite period, it can be easily seen from the above 
remark that the center of D is exactly Rə = {0,1}. 


Let é= > apy" be in D, a0. We define | é| —y°. By the rule of 
B=8 


multiplication, we have | &|—=|é|||. So, this is a homomorphism of D 
onto the infinite cyclic group generated by y. Since the latter is abelian, 
D/D’ is certainly not trivial. 


II. Proof of the Main Theorem. 


Let A be a central simple algebra over k. By the norm Na of aeA 
we mean the reduced norm Nax(a) of a over k. If « is in the maximal 
subfield K of A, then Na = Nrr(a). 

Let K be a cyclic maximal subfield over k and let o be a Bene 
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automorphism. Then there exists an element + in A such that rér” == é 
for any ée K. If Na—1, ae K, there exists an element é in K such that 
a == 1 by a theorem of Hilbert. So, «= rér"l£"1 and we have proved 


LEMMA 2. Any element of norm 1 in A, that is contained in a cyclic 
maximal subfield, is a commutator. 


Let D be a central division algebra over k and F a field of degree m 
over k. 


LEMMA 3. If «eD is in the commutator group D’r of Dp, then a” is 
in D’. 


Proof. Consider the algebra A = Mim) X D. Since F is isomorphic to 
maximal subfield of Mim), we may regard Dr == F X D as a subalgebra of A. 
Hence, «eD’r CA’. By Lemma 1, a” e D’. 

Now, let K be a splitting field of D = Dia), of degree n over k. If 
aeD has norm 1 in D, it still has norm 1 in Dr Min). But an element 
of norm 1 in a full matrix algebra is nothing but a matrix of determinant.1. 
So, ae D’z. This, together with Lemma 3, proves 


Lemma 4. If Na=1 in D = Din, then ae D’. 


Let k be a p-adic field and D = Din) be a central division algebra over k. 
Then D contains an unramified maximal subfield W. For a suitably chosen 
generating automorphism ø of W and a suitably chosen prime element x in 
D, we have 


D=W + Wa+- + ++ Wa"; mém’ = & for ée W, m” = p. 


So, D admits an irreducible representation over W, in which the element 
en + Qir + Ger? +: + mat, age W, is represented by the matrix 


It can be shown that @ is integral if and only if so are a, @1,° * *, &n-ı. 
Now, let « be a unit in D. Let q be the number of residue-classes of p 
ink. We have a% == (mod p), œ being a (g*—-1)-th root of unity in W. 
It follows from the above representation that Na == Na. = Nw (mod p). 
The following lemma is a slight improvement of a result of Nakayama 
and Matsushima, referred to in the introduction: 
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Lemma 5. Any element a of norm 1 in D is a product of at most two: 
commutators. 


Proof. Since « is of norm 1, it is a unit. Using the notations introduced 
above, we have «== (mod r) and 1 = Na =No (mod p). Since No is a 
(g"—1)-th root of unity, the latter congruence implies No—1. So, 
ota" — 1, or w is a (g"—1)/(q — 1)-th root of unity. 


Suppose w is a primitive (g"—1)/(g—1)-th root of unity. Ifv < n, 
we have g?—1< (g"—1)/(g—1). So, w is not a (qg?—1)-th root of 
unity for v < n, and therefore generates the residue-class field of + in D 
(i. e., the residue-class field of p in k by adjoining the class of w). It follows 
that a also generates the residue-class field. Consequently, & generates a 
maximal unramified subfield of D. Since g is in a cyclic maximal subfield, 
it is a commutator. l 

If w is not primitive, let w; e W be a primitive (q”— 1) / (g—1)-th root 
of unity. Then o,a = o,o (modr), and wo is primitive. Since both w 
and ,@ are commutators, a is in this case a product of two commutators. 

Observe that, if we have proved that any element of norm 1 in D is 
in D’, D being an arbitrary division algebra, we may conclude immediately 
that any element of norm 1 in A= Mm X D is in A’. For, any element 
ae A is equivalent to a diagonal matrix Æ(B) mod A’. If Na—1, we have 
Npx(8) =1 and Be D’. Consequently, E(ß) eA’ and ae A’. 

Let A = Ain) be a central simple algebra over the p-adic field k, and 
w @2,' * *, wne form a basis. Let £— tu, +: --+ tren? be a general 
element of A. We valuate A by defining | é|—=max(|t.|,-- 
This is a valuation of A in a modified sense, inasmuch as the condition 
| én |= | é| |x | for an orthodox valuation is not necessarily satisfied. Never- 
theless, it turns A into a complete normed vector space over k, and different 
„bases give rise to topological equivalent spaces. Needless to say, any sub- 
algebra is a linear subspace and therefore, as a point'set, is closed in A. 
Furthermore, if the subalgebra is a field, the valuation introduced above 
induces in it the same topology as its standard valuation does. 

As in any normed vector space, é -+ 7, €— n, aé are of course continuous 
functions of é, y. Since the coefficients of én are polynomials in those of £, y, 
éņ is also a continuous function of é 7 Let fe(w) =a" + a (t)ar + se 
+ an(t) be the principal polynomial of é Then a,(t),- : -,4@n(t), as poly- 
nomials of #,,- © +, ¢,%, are continuous functions of & If £ is regular, then 
an(t) #0 and &* may be written in the form £* == — An (t) (801 + a,(t)é"? 
L:::+ ant). Consequently, &* is a continuous function of £. : 
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Lemma 6. If @ generates a maximal subfield K of A, then all elements 
‘in a sufficiently small neighborhood of a generate maximal subfields which 
are isomorphic to K. 


Proof. Since there are only finitely many intermediate fields between 
K and k, and they are closed in K, there exists a neighborhood Ux of & in K, 
which does not intersect them. Since f(x) is irreducible over k, it has no 
multiple roots. So, there exists a neighborhood U, of « in A such that, if 
ée Ua, fe(x) will be sufficiently near f(x) so that it will have a root Hin Ux ` 
on account of Hensel’s Lemma. Since @ does not belong to the intermediate 
fields, it generates K: K=k(#). But then fe(x) must be irreducible. 
Consequently, &{é) is a maximal subfield and is isomorphic to &(0) == K. 

Let A. be a central simple algebra over the algebraic number field k. 
Then A?= A X kp is the p-adic completion of A, p ‘being a prime in k. 
If a, e AP, i= 1," : -, t, are given, we can approximate them simultaneously 
by an element é in A. In fact, we need only approximate the coefficients. 


Lemma Y. Let e > 0 be given and let a; € AP! i = 1,: - - t, be elements 
of norm 1. There exists an element £e A’ such that | é— a| < ett >t, 
|é—a |P <e 


Proof. Since a; is of norm 1, it is in (A?:)’, Let 
Qi = Bayn Biya + BisYiabis Yis", Bij vis € A”. 


Let naj, di; eA be good approximations to Bij, yy at p; and to 1 at py, 
=1,:--+,t, 744. Then l | 


Et zit 
é= H (mskin tu) > U Cker Crs") 
=1. j= 
is a good approximation to g; at pi, t= 1, »,t. 


THEOREM. Any element of norm 1 in a simple algebra over an algebraic 
number field is in the commutator group. 


Proof. Let k be the center of the algebra. We prove the theorem in 
three steps, n being the index of the algebra: 


© n=1, a prime. In this case, the assumption that k is an algebraic 
number. field will not be used. By a remark made before, we may prove the 


8 
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theorem only for a division algebra Dı. Let æ e D be an element of norm 1. 

‘a is contained in a maximal subfield K of D. If D is of characteristic 1 
and K is inseparable over k, «o satisfies the equation ¢'—- 1 — 0 which implies 
%—1. So, we may assume K is separable over k. Let E be an extension 
of K, which is normal over k with the Galois group @(k). Let G(F) be an 
I-Sylow group of G(k) with the fixed field F. Then (F:k)—m is not 
divisible by 1 and Dy remains a division algebra. Consider the maximal 
subfield Kr—K X F of Dr and let the group of E over Kr be G(Kr). 
Since G(Kr) is a maximal subgroup in the p-group G(F), it is normal in 
the same. Hence, Kr is normal and cyclic over F. £Kr is therefore in 
D'r by Lemma 2. Applying Lemma 3, we have ae D’. But Lemma 4 
gives «ote D’. Since (l,m) —1, «€D. 


li) n==18,s>1. We prove the theorem by induction. Accordingly, 
assume the theorem has been proved for n ==}, Let a be an element in 
D = Das of norm 1. 


Let Sp be a finite set of finite primes in k, which contains 


(a) all finite primes where D is ramified, 
(b) all even primes," 


(c) -a prime which splits completely in the l-component of K(£s:1) over 
k, {su denoting a primitive {th root of unity. 


For peS,, let K? be a maximal unramified subfield of Dr, and let 8, 
be an element of norm 1, which generates K?: K = kp(0p). For example, 
6, may be taken as a primitive (gl —1)/(g—1)-th root of unity in K®, 
g being the number of residue-classes of p in k. Let £e D’ be a sufficiently 
good approximation to the elements 8, for all pe So. Then a==éa, will be 
a sufficiently good approximation to the elements #,, and will generate on 
account of Lemma 6 maximal subfields in D? isomorphic to K? for all pe So. 
It follows, first of all, that K=k(«) is a maximal subfield of D. 

Now, let E, F, G(k), G(F), G(Kr) have the same significance as in 
i). Passing a composition series of G(F) through @(Kr), we see Kr has 
a subfield Q,, which is cyclic of degree ! over F. We are now in the division 
algebra Dr. Let M == Ngala). 

We shall denote the extension of S, in F by So again. Let S* be the 


58. Wang, “On Grunwald’s theorem,” to appear in the Annals of Mathematics. 
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set of all primes in F, which are not relatively prime to v, in Q,. ‘Since 
Nur(rı) = 1 and Q, is unramified of degree I at the primes in Sa N) S = 0: 
Finally, let q£ So + 8* be a prime which remains prime in Q, and in the 
l-component of P(&) over F. i 

By (e), Q, is independent with F(£) over F. Applying Corollary 2 
in [4] with Č = ,, we construct a cyclic extension T of degree Is’! over F 
such that 


(A) (I: Fy) =) for pe 8, 
(B) =F, for pe S* +q, 
(C) ifTis ramified at any p outside S + S* + q, p remains prime in Q.. 


Let D, be the centralizator of Q, in Dr. It is a division algebra of 
degree 1°! over Q,, and is isomorphic to the division algebra in Dr X Q,. So, 
if þa is a'real prime in F, where Dp is ramified, then D, is ramified over 
Q at Ba | Po, if and only if Pa is real, i.e., if and only if Q, is unramified : 
over F at p.. Let 8, be the set of all real primes in F, where Dr is ramified 
but where Q, is unramified. 

Let Q* be the subfield of T of degree J over F. Let $ be the set of all 
primes in # outside So + 8* +q, where Q* is ramified over F. Put: 
S= Lo + 8*¥+ 8+ 9+ Se 

Let T, be the subfield of T of degree l® over F. For peð, we define 
T*? and (ap, T*P/Fy) as follows: ° 


(ai) for pe 8, +8* + 84 q, re? = TP and 
(ap, T*P/Fp) = (ap, TıP/Fy), 


(bi) for pe S., TP is complex and (ap, I*?/F,) is defined in the only 
way possible. 


Write S’=S,+S*+ SLq When l=? and when F(&.) is not 
cyclic over F, we have, by Lemma 3 in [4], 


(5) | J (see 2/20)”, T/F) —1. 


ê This is the upper part of the orthodox norm residue symbol. The lower part, 
consisting of a horizontal line and the prime p, is omitted for printing convenience. 
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Since (sec 27/2***)*" is totally positive, (5) implies that 
II ( (sec 24/2)", T/F) —1 
pes 


and that condition (d) in the theorem in [4] is satisfied. Applying that 
theorem with C—Q,, C =Q, we construct a cyclic extension T* of degree 
ls over F such that 


(A) CT, 
(Bı) the p-adic completion of T* is T*P for pe S, 


(C,) if T* is ramified at any p outside S, p remains prime in Q.. 


Consider the field K, = 9, X T*. This is a direct product, because q 
remains prime in Q, but splits completely in T* by (B) and (a). We 
contend that v, is a norm everywhere in K,. In fact, at all primes extending 
those in Sa, v == Np,a,(«) is a norm in D, and is therefore positive. At all 
primes extending those in S*, K, splits completely over Qı. Since v, is a 
unit at all finite primes not in $*, it is a norm everywhere in K, except 
possibly at the finite primes $ where K, is ramified over Q,. Let p be the 
prime in F divisible by P. Then peS,+ 8 + the primes in (C,). By the 
construction of K, T, and T*, p remains prime in Q,. We have 


(vu, KP/Q18) = (Nob Fp (v1), DP/Py) = (1, P/F) = 1. 


Consequently, v, is a norm everywhere in K,, and there exists an element 
Bie K such that Nga (b1) = v. 

Consider the algebra A = Ma, X Dr over F. It contains the algebra 
A, = May X Dı over @ Since K, clearly splits D, and is of degree Is» 
over Q,, it is a maximal subfield of A,. Consider the element 


in A, We have 
Nan (11) wae Na, (a) Toki = Nro (B1) = Nam (k1); 


i. e, Nam(yı) = Nam(Pßı). By the hypothesis of induction, y: differs from 
Bi only by an element in A, C A’. 
Let us assume for a moment that it had already been proved that ßı e A’. 
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We would infer then yı£ 4’. Lemma 1 would give ae Dr. By the same 
argument as in i), we would conclude «s D’. So, «pe D’ and the theorem 
in the case of prime power indices would have been proved. 

To prove that ß, is actually in A’, consider the centralizator A* cf Q* 
in A. It contains of course the element £,. Now, it is easy to construct a field 
of degree 1%! over Q*, which splits Dr.” So, Q* is isomorphic to a subfield Q, 
of Dr of degree I over F. Let D, be the centralizator of Q, in Dr. Then 
that of Q, in A is 4s =Ma; X Dz. Since A, is conjugate to A* in A, As 
contains an element B, conjugate to 8, To prove B:e 4’, it suffices to 
prove B2 € A’. 

Let ve == N4,0,(B2). Let S** be the set of all primes in F, which are 
not relatively prime to ve in Qə. Let S'e be the set of all real primes in F, 
where Dr is ramified. Put S = So + S%* + 67, LS. 

We are going to construct a cyclic extension K, of degree Is+: over F, 
applying the theorem in [4] with Ĉ= 0 =Q.. Since q remains prime in 
the Z-component of F(&), but splits completely in Qə, Q, is independent 
with F(é) over F. 

For pe S, we define K? and (op, K#/F,) as follows: 


(a) for pe So + 8, K? = TP and (ay, Ko?/Fy) = (ap, IP/R,). 
(be) for pe S**, KP = Fp, 
(ce) for pe Se, Ko is ae and (ap, K.»/Fy) is defined in the only 
way possible. . 
Since 0,” = Fy for pe S**, QP C K.P for pe S**, As before, we prove 
that, when 1 = 2 and when F(£,) is not cyclic over F, 
TI ( (sec 2ar/2"*)*, KaP/Fp) = 1, 
peS 
and that condition (d) is satisfied. Consequently, there exists a cyclic 
extension K, of degree I#*! over F having the following properties: 
(A2) OQ, © Ka, 
(Bz) the p-adic completion of Kz is K for pe 8, 
(C2) if K. is ramified at any prime p outside S, p remains prime in Qs. 


Again, we prove that there exists an element y: in K, such that 
Nx.0.(y2) == Vo. 





7 For example, let 7 29* be totally negative and divisible exactly by the first power 
of pt for V e8,. Then Q* (71/2), where a = 1°, splits D, 
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“ Since K, splits Dr and therefore D», it is a maximal subfield of A. 
. and therefore of A. We have Nu,0,(y2) = Nr.o,(y2) = ve = Na,0,(B2), Le, 
Nan (y2) = Nasm(B2). By the hypothesis of induction 8, differs from y: 
only by an element in A’,C A’. Now, ` 


Nar(y) = Nor (v2) = Nar(Be) = Nar(Bi) = Nor(n) = No r (2) = 4, 


i.e, Nar(y2) =1. But y: is contained in the cyclic maximal subfield K, 
of A. So, y: is a commutator in A and fz 4’. 


ili) n= hsil,- 1,8, general. Let F; be an extension of degree m; 
of k such that (m; l) = 1, and that Dr, is of index 1,8: over F4 Let aoe D 
be of norm 1. Then «oe D'r, By Lemma 8, "ie D’. But, by Lemma 4, 
ate D”. Since (mi, m,°++,mr,n) —=1, ae D’. The theorem is thus 
completely proved. 

If, in iii), the fields F; are chosen such that (mi, lit) = 1,8"! and that 
Dp, is of index I, we obtain ao” Calel) e D”. Since i) was proved for general 
algebras, we have the following 


COROLLARY. Let A be any simple algebra. Then, Na—=1 in A implies 
at) e A’, n= l," la + -1,8r being the index of A. In particular, if 
the index of A is square free, any element of norm 1 in À is in A’. 


PRINCETON UNIVERSITY, 


ON THE REPRESENTATION OF SURFACES.* 


By LAMBERTO CESARI. 


1. Let S be any continuous surface of zyz-space and 
(1) $S:z=z(wv), y= y(u, v), z=z(u, v), (u,v) e Q= (0,1,0,1), 
any representation of S upon the fundamental square Q. Let us call 
di: y—y(uv), 2—=2(u,), 
(2) Po: Z—2(u,0v), s= z(u,v), (u,v) £Q, 


Ps: t= 2(u,v), y = y(u, v), 


the relative plane transformations which we get by projecting S upon the 
three coordinate planes. T. Radó introduced the notion of a plane trans- 
formation essentially of bounded variation (eBV) and this concept is equi- 
valent to the notion of a transformation of bounded variation (BYC) 
introduced by the author, as T. Radó has proved recently [T. R. 1,3]. In 
addition the author proved [L. 0.2] that the surface S has finite Lebesgue 
area if and only if the three plane transformations (2) are BVO (or eBV). 
Each plane transformation BVC (or eBV) 


®: z=x(u, v), y = y (u,v), (u, v) eQ, 


admits, almost everywhere (a. e.) in Q, an (absolute) generalized Jacobian 
J(u, t) according to the equivalent definitions that T. Radó and the author 
have introduced [T. R. 1, L. C. 1,3]. Such a Jacobian is L-integrable on Q. 
If the functions 2(u,v), y(u,v) have first partial derivatives or, at. least, 
an asymptotic regular differential, a. e. in a set M C Q, then we have [T. R. 1, 
L. C. 3] a.e. in M 


J(u, v) = | ô (x, y) /3 (u, v)|. 


that is, the generalized Jacobian coincides, a.e. in M, with the ordinary 
Jacobian. 

If the surface S has finite Lebesgue area, then the three transformations 
(2) are BVC and therefore have generalized Jacobians J,(u,v), Jz(u, v), 
J;(u,v) a.e. in Q and these are L-integrable functions in Q. In addition 
we have [T.R.1, L.C. 3] 


* Received March 18, 1949. 
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O £0) = ff, Late) +70) + J(u 0) du dr, 


that is the Lebesgue area is always greater than or equal to the classical 
integral calculated with generalized Jacobians. 

T. Radó and the author [T.R.1, L. C. 3] introduced equivalent notions 
of an absolutely continuous plane transformation (eAC, or ACC, according 
to the nomenclature of T. Radó) and showed, at the same time and indepen- 
dently, that in relation (3) the equality sign holds if and only if the three 
plane transformations (2) are eAQ (or ACC). 

Now the two following problems, that may be termed representation 
problems [see T. Radé 1, V, 2, 19, p. 475], arise: 


I) Given a surface S of finite Lebesgue area, does there exist such a 
representation (1) for which equality holds in relation (3), that is, for 
which the Lebesgue area is given by the classical integral calculated with 
generalized Jacobians? 


II) Given a surface § of finite Lebesgue area, does there exist a repre- 
sentation (1) for which the functions z(u,v), y(u, v), z(u, v) have ordinary 
first partial derivatives a.e. in Q and for which equality holds in relation 
(3), that is, the Lebesgue area is given by the classical integral calculated 
with ordinary Jacobians ? 

In recent papers [L. C. 5, 6,7] the author gave an affirmative answer to 
the problem I. ‘In the present paper an affirmative answer is given to the 
problem II. This problem has been called to the attention of the writer 
in the course of a correspondence with J. W. T. Youngs. 


2. A partial affirmative answer to the problems I and II was first given 
by E. J. McShane [3] for saddle surfaces and then, more generally, by C. B. 
Morrey [1] for open nondegenerate surfaces. The theorem of ©. B. Morrey, 
for which the author gave a direct proof by means of the direct method of 
Calculus of Variations [L. C.4], asserts the following: 


Each continuous, open nondegenerate surface S of finite Lebesgue area 
admits a representation (1) such that: 

a) the functions x(u,v), y(u, v), z(u,v) are of bounded variation and 
absolutely continuous in the sense of Tonelli in Q; 

b) the first partial derivatives Zu, Gv, ` *,%, that exist a.e. in Q as a 
consequence of a), are L-integrable functions in Q; 

c) ae. in Q we have E=G, F—0, where Fes + Yu? + 24°, 

= t + Y? + z, 2 == By ly + YuYo -F uv; 
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d} the Lebesgue area L(S) is given by the classical integral: 
L) = f f LO@ m/w) ++ + du de 


SS, (BG — Pur f f (E 4 @)du dv. 


3. A point P of Q is said to be an exceptional point [L.C.5] for the 
representation (1) of the surface S if a neighborhood U(P) of P exists such 
that the surface defined by (1) upon U (P) has zero Lebesgue area. A set 
ICQ is said to be an exceptional set [L. C. 5] if I is open (relative to Q) 
and all points of I are exceptional. A set M C Q is said to be a proper set. 
[L. C. 5] if its complementary set M — Q is exceptional. 

Let f(x), aa b, be a function, continuous in (a,b), and E C (a,b) 
a closed set. We shall define the total variation Y (f, E, «, 8) of f(x) on the 
set Æ in the interval (a, 8), @ S a < Bb, as the least upper bound of 


$ |10) = f(a)! 


for each set aS T, < t <’ `< Tr B of points of F. If in (a, 8). there 
is no point of Æ or only one, we put V(f,B,«,ß) —0. We shall say that 
f(x) is of bounded variation V upon E in (a,b) if V(f,E,a,b) < + œ 


[Cf. S. Saks 1, p. 221]. We shall say that f(x) is absolutely continuous V . .: 


upon the set F in (a,b) if, for any e > 0 there is a è > 0 such that, for each 
set of intervals (aj, @:), i= 1,2, =, n, of (a,b) of which no two have 


common points and $ (Bi— %) <8, we have 
4=1 
EPUB, % 8) <e 
el 


Let f(x, y) be a continuous function in the fundamental square 
Q—[0<r<1,0<y<1] 


and M C Q a closed point set. For each Z, 0S Z< 1, let us call M(ä) 
the linear closed set (possibly empty) of the points (4, y), OS y < 1, of M. 
The linear set M(%) has an analogous definition. | 

For each 23, 0=2=1, let V,(f, M, Q,x) denote the total variation of 
the function of y alone, f(&, y), 0S y = 1, on the closed set M(#) in the 
interval OS yS1. Ve(f, M,Q, g) has an analogous definition. We shall 
say that f(x, y) is of bounded variation V on the set M in the square Q 
[L. C. 51, if V(5,M,Q,2), 0<zx<1, which is a function of x alone, is 
finite a.e. and Z-integrable, and if the corresponding fact holds for 
Ve(f, M, Q, y), 0S yS1. We shall say that f(x, y) is absolutely continuous 





a 
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V on the set M in the square Q [L. C.5], if f(x, y) is of bounded variation V 
on the set M in the square Q, if for almost all #4, 0 & < 1, the function 
of y alone, f(&,y), 0 = y5 1, is absolutely continuous V on M(&) in 
0=y=1, and if the same fact holds when x and y are interchanged. If 
f(z,y) is continuous in Q and of bounded variation V on a closed set M 
of Q, then f(z,y) admits first partial asymptotic derivatives a. e. in M and 
also an asymptotic differential [L. C.7,p. 306]. If we consider that M may 
be a totally disconnected closed set, it is evident that, in general, the ordinary 
first partial derivatives and even the regular asymptotic differential, may 
not exist. 


4. Let S be any continuous surface of finite Lebesgue area. The author 
proved that there always exists a representation of 8 upon the fundamental 
square for which the area is given by the classical integral calculated with 
generalized Jacobians ($1, problem I). More precisely, the author proved 
the following: 

THEOREM A. Each continuous surface S of finite Lebesgue area admits 
a representation (1) such that: 

a) the functions x(u,v), y(u,v), z(u,v) are of bounded variation V 
and absolutely continuous V on a closed set M C Q, where M is a proper 
set for the representation (1) ; | . 


b) each of the functions z(u,v), y(u,v), z(u,v), which, as a conse- 
quence of a) has first partial asymptotic derivatives and an asymptotic 
differential a. e. in M, also has a regular asymptotic differential and the first 
partial asymptotic derivatives are L?-integrable on M; 

c) a.e. in M we have E = G, F—0; 

d) the generalized Jacobians Jı, Jo, Js are zero at every point of Q — M 
(the exceptional set) and coincide with the ordinary ones a.e. in M (the 
proper set). 

e) the Lebesgue area L(S) of S is given by the classical integral 


uff, (J2 4 J? + 2) du do 


ie (EG — F°)#du dv = iss, (E + G)du dv. 


This theorem was proved by the author in recently published papers [L. C. 6 
7] and given in the preliminary note [5] already mentioned. 

5. First of all we notice that in the Theorem A, the statement b) can 
be replaced by the following stronger one: 
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b’) the functions z(u,v), y(u,v), z(u,v) have ordinary first partial 
derivatives a.e. in M, and therefore also regular asymptotic differentials; and 
the first partial derivatives are L?-integrable in M. 


This stronger statement was proved by the author in the paper [Y] already 
mentioned, but is not given in the preliminary note [5]. 

In the present paper we shall deduce from Theorem A, with statement b) 
replaced by b’), the following Theorem B which gives an affirmative answer 
to problem IT (§1). 


THEOREM B. Each continuous surface S of finite Lebesgue area admits 
a representation (1) upon the fundamental square Q such that 


a”) the functions z(u,v), y(u, v), z(u,v) have first partial derivatives 
a.e. in Q; 


b) the derivatives zu, tu,” ` `, 2 are L?-integrable in Q; 
c) a.e. in Q we have E = G, F = 0; 
d) the Lebesgue area L(S) of 8 is given by the classical integral; 


e) the functions x, y, 2 are of bounded variation V and absolutely con- 


tinuous V in a closed set M C Q, where M is a proper set for the representation ... 


(1); 
$) the first partial derivatives tu, Tu, ` `, Zy are zero a.e. in the escep- 
tional set Q — M. ; 


Remarks. Theorem B holds for each continuous surface and is similar 
to the theorem of Morrey 2 for open nondegenerate surfaces, but the 
conclusion a*) of Theorem B is weaker than the conclusion a) of the 
theorem of Morrey. We observe that in the theorem of Morrey 2 d) is 
a consequence of a) and b) [see T. Radó, 1, V, 2, 26, p. 480]. In Theorem B 
d) is not a consequence of a*) and b). E. J. Mickle [1] has proved that 
there exists a continuous surface of finite Lebesgue area that has no repre- 
sentation (1) with s, y, z functions of bounded variation in the sense of 
Tonelli in Q. This important result of Mickle proves that in Theorem B 
conclusion a*) cannot be replaced by the stronger conclusion a). 


Proof of Theorem B. 


6. For open nondegenerate surfaces Theorem B, with M = Q, coincides 
with the theorem of C. B. Morrey. Let 8 be a surface of the type A [L. C. 5, 6; 
base surface according to C. B. Morrey (1)]. Then Theorem A holds with 
the following further conclusions [L. C. 6]: 
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f) M consists of the boundary Q* of Q and of a finite or countable set 
of disjoint circles Ci C Q, i=1,2,3,- - -, and any limit points of these 
circles lie on the boundary Q* of Q; 


g) on the circles C; equations (1) define closed nondegenerate surfaces Ki. 


By a), b’), c) equations (1) give upon each circle C; a representation 
of the surface S; which satisfies the theorem of ©. B. Morrey and also the 
Theorem B. Therefore we have simply to modify the representation (1) 
only on the exceptional set Q — M. Let us divide Q into 4 equal squares 
each of side-length 2-1 and of these let us choose only those that are, with 
their boundaries, completely interior to Q — M ; let us call them qu, go,°+ >» Gry 
Let us divide each of the remaining squares into 4 equal squares, each of 
the side-length 2-* and of these let us choose only those that are completely 
interior to Q— M; let us call them Qrar’ * *, qra and so on. We get an 
infinite sequence of squares 91, 2, * * °, q` °°, Which fill Q—M and 


Q—-M=3q |Q—M|=Z\ql. 
j=1 j=l 
We know [see the Appendix] that on each of these squares g;, there exists 
a particular plane transformation of q; into itself 
pj: u= ul, B), v = v(a B), (a, B) € I 


such that ¢; is continuous, monotone, identical on the boundary g*; of g; 
and constant on a countable set of disjoint squares gj, C qj, k—1,2,8,: °°, 
which are completely interior to g; and for which we have 


>| Qn | =| ail, j= 1,2,-°°, 
k=1 
Let us now put 


a[uj(a, B), v;(a, ß)] if (a, B) eg; j=1,2,- Ta 
X(% 8) = À s(a, B) if (a, 8) e M, 


and analogously let us define Y(a, 8) and Z (a, 8). The equations 
(4) S:a@—X(a,8), y=Y(% B), #—=Z(a 8), (%8) eQ, 


give a new representation of the surface S, which coincides with (1) on M. 


In a.e. interior point of the circles Ci, i=1,2,: : -, and hence a.e. 
in M, we have Xu = tu, * :, Zo = Let (œ, 8) be an interior point of 
one of the squares gj, k= 1,2, + -, j= 1,2,;--. Then the functions u 


and v are constant on gj, and therefore the functions X, Y, Z are also 
constant there which implies X,=—0,:-:, Ze=0. This holds a.e. in 
Q — M. Indeed 
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|@—M|=S|a|—-= Lan |- 
ji jak kel 


This completes the verification of statements a*) and f). In addition we 
have E = G, F=—0a.e.in M and E = G = F — 0 a.e. in Q— M. There- 
. fore c) holds. Statements d) and e) follow from Theorem A. 


Theorem B for surfaces of type A is now completely proved. 


Note. The procedure that we have used here is related to a simpler 
observation of J. W. T. Youngs [3; see also T. R. 1, V, 2, 21, p. 476]. 


7. Let $ be a closed nondegenerate surface. Then Theorem A holds 
with the following further conclusions [L. C. 7, p. 342]: 


I) M consists of a closed circle C completely interior to Q, or of the 
boundary C* of circle O and a finite or countable set of disjoint circles CC O, 
i = 1, 2,3,: : -, where any limit points of these circles lie on C*; 


g) on the circle C, or on the circles Ci, equations (1) define closed 
nondegenerate surfaces Si. 


We have now only to repeat the procedure of 6. 


8. Let 8 be any continuous surface. Then Theorem A holds but M 
is now any closed set and furthermore it may be totally disconnected. Let 
us point out that, while the first partial asymptotic derivatives on M of the 
functions +, y, z can be calculated by using only values of these functions 
on M, the ordinary first partial derivatives on M must be calculated by using 
values of these functions on Q—M as well. In this general case also we 
modify on Q—M the given representation (1) of Theorem A, but we must 
be careful not to lose the existence of the first partial derivatives at points 
of M where they exist (that is, a.e. in M). 

Let {P, P’}, {I, T} denote the distance between two points, or two sets; 
let 3(Z) be the diameter of the set Z. For each 0 <8 (2)4 set 


w(8) = max {S(P), S(P')} 


for each pair P, P” of points of Q such that {P,P’}<8 Of course 
lim o(8) = 0. 
60 


As noted in Section 6 there are squares Pı, Pa, * *,Pn,° * * NON over- 
lapping and such that Q — M = p, + ps. Forn=1,2,: - -, divide Pn 
into a finite number of congruent squares Phi, Pa, * * *, Pi, such that 


| ‘w(diam pri) < {Pn MP S {Prp MY, i=], 2, e, in 
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Call these squares g1, 4," ©"; qm’ * *. Then for n=1,2 >>, 
a) qn» and its boundary g*, lie in Q—M; 
B) (diam qu) < {qn, MY; 
y Q—Uu=qgp+p tH hee 
Repeating the procedure of 6, we get a new representation 
(4) 8: ©=X(a,8), y =Y (aB), z=Z(% 8), (a8) €Q, 


of the surface 8. Let us prove that the functions X, FY, Z have first partial 
derivatives a.e. in M, and precisely at the points of M where the functions 
x, Y, 2 have them. 

Let P’ be a point of Q— M and consequently a point of a square qi. 
Let P be any point of g*. We have i 


| X(P') —X(P)|, |2(P’) —2(P)|So(diamg,), X(P) =2(P) 
and the same relations for Y and Z. Hence 
(5) | X(P’) —2(P’)| < 2o (diam gi), : -. 
Now let P==(a, 8) be a point of M at which the first partial derivative &, 


exists; let P’ == (a + h, £), h 540, be any point of Q on the straight line v == £. 
If P'==(« + h, 8) is a point of M, then 


[X (a + h, B) —X (a, B)\/h = [a(a-+ h, B) —x(a, B) ]/h. 


I P'= (a +h, 8) is not contained in M, then P’ lies in a square q; 
and we have, from (5) and £), 


[X (a + h, 8) — X (a, 8) J/h = [e(a +h, B) —2(a, B)1/h 
+ [X (P) —2(P)1/h, 
|[X(P’) --2(P")]/h | 5 RL (diam gs) /{gi, MIT < 2{qs, M} 


< UP, M} S HUP, P} =2|h |. 
In any case 


lim [Xe + h, B) —X(a, B)1/h 
= lim [x(a + h, 8) — (a, B)]/h CT Tu(®, B); 


that is, the first partial derivative X, exists and X,(@,ß) = tu(a, B). 


The same holds for all other first partial derivatives of the functions 
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X, Y, Z. This is sufficient to prove that the representation (4) of the 
surface § satisfies all the conditions of Theorem B. 


Consequence of Theorem B. 


9. The notion of integral upon a surface 
oo d f F(x, 9,2, Hı, Ho, Hg) du dv 
Q 


as a Lebesgue integral has been studied by E. J. McShane [1,2,8] for 
oriented surfaces S that are given by a representation (1) satisfying con- 
ditions a) and b) of 2. 

More generally T. Radó [2] studied the same notion under the hypo- 
theses that the functions x, y, z have first partial derivatives a.e. in Q and 
that the Lebesgue area L(S) is finite and given by the classical integral 
calculated with ordinary Jacobians. 

The notion of the integral Js for any continuous oriented surface S of 
finite Lebesgue area given by any representation (1) was introduced recently 
by the author as a Weierstrass integral. The author [8] proved that 


1) Js is independent of the representation of the oriented surface 6; 


2) if | 8,81 —> 0 in the sense of Fréchet and if L(8,) — L(S), then 
Js, —> Jg. 


3) Js is equal to the Lebesgue integral (6) with generalized or ordinary 
(relative) Jacobians Hı, H, H, for each representation (1) for which the 
area is given by the classical integral. From Theorem A we know that 
there is always at least one such representation. 

From Theorem B that we have just proved, we know that each surface 8 
of finite Lebesgue area has at least one representation for which the functions 
æ, Y, z have ordinary partial derivatives a. e. and for which the Lebesgue area 
is given by the classical integral. Therefore, by choosing such a represen- 
tation, each integral Jg can always be calculated as a Lebesgue integral (6) 
with ordinary Jacobians, that is, as one of the integrals studied by T. Radó [2]. 


Appendix. 


There exist continuous plane transformations ® of a square q into itself, 
monotone on q, identical upon the boundary q* of q, constant upon a countable 
set of non overlapping closed squares qi C q, t==1,2,°--, S| gj] —1q|. 


g) Proof. Let us indicate by F, the subdivision of a square into 9 
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equal squares by means of straight lines parallel to the sides. Let us perform 
E, upon q and let qo be the closed central square. Let us perform E, upon 
each of the remaining 8 squares and let qao be the 8 central squares, and so on. 
By repeating this procedure indefinitely we have a countable set of closed 
non-overlapping squares go, Quno» Qiataos * ` "> Qirtantna0> Linken" °°» Uy toy" "> 
tn’ —=1,2,°°',8, contained in q (Sierpinski, 1). Let K be the collec- 
tion of all these squares plus all individual pdints of q not on such squares. 
K is an upper semicontinuous decomposition of q into continua separating 
neither g, nor the plane and therefore (R. L. Moore, 1) there exists a con- 
tinuous transformation f of K into the closed unit circle C. f is a biunique 
transformation between C* and g*. There exists a transformation ¢ of C 
into q, biunique, which coincides with f upon C*. The continuous monotone 
transformation ® — ¢f of q into itself is identical on g*, is constant upon 
the squares Gino and D D | Qui.sol =la]. 


n iriz. in 


B) An elementary construction of a particular transformation ©. 


Let p = A,A2A3A,4 be any convex plane quadrilateral. Let d be the diameter 
of p, O be the center of gravity of the four vertices (of the mass unity), 
let po = A’,A’,A’3A’, be the image of p under the similarity transformation 
with center O and ratio 1/n (n = 3 integer). Let us divide the sides of p 
into three equal parts by means of the points Bi, i—1,2,-.- -,8, ordered 
upon p* starting from A, and in the same order as the points A; Let us 
indicate by Æ, the subdivision of p into the 9 quadrilaterals po, pı = AıBıA’ıBs, 
P: = B,B.A’.A’), Pa = B>4AsBz4A’s, Pa = B;BsA';A’s, Ps = B,AsB;A's, Ps 
= B;ByA',A’s, Pr = BoAsB:A's, ps = B,BsA',A’s. It is elementary to prove - 
that the 9 quadrilaterals p; are all convex and have diameters d; S (3/4)d, 
i=0,1,---,8. If p is a square, then the subdivision F, considered in «) 
is a particular case of En. | 
Let q, g be the squares g=[0<a<1,0<8<1], g'=[0=<u=1, 
0<v<1]. For each integer n= 3 we define the transformation ®, as 
follows. We perform the subdivision Æ, upon the square q, n times, as in a, 
letting the central squares always remain undivided, and analogously we 
apply the subdivision F, to the square g’, n times, letting the central quadri- 
laterals always remain undivided. We obtain in g certain squares qo, quo» 
aios” © "> Uinininady Gui. Of Side length 1/3, 1/3%,- - -, 1/8”, 1/3" and corre- 
spondingly in g’ certain convex quadrilaterals g'o, ino, Quin’ * ‘> Of inta..in-a09 
tin... Of diameters < 23/n, 1/n(3/4)2%, 1/n(3/4) 224, - > -, 1/n(8/4)" 228, 
(3/4) "24 (ste + +, tn = 1,2, ,8). -I£ 8, is the maximum of such 
diameters then 6,0 when n—> œ. Let us divide each of the squares 
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and quadrilaterals of q and g’ into four triangles by means of the two diagonals 
and let ®, be the continuous biunique transformation of q into g which is 
linear in each triangle of q and which makes each triangle of g’ correspond 
‘to the corresponding triangle of g. Let us observe that we have successively 
divided each side of g and the corresponding side of g’ into three equal parts 
and each of these parts again into three equal parts and so on, and that ®, 
is linear in each part. Therefore , is identical on the boundary q* of q. 
It is easy to prove that the sequence &,, n = 1,2,- - -, converges uniformly 
in g toward a transformation ® having the required properties. 
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ON NON-LINEAR DIFFERENTIAL EQUATIONS OF FIRST ORDER.* 


By Pair? HARTMAN and AUREL WINTNER. 


It was shown in [7] and [1] that, under suitable conditions on the 
coefficient function f—f(x) of the differential equation y” + f(æ)y —0, 
one can conclude the existence of at least one solution y = (x) representable 
as a Laplace-Stieltjes transform of a non-decreasing function, 


o 


(1) u(x) = f edg(t), (dp(t) > 0). 


0 


The first part of the present paper deals with the question of existence 
of solutions representable in the form (1) in the case of differential equations 
which, in contrast to the type mentioned before, are of first order but non- 
linear. In the particular case of a Ricatti differential equation, such a 
result was obtained in [8]. The general results to be proved below admit 
of various applications, including one to an implicit equation f(x, y) = 0. 
The unrestricted nature of the solution of the differential equation, that is, 
the existence of a solution y = y(x) in the large (i.e., on some half-line, 
say 0 < <w) is, of course, part of the problem considered. 

The second part of the paper deals with conditions which assure the non- 
existence of unrestricted solutions (and, what is more, with the existence of 
a constant L > 0 having the property that no solution can be defined on an 
interval whose length exceeds L). If f(x,y) is a continuous function on 
the (x, y)-plane and y—y(x) is a solution of the differential equation 
y = f(a, y) on an interval a < x < b, which cannot be continued onto any 
interval a < a < b + e, where e > 0, then | y(x)! >» as c+ b — 0; cf. [4]. 
The relation between a solution y = y(x) and a corresponding number b 
will be considered for differential equations y == f(s, y), which possess no 
unrestricted solutions. 


Part I. 


1. A function y=y(x) defined on an interval is called completely 
monotone there if it possesses derivatives of arbitrarily high order which 
satisfy 
(2) (—1)"y™ (x) = 0 for n=0,1,--- 
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and for all values of x on this interval. According to the Hausdorff-Bernstein 
theorem, a function y(z) possesses a representation (1) for 0 <æ<o in 
terms of a monotone, but not necessarily bounded, function ¢(¢) on the half- 
line ¢=0 if and only if y(x) is completely monotone on the half-line 
0<a<o. Thus the discussion of existence of solutions (1) of a differential 
equation is reduced to a discussion of the existence of completely monotone 
solutions. 


(I) Let F(x,y), G(x,y) > 0 be defined and of class O” for «> 0, 
y > 0 and let their partial derivatives satisfy 


(3) (— 1) PERF /axidy* = 0 for j, k= 0,1, 8, : > 
and 
(4) (—1)/0*G/oa! dy > 0 for (j, k) (0,0). 


Then every solution y = y(x) (> 0) of 
(5) F + Gy =0 
is completely monotone on any interval on which it exists. 


It may be remarked that (5) can be written in the form F/G + y'= 0 
and (I) can then be applied to the case where F, @ are replaced by F/G, 1 
respectively. The wording of (I) and this application of (I) lead to different 
criteria for (5) to possess only completely monotone solutions (that is, it is 
possible for the functions F, @ to satisfy conditions (3), (4) whether or not 
the functions F/G, 1 satisfy them). This will be shown in 3. 


(I) leads to the following result concerning implicit equations: 


COROLLARY 1z. Let f(x,y) be defined and of class C” for x > 0 and 
y > 0 and let its partial derivatives satisfy 


(6) (— VID 0 for (j, k) Æ (0,0), (0,1), while 3f/ðy > 0. 
In addition, let 


(7) —o < lim f(x,y) < 0 and 0 < lim f(x,y) So 
y>+0 y> oo 


for every fixed x > 0. Then there exists a unique solution y = y(x) of the 
implicit equation 


(8) f(x, y) =0 
for 0< x < co, and this y = y(x) is completely monotone for 0 <% < 00. 
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If the conditions of (I) are modified slightly, then certain solutions 
of (5) are representable in the form (1), where (t) is monotone and 
bounded on 0St<o. 


COROLLARY 2r. Let F(x,y), G(x,y) > 0 be defined and of class O°” 
for «= 0, y = 0 and such as to satisfy (3), (4), respectively. In addition, 
let i 


(9) F(a, 0) =0 for OS x <o. 
Then the solution of (5) determined by an initial condition 


(10) y(0) = Yo (Z 0) 


exists on the entire half-line 0 = £<% and is completely monotone there 
(in particular, if yo > 0, then y(x) > 0 for al s = 0). 


It may be remarked that if y = y(x) is any solution of (5), under the 
conditions of Corollary 27, then there exists a number «= 0 such that the 
definition of y = y(x) can be extended over a half-line a < x <œ% and y(x) 
is completely monotone there. Consequently, y(x) has a representation of 
the form (1) valid for a < x <%, where (t) is monotone (not necessarily 
bounded) on the half-line 0 < t <œ. 

Another type of modification of (I) leads to cases in which a solution 
of (5) is not completely monotone but is the primitive function of a com- 
pletely monotone function (that is, y’ (x) is completely monotone). 


(II) Let F(x,y), G(x,y) > 0 be defined and of class C* for «> 0, 
y > 0 and let their partial derivatives satisfy 


(11) (— 1) #04 /0a0u = 0 for j, k= 0, 1,2, +, 
and 
(12) (— 1) gG asiy = 0 for (j, k) (0,0). 


Then every solution y =y (x) (> 0) of 

(13) l F— Gy’ =0 

possesses a completely monotone derivative y’ (x) on the interval on which 
y(x) is defined. 


In contrast to the situation in (I), the assertion of (II) is in its most 
inclusive form when G=1; that is, if F, @ satisfy the conditions of (I) and 
F, G are replaced by F/G, 1 respectively, then (II) is still applicable (but 
the converse is obviously false). 
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Corresponding to the Corollary 17, there results the following corollary 
of (IT): 


COROLLARY ir. If f(y), where 0 < y Lo, is an increasing function 
of class C® satisfying either 
(14) (—1)*d*f/dy* = 0 for k= 2,3,--- 
or, more generally, 
(15) ° (— 1) (df/dy) 1/dyt = 0 for k= 0,1,2,: -> 


(which means that (df/dy)* is completely monotone), then the inverse 
function y = y(x) of x = f(y) possesses a completely monotone first deriva- 
tive y' (2). 


Also, if the conditions of (II) are modified so as to assure the existence 
of unrestricted solutions of (13), an analogue of Corollary 2, is obtained. 


COROLLARY 27. Lei F(s, y), G(z,y) > 0 be defined and of class C°” 
for = 0, y > 0 and let their partial derivatives satisfy (11), (12), respec- 
tively. In addition, let there exist positive continuous functions A= À(s) 
and == $(s) defined for 0< s <œ satisfying 


(16) F(a, y)/G(x, y) S(2) $(y) 

and 

(17) . 1 A(s)ds <œ and f ds/p(s) =. 

Then the solution y = y(x) of (13) determined by the initial condition 
(18) y(0) = Yo (> 0) 


exists on the entire half line 0 Sx<w and possesses a completely monotone 
first derivative y/ (x). 


Remarks similar to those following the Corollary 2; are applicable to the 
last corollary also. 


2. Proof of (I). Let y = y(x) be a solution of (5) on an z-interval 8; 
so that y(x) > 0 on § (since F and G are defined only for æ > 0, y > 0). 
Let (2,) denote the inequality in (2) for a fixed n. Thus y(x) > 0 implies 
(20). Also, (5) and #20, G20 imply (21). Suppose that (2), (2), 
-++,(2,) hold on S. It must be verified that (221) holds on 8. 

The chain rule for differentiation shows that, if n > 0, the n-th derivative 
of F(s, y(x)) consists of a sum of terms of the type 
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(19) (BU /oxl0y®) (dy/de)*(dy/da*)®- > + (d'y/ da") 
where 
(20) jtat2Bt---+w—n. 


This is clear for the case n = 1, since dF (x, y(x))/dx == OF /ée + (OF /ay) X 
(dy/dz). Assume that the statement is correct for a given n 21. Then a 
differentiation of (19) shows that the statement is correct for n +1. For 
the derivative of the first factor in (19) is 


Ara [Od dy + (PF /dxtdy***) (dy / da) 7 


so that the sums (20) belonging to the corresponding two terms are (j + 1) 
tate2eep+t---=n+i1 and j+ (a+1)4+28+---=—=n-+1, respec- 
tively. The derivative of a factor, say (d°y/dx®)*, is «(d°y/da*)*(de"y/dx"*), 
so that the sum (20) corresponding to this term is j+a+2@6+-:-- 
+ [e(e—1) + (e+1)] +: or fpat2Bte--+ (et 1) +: 
=n-+1. Hence, by (3) and the induction hypothesis on (20); © -, (2n), 
the inequality (—1)"d"F (zx, y(x) )/de” = 0 holds on S. | 

Similarly, the chain and product rules show that the n-th derivative 
of G(a,y(z))y’(x) is a sum of Gy and terms of the type 


(0*G/ðziðyt) (dy/de)*(d?y/de*)®- - : (dny/da)” 


where jta+t28+--:-+m=n+1. Hence, by (3) and the induction 
hypothesis, 


(—1)"(d"(G (x, y(x) )y’(x)) /dam — G (x, y(x))d™y/da™) = 0. 


Jf (5) is differentiated n times, the result can be written in the form 


Gd™ty/da"™ = —0Q, where (—1)"Q 20. Since G> 0, it follows that 
(Rnx) holds. This completes the proof of (I). 


Proof of Corollary 1; The condition ôf/ðy >O and (7) imply the 
existence of a unique solution y = y(x) > 0 of (8) for 0 < x <o. Clearly, 
y=y(z) is of class C* and satisfies the differential equation (5), where 
F(z, y) = 0f/0x and G(z,y) —0f/0y. Since G == dy/dy > 0, it only remains 
to show that conditions (3), (4) are satisfied. Since 


(— LP /daldy® — (— 1) RR 0 
and 
(— 1) HOTTE 1 8x oye seals (— 1) FF gis Ltt /0x 0x > 0 


by (6), Corollary 1z follows from (I). 
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Proof of Corollary 2r. In virtue of (I), the Corollary 2, will be proved 
if it is shown that a solution of (5) defined on some interval OS aad 
can be extended over the half line aS a<o. The smoothness (C*) of F 
and G implies that if such an extension is possible, then it is necessarily ` 
unique by virtue of “local uniqueness.” That is, if £o = 0, yo = 0, then there 
exist some number ô > 0 and a unique solution of (5) on £o S&T 5m, +8 
satisfying y(2p) — yo This is also true for Yo = 0; in fact, by (9), such a 
solution is given by y(x) ==0, while the smoothness of F and G assures the 
uniqueness of this solution. In particular, if a solution y=y(z) of (5) 
vanishes for some value of z = 2 = 0, then y=0. 

Consider an arbitrary solution y = y(x) (20) of (5) on some interval 
OSa eb. If y(x) vanishes at some point of this interval, it vanishes 
identically and possesses the continuation y(z)=0 for aSxz<o. If 
y(x) > 0 on the interval, then F>0 and G > 0 imply that y(x) =0, by 
(5). Thus, y(x) possesses either an extension over the half-line a S s < w 
or over some interval a = x < To, where (x,y(#)) tends to a boundary point 
of the domain of definition of F and G as zz, (that is, y(z) — 0 holds as 
&—> To). In the latter case, if y(z,) is defined to be zero, the function 
y = y(x) becomes a solution of (5) on the closed interval a S eS a, and 
y(%) =0. But then y(x) =0, which contradicts y(t) > 0 on aed. 
Consequently, y(z) possesses a continuation over the half-line a Sr < œ 
(and y(x) does not vanish on this half-line). This completes the proof of 
Corollary 27. 


Proof of (II). The proof of this statement is similar to that of 
Theorem (I) and can be omitted. 


Proof of Corollary In. If (14) holds, then df/dy > 0 for0<y<m, 
by virtue of the strict monotony of f. For if df/dy — 0 when y = y > 0, then 
df/dy = 0 when 0<ySyo, since df/dy=0 and @f/d’'y 20, by (14). 
But this contradicts the assumption that f(y) is strictly monotone. The assump- 
tion (15) is meaningless unless df/dy >0 for 0 < y <co. Consequently in 
either case, the inverse function y = y(x) of œ = f(y) possesses a continuous 
first derivative and satisfies the differential equation 1— (df/dy)y’ = 0. 
Corollary 11; now follows from (II) by considering F, G in (13) to be 
(df/dy)+, 1, respectively. In the general case, where (15) is assumed, (11) 
reduces to (15) if j= 0, and to 0=0 if 7>0. Thus, (II) is applicable, 
and the proof of Corollary 1: is complete. 


Proof of Corollary 21. In virtue of (II), it is sufficient to show that 
if y = y(x) is a solution of (13) defined on some interval a = x & b, then the 
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definition of y(x) can be extended over the half-line aS s <œ. But this 
follows from-a known result [5], p. 451. [Strictly speaking, [5] becomes 
applicable only if F(a, y)/G(a, y) is defined for 0S z <œ and —œ < y <w. 
But if it is noticed that (13) implies that y’ (x) = 0, so that y(x) Zy(e) >0 
for all z > a for which y(x) is defined, it is clear that the domain of definition 
of F/G, namely, z= 0, y > 0, is sufficient for the purposes at hand. | 


_ 8. It was mentioned above that if (5) is written in the form 

(5) F/G +y =0 

and (I) is applied to (5’), where F, G are replaced by F/G, 1, respectively, then 
the resulting criteria for (5) and/or (5’) to have only completely monotone 


solutions neither imply nor are implied by (I) itself. That is to say, (3) 
and (4) neither imply nor are implied by 


(3°) (— 1)’ (F/G) /dxioy* = 0 for j, k= 0,1, °° 


In order to see this, first let F(x, y) = e and G(x, y) =y; so that G>0 
and (3), (4) are satisfied when y > 0 but (3°) is not (eg, if j =0 and 
k = 1, then 0(£/G) /dy = d (yer) /dy = ety (1— y>) < 0 if y <1). Next, 
let F(z, y) ==1 and G(a,y) =e. Then G > 0, and (3°) is satisfied (since 
F/G =e) but (4) is not (e.g., if j—0 and k—2, then (—1)#G/dy? 
= OU < 0). F 

It may be observed that, although (14) implies (15), the converse is 
not true. For example, f(y) = e” satisfies (15) but not (14). 


Part II. 


_ 4 This part will be concerned with the existence or non-existence of 
unrestricted solutions of differential equations, that is, of solutions existing 
on some half-line a S <œ. The assumption (9) in Corollary 2; and the 
assumption involving (16), (17) in Corollary 2,, merely play the rôle of 
assuring that all solutions of (5) and (18), respectively, are unrestricted. 
These conditions can be replaced by other types of conditions which assure 
the existence of only some unrestricted solutions. In this direction, the 
following will be proved: 


(III) Let f(x) be a continuous function defined for large positive x 
such that 
(21) f(x) 20 
and that 
(22) w+ f(x)r=0 
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is non-oscillatory (e. g., let 

(23) lim sup f(x) < 1/4 

as c>w). Let F(x,y) be defined and continuous for x > 0, y > 0 and 
satisfy 

(24) OZ F(a,y) < ¥ + f(x) 

on some half-strip X St Lo, 0 <ySe where X >0,e>0. Then the 
differential equation 


(25) F(a,y) +y —0 


possesses some unrestricted solutions; in particular, if X is sufficiently large 
and if y—y(x) is a solution of (25) and satisfies the initial condition 


(26) y (Xo) = Yo, Where to = X and yo Z e, 


then all continuations of y—y(x) can be extended over the half-line 
To < T < ©. 


This theorem can be combined with (I) to assure the existence of 
solutions of (5) which are representable in the form (1) on some half-line 
Serco. 

The differential equation (22) is said to be non-oscillatory if one (herice 
every) solution r=r(z) £0 of (22) has only a finite number of zeros on 
the half-line X Sz <æ% (for sufficiently large X). That (23) is sufficient 
for (22) to be non-oscillatory is a result of A. Kneser [2], p. 415. The last 
part of (III) involving “continuations” of a solution is needed, since the 
conditions on F(x,y) do not imply the local uniqueness of solutions of (25). 

The theorem (III) has an analogue involving the assumption that (22) 
is oscillatory and the conclusion that no solution of (25) is unrestricted. 


(IV) Let f(x), a continuous function defined for 0 = x <œ, be such 
as to make (22) oscillatory (e. g., let 


(27) lim inf «°f(x) > 1/4 


as s>). Let F(x,y) be defined and continuous for x > 0, —00 < y < œ% 
and let it satisfy 


(28) F(x,y) >% + f(x) FSEr<n,—o<y<o). 
Then no solution of (25) is unrestricted. 


The fact that (27) implies that (22) is oscillatory (i. e., not non-oscilla- 
g 
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tory) was proved by Kneser [2], p. 415. One can modify (IV) so as to 
assure the existence of a constant L > 0 with the property that no solution 
of (25) is defined over an interval (0 <) 2 < £< %9 + L of length L. 


COROLLARY Ir. Suppose that f(x), F(x,y) satisfy the conditions of 
(IV) and that the distance between successive zeros of any non-trivial solu- 
tion r== r(x) of (22) does not exceed a fixed L'> 0 (e.g., let 


(29) fe) = r°/L° 


for OSa<ow). If y—y(x) is a solution of (25) satisfying an initial 
condition y(%o) = Yo, then to every continuation of y(x) there corresponds 
a number b with the property that 


(30) y(t) >—o as c>b—0 


and Ty L b < To + L. 
It may be remarked that if (25) is replaced by 


(81) y = F (s, y) 


then (IV) remains valid; the same is true of its Corollary 1r except that 
(30) must be replaced by ` 


(32) y(@) —o as z —>b— o0. 
Corollary 1rr can be generalized as follows: 


COROLLARY ry. Let f(x), g(y) be defined and continuous for 0 Se <œ, 
—o <y Lo, respectively, and suppose that 


(33) fle) =e>0, gly) 0 
and 
(34) L= | ay/(9(y) +6) <o. 


Let F(a, y) be defined and continuous for 0 = £ < œ, —00 < y <% and such 
as to satisfy 


(35) F(2,y) = f(e) + g(y). 
Then the conclusions of Corollary 1mv are valid. 


Conditions for the non-existence of unrestricted solutions of (25) can 
take a very different form. An application of the theorem in [6], p. 554 for 
the differential equation de/dy—=1/F(z,y) implies the following result: 

= 
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(V) Let F(x,y) be defined and continuous for 0 Sz<w,0 Zy <o 
and let there exist two positive, continuous functions A(s), p(s) on the half- 
line 0< s<% satisfying 


(36) F(x, y) Z A(s) (y) 
and + | ; 
(37) f ds/\(s) <% and f p(s)ds =a. 


Then no solution of (81) is unrestricted; furthermore, there belongs to every 
number b > 0 at least one solution y = y(x) = y(a; 6) of (81) ono S£ <b 
satisfying (82). 


The solutions y = (x; b) of this theorem can be made unique by adapting 
the conditions of the theorems of [3] to the situation at hand; cf. [3], p. 131. 


5. Proof of (III). Let r—r(x) s£0 be a solution (22). Then, since 
(22) is supposed to be non-oscillatory, +(x) does not vanish for sufficiently 
large x, say for v > X. It can be supposed that r(x) > 0 for large æ (for 
otherwise r can be replaced by — r). Then (21) implies that the graph of 
r==r(x) is convex downwards for large x Hence r>0, 7” 20, <0, 
since r has no zeros for large ©. Let z = 7’/r. Then z satisfies the Ricatti 
differential equation 


(38) e+ 2+ f(x) =0 (2 = 1/1) 


for s> X. Clearly, z>0 and 20. Hence, 2(x) tends to a limit 
z(%) =0 as t—>00. In fact, z(%) = 0; for if z(%) > 0, then (21) and 
(88) show that z’ < — const., where const. > 0, for large x, which contra- 
dicts z= 0 for x > Z. 

For the given e > 0, let x be so large that 0 < z(x) <e if v2 Z. 
Consider a solution y = y(x) of (25) and the initial condition (26), so that 

y (to) Ze > 2(t0). 

The first inequality in (24) sad the differential equation (25) show 
that y’ (x) 0. Hence every continuation y(#) for increasing ~ can be 
extended over the half-line 2 <a <œ, unless there exists a number b > a 
such that y(x) is defined for &, Sx < b and y(t) > 0 asa—>b—0. It will 
be shown that such a number b cannot exist; in fact, y(x) > 2(x) > 0, where 
£ == £o holds for every continuation of y(x). For suppose, if possible, that 
such is not the case for some continuation. Then 


ez y(t) >2(x) for m Sa < a but y(z,) = 2(a2) 
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holds for a pair of numbers x; (Æ to) and gə According to (25) and (38), 


(39) y (2) — 2 (2) = (z) + f(x) — F (x, y(x)). 


Hence, 


Y (22) — 2 (ts) = Y° (22) + F (22) — F (22, Y (%2) > 0, 


by (24). oeny 0 = y (£2) — z (£2) > y (£2 — 8) — z (T — ò) > 0 for 
sufficiently small ô > 0. This contradiction shows that every continuation 
of y(z) is unrestricted, which completes the proof of (III). 


Proof of (IV). The assumption that (22) is oscillatory implies that if 
2=2(r) is a solution of (38) on some interval (XS) S x S t, then, 
for a suitable choice of 2:, it follows that z(t) >—o as >2,—0. In 
order to see this, let r(z) be the solution of (22) determined by the initial 
conditions r(x,) = 1 and 7 (z) = 2(2)). Then the local uniqueness of solu- 
tions of (38) implies that z(x) = r’(z)/r(z) holds on any interval on which 
z(z) exists. If x, is chosen to be the first zero of r(x) to the right of zo, 
then (£) >—o as 2 > — 0. 

Suppose, if possible, that (25) has an unrestricted solution y = y(2) 
on (AS) % <a<w. Consider the solution z=2(x) of (38) determined 
by the initial condition z(2,) =y(z,). It will be shown that 


y(x) <zle) for ro < T <a, 


which will imply that y(x) >—o as x —>b— 0 for some b S zı. This will 
contradict the assumption that y(z) is unrestricted. 

Since (25) and (38) imply (39), it follows from the assumption (28) 
that y — 2’ < 0 at s= zo; and so y(x) < 2(x) if x > a, is sufficiently near 
%. Suppose that the relation in the last formula line fails to hold. Let 
Te (> Lo) be the first value of + (to the right of £o) at which it does not hold, so 
that y(x) = 2(a). Then it is seen from (39) and (28) that y —z <0 
at =a. Since y(x) —2(a2) = 0, it follows that y(x) —2(x) >0 if 
2 (< #2) is sufficiently near zə This is obviously a contradiction and com- 
pletes the proof of (IV). ' 


Proof of Corollary 1rv. The proof of this assertion is a consequence of 
the proof just completed, since the assumption on the zeros of a solution 
r=r(z) of (22) implies that the numbers 2, xı (of the last proof) satisfy 

— t € L. 

The parenthetical part of de lzy, that which asserts that (29) 

is sufficient to assure that the distance between successive zeros of a solution 
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r = r(x) of (22) does not exceed L, follows from Sturm’s comparison theorem 
if the harmonic oscillator, 7” + (#?/L?)r=0, is used as a “minorant” 
for (22). 


Proof of Corollary 2m. Let y=y(x) be a solution of (25) on some 
interval (0) u S2<b. Then (33), (35) and the differential equation 
(25) imply that y(x) <0 and that 1 = —y'/F(æ,y(£)) S—y/(f(2) 
+ g(y(x)), hence 1 S —y'/(g(y(z)) +c). Let the latter inequality be 
integrated from # == £, to v = b. If the monotone function y = y(z) is intro- 
duced as a new variable in the integral on the right, one obtains 


£ 
DS | dy/(g(y) +0), where a—y(b— 0), 8 = y (2). 


It follows therefore from (34) that b — x, < L. 
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ON THE SPECTRA OF TOEPLITZ’S MATRICES.* 


By PHILIP HARTMAN and AUREL WINTNER. 


1. If fm where n—0, + 1,-:-, is a sequence of complex numbers 
satisfying 


(1) fa = fu and 3 lfl S ©, 


n=— © 


let Z, T, H denote the Laurent, Toeplitz, Hankel matrices defined by 
L= (fam), where n,m=0,+1,---, and T= (frm) and H = (fnm), 
where n,m=0,1,: : +, respectively. Thus an Z-matrix consists of two 
(identical) T-matrices on its main diagonal and two (complex-conjugate) 
H-matrices on its counter-diagonal. 

Let zt denote a vector (To, £: :) and =” a vector (t'>, 8-281), - 
finally (a, a*)a vector (© > -+,@1,%,%,°° ‘). When no misunderstanding 
is possible, œ will be used to represent a vector of any of the types zt, a”, 
(27, x+). The symbol | x | will denote the length of x. The second condition 
in (1) implies that y* = Ta*, yë = Hat and (y, yt) = L(a, s+) are defined 
(without being necessarily of finite length) whenever the z-vector is of finite 
length. 

The problem of determining the spectrum of L was solved by Toeplitz 
([3], [4]; cf. [2], pp. 152-155) and is comparatively simple. According to 
the Fischer-Riesz theorem, there exists a (unique, real-valued) function f(8) 
of class (L?) on (0,27), having 3 faet”? as its Fourier series, |` 


(2) f(0) — à fre. 


In terms of this f(#), the situation can be described as follows: The matrix 
L is kounded in Hilbert’s sense if and only if the function f(0) is essentially 
bounded, that is, | f(8)| = const. for almost all # on (0,27). Furthermore, 
the number À belongs to the spectrum, Sz, of L if and only if the measure 
of the set of 6-values on (0,2r) satisfying | f(8) —A|<e is of positive 
measure for every fixed € > 0. Similarly, the point spectrum, Pr, contains 
a given À if and only if the measure of the set of 6-values ‘satisfying 
f(8) —A= 0 is of positive measure. In other words, Sz, is identical with 
` the spectrum of the distribution function of f(#), and Pz with the set of 
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. discontinuity points of this distribution function. In fact, the resolvent of 
L is the Laurent matrix belonging to the function (A— f(#))*. This is 
readily verified, since Parseval’s relation implies that y — Lx is equivalent to 
f(8)x(8) —y(6), where x(6) — S zrei”? and y(0) — 3 nein, 

All of this depends on the formal circumstance that the product of two. 
L-matrices is again an D-matrix (and that this multiplication is simply 
isomorphic to the multiplication of the respective functions f). Corre- 
spondingly, because no such rule of multiplication holds for T-matrices, we 
could find nothing in the literature on the location of their spectra. 

The purpose of the following considerations is to fill somewhat this 
gap. The results are‘anything but of a final nature. They reach far enough 
to show that the spectral situation for T-matrices is quite different from 
that for L-matrices. The case of the H-matrices, which is again different, 
will be considered at the end of the paper. 


2. According to Toeplitz, 


(I) T is bounded if and only if L is; or, equivalently, if and only 
if the function (2) is bounded (almost everywhere). 


This is easily verified as follows: Let L; = (fam), where n,m =j, 
j+1,-- +, be a section (in the lower right-hand corner) of L. Then L is 
bounded if and only if L; is bounded for every fixed j and the sequence 
of numbers representing the norms of the matrices Z; is bounded for 
j=0,+1,:::. Since L; is identical with T (except that its domain is a 
“ different ” Hilbert space), the assertion of (I) follows. 

If Sz, Sr denote the spectra of T, L, respectively, (I) might suggest that 
Sr is identical with Sz. In fact, the proof of (I) implies that the least and 
greatest points of Sr coincide with those of Sz. Further circumstantial evi- 
dence results by observing that, on the one hand, the finite sections T = (frm), 
where n,m—0,1,::-,7, and ;L— (fom), where n,m =— j, —j+1, 
-++,4, of T and L, respectively, satisfy 25:47 = ,L and that, on the other 
hand, a necessary condition for A to be in Sr [in Sz] is the existence of a 
sequence of numbers Ax, As,‘  *, having the property that A; is an eigenvalue 
of ;T [of ;L], and A; >A as j> co. The difficulty is that this necessary 
condition is not sufficient, as is shown by an example of Toeplitz representing 
the matrix of the quadratic form X 2@2nonu1. Actually this example is neither 
a T- nor an L-matrix; however, the results below (cf. (IL)) imply that 
there exist an L-matrix and a sequence of numbers À, Àz, ` > satisfying the l 
above conditions, while the limit point À is not in Sr. 
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It turns out that the above guess is wrong. In this direction, it will 
be proved that 


(II) Sr contains Sr but need not be identical with Sr. 


In view of the preceding remarks, the first part of (II) implies the 
following criterion: ` 


(III) If the function (2) is continuous on (0, 27), then Sr is identical 
with Sr, (which is an interval unless f = const.) 


3. A little more probing into the question seems to indicate that Sr is 
always an interval (not only for a continuous f) unless f == const.; more 
specifically, that Sr is connected with the spectrum of the distribution func- 
tion of that (bounded) harmonic function u(r,6) on the unit circle r < 1 
which, in terms of (1), satisfies u(r, 0) — f (0) as r— 1—0 for almost all 8. 
Correspondingly, it seems that T, in contrast to L, cannot possess a point 
spectrum unless f = const. (almost everywhere). 

We were unable to prove either of these conjectures. All that will be 
proved in their favor is contained in the following facts: 


(IV) If T is not a constant multiple of the unit matrix, and if X is in 
` the point spectrum of L, then À is not in the point spectrum of T. Moreover, 
the least and greatest points of Sr (if they are distinct, i. e., if f £ const.) 
are not in the point spectrum of T. | 


It can be expected that the above conjectures are provable in the case of 
“smooth ” functions (1). In this direction, it will be shown that 


(*) T cannot have a point spectrum if 
(3) | F(z) = 3 fne” = const. (fn = Fa) 


is a rational function of z (Needless to say, since (2) is of class (L*), the 
rational function (3) has no pole on the unit circle | z | = 1.) 


4, The proofs proceed as follows. 


Proof of (II). Let À be a point of Sz. It is no loss of generality to 
suppose that A= 0. For, if I= (mm), where n,m—0,+1, &,'' or 
n,m = 0,1," +--+, is the unit matrix, then L— M is also an L-matrix, and 
TAI is the corresponding T-matrix. Since A—0 is in Sr, there belongs 
to every e>0 a point tv (` *, Zai To T° * +) of Hilbert’s space 
satisfying | æ | = 1 and | Le | << But | x’ | —> | x | and | L(0, 27) | Lz | as 
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jo, if a= (Tp tjp). Hence, | x | > 1—e and | Tai | < 2e for 
sufficiently large j. Consequently, A=0 is in the spectrum of T. This 
proves the first part of (II). | 

The second part of (II) follows from the first part of (IV). For 
example, if (1) is a step-funetion which assumes only a finite set of distinct 
values À, Àa,” * *, Àn, then Sz is a pure point spectrum consisting of the 
eigenvalues À = àj, where 7 = 1,- - -,m (and each eigenvalue has an infinite 
multiplicity). By (II), the point A; is in Sp. But A= À; is not in the 
point spectrum of T, by (IV). Hence, A = à; is not an isolated point of Sy. 
Since À ==}; is an isolated point of Sr, (if multiplicities are ignored), the 
second part of (II) follows. 


Proof of (IV). If x°, y* are defined as at the beginning of Section 1, 
it is clear that (y-, y*) = (0, at) = (Hz*, Txt), and that Parseval’s relation 
implies the identity f(@)a*(6) = y*(8) +y (0) (for almost all 8). Thus, if 
À is in the point spectrum of T and «* is a corresponding eigenvector, then 


y* (8) = Aat(9) and (f(8) —A)a*(9) =y (9), where y (6) ~3 Yne. 


Let A be in the point spectrum of L; it can be supposed that À —0. 
Then f(8) vanishes on a set of positive measure. Suppose, if possible, that 
À is in the point spectrum of T and that a*>40 is an eigenvector satisfying 


(4) f(0)a*(8) =y (8). 
Accordingly, y-(@) vanishes on a set of positive measure on (0,27). It 
follows therefore from a theorem of F. and M. Riesz, conjectured by Fatou, 
that y-(0) = 0, since y-(— 8) is of class (L) and is the boundary function 
of the power series X y_n2” on the unit circle |z] <1. Thus f(8)2*(8) =, 
and so &*(8) = 0 when f(@) 0. Since zts 0, it follows that x(#) cannot 
vanish on a set of positive measure on (0,27). Hence f(6) =0. But then T 
is the zero matrix, which contradicts the assumption that T is not a constant 
multiple of the unit matrix. Consequently, A = 0 is not in the point spectrum 
of T. This proves the first part of (IV). 

In order to prove the second part of (IV), it can be supposed that À — 0 
is the least point of Sr, and therefore of Sz. Thus f(#) = 0 for almost all 6. 
Suppose that À = 0 is in the point spectrum of T and let æ*=£0 denote an 
eigenvector satisfying (4). The Fourier expansions of 2*(@), y (8) show 
that they are orthogonal, 

27 2m 
A z*(@)y-(8)d9 — 0; consequently, f f(@)| «*(6) |? d8 — 0, 


o o 
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by (4). Since f(8) =0 and x*(#) ==0, this leads to the same contradiction 
as before. 


Proof of (*). Since fa = fn, the function (3) satisfies the functional 
equation F(1/2) =F (z). Let N be the order of the pole, if any, of F(z) 
at 2—0. It will first be shown that F(z) has at least 2N zeros on the 
2-plane. 

Only the case N > 0 need be considered. The rational function F(z) 
can be expressed in the form F(z) = P(z)/2NQ(z), where P(z), Q(z) are 
(relatively prime) polynomials of degree j, k, respectively, satisfying P(0) ~ 0, 
Q(0) 0. It is easy to see that j= 2N. In fact, since 


F(1/2) = 2% P(1/2)/Q (1/2) = NP (1/2) }/{2Q (1/2) }; 


and since zP(1/z), 2*Q(1/z) are polynomials which do not vanish at 
z=0, it follows from F(z) —#(1/2) that N—j-Hk=—N, hence 
j=2Q2N +k = 2N. 

Suppose, if possible, that À —0 is in the point spectrum of T, and let 
a* £0 be an eigenvector satisfying (4). Then, formally, 


(5) F(2)¥(2) = Sy, where X (z) Ian. 


n=0 

Since X(z) is regular for |z| < 1, the function F(z)X(z) is meromorphic 
for |z|<1. On the other hand, (5) shows that F ur (z) has a regular 
analytic continuation for 0 < |z| < oo. 

If F(z) has no pole at z = 0, then (5) implies that y-1 = Y-2 =` -= 0. 
Since F(z) $40, it follows that X(z2)=0. This contradicts +* 40. 

Consequently, it can be supposed that F(z) has at z = 0 a pole of order 
N =21. Then 

2NF (2) X (2) = Y-a 4 ye? He + yew. 


But since zVF(z) has at least 2N zeros, at least N zeros of F(z) are in the 
circle |z| <1. 

Since the polynomial on the right-hand side in the last formula line 
has at most N — 1 zeros, X(z) has at least one pole in the circle |z| <1. 
Since X(z) is regular for |z |< 1, the pole must be on |z|—1. But this 
is impossible, since 2*(0) = X (e*) is of class (Z?) on (0,27). This contra- 
diction completes the proof of (*). 


5. It is easy to show that (II) and (IV) contain the following corollary: 


(a) T cannot be completely continuous unless it is the zero matrix. 
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In order to prove this assertion, («), suppose that (a) is false. Then, 
for some 7’ distinct from the zero matrix, the set of the cluster points of Sp 
consists of the single point à == 0. It follows therefore from (IT) that Sz, 
consists of a sequence Ai, Aa,‘ °° satisfying A; — 0 as j-> œ. Furthermore, 
not every A; is 0, since otherwise L, and therefore the corresponding T, is the 
zero matrix. Accordingly, some A;3£0 is in Sy but is not in the point 
spectrum of T, by (IV). Hence, T cannot be completely continuous. 

It may be mentioned that the assertion of (æ) holds for L-matrices also: 


(8) L cannot be completely continuous unless it is the zero matrix. 
In fact, (8) is a corollary of the following assertion : 


(B*) L cannot have a point spectrum containing an eigenvalue of finite 
multiplicity. 

In order to prove the latter assertion, (8%), suppose that À is a value 
contained in the point spectrum of L. This will be the case if and only if 
meas Fa > 0, where Ey denotes that subset of the interval 06 < 27 on 
which f(#) =A. Correspondingly, it is readily seen from Parseval’s relation 
that s= (- ` +,@4,%,%,° * ‘) is an eigenvector of L, belonging to the 
eigenvalue À, whenever the corresponding function (0) vanishes on the 
complement of Fy. Since the linear space of such functions #(6) cannot be 
finite-dimensional, (8*) follows. 

For the Hankel matrices H, defined after (1), the situation is quite 
different, since («) and (8) become contrasted by the following fact: 


(y) H must be completely continuous whenever the w-image of the 
circle |z| < 1 under the mapping 
(6) w(2) = S fae” 
n=l 


is of finite area, i.e, Sn] fn |? < oo. 
n=1 


In fact, a matrix (anm) must be completely continuous if 33 | dum |? is 
convergent (Hilbert). Since the convergence of this double series is equiva- 
lent to the convergence of the simple series 3n | fn |? if anm = fnimi, the 
assertion of (y) follows from the definition of H. 


6. In order to make the Hankel matrix H = (fum-ı) Hermitian, it will 
from now on be assumed that {f,} is a real sequence; cf. (1). Thus 


(?) g(8) ih cosnd and h(6) ~3 fn sin nd 
nat n=l 


are the real and imaginary parts of (6) on |z|—1, where z = ef. 
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The following eriterion goes back to Toeplitz ([3]; cf. [2], p. 154 and 
[1], p. 223): 


(a) H must be bounded whenever either of the functions (7) is 
bounded (almost everywhere) for 0 S07. 


This criterion, (a), suggests that (y) in Section 5 admits of the 
following variant: 


(b) H must be completely continuous whenever either of the functions 
(7) is continuous for OS$ Sm. 


Clearly, the two sufficient criteria supplied by (b) are independent of 
each other, and of the criterion supplied by (y). 

In order to prove (b), suppose, for instance, that the first of the 
functions (7) is continuous for 0S#=Sr. Then there exist cosine poly- 
nomials gı (6), 92(#),° > - which tend to g(@) uniformly for O=S@S7. On 
the other hand, the norm of the Hankel matrix H belonging to g(6) does 
not exceed const. max|g(@)|, where the const. is an absolute constant 
(ef. [1], p. 228), and the correspondence between H and g(6) is distributive. 
Consequently, if Hy denotes the Hankel matrix belonging to the trigonometric 
polynomial 9x(#), then, since the uniformity of g:(4) — g(8) means that 
max | g(0) —gx(6)|—>0 as k— 0, it follows that the norm of H— Hy 
tends to 0 as k— oo. Hence, H must be completely continuous if every Hy is. 
Finally, the complete continuity of every Hy follows from (y) in Section 5, 
since the power series (6) belong to Hz, being a rational polynomial, is regular 
for |z|S1. 


7. We do not know what is necessary and sufficient for the boundedness 
of an Hermitian Hankel matrix. One part of the criterion, supplied by (1) 
in Section 2 for T-matrices, is true for H-matrices, the other is not. In fact, 
the situation is as follows: 


(i) H is bounded if, but not only if, the corresponding T (or L) is. 


First, since fa is now supposed to be real, (1), (2) and (7) show that 
f(8) — fo + 2g(0), where fo is a constant. It follows therefore from (a) in 
Section 6 that if f(@) is a bounded function, then H is a bounded matrix. 
Hence the positive part of the last italicized statement, (i), follows from (I) 
in Section 2. On the other hand, the negative part of (i) follows from (a) 
by choosing fn =n in (7), since the function h(@) = 3 n+ sin n@ is, but 
the conjugate function g(0) = 3 n> cos n@ is not, bounded for 0 < 8 < r. 
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Because of the contrast between (I) and (i), the determination of Sx is 
even more difficult than that of Sr (cf. (II), (III) and (*) in Sections 
2 and 3). In this direction, and in view of the guesses formulated before 
(IV), the proof of the following fact is not without interest: 


(ii) A=0 is in the cluster spectrum of every (bounded, Hermitian) 
Hankel matrix. 


It is understood that by the cluster spectrum of a bounded, Hermitian 
matrix is meant the A-set consisting of the continuous spectrum and of the 
cluster values of the points of the point spectrum, with the proviso that 
an eigenvalue of infinite multiplicity is considered as a cluster value of the 
point spectrum. According to Weyl ([5], p. 378), the point A=0 is in 
the cluster spectrum of a bounded, Hermitian matrix H if and only if 
there exists in Hilbert’s space a sequence of unit vectors x°, æt, 2?,- - - which 
tend weakly to ‘the zero vector and are transformed by H into vectors 
Ha, Het, Hx?,- - - which tend strongly to the zero vector. 

It follows that A= 0 is sure to be in the cluster spectrum of H if 
| Hek | -> 0 as k > œ, where e°, ¢',- + - denotes the sequence of vectors which 
form the successive columns of the unit matrix. Hence, in order to prove 
(ii), it is sufficient to ascertain that | He*|—>0 is true when H is a Hankel 
matrix, H = (faim+). But it is clear from the definition of e that, for 
such an H, 


| He |2 — 3 fars 
` nek 
and so | He | — 0 follows from (1). 
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ON THE SOLUTIONS OF THE EQUATION OF HEAT 
CONDUCTION.* 


By Parr HARTMAN and AUREL WINTNER. 


There are obvious analogies between solutions of Fourier’s equation 


(1) Urs = Ur 

on the open unit square 

(2) S: O<2<1,0<t<1 
and solutions of Laplace’s equation l 

(3) Uss + Un = 0 

on the open unit circle 

(4) C: e4+P<ci. 


These analogies deal with questions of existence, uniqueness, and limits at 
the boundary points of (2), (4), respectively. The object of this paper is 
to develop these analogies in a certain direction. 

By a solution of (1) on (2) (or (3) on (4)) is meant a function for 
which tro, Ut (OF Usa, Un) exist and satisfy (1) (or (3)). In particular, up, ut 
exist; however, this does not imply the continuity of u. What is true in this 
regard is that if w is a continuous solution of (8) on some open domain, 
then u is regular analytic on that domain. The corresponding statement for 
solutions of (1) is as follows: 


(I) If u(x,t) is a continuous solution of (1) on an open domain, then 
u(x,t) is of class O” on that domain. 


This follows from (II) and (IV) below. 
Let K denote the set of points on the three line segments which form 
the lower and lateral boundaries of S, so that 


K=7’+J+7", 
where I’, J, I” denote the respective segments 
(5) r: («=0,0St<1), I’: (@=10St<]). 
J: (O<z<1t=0), | 
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Gevrey ([2], pp. 372-374) has proved the following theorem of unique- 


(II) Let u(x, t) be defined on S + K and have the following properties: 
u is uniformly continuous on S, vanishes identically on K, and is a solution 
of (1) on S. Then u vanishes identically. 


Actually, Gevrey’s wording of his theorem assumes the continuity of us 
and %, but a glance at his proof shows that this pair of additional assumptions 
is not used at all. Gevrey’s proof of (II) depends on a refined, but still 
very elementary, form of the classical maximum principle, namely, on the 
following fact: 


(III) Let u= u(x,t) be defined on the closure of S and have the 
‘properties that it is uniformly continuous and satisfies (1) on 8S. Then u 
assumes its maximum (for the closure of S) on K. 


The analogues of radial boundary limits for solutions of (3) on (4) 
are the 1-dimensional boundary limits, 


(6)  limu(z,s) =fi(s), (62)  limw(æ,s) = f2(s), 
ands. a TR 
(63) a u(s,t)=fs(s), 


for the case of solutions of (1) on (2). These limits (when they exist) 
form the “boundary function ” of u(x,t) on the set K. 

Let 6(a,¢) denote the Jacobi %,-function, with a suitable change of units 
on the axes of the independent variables, 


(7) Kat) =1+4+ 2S exp (— k272t) cos brz. 

Put 

(8:) u(x, t) =— f 0. (x, t— s) fi (8)ds, 

(82) li) [ann 

and 

(8:) us(@,t) =4 f est) — (x + s, t) }fa(s)ds, 


where 0, — 00/dx. The existence theorem mentioned above is as follows: 
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(IV) Let fi(s), fe(s), fs(s) form a uniformly continuous boundary 
function on K; i.e., let each of these functions be continuous for OSs Si 
and satisfy f1(0) = f,(0) and f.(0) —fs(1). Then (81), (82), (83) exist 
for every (x,t) on S (as Lebesgue integrals) and their sum, 


(9) us t) =u (a, t) + us, t) + u (z, t), 


represents a salikto of (1) on 8, is uniformly continuous on § and satisfies 
(6:)-(63) for OSsS1. 


This theorem seems to be between the lines of the classical literature 
but is not explicitly stated and proved. That (9) is a continuous solution 
of (1) on S, and satisfies (6,)-(63) for 0 < s <1, is contained in standard 
facts; cf., e.g., [7], pp. 111-118. But this does not imply the’ important 
point in (IV), namely, the uniform continuity of (9); in this regard, cf. 
the remarks below concerning the function (10). Actually, the existence of a 
solution of (1) on $ which is uniformly continuous on S and satisfies (6,)- 
(6;) for 0=s < 1 follows from the existence theorems in [5], pp. 214-229; 
[2], pp. 817-342. Furthermore, the representation (9) of this (unique) 
uniformly continuous solution can be verified by showing that the Green 
functions, whose existence is proved in [5], [2], reduce to the kernels in 
(8:)-(83), when the domain in question is 9. 

A more direct verification of (IV) can be sketched as follows: Simple 
calculations show the truth of (IV) in the cases in which 


fi(s)==1,  fa(s)=1,  fi(s) = 1 
for OSsS1; 


fi(s)==0,  fe(s)=1, = 
for an arbitrary positive integer k, 


fa(s) =0,  fa(s) =0,  fa(s) = sin kes; 
finally, | | 
f(s) =,  fr(s)—0,  fi(s) —0. 


These sets (fi, fe, fs), along with those which result if fı and fẹ (and corre- 
spondingly, s and 1—s in f, and f2) are interchanged, form a Weierstrassian 
* basis of all continuous functions on K = F + I” +J. The existence of a 
solution u of (1) on S, uniformly continuous on S and reducing to a given 
continuous boundary function on K, follows from the maximum principle, 
(III). The existence of this solution % and its representation (9) can be 
deduced from an adaptation of the maximum principle for functions having 
representations (9). 
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In fact, (9) can be written as 
u(P) = f G(P, Q)f(Q)ak, 
K 


where P and Q denote points of S and K, respectively, and f(Q) denotes 
(fi, fe, fs), a continuous function on K. But G(P,Q) 20 (and equality 
holds only when Q is a corner of K), by (8:)-(8) ; cf. (19), (26) and (27) 
below. Also, 


f G(P,Q)dK =1 

K 
for every P in 8; cf. the case (fı, fe, fa) = (1,1,1) above. Clearly, the 
desired maximum principle follows; for u(P) is a weighted average, with 
non-negative weights and total weight 1, of the boundary function f(Q). 

Unfortunately, the assumptions of the uniqueness theorem (II) do not 
correspond to the physical situation. Correspondingly, since Hadamard’s 
critique of the various types of “ well-set” problems on partial differential 
equations, the following observations seem to be generally known (cf, e. g. 
[1], pp. 365-366, where the objection is only implicit). 

For the parabolic differential equation in the plane, the requirement of 
two-dimensional continuity, in case of a “ well-set ” boundary value problem, 
is quite artificial, since there is only one sheaf of characteristic curves. 

The physical content of this objection is readily realized. In fact, since 
u, t, x in (1) denote temperature, time and position on a rod, respectively, 
the data of the boundary value problem, a problem to which the above state- 
ments, (II) and (IV), supply theorems of existence and uniqueness, are as . 
follows: The initial temperature f(x), at every point of the rod OS 71, 
and the temperatures, f,(4) and f.(¢), for every later date (0 < t5 1), at 
both ends, a0 and æ=—1, of the rod. But this interpretation makes 
unnatural indeed the above assumption on the two-dimensional uniform 
continuity of u(x,t) on © (that is, the two-dimensional continuity on the 
closure of 8). All that is natural to require is the continuity of the tem- 
perature distribution (a) on the rod, at every fixed date t, and (by in time, 
at every fixed point x of the rod. The two “stokers,” engaged at z=0 and 
x= 1, seem to need quite an advance knowledge of analytic functions in the 
real domain if, while working independently of each other and of the past, 
they succeed in producing two-dimensional continuity by virtue of the one- 
dimensional assumptions (a), (b). 

On the other hand, it is well-known that the omission of the assumption 


THE EQUATION OF HEAT CONDUCTION. 371 


of uniform continuity in (II) invalidates the uniqueness statement. This is 
shown by the classical “source function,” defined by 


(10) (a, t) = at? exp(— 2°/4t) if t > 0. 


It is readily verified that (10) is a solution of (1) on S, that the radial 
limits (6,)-(63) exist and form a continuous function of the position on K, 
with f.(s) ==0, f(s) = s? exp(— 1/4s) and fs(s)=0. However, (10) 
is not the solution supplied by (9), since (10) is not uniformly continuous ; 
in fact, it is not bounded on S. This is seen by considering the function 
(10) on a parabolic arc t= 2?, as & — + 0. 

Part of these objections can be met by the following existence and unique- 
ness theorems which, in contrast to (II) and (IV), do not involve the assump- 
tion of two-dimensional continuity on the boundary of S: 


(V) Let fils), fe(s), fa(s) be bounded, measurable functions on 
O<s<1 Then (8,)-(83) exist for (x,t) on S (as Lebesgue integrals) 
and their sum (9) is a bounded, continuous solution of (1) on the open 
square S and satisfies (6,)-(63) almost everywhere. 


(VI) Conversely, if u(x,t) is a bounded, continuous solution of (1) 
on the open square S, then the limits (6,)-(63) exist almost everywhere and, 
for (x, t) on K, the function u(x, t) is given by (9) in terms of the functions 
(81)-(83). 

The condition of two-dimensional uniform continuity in (II) can now 
be relaxed to that of boundedness. In fact, it follows from (VI), (IV) and 
(TI) that if u(x, t) is a bounded, continuous solution of (1) on & and if the 
limits (6:)-(6:) exist for every s on 0 < s < 1 and form a uniformly con- 
tinuous function of the position on K, then u(x,t) is uniformly continuous 
on the open square 8. | 

The corresponding theorem is true for harmonic functions, bounded 
on €. However, in the case of harmonic functions, the assumption of 
“bounded on O” can be relaxed to “half-bounded on C,” for example, 


(11) u(z,t)>0. 


The analogous statement for solutions of (1) on 8 is false. This is shown 
by the classical “source” function (10). 

This, the impossibility of relaxing the assumption of “boundedness” to 
“ half-boundedness ” in (VI), is quite unfortunate, since “ half-boundedness ” 
does not require more than an appeal to the third law of thermodynamics, 
whereas the justification of “boundedness” depends on the outcome of an 


372 PHILIP HARTMAN AND AUREL WINTNER. 


argument about the possible fuel supply of the stokers and their observance 
of the first law. ; 

In order to understand this discrepancy between the behavior of certain 
solutions of (1) and (3), it is necessary to consider more general solutions 
of (1) than those given by (V). A well-known theorem (cf., e.g. [3]) 
states that if u(x,t) is a harmonic function on C and satisfies (11), then 
u(x,t) is representable as the Stieltjes integral of the Poisson kernel with 
respect to a bounded non-decreasing function. The analogue of such a 
Poisson-Stieltjes integral for solutions of (1) would be (9), where 


t 


(121) 1, (2, t) =— f 0.(2,1—s)dP,; (8), 

(122) Ue (2, t) =f 9.(2 — 1, t — s) dFa (8) 

and : 

(1%) u) =} f a1) —0(e+5,0))dFi(s), 


and F,(s), Fe(s), Fs(s) are bounded non-decreasing functions on 0 Ss Si <1, 
OSsSt<1,0<s <1, respectively. This direct analogue of the theorem 
on non-negative harmonic functions fails for solutions of (1); that is, it is 
not true that if u(x,t) is a continuous solution of (1) on 8 and satisfies 
(11), then u(x, t) is given by (9) in terms of (12:)-(124), where F; (s); F2(s), 
F,(s) are bounded non-decreasing functions on 0 SsSt<1,0SsSi<il, 
0s <1, respectively. This will follow from (VII) and (XI) below. On 
the other hand, a certain analogue happens to be true; cf. (VIII) below. - 

Let F,(s), Fe(s) be defined for 0 Æ s < 1 and be of bounded variation 
on every fixed interval OSsSt <1, 


t 
(13;) f | dF;(s)| <% for 0< t< 1 and j= 1,2, 
0 


and let F;(s) be defined for 0 < s< 1 and of bounded variation on every 
fixed interval 0 < a sa, <1; finally, let 


1 


(13s) | f s(1—s)| aPa(s)| <o. 


0 
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The correct analogues of the theorems on non-negative harmonic functions 
are given by the following theorems: | : 


(VII) Let F,(s), F(s), Fs(s) be non-decreasing functions on 0 Ss < 1, 
0Ss<1l,0<s<l, respectively, satisfying (18:)-(13:). Then the sum 
(9) of the integrals (12:)-(12:) represents a non-negative continuous solution 


of (1) on 8. 


(VIII) Conversely, if u(x,t) is a non-negative continuous solution of 
(1) on S, then there exist non-decreasing functions F,(s), F2(s), F,(s) on 
0S5s<1l 0Zs<1, 0<8s<1, respectively, which satisfy (138:)-(13:), 
and u(x,t) is given by (9) in terms of the functions (12;)-(12s): 


It will be clear from the proof that the integrals in (12,)-(12,) are 
ordinary Riemann-Stieltjes integrals (if 0,(z, 0) is defined to be 0, cf. (17)), 
and that the integral (12,) is an absolutely convergent improper Riemann- 
Stieltjes integral. 

There is also an analogue for the theorem of Ostrowski [6] on harmonic 
functions. This theorem states that if u(x,t) is a continuous solution of 
(3) on O, then u(x,t) can be represented as the Stieltjes integral of the 
Poisson kernel with respect to a function of bounded variation if and only if 

27 x 
lim sup f | u(r cos 0, r sin 0) | dd < œ. 


r>1-0 


For a corresponding theorem for solutions of (2), one might expect that the 
Poisson-Stieltjes integral should be replaced by the sum of (12,)-(12,), where 
F(s), F2(s), F(s) are of bounded variation on 0=s<t<1,0=s<t<1 
and 0s <1, respectively; and that the condition in the last formula line 
should be replaced by 


t t 
(14,) lim cup f | u(x, s)| ds <o; (142) tim sup f | u(x, s)| ds < œ 
` gt . . gl 
0 0 
for 0<t<1, and by 
1 
(143%) - limi sup f | w(s, t)| ds <ò. 
t->+0 Bi 


Actually, this direct analogue of the theorem of Ostrowski is false; cf. the 
paragraph following (XI) and its Corollary. In the correct analogue, the 
true conditions are (14:)-(14:), where ; 
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(143) lim sup È s(1—s)| u(s, t) | ds <% 
t~>+0 


must replace (14,*), and the more general conditions (13,)-(13:) must 
replace the conditions that F,(s), F,(s), F3(s) are of bounded variation on 
the respective domains of integration in (12,), (122), (12s). 

The situation is as follows: If u(z,t) is a continuous solution of (1) 
on § and satisfies (14,)-(142) and (14,*), then u(x,t) has a representation 
of the form (9) in terms of (12,)-(125), where F(s), F,(s), F(s) are of 
bounded variation on the corresponding domains of integration. This will 
be clear from the proof of (X). However, the converse is false; that is, if 
u(a,t) is given by (9) in terms of (12,)-(123), where F,(s), Fe(s), Fs(s) 
are of bounded variation on the domains of integration in (12,)-(123), then 
(14,)-(143) hold, but (14,*) can fail to hold. As will be proved below in 
- the paragraph following the italicized assertion (XI) and its Corollary, an 
example to this effect is furnished by the function (10). 


(IX) Let F,(s), Fi(s), F(s) be functions defined on 0£s<1, 
0Zs<1, 0<s< 1, respectively, and satisfying (13:)-(18:). Then the 
sum (9) of the integrals (12,)-(123) represents a continuous solution of (1) 
on 8 and satisfies (14,)-(143). 


(X) Conversely, if u(x,t) is a continuous solution of (1) on S and 
satisfies (14,)-(143), then there exist functions F(s), F,(s), Fs(s) defined 
on0Zs<1,0£s<1,0<s< 1, respectively, satisfying (18:)-(13:), and 
u(x,t) is given by (9) in terms of the functions (121)-(12s). 


As in the case of harmonic functions, there is a uniqueness theorem 
corresponding to the existence theorems (VII)-(VIII), (IX)-(X). This 
uniqueness theorem will be deduced from inversion formulae. 


(XI) Let F;(s), where j = 1, 2, 8, satisfy the conditions of (IX) and 
let u(x,t) denote the sum (9) of the functions (12:)-(18:). Then, for 


0<t<1, 
t 


(154) lim | u(z,s)ds = F (t— 0) — F, (0), 
(152) lim $ u(z,s}ds = F(t — 0) — F,(0) 


æ—1+0 
ü 
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and, for Eye 


y 


(15s) lim j u(s,s)ds = 3{Fa(y + 0) + F:(y —0)} 


10 
| | — Fe + 0) + Fs(2—0)} 
(the integrals in (15:)-(15:) exist as Lebesgue integrals). 
These inversion formulae imply the following 


COROLLARY. If u(x,t) is a continuous solution of (1) on S satisfying 
(14,)-(14,), then, in its representation (9) in terms of (12:)-(12:), the 
functions Fi(s), F,(s), Fs(s) are uniquely determined, up to additive con- 
stants, on their continuity points of the open interval 0 < s < 1; also, the 
jumps F,(+ 0) — F,(0), F,(+ 0) — F,(0) are uniquely determined. 


It will now be shown that the function u == p(x, t) in (10) has a repre- 
sentation (9) in terms of (12,)-(12:), where Fi(s), Fe(s), F(s) are of 
bounded variation on 0 S s S 1, although (14;*) is false. The integral in 
(14) and/or (14) can be written as the integral of exp(—s?) from 
s = 42/4 to s =o if 4x/s is introduced as the new integration variable; so, 
that (14,)-(142) hold for 0 <t< 1. The corresponding integral in (14) 
is, up to a constant factor, 


1 


f s?(1— s) t? exp(— s?/4t) ds < f 81/2 exp (— s?/At) ds. 


0 0 


If $s/é is introduced as a new integration variable, the last integral becomes 
the integral of 4s? exp(—s?) from s= 0 to s = $t?, which is majorized by 


4 f sexp(—s’)ds<w; 
0 


so that (14,) holds. Consequently, (X) implies that (10) has a repre- 
sentation on § of the form (9) in terms of (12:)-(12:), where F(s), Fz(s), 
F;(s) satisfy (13,)-(18,). But the inversion formula (15:) shows that 
F;(s) ==const.; in fact, the integral in (15,) is a constant multiple of 


Yy 


f st? exp (— s?/4t) ds = Rit{exp (— x°/4t) — exp (— y?/4t)}, 


g 


which tends to 0, as t—> 0, for 0 << y. Thus, not only do the functions 
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F,(s), F(s), Fs(s) satisfy (13,)-(13;) but they are of bounded variation, 
on0=s=1,as well. Nevertheless, (14:*) fails to hold, since, to a constant 
factor, the integral in (14,*) is 
ı 
f st-*/? exp (—s®/4t) ds — HL — exp (—1/4#)} 


u 


and therefore tends to ©, as t—> + 0. 

It may be mentioned that in the representation of the function (10) 
as the sum of (12:)-(12:), the functions F., Fə, Fs, up to additive constants, 
are given by 

F,(0) — 0, F(s) = 407? if s > 0; 
8 
F(s) =4r? f 173/2 exp(— 1/4r) dr; F(s) =0. 

, 0 

Still another theorem, analogous to one for harmonic functions, deals 
with the existence of one-dimensional boundary limits: 


(XII) Let F(s), Fe(s), F(s) satisfy the conditions of (IX) and let 
` u(æ, t) denote the sum (9) of the functions (12:)-(12:). Then, for j = 1, 2, 8, 
the limit (6;) exists at every s on 0 < s < 1 at which the derivative Fj (s) 
exists; in fact, for such an s-value, f;(s) = F7 (s). (In particular, the limits 
(6:1)-(6:) exist almost everywhere.) 


It may be remarked that if j —1, 2 or 8, then (12;) reduces to (8;) if 
and only if F;(s) is absolutely continuous. Consequently, a solution u(x, t) 
of (1) on & can possess limits (6,)-(63), which are bounded, without u(x, t) 
being bounded on $ and, therefore, without possessing a representation as the 
sum of integrals (8,)-(83). In fact, if w(x,t) is representable as the sum 
of integrals (12:)-(12:), then u(x,t) is bounded on S if and only if F,(s), 
F.(s), F(s) are absolutely continuous on the domains of integration and 
possess bounded derivatives almost everywhere. 

Before proving the assertions (V)-(XII), it will be convenient first to 
prove a part of (IX). 


‘First part of the proof of (IX). It is readily verified from the identity 
(16) 6(2,t) =a? I t exp(—(a + 2h)2/48), #50, 
== 00 


supplied by the linear transformation of the Ÿ.-function, that 


(17) (tt) >0 as t—> +0, | (0<a@< 2). 
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In fact, the series (16) and its derived series are uniformly convergent for 
0<m Sessa, <2 and 0<tSt, <~; while, on this z-range, each term 
tends uniformly to 0 as ¢>-+-0 (cf. the formulae following (53,) below). 
Hence, (17) holds uniformly on such an z-interval. Clearly, (17) implies 
that, if F,(s), F,(s) are of bounded variation on 0 Ss SS t, then the integrals 
in (12,), (122) exist, as Riemann-Stieltjes integrals, for every fixed (a, t) 
in 8. Furthermore, the remark concerning the uniformity of (17) shows 
that (12,), (122) are continuous functions on S. 

That (121) is a solution of (1) on 8 can be proved directly. However, 
in order to simplify matters in subsequent proofs, a somewhat indirect proof 
will be employed. Put 


t 


(18) | U (z, t) = f u(®,r)dr. l 
Since, formally, : 


t tor 
Sana ff 9.(&,7 —s)dF,(s)) dr, 
0 00 


the existence of the integral in (18) will be proved if it is shown that the. 
iterated integral 


t ¢ t t-e 
-ff ek f f B.(2, 7) dr AP, (8) 
0 8 0 0 


converges absolutely. To this end, since F,(s) is of bounded variation on 
0Ss St, it can be supposed that F,(s) is non-decreasing (otherwise F,(s) 
is written as the difference of two non-decreasing functions, and each of the 
corresponding integrals is treated separately). Also, since ; 


(19) —6,(#,t) > 0 for 0 < x < 1 and 0 <ta 


(cf., e. g., [8], p. 410), the last iterated integral can be treated without the 
insertion of absolute value signs. But (17) and an integration by parts 
show that the integral exists and is | 


(20) Ua, t) =— f 62(2.t—s) (Pı(s) — F, (0) )ds. 


| Thus, (18) can be written in the form (8,), where fı(s) = F, (8) — F (0) 
is Riemann integrable for O&S s&t <1 (for t fixed). Consequently, by 


11 
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standard theorems (cf., e.g., [1], p. 355), (18) is a continuous solution of 
(1) on 8. Hence, by (I), the function (18) is of class C” on 8. Since 
(12,) is continuous on S, the function u(x, t) —@U,(x,t)/8t is a con- 
tinuous solution of (1) on $. 


Similarly, 


i t 


(21) Dal, t) = f ua, r}dr 


0 
4 


exists as a Lebesgue integral. Furthermore, 


(22) HAE f 6,(z —1, t— 8) (Fa(s) — F:(0) )ds 


is of class C” and a solution of (1) on S. Hence, the function (12:), which 
is 0U/0t, is a continuous solution of (1) on 8. 

In order to see that (12,) exists and is a continuous solution of (1) 
on S, note that (7) implies that 


(23) la — st) —80(x+s,t)} —2 S exp (— kn?) sin kre sin krs. 
. k=1 . 


Hence, for a fixed (x,t) in S, this function vanishes as s (or 1—s) at s— 0 
(or s==1). - Consequently, if F(s) is defined on 0 < s < 1 and satisfies 
(133), the integral in (12:) converges absolutely as an improper Riemann- 
Stieltjes integral. In fact, since (13,) implies that 


1 
(24) f | sin krs | | dF'3(s)| exists and is O(k), as ko, 
© 


the series (23) can be integrated term-by-term. Clearly, 


1 
(25) ua (2, t) = 2 X exp(— %’r2t) sin kre f sin ns dR, (s) 
kel 


Q 


is defined and continuous on S. Since exp(— k?xr*t) sin kre, where k= 1, 
2,: ++, is a solution of (1), and since (25) can be differentiated (repeatedly) 
term-by-term at any point (x,t) of S, it follows that (25), that is, (123), 
is a continuous solution of (1) on 8. 

In order to complete the proof of (IX), it remains to verify that the 
sum (9) of (12:)-(12,) satisfies (14:)-(14:). This will be done below with 
the aid of Lemma 1. 


| 
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Proof of (VII). In view of the portion of (IX) just proved, it only 
remains to verify, that the function (12;) is non-negative when dif; = 0. 
For j= 1, this is clear from (19). Since, for a fixed ¢, the function 0.(«, t) 
is even and of period 2 in z, it is seen from (19) that 
(26) 6,(@—1,¢) >0 for O<a<land0<icoa. 

Hence (122) is non-negative. Finally, the kernel (28) of (12s) satisfies 
(27) O(a—s, t) —O0(2@+,t) > 0 for 0o<2z<1,0<s<1,t>0, 
by (19); so that (12,) is non-negative. 

In order to complete the proof of (IX), a lemma will first be established. 

Lemma 1. Let u(z,t) ‚be a non-negative, continuous solution of (1) 
on S. Then, if 0< x <1, the integrals occurring in (14,)-(14,) exist as 


Lebesgue integrals and, if 0 < t < 1, the integral in (143) exists as a Lebesgue 
integral. Furthermore, (14,)-(143) hold. 


Proof of Lemma 1. Let e, é + denote numbers satisfying 
(28) g>e>&>0andg>e>r>0. 


Since u(z,2) is a continuous solution of (1) on S, the function u = v(x, t) l 
== v(x, t,e ér) defined by ; 


(29) v(a, t) =u(s(1— e) +é, t(1— €)? +7) 


is a sclution of (1) on 8 and is uniformly continuous on the open set 8. 
Hence, by (II) and (IV), the function u == v(x,t) has a representation of 
the form (9) in terms of (8,)-(83), where the functions f;(s) = f;(s, œ é 7) ; 
j = 1,2,3, are given by 


(30,) fi(s) = u(é, s(1— e)? + 7); 

(802) fa(s) = u(l—e-+ s(1— e)? +7) 
and 

(303) fe(s) = u(s(1—e) + £é 7). 


Since w(4, t) is non-negative, the inequalities (19), (26) and (27) show that 
each of the corresponding terms of (9) is non-negative and, therefore, none 
of them exceeds their sum, v(z,t). Hence, if 0< 3 < t, 


t t-ö 
3) o(s t) =— f olm t— sfila J 62(x, t —s)f,(s) ds. 
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If (x, t) is an arbitrary point of R, there exists a constant O = C (x, t, 8) 
satisfying à 


(32) —6,(2,t—s) 2C>0 for 0SsSi—é. 


This can be deduced, for instance, from the Jacobi identity 


O(a, t) = m (1— 2?) (1 + 29°" cos ra + q2), 
nzi 


where g==exp(— #1”). This identity shows the existence of a constant, 
depending on 8, for which (x, t) = const. > 0 if 0<8<t& 1. Also, 
logarithmic differentiation of the Jacobi identity with respect to œ gives 


—9,(2,1)/0(&, 1) — 2m sin we À g= (1 4 2g cos ma + gem), 


Clearly, (31) follows from the last two formula lines in view of the definition 
of q. (A similar use of the Jacobi identity was made in [8], p. 410.) But 
(31) and (32) imply that 
tð 
C f fi(s)ds S v(x, t). 

; 0 

In view of the definitions (30,) of fı(s) and (29) of v(x, t), this inequality 
can be written as 


t—5 
0 f ug s(1—o)? +8 Suf) +&8:(1—e)’+r). 


If 8, e, é ave fixed, but r—0 (which is permissible in view of the second 
set of inequalities in (28)), it follows from Fatou’s lemma that 


t- 
of u(é,s(1—e)?)ds < u(a(1— e) + £ t(1 — 6)?), 


or, by a change of variables, 
L a 
O(1—.) f u(é,s)ds Su(2(i— ) LEE +IA— NN, 
0 
where ¢ now stands for (t — 8) (1 —e)?. 
Since 8 (> 0) are arbitrary, it is seen that the integral in (14,) and/or 
(142) exists. If d,e (> 0) are kept fixed, while &>0, the last formula 
line implies 
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t 
lim sup f (EEE (1— +) (ell —.), #4 8(1— 0) 9) 0 co, 


that is, that (14,) holds. In a similar manner, it can be shown that (14,) 
holds. 


The proof of the existence of the integral in (143) requires a slight 
modification of the procedure above. By the argument leading to (31), 


(33) v(0,t)=4 f Was — ole + s t) fo(s) ds. 


For a fixed ¢ > 0, the function 0 (x,t) is even, of period 2 in x, and strictly 
increasing for 0 < æ < 1 (cf. (19)). Hence to any à > 0, there corresponds 
a constant C == C(8} such that 


4{0(x-— 8, t) —b (e — s, t)} ZC > 0 fr $SsS1—. 
In addition, 
(34) 4{0(a — s, t) —0 (@ + s, t)}/s —>— ba (x,t) as s—>0 
and 
(35) 30 — st) —0(a—s,t)}/(1—s)—> 6.(4 + 1, t) as s— 1. 
Consequently, ' 

Hl — st) —6(a +s, t)} &C*s(1—s) for OSsS1 


for some positive constant C*, depending on the point (#,¢) of S. Thus, 
(33) shows that 


0* f s(1—s)fa(s)ds £ v(x, t). 


In view of the definitions, (304) of fs(s) and (29) of v(x, t), 
‚1 


o* f s(1—s)u(s(1 —e) +é r)ds S u(e(1— e) + & t(1— e)? +7). 


0 
Keeping e, r fixed, let &>0. Then, by Fatou’s lemma, 


1 


o f s(1—s)u((s(1—e),r)ds S u(a(1—e,t(1—e)? +7). 


9 
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A change of variables shows that, if e> 0 is sufficiently small, 


pi 
O*(1— «)? | s(1—s)u(s,7)ds = ulz(1—e),t(1—e)’+r). 
(i 
A repetition of the above arguments, with v replaced by 1 — x, leads to 
1 
(192 ( (1 —s)u(s, r)ds < u( (1 —2) (1—), (1 —6)? +7), 
4 

where C** is a positive constant depending on the point (1—z,t) of 8. 


These inequalities imply that the integral in (14) exists as a Lebesgue 
integral. By keeping e>.0 fixed and letting r— 0 in the last two formula 
lines, the upper limit relation (14) follows. This completes the proof of 
Lemma 1. 


Completion of the proof of (IX). It is sufficient to verify that each of 
the functions u = u;(x, t} given by (12;), where 7 = 1, 2,3, satisfies (14,)- 
(143). For, if (14:)-(14:) holds for two or more functions, it clearly holds 
for their sum. In (12,), it can be supposed that F,(s), a function of bounded 
variation in 0 Ss S&S < 1, is non-decreasing (for otherwise F,(s) is written 
as the difference of two non-decreasing functions, and each of the two 
corresponding functions (12,) is treated separately). But if F,(s) is non- - 
decreasing, then (VII), proved above, implies that (121) is non-negative. 
Then (14,)-(14,) follow from Lemma 1. In a similar manner, it is shown 
that u = u(x, t), given by (122), satisfies (14:)-(14:). 

If a function F,(s), defined on 0 < s < 1 and satisfying (13,), can be 
written as the difference of two non-decreasing functions each of which 
satisfies (13:), then it follows, in the same way as above, that u—u;(æ,t), 
given by (123), satisfies (14:)-(14:). Finally, it is clear that the usual 
device used for decomposing functions of bounded variation, 


8 8 
Pals) = far IS la (I-F 6), (O<s<t, 
3 2 

yields the desired decomposition. This completes the proof of (IX). 

Proof of (VIII). It will be shown that (VIII) follows from Lemma 1 
and from the assertions (X) and (XI), to be proved below. In.fäct, Lemma 1 
and (X) imply that, if u(x,t) is a non-negative, continuous solution of (1) 
.on, S, then there exist functions F,(s), Fe(s), Fs(s) satisfying (13,)-(13,) 
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and having the property that u(x,t) possesses a representation (9) in terms 
of (12,)-(12,). Finally,. the inversion formulae in (XI) and the non- 
negativity of u(x, t) imply that the functions F,(s), Fe(s), F(s) are non- 
decreasing. : 


Proof of (X). Let u(x, t) be a continuous solution of (1) on S satisfying 
(14:)-(14:). Let 0< «<4 and put 


(36) uf(a, t) = u(2(1—2c) +, t(1— 2e)? + 6). 


Then w(x,t) is uniformly continuous on S and represents a solution of (1) 
on 8. By (II) and (IV), the function u= ut (a, t) possesses a repre- 
sentation (9) in terms of functions (8:)-(8). The Riemann integrals (8,)- 
(83) can be written as Riemann-Stieltjes integrals (12,)-(12;). For the 
case at hand, the function F,(s) =Fı‘(s) is given by 


F\£(s) = const. + fue r(1— 2e)? + e)dr, 


or, for a suitable choice of the const., by 


8 (1-26) 246 

(37) Pye(s) = (1 — 2e)” f u(e, r) dr, (0<s<1). 
Similarly, ane 

8 (1-2e) 2+ 
(3%2) Rs) = (1—2)? f u(i—er)dr, (0<s<1) 

o 

and 
Pr 8 (1-2€) +€ 
(3%) Pe(s) = (1-2) J und, (0<s<1), 

3 
Hence 
(9°) ut (2, t) va usé (æ, t) + u (T, t) + us (x; t), 
where 

t 
Re) re f 6,(2, 1 —s)dF,¢(s), 
0 


(122°) Us’ (x,t) = f a(x —1,t—s)dF.*(s), 


o 
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(128) ws erst) 9a + s, t) JAP: (8). 


Clearly, the assumptions (14,)-(143) imply the existence of the functions 
(37:)-(87:). Also, (14,) implies that, for any ¢ on 0 < £< 1, the functions 
F,4(s) are uniformly bounded and of uniform bounded variation for 0 Ss St. 
Helly’s selection theorem implies therefore the existence of a function F(s), 
0& s <1, which is of bounded variation on every interval OS si < 1, 


and the existence of a sequence of positive numbers ¢,', «1, - - satisfying 
lim et = 0 and lim F,*(s) = F(s), - (e= gt), 
n> © n> 


where 0<s< 1. In addition, (17) and Helly’s term-by-term integration 
for Riemann-Stieltjes integrals imply that the function (12,°) where e= ent, 
tends to (12,) as n—>œ, for every (z,£) in S. 

The arguments applied to the family of functions #,€(s), where «= ent, 
also show the existence of a function F(s), of bounded variation on every 
interval Ost <1, and of a subsequence eı’,e?,' >> of the sequence 
e&t. e1," - >, having the property that (122°), where «—e,?, tends to (122) 

„as n~>oo, for every (x,t) in 8. 

Finally, by considering the family of functions Fa (s), where ¢ == «, 

it is seen that there exist a function F3(s), 0 < s < 1, of bounded variation 


on 83 s < 1 — ô for every small positive 5, and a subsequence «1°, «5, © + of 
the sequence «<°, es”, © - in such a way that 
lim F(s) = F(s) ' (e = er?) 
n> © 


holds on 0< s< 1. Furthermore, (14) implies that 


1 1 
lim sup fsa—s| dF 3£(s)| <0, hence f s(1—s)| dP’s(s)| Ko. 
€0 s f 

Hence, if G(s) and G(s) are defined by dG@*(s) =s(1—s)dFs(s) and 
dG (s) =s(1—s)dF;(s), respectively, these functions are of uniformly 
bounded variation. If the kernel in the integral in (12°) is divided by 
s(1—s), the relations (34) and (35) and an application of Helly’s term- 
by-term integration theorem show that (12°) tends to (12) as n—>c 
(where e = en). 

Consequently, if e = eè in (9°) and nc, the right side of (9°) tends 
to (9), where uw, we, us are given by (121), (122), (12,), respectively. On 
the other hand, the left side of (9°) tends to u(x,t) as e—> 0, by virtue of 
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(36) and the continuity of u(x,t) on 9. This completes the proof of the 
representation (9) for the given function w(x, t) in terms of integrals of the 
form (12,)-(123). 

For the proof of (XI) and (XII), it will be convenient to have the 
following localization theorem: 


Lemma 2. Let F,(s) be defined on 0 < s < 1, be of bounded variation 
on every closed interval of 0< s< 1, and such as to satisfy (183). Let 
0O<S<l1andO<S<z<1—86 Then 


ô 
(38) img f Was, —4(0-+5, 4) }dF,(s) —0 
and £ 
(39) lim} (a — s, t) — 0 (£ + s, t) }dFs (s) —0, 
i-ô 


and both of these limit relations are uniform with respect to x and 8 if 
0 < const. = xr — ô and 1—«—8= const. > 0. 


Proof of Lemma 2. If s > 0, the mean-value theorem of differential _ 
calculus gives 


HO(e— s, t) — O (2 + s, t)}/s = — O(a + £s, t), 


where | é| < 1 and é= ¿(x, s, t). Since (17) holds uniformly on any interval 
0 < to St ZE T, < 2, it follows that, if e> 0 is given, 


4| 0(t—s,t) — (a+ s, t)|/s <« 
holds for 0< s S8 and for sufficiently small £ > 0. But then the integral 


ô 
in (38) is majorized by e f s | dF,(s)| for small £ > 0. In view of (183), 


0 
this proves (38). The relation (39) is proved in the same way; cf. (35). 


The last part of Lemma 2, concerning the uniformity of (38) and (39), 
is clear from the above proof. 


Lemma 3. Let F,(s) be defined on 0 < s< 1, be of bounded variation 
on every closed interval on 0 < s < 1, and such as to satisfy (13:). Then 
the series 


1 
(40) 23 (kr)? sin bre S sin krs dF, (8) = G(2) 
k=1 2 - 


6 
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is uniformly convergent for 0 S21; in particular 


(41) lim G(x) = 0 and lim G(x) — 0. 
£38 gol 
Proof. First, it will be shown that (13,) implies 
à 1-$s 
(42) sf | dF,(r)| > 0 and sf | dFi(r)| = 0, (s— 0), 
8 x 
and 


(43) ff rat à co and [rare as ceo 
o 8 3 à ' 


Let e > 0 be given and let è = ô: > 0 be chosen so small that 
ê ö ö 
e> f r| dF3(r)| = f r | dF,(r)| =s | | dFi(r)|. 
9 8 8 


3 
Since, if 8 > 0 fixed, sf] dF,(r)|—0 as s—>0, the first part of (42) 
3 


follows, e > 0 being arbitrary. The second part of (42) is proved in the 
same way. 
By Fubini’s theorem on iterated integrals, the integrals in (43) are 


3 


[Siam (1 ana f (1—s)| an), 
3 


0 


respectively, and are finite by (13:). 
Let G(x) denote, for a moment, the function defined on 0 & g < } by 


(44) G(2) — f f AP (r)ds + ax 

and on 4 <T% 1 by a 

(44s) ls dF, (r)ds+ as + B. 
| z 4 


In view of (43), these definitions are meaningful. If fhe constants « and 8 
are chosen to be 


a3 
a——p—f | aF,(r)ds—{ f aP.(r)as, 
à 3 oo s 
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it is seen that G(4— 0) — G($ + 0) ; so that G(x) can be defined at s = 4 
so as to be continuous there. The above choice of «œ, 8 assures that 


(45) G(0) = G(1) —0. 


The relations (43) show that G(s) is absolutely continuous for OS sS 1 
and that 


3 a 
(46) G’ (x) is f dF 3(r) + a or = dP,(r)+« 
æ 3 ` 


according as O<z<S4or43S2<1. The k-th Fourier sine coefficient of 
G(s) on 0 <æ<1 is, by (45), 


m m 
2 | G(a) sin kr de —2 (kr) f P(e) cos knw da, 
o o 

the last integral existing in virtue of (43). Since (42) implies that 
G’ (x) sin kræ—> 0 as s—> -+0 or v— 1—0, another integration by parts 
and (46) show that the expression on the right in the last formula line is 


1 
2(kn)” | sin krs dPs (2). 
0 
Hence the series in (40) is the Fourier sine series for G(x). Since G(x) 
is of bounded variation, continuous on 0 S g 1, and vanishes at x == 0 and 
æ= 1, the uniform convergence of the series (40) follows. This proves 
Lemma 3. | 


Proof of (XI). Let u(x,t) be a continuous solution of (1) on 8, repre- 
sentable in the form (9) in terms of functions (12:)-(12:). It will first be 
shown that, for 0 <t <1, 


t 
(47) lim f ty (a, s)ds = F,(t —0) —F,(0). 


In the proof of (47,), use will be made of (18) and (20), as follows: The 
function U,(2,¢) has a representation of the form (9) in terms of functions 
of the form (8:)-(8:), where fı(s), fe(s), fs(s) are Fi(s) —F(0), 0,0, 
respectively. Hence, by standard theorems (cf. [1], p. 355), (471) holds 
almost everywhere. Actually, the limit in (6,) exists and is fı(s—0) for 
every point s at which fı(s) is continuous from the left (cf. [1], p. 355). 
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(This can be deduced from the standard treatment of Lebesgue for “ singular 
‘integrals ”; cf. the proof of (XII). Incidentally, (47,) follows from (XII) 
itself.) Hence, (47,) holds for every ton 0 <t<1. 

These arguments also show that 


t 


(4%) lim { 1 (a,s)ds—=0, (0<t<1). 


>10 


The limit relation 


t 
(473) tim f au(x, s)ds = 0, (0<#< 1), 
£40 
0 


is a consequence of the existence of the integral (47,) as a Lebesgue integral. 
In the same way as (18), (20) lead to (471) and (472), it is seen that 
(21), (22) lead to 


t 


(48:) lim f Ug (2, s) ds = 0, (0<#<1), 
æ—>+0 * 
and . 
H 
(482) dim f % (a, 8) ds = F,(t—0) —F,(0) (<t<1). 
0 
In addition, the proof of (473) shows that 
t 
(483) lim f u(x, s) ds = 0, (0<æ<1). 
0 
Finally, it will be shown that 
t ; 
(49,) lim | us (x, s) ds = 0, (0<t<1) 
‚and i 
t 
(492) lim Ug (x, s) ds = 0, (0<t<1) 
0 


and that, for O0<r<y <i, 
# 


(49) lim f us(s,t)ds— HFs(y + 0) + Fey —0)} 


E EDENA 


g 
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I£ 0<e<t, it is clear from (25) that 
: 
Í tls (2, s)ds =? À (r) {exp (— Baie) 
€ ı 
— exp (— K’r?t)} sin krs f sin krs dFa(s). 
0 

Since the integral in (49,) and/or (492) exists, the convergence of (40) and 
the regularity of Abel’s summation method show that the last equation becomes 


t T 


Í us (x, s) ds = 2 S (kr) {1 — exp ( (— k?r*t) }sin bre f sin krsdF,(s), 
Q 0 

as e—>—+0. (Strictly speaking, e—> + 0 is not Abel’s summation method; 

however, if 0 terms are inserted to take care of terms exp(— kr?e), for k 

not a square, Abel’s theorem becomes applicable.) For a fixed ¢ > 0, the 

last series is uniformly convergent for 0 Ss S1. Hence (49,), (492) follow. 
In order to prove (493), let à be so chosen that 0 < 8 < x < y< 1— ò. 

Then the uniformity statement concerning (38), (39) in Lemma 2 implies 

that the expression on the left of (49,) is the limit of 

1-5 


Sa f 06-9 —06+7,1))aPs(r)as 
a ô 


as t > + 0, provided that this limit exists. For a fixed ¢ > 0, the expression 


in the last formula line is 
=) 


1 

(50) 23 (kr) exp (— hat) {cos kry — cos kre} f sin krs dP’;(s). 

=l 
: ö 
Consider a function of bounded variation H (s) defined on 0<s<s1 by 
letting dH(s) be 0, dF(s) or 0 according as OSs <8, 8<s <1-—8 or: 
1—5<s=1. If the Fourier-Stieltjes sine series of H(s), on 0Æe<1, 
is integrated from s= v to s= y, the result is (50), when ¿= 0. Conse- 
quently, when ¢ = 0, the series (50) is convergent and its sum is the expression 
on the right of (49:), since 0 < 8 < x < y <1—6. Finally, (49,) follows, 
since 2>-+-0 in (50) is a regular summation process; cf. the remarks in 
the proof of (49,)-(49,). ; 

The inversion formulae (151), (152), (153) are consequences of (9) and 
(471)~(473), (48:)-(483), (49:)-(49:), respectively. This completes the 
proof of (XI). 

The proof of (XII) will depend on Lemma 2 and a standard lemma of 
the Lebesgue-Toeplitz type; ef. [4]. 
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Lemma 4 For a fived r on 0 <7 Sl, let Y(o,r) be a continuous func- 
tion of bounded variation on the interval |o| Slo, and possess the 
following properties: 


(i) lim y(o,r) = 0 for every fixed o on 0 < |c | SJ; 
T>+0 


(ii) lim f | dey(o,r)| = 0 for every fixed 8 on 0 < 8 < l; 
Ts 
(ii) lim sup | lo | | doÿ(o,r)| <% for some q> 0; 
T>+0 lola 
(iv) lim f odow(o,7) = —1 for every fixed 8 on0<8<7. 
7-40 
lol <6 


Let F(x) be defined and bounded for |æ| <1 and of bounded variation on 
every closed interval on |x| <1. Then 


B 
(51) La r) = f ¥(w—o,7)dP(o), 


where a = max(— l, s —1l) and B= min(l, s +1), exists and, for every x 
on |s| <t at which F(x) is differentiable, satisfies 


(52) lim Z(x,r) = F (x). 


Proof of Lemma 4. The dF (e) in (51) can be replaced by d{F(o) — F(x)} 
for any fixed x. Let @—o be introduced as a new integration variable in 
(51). Property (i) and an application of integration by parts to (51) show 
that I(x, t) ‘exists and that 


I(2,1) = | {Pa 0) —F(a)}d(o,r) + 0(1) 
a-B 
ast—>+0. If |2| <1, then, for some 8, where 0 < è< xq, 


Kan) —— f (F(a) —F(e—«) }doy(o, 1) + 0(1) 
lol <s 
as r— -+ 0, by virtue of property (ii) and the boundedness of F(o). If 
E(x) exists, property (iv) implies that 


I(r, 7) — F (a) = f {F (2) — (F (<) —F(z—0))/o}odoÿ(o, 7) + 0(1) 
lol <ô 


as r—>—+0. Finally, if 8— & is chosen so small that 
| P (£) — (F(2) — F(z—0o))/0 | <e for |o] <8, 
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it is seen that 


lim sup | I (z, r) — F (x) | Selim sup f lo | | doÿ(o,r)|. 
| T>+0 T—>+0 [el <ô 
Since e > 0 is arbitrary, property (iii) implies the assertion (52) of Lemma 4. 


Proof of (XII). Let u(x,t) be representable in the form (9), in terms 
of functions (12,)-(12,). It will first be shown that if 0<s <1, and if 
Fy (s) exists, then | , 

(53) lim u, (x, s) = Fr (s). 
g—>+0 


The identity (16) shows that 
— (2, t) = (x,t) + irole, t), t> 0), 


where p(æx,t) is the source function (10) and 


0(2,1) = Zt (x + 2k)exp(—(a + 2k)2/4t 
Tee + (w— 2k) exp (—(e — 2h)2/4#)}. 
Since this series is uniformly convergent for OS ¢@Sa,<2®and0<isl 
and since each term is 0 for z = 0, 
o(x,t) +0, as &— 0, uniformly for 0 (#1. 
Hence, (12,) shows that (53,) reduces to 


t 


lim | $(a,t—s)dF,(s) —Fy'(s), 


2->+0 


provided that this last relation is valid. To insure its validity, it is sufficient 
to show that the function Y(o,r) defined by 
| var) = gr 0) (O<r£<10<5£1) 


and w(0,7) —0, possesses properties (i)-(iv), Lemma 4 (In this case, 
ÿ(o,r) is defined, not for |o | SI but for 0So=1. This is irrelevant; 
in fact, y (o,r) can be defined to be 0 for negative o.) 
Property (i) is equivalent to lim #(z, t) = 0 for 0 < ¢1, which holds, 
&->+0 


by (10). Property (ii) is equivalent to 


1 
lim f | $:(2, s)| ds =0 for 0 < 8 < 1. 
æ->+0 
5 


Since 2r#¢:(a, t) = — 301? (8 — $02/t)exp(— a?/4t), property (ii) holds. 
Property (iii) .is equivalent to 
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LA 
dim sup Í s| $e(s,2)| ds <% for some q > 0. 
“a0 
o 


Since d(td(z,1))/dt = (x,t) + t(x, t), a pair of sufficient conditions for 
(iii) is 


(54) lim sup Í | dssb(a, s)| <% 
z>+0 
and ° 
(55) lim sup f | p(x, s)| ds <a. 
æ—>+0 L 
0 


However, by (10), the function 2!@(t¢(2,t))/édt, being identical with 
zat (fa? — t)exp(— x?/4t), vanishes only for é— 4x. Hence, by (10), 
the integral in (54) is 2(2r)4exp((—4) for all æ; so that (54) holds. 
The integral in (55) is a constant multiple of 

f a5? exp (— 2? /4s) ds = 4 f exp(— $°) ds (das? s). 

0 0 | 
Hence, (iii) is satisfied. Finally, the integral in (iv) is 

è è 
f shi (a, s)ds = dh (x, 8) — f p(z, 8) ds. 
0 


0 


But 84(a, 8) — 0, for 8 > 0 fixed, and 


ö co 
f $(2, s) ds = 2x4 f exp(— s”) ds, (y = 328%). 
o Y E 
Since y — 0 as æ— 0 for 8 > 0 fixed, (iv) is satisfied. This completes the 
proof of (53,) for any s on 0 < s < 1 at which Fy’ (s) exists. 
Next, it will be shown that 


(532) lim ua (z, s) = 0, (0<s<1). 


æ—>+0 
This is quite on the surface, since 8,(x, t) — 0, as > 1, holds uniformly 
for 0 < Ł& 1, as can be seen from (16), by writing 
— 2720,(2,1) = S t (w + 2k) exp(—(a + 2%)2/At) 
k=1 
+ (z — 2k — 2)exp (— (2 — 2k — 2)?/4t)} 


(the latter series is uniformly convergent for 0 < tS 1 and for + on any 
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closed interval not containing an even integer, while each term is 0 for æ = 1). 
Hence, (532) follows from (122). Also 


(533) lim u, (z, s) = 0 (0<s<1). 


This follows from (25), in view of the uniform convergence with respect to 
æ (for t > 0 fixed). 

The relations (53,), (582), (53:) imply the statement of (XII) con- 
cerning (6,). Since 9(z,t) is even, of period 2 in x (for t > 0 fixed), the 
statement concerning (62) follows from that concerning (6.). 

In order to prove the assertion of (XII) involving (63), it will be shown 


that 

(561) lim u, (x, t) = 0, (0< r< 1); 
t>+0 

(562) lim u: (a, t) = 0, | (0< æ < 1); 


1—+0 


and that if 0 < x < 1 and if the derivative Fy’ (x) exists, then 
(563) lim u, (2, t) = F3 (x). 
t>+0 


The formula (12,) can be written as 


nat) =— f B(x,s)dF(t —s). 


But (17) implies, for 0 < x < 1, 
t ` 
u (2, t) =0(1) f la, (10). 
x 0 


Consequently, (56,) follows from (13,). Similarly, (562) follows from (17) 
and (132). Thus, only (56) remains to be proved. 
LetO<a<land0<8&<2x<1—s. Then Lemma 2 and (25) show 
that, in the proof of (56,), it can be supposed that dF,(s) = 0 for 0 < s < 8 
and 1—8<s< 1; or, more generally, that not only is (13) satisfied, but 
that F(s) is defined and of bounded variation 0=ÆsÆ<1 (and also that 
F:(0) = F;(1)). Then, if the identity (16) is used, (12,) becomes 


Er) + S { Í exp(—(x—s+ 2k)?/4t) dP, (8) 
k=- © 


= f exp(— (2 + s + 2#)2/4t)dF, (s)}. 


If F(s) is defined for —œ < s <œ by the periodicity condition F(s +1) 


12 
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== F(s), an obvious change of variables in each of the integrals in the last 
series shows that 


us (x,t) = (tr) f exp (—(a— s)?/4t)}dF; (8). 


Hence, (563) will follow from Lemma 4 if it is shown that the function 
y (o, r) = 4 (rr) exp (— o?/4r) 
has the properties (i)-(iv), with 7 =o. 
Condition (i) is implied by y(+co,r) =0 and 
Um T? exp(—o?/4r) — 0, eo. 


For a fixed r > 0, the function ¥(o,7) is a monotone function of o on each 
of the half-lines —œ < e & — ê, §Soa<o and satisfies y(0,7) = 0. 
Hence, (ii) is a consequence of (i). As in the case treated above (in con- 
nection with (54) and (55)), a pair of sufficient conditions for (iii) is 

+0 


(57) lim sup | 7? | doo exp(—o*/4r)| <% 


and 
lim sup f 7? exp(— o°/4r)do <w. 
1>+0 


However, (rto exp (— 0? /4r) /do = r? (1 — 30°? /r)exp(—0o?/4r) vanishes 
only for o? = 2r. Hence, the integral in (57) is 2%°exp(—}) for all r; 
so that (57) holds. The change of variables o/2t!->o shows that the 
integral in the last formula line is the integral of 2exp(— 0”) over 
— <<. Thus, condition (iii) is satisfied. Finally, the integral in 
(iv) is 
+5 
(rm) "48 exp (— 8?/Ar) — f (rm)? exp (— o?/4r) do. 
eg 
For $ > 0 fixed, the first term is o(1) as r->-+0; while the change of 
integration variables o/2r! — o shows that the integral is 
wt f exp(— 0”) do + 0(1) =1-+ 0(1) 

as r—>—+0. Thus, (iv) holds. 

Consequently, (56,) follows from Lemma 4. This completes the proof 
of (XII). 
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Proof of (V). The existence of the integrals (8,)-(8:) as Lebesgue 
integrals follows from the first part of the proof of (IX); cf. the remarks 
following the italicized assertion (X). That the sum (9) of (8,)-(8s) is a 
continuous solution of (1) on S is a consequence of (IX). Since (9) is a 
weighted average of the bounded functions (fı, fe, fs) with non-negative 
weights and total weight one (cf. the maximum principle used near the end 
of the proof of (IV)), it follows that (9) is bounded on 8. Finally, (6,)- 
(6s) holds almost everywhere by virtue of (XII). This proves (V). 


Proof of (VI). It follows from the assertion (X) that, if u(x,t) is a 
continuous solution of (1) on S and is bounded on S, then u has a repre- 
sentation as a sum (9) of integrals (12:)-(12:), where F,, Fo, F; satisfy 
(13:)-(18:), respectively. On the other hand, an examination of the proof 
of (X) shows that the assumption that u is bounded implies that Fi, Fo, Fs 
are absolutely continuous with bounded derivatives. Consequently, u has a 
representation as a sum (9) of integrals (8,)-(83), where fi, fe, fs are bounded 
measurable functions. That u satisfies (6,)-(63) almost everywhere follows 
from (V). This completes the proof of (VI). 
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ON THE DISTRIBUTIONS OF THE ZEROS OF FUNCTIONS 
BELONGING TO CERTAIN QUASI-ANALYTIC CLASSES.* + 


By I. I. HIRSCHMAN, JR. 


1. Introduction. Let f(t) be an infinitely differentiable function 
defined for —o < t <œ, and let M, be a given sequence of positive constants. 
We shall write f(t) e C{M,, k} whenever 


(3) [FO GIE AkrM, —o<t<oo, 
for all n and for a suitable constant A which may depend on f(t). 

Let f(t)eC{n!,k}. Then f(t) is the restriction to. the real axis of a 
function which is analytic in a symmetric strip about the real axis of half 
width 1/k and is bounded in every smaller symmetric strip. Let Z(w) be the 


number of zeros of f(t) counted according to their multiplicities in the closed 
interval —u<t=<u. It is known that if f5£0 then 


(2) lim sup (2/rt) log Z(t) Sk. 
t-> o 


On the other hand if a distribution of zeros is given for which the limit 
superior in equation (2) is less than % then there exists a function 
f(t) eC{n!,k} which has precisely these zeros. See [1; vol. II, p. 111]. 

It is our purpose to extend such theorems to functions belonging to 
certain quasi-analytic classes. A typical example of our results is that if 
f(t) e C{nl(log [n + e])”,%} and if Z(u) counts the zeros of f(t) as abov 
then a 


(3) lim sup (2/rt) log log Z (t) Sk. 
g t>% 


On the other hand if a distribution of zeros is given for which the limit 
superior in equation (3) is less than k, then there exists a function 
f(t) © C{n!(log [n + e])”, k} with precisely these zeros. 

An essential step in our procedure is a theorem which we may illustrate 
by the following particular case. 

Let f(t) e C{n!(log [n + e])",%k}. If for an infinite sequence of intervals 


| t — tn | S e exp[— rk'ta/2], lim h == Lo, 


* Received June 20, 1949. 
1 Research supported in part by the Office of Naval Research. 
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we have 
| f(t) | expl— exp exp(r#t,/2)], 
and if k’ >k then f(t) ==0. A less precise result was demonstrated in [4] 
where it was shown that f==0 follows from the assumption 
| F(E) | S exp[— exp exp (wh’t/2) ] k >k 
for all large positive 4. The methods of [4] are however applicable to more 


general quasi-analytic classes than those treated here. 


2%. Auxiliary functions and preliminary results. Let M, be a set of 
positive constants such that limn->c M,” =œ. We set, as is customary, 


(1) T(v) = Max v"/M, OSv<m. 
> 
We note that < 
(2) Max v*/T (v) S M, n= 0,1, 
20 


See [6]. Given v = 0 we define nr(v) to be the largest integer n for which 
v"/Ma=T(v). We set 


(8) H(v) = (2/r) f og 7 (4) tat. 

Jı 
It is well known, see [6] , that the class O{M„} consisting of all functions 
f(t) such that for some k, f(t) eC{M,; k}, is quasi-analytic if and only if 


H(v) 0 asv—>w. Thus when C{M,} is quasi-analytic the function $(v) 
which is inverse to H(v) is well defined for 0 Sv <0, and 


Hl) 
(4) ei f log T(i)t2at. 
1 
We shall need the following results. 
Lemma 2a. Let Ma=n![v(n)]" where v(0) > 0, and v(n) is non- 
decreasing. If fı(t), falt) © C{M,,h} then fi(t) - fo(t) e C{Mn, k} for k >h. 
We have | 
| A (t)| S AM, —o<t<o;i—1l,%;n—0,1," ::. 
Using Leibnitz’s rule we find that 
OPIO = È OAD (fa (8). 
Lo . : . La 
IR CRGIM]SE Aid: 2 Chg [u(i hr (n — 7) ln — 5) 14 
= Ad: > ni [v (2) ]i[v(n) ] hr, S A,As(n + 1)hen![v(n) ]". 
3=0 


Our lemma immediately follows. 
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By f(x) —g(z) and f(x) S~g(x) we mean respectively that 
lim f(æ)/g(x) =1 and that lim sup f(æ)/g(x) =1. 


Lemma 2b. Let M„=n![v(n)]” where v(x) is continuously difer- 
entiable for OSa< œ. If v(0) —1, (x) 20, w(x) /v(e)=o(1) as 
a—>0o then 


A. H(ax) — H(x) a > 0,T—>00. 
B. H(z) S~ H(z) + H(z) Ti, To > 00. 
C. 0H(2) <~ H(2) E EAREN 
D. log (Ar) 2 ~A log $(2) A> Leon. 


By definition 
log T (u) = Max [rn logu— log T(n + 1) —nlogv(n)]. 


n=0,1,.., 
Treating n as a continuous variable and noting that log T(n +1) ~ (n+ 4) 
logn—n; (d/dn) log T(n) =logn + 0(1), we have 
(d/dn) [n log u— log T'(n + 1) — nlog v(n)] 
= log u— log n — log v(n) — m/’(n)/v(n) + 0(1). 


This implies that nn(u)v[nr(u)] ~u, log T(u) ~ nr(u), and, combining 
these, that log T(u) —u/v[nr(u)]. Noting that v and nr are both non- 
decreasing functions, it is apparent that there exists a continuous non- 
decreasing function y(u), for which we may. take ¥(0) > 0, such that 
Log T (u) ~ u/y(u). 

We may now demonstrate conclusion B. The other results may be dealt 
with in a similar manner. We have 


H(zı272) ~ (2/7) OR Ti, To > D 
~ (2/2) f “up (u) au + (87) f Tip du. 
Making the change of variable vv = u in the second integral we have 
Ta) ~ T T TL (2/r i£ rv) idv, 
He) ~ (2/7) S ToT + (2/0) f Tooga 
or, since y(u) is non-decreasing, 


Haas) S~ (8/7) f brdu (2/0) f Toa 


S~ H (2) + H(z). 
as desired. 
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We leave to the reader to verity that under the slightly stronger assump- 
tion gy (z)/v(z) — 0 (log)? we have log T(u) — u/v(u). 
Let us agree to write exp, x and log, x for 


exp exp: + -expa and loglog- - -logz, 
respectively. For m a positive integer we define 


N,™ = nt, OS n < exp» 1; N,™ = n![log » log: n; + - logy n]*, 
n = EXPm i. 


The class C{N,%} is called the m-th logarithmic class. It is easily seen 
from the above remark that for C{N,("} we have 


log T(v) ~ vf/log v log: v> + + logm v; H(v) ~ (2/1) loginas v; 


lognu (v) ~ (w/2)v. 
See also [4]. 


Definition 2c. A quasi-analytic class C{M,} will be said to be regular 
if M, = nly(n)" where v(x) satisfies the assumptions of Lemma 2b. | 

We shall make fundamental use of the following theorem due to Gorny 
[3] and Cartan [2]. 


THEOREM 2d. If 
1. | Fm(d)|<SP, ; |t— | S1/A;n=—0,1,---, 
2. P-Zr!PAr, 


then i 
| Fu) (#)| < 2ekP trip, kr OSkSr. 


3. Functions which are small on a sequence of intervals. 


THEOREM 3a. Let C{M,} be a regular class and let H and § be defined 
as in Section 2. If f(t) eC{M,;k}, if for any sequence of pairs {t», Ta}, 
Oc<th<ct <<: ++, im tr =o, 0ST, St, we have in each of the intervals 
[t—T,|S1/boG (Wt) ] the inequality | 7(t)| < O(1)expl —G (ta) ], 
and if k’ > k, then f(t) ==0. 


We note that it is no restriction to assume that f(t) = 0, for by Lemma 
2a the function f,(¢) = f(t)? also belongs to O{M„;kı} for any kı > k, and 
fi: =0 entails f = 0. ; 

Next it is no restriction to suppose that À = 1, k = 1, & > 1, O(1) =1, 
since we could consider instead of f(t) the function Bf(tb) for suitable 
constants B and b. 
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Let us choose constants yn, 0 = < 1, such that ta = [kta] + an is an 
integer. We apply the theorem of Gorny and Cartan to f(t) with 
om PT; rl] Er); 
Po = exp[— (ktn) ] Sexp[—m-+1];  Pr= ra![v(ra)]™. 


It is immediately verifiable that P,27!P,A7, so that the assumption of 
Theorem 2d is satisfied. We have 


| f (Ln) | < Geke Tr, lv (rn) Je} ra = beretta (Tn) ]%, 
0Z<k<E Try 


Let us define ¢,(w) = f “ett (Ly — t)dt, w =u + iw. Fore >0 we 

0 
have | de + iv)| S Mo/s, OSV Ko. ` We assert that given 6, 0<80<1, 
the inequality | gu(e + wv)|S2/eT(v), 1SvSrP, will hold for all n 


sufficiently large. We integrate the formula defining #,(w) by parts r times 
to obtain 


galu) = CE LE To] + rar fen dl. 
%=0 o 
This implies that 
| gale + io) S LE | FO (T) 0] + Moe 


It is clearly sufficient to prove that 


IA 


ng(v)-1 
> fO (T,)| oF S 1/eT (v) 1Svs7,, 
k=0 


where nr(v) is defined as in Section 2. Now 1/T(v) Ze, nr(v) Sv +1, 
so that remembering that v = 1, T(v) ef, it is enough to show that 


= Eee (tav(7n) |* SS et /e 
0=<k<rn 


for n sufficiently large. Since v(x) = O (zê) for any 8 > 0 this is obvious. 
By the principle of harmonic majoration we now have, for n sufficiently 
large, 


log | enl + e)| = (2/7) { IRC (Mo/e) [1 + Tdi 
+ [og — ig Ft + Tat 


+ f gaio D + ea, <— Ar + 6, 
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where C is a constant independent of n. Using Lemma 2b, and remembering 
that 6 < 1 is arbitrary we see that 


(1) log | dxn(1 + €) | S ~ — Ki n>. 


Now a(1 + €) = Í otf (Ta — t) dé = e0 Ta Í. ei u)du. Since 


150, bte) eût f e*f(—u)du. Thus 
0 7 


(2) log ġa I + €) 2B~— (1+ e)tr Nd OO, 


if fs40. Equations (1) and (2) are in contradiction if e is sufficiently small 
and this implies that f(t) =, which is what we wished to prove. 


THEOREM 3b. Let e O0< el, be given; then Theorem 3a remains 
valid if the inequalities hold in the intervals |t--T,|S e{kr[$(kt)1}* 
instead of in the intervals | t — Tn | S {kv SH (ktn) ]}*. 

We shall merely sketch the modifications necessary to prove this slightly 
more general result. Let 8, == 2¢/kvy[G(kt,)], and let N be an integer so 


large that (2N-+-1)e21. We consider instead of the function f(u) the 
sequence. of functions 


Fra) = [F (u) f (u + Bn) Fu — bn) f (u + 28x) + >» fu + Nda) f(u — N8) J. 
If k, is any constant k < k, < k’, then by Lemma 2a, we can choose À; 
independently of n so that 

[[f*n(w)]™| S Aik” Um, —_n<u<o;m=0,1'. 


Further |f%(u)| S O(t)espf— $(#4)] for [u—T,| <1/h{[$(#t)]. 
As before we may suppose k, = 1, etc. We define 


d(w) = [ess cr, — u)du. 


Our assumptions lead, by the arguments used previously, to the relation 


lim f Fe, (— wu) du == 0, 


n> 


which is impossible unless f(u) == 0. 

If we apply Theorem 3b, with « = 1 and Ta = tn, to the first logarithmic 
class, then we obtain the theorem quoted in the introduction. If we apply 
Theorem 3b to the analytic class and then make an exponential change of 
variable, we obtain the following result. 
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COROLLARY 3c. Let f(z) be analytic and bounded in the half plane 
Rlz=0 and let e>0 be given. If for an infinite sequence of values 


0 <T <T <`: -lim tr oo, we have in each of the intervals 
n> © 


(l1—da Ses (1+et 
the inequalities | f(x)| Se" and if k > 1, then f(z) =0. 


This special case can serve as-an indication of the degree of precision 
of our results; see [5; Chapter VIT]. 


4, The zeros of functions belonging to regular classes. 

LEMMA 4a. If 

1. |Fw(t)| S APM, —octco;n—0,1,°--. 

2. F(t) has N zeros, counted according to thew multiplicities, in the 
interval a St Sb, b—a—1/x :Then for every n, OS nS N, we have 
| F(t)| <A(k/D'Mi/n! a£t= pb. 

Although this is doubtless well known, we shall, for the sake of com- 
pleteness, give the proof. Let &, 82, : *, Én be zeros of F(t) with possible 


repetitions in the case of multiplicities. Consider a value , aS t Sb. If 
F(t) = 0 there is nothing to prove. If F(t) 540 we form the function 


F(u) I (— 6) --F(#) TL (u— t). 


i=1 


This function is zero for u= t, ,f,--+,&n, and therefore, by Rolle’s 
theorem, its n-th derivative must vanish at some point u =é a < é< b;ie. 


F(t) =F (£) [n1] TL (t—&). 
ie 
Since | t—¢; | S1/d,| FU (é)| S Ak"M,, we obtain the desired inequality. 


THEOREM 4b. Let C{M,} be a regular quasi-analytic class and let 
f(t) eC{M„,k}, f(t) 20. If Z(t) is the number of zeros of f(u) in the 
interval —t S u S t counted according to their multiplicities, then 


(1) lim sup (7 H[Z(t)] S k. 
{© 


Because of conclusion A of Lemma 2b it will be enough to show that 


(2) lim sup t7H[Z,(t)] Sh 
too 
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where Z,(t) is the number of zeros of f(u) in the interval OSuSt. 
If equation (2) is not true, there exists a constant k’ > k, and an infinite 


sequence of values 0 < t, < f,---, lim ip =œ, such that 

(3) H(Z.(ty)) = kt meh ees, 
or, equivalently, such that 

(4) Zelta) = (kt) | nie. 


By conclusion D of Lemma 2b we see that if we choose k”, k< k’ <i’, 
then for all sufficiently large n 


Zalta) Z blot, S (tn) vB (ety) ]. 


We divide the interval 0 = ¢ S t, into subintervals of length 1/{4kv[ S(k”4,)1} 
beginning at ¢, and proceeding to the left. There may be a fractional interval 
abutting zero. There are less than 5kt,v[§(k’tn)] of these intervals and 
therefore one of them, which when n is large cannot be the one abutting zero, 
must contain more than $(%”t„) zeros. Let 7, be the smallest integer greater 
than or equal to §(k’t,) and let T, be the center of the interval in question. 
Applying Lemma 4a we find that if 


(5) © | é— Ta | S (8hy [9 (E in) > 
we have | f(t)| SA {Jev(rn)/4kv[ G(kty)]}™. But lim v (ra) /v[ (tn) ] =1, 


which implies that for n sufficiently large | f(¢)| S exp(— ra), or 


(6) | F(t) | S exp[— § (kta) ]. 


Equations (5) and (6) and Theorem 3b show that f(t) = 0 contrary to our 
assumption. Thus equation (3) must hold and our theorem is proved. 





COROLLARY 4c. Let f(t) eC{N,™, k} and let Z(t) be the number of 
zeros of f(u) in the closed interval from — u to u, counted according to their 
multiplicities. Then we have lim sup (2/rt)logmn Z(t) S k. 

t>o 


5. On the construction of functions with prescribed zeros. We know 
from Section 2 that if C{M,} is a regular quasi-analytical class, then 
log T (u) ~ u/y#(u), where y(u) is continuous, non-decreasing and #(0) > 0. 
We set 


(1) t= (2/7) f Too) J du, 


(2) R(u) =log §* (u), lu) =y[S*(u)]. 
We have 
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(3) exp R(u)) =p(u), R(u) = (1/2) f o(a)ae. 


The first of these relations is immediate; the second may be demonstrated 
by differentiating equation (1) and the first equation of (2) to obtain 
R'(u) = (2/2) p(w), and then noting that R(0) — 0. 

Let e > 0 be given. It will be convenient to write À for 1 +e. 

Let 8, be the strip in the z plane, z = g -+ iy defined by the inequality 
ly|<«/2 for —o< x <o, and let Sw be the curvilinear strip in the w 
plane, w = u + iv defined by the inequalities | v | S 1/Ap(0) for —o < u & 0, 
Jv|S1/rp(u) for OS u<o. Let x(w) be the function which maps Sw 
onto Sz conformally and is normalized by the conditions x(0) = 0, x (0) > 0. 

Let F(z) be analytic and bounded in 84. 

We define 


(4) f(w) = [4p(0)* + w*]* exp{— dQ) explx(w ADF (w)], 
where d(A) = exp(4m/A) /cos (7/2). 


THEOREM 5a. Let C{M,} be a regular quasi-analytic class and let f(w) 
be defined by equation (4), then fe C{M,, M}. 


We shall throughout the present discussion denote by A any constant 
depending only on C{M,}, and the bound of | F(z)| in Sz. Let us define 


(5) a(t) = f eimf(u) du 
We begin by establishing that 
(6) | $(4)| SA exp[— |t D] —0 <i<e, 


It is sufficient to consider the case t= 0. We deform, as we evidently may, 
the path of integration in the integral (5) until it becomes the upper 
boundary P of Sw. If P’ and P” are the parts of P in the left and right 
half planes respectively, then 


p(t) = J ettof (w) dw + S erro dw =I’ + I”, 


Now | f(w)|SA(1+ u?) on P’ so that | J’ | <A exp(—t/rp(0)) and, 
a fortiori, | F | = Aexp[— t/Ay(t)], 420. In order to estimate I”, we 
appeal to Ahlfors’ distortion theorem, see [1], to show that for w on 
P” we have Rlx(w) ZAR(u) —4r. This implies that for P on W” 
exp{— d(A)exp[x(w)/A]} = exp[—exp R(u)]. If o{v) is the are length 
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along P” between the abscissas u == 0 and u = v, then o(u) Su + (Ap(0))7, 
and | 


[SA f exp[—t/ap(u) Jexp[—exp R(u)] (1 + w) do (a). 


Let us put t=Ap(7) exp R(r). We split the above integral into two 
integrals corresponding to the ranges of integration (0,7) and (r, œ). 
Since p(w) and R(u) are non-decreasing we find by simple estimations that 
| I” |< Aexp[—exp R(r)]. Thus to prove that | 7” |< A exp[—t/Aÿ(t)] 
we need only verify that for r sufficiently large we have exp[— exp R(r)] 
< exp[—t/Ay(t)], which, inserting for ¢ its expression in terms of +, will 
be true if y(exp R(r)) Æp(r). The validity of this inequality follows from 
equation (8). Thus equation (6) has been established. 
Since log T(u) —u/y(u) we have 
LSO] S ATED, —o<t <o. 


By the Fourier inversion formula 


Flu) = (en)? f ong(tdt; f (u) = amt | riet). 


Hence 
OwA f eproma, 


We split this integral into two integrals corresponding to the ranges (0,1) 
and (1,0). The first of these integrals is O(1) an >w. Now 


Sierro — [ec eer ay ya. 
1 1 
Let m be the smallest integer greater than or equal to (n+2)A?. Then 
by (2) of Section 2 we have 
Max ON /T(t) S Max tm/T(t) S Mu. 
1St<® Sit o 
Hence 
S ÎE PITOA S amd) Mom). 
1 
By Stirling’s formula we have (m!) < Ax®n!. It may be easily deduced 
from the relation av’ (z)/v(x) = 0(1) that (az) ~ v(x) for any a > 0 so that 
Bm) S Ad*[y(n) ]*. 
Combining our inequalities we have 
| f™ (u)| S An![v(n) Ja —o<u <o; n=0 1, 


as desired. 
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THEOREM 5b. Let C{M,} be a regular quasi-analytic class, let an arbi- 
trary set of real zeros with associated multiplicities be given, and let Z(u) 
be the number of these zeros cownted according to their multiplicities in the 
closed interval from — u to u. If lim sup t*+H[Z(t)] < k, then there exists 

t> 0 


a function fe C{M,, k} which has precisely these zeros. 


Because of Lemma 2a we may restrict ourselves to the case where the 
zeros are non-negative. It will also be sufficient to suppose k < 1 and to 
prove that fe C{M,, k’} for any pre-assigned X’ > 1. 

Choose e > 0 so small that if A= (1 + €) then àt S W’, and let y, R, etc. 
be defined as in Theorem ba. Let OS06.5%5%---, be the given 
zeros arranged in order of increasing value and repeated according to their 
multiplicities. Let £y = (€,) n= 1,2,---, and let X(w) be the number of 
zs in the closed interval from 0 to u. By Ahlfors distortion theorem we 
have X[AR (u) — 4r] SZ(u). By assumption we have for all u sufficiently 
large Z(u) SH(u). Thus if r—R(u) we have for r sufficiently large 
X[Ar— 4r] Se", i.e, Z(r)—=0O(e”‘), r00. It follows, see [1], that 
there exists a function F(z), analytic and bounded in S, which has the zeros 2, 
with the correct multiplicities and such that these are the only zeros of F(z). 

If now f(u) is defined as in equation (4), then f will have just the 
prescribed zeros and, by Theorem 5a, fe C{M,, k’}. 


HARVARD UNIVERSITY AND WASHINGTON UNIVERSITY. 


BIBLIOGRAPHY. 





1. L. Bieberbach, Lehrbuch der Funktionen-theorie, Leipzig (1931). 

2. H. Cartan, Sur les classes de fonctions définies par des inégalités portant sur 
les dérivées successives. Actualités Scientifiques et Industrielles 867, Paris (1940). 

3. A. Gorny, “Contributions à l'étude des fonctions dérivables d’une variable 
réelle,” Acta Mathematica, vol. 71 (1939), pp. 317-358. ' 

4. I.I. Hirschman, Jr., “On the behavior of Fourier transforms at infinity and on 
quasi-analytie classes of functions,” American Journal of Mathematics, vol. 72 (1950), 
pp. 200-213. 

5. N. Levinson, Gap and density theorems, New York (1939). 


6. S. Mandelbrojt, “ Analytic functions and classes of infinitely differentiable 
functions,” The Rice Institute Pamphlet, vol. 29 (1942), pp. 1-142. 


BESSEL FUNCTION APPROXIMATIONS.* 


By R. S. PHILLIPS and Henry Matin. 


In this paper ! we have obtained the following bounds for the logarithmic 
derivatives of the modified Bessel and Hankel functions: 


dato, [n(n 1) 8} < oI (0) /Ta(0) < balon), 

pav n) <— 0K’ (v)/Kn(v) < pafo, [n(n — 1) ]¥} 

for v > 0 and n = 1, where 

(2) pn(v, a) = (m/v?) [1 + (v/a)? F. 

These inequalities result from a study of the behavior of the functions 


Xalo) = vl (v) /Tn(v) -- bn (2, à) ; 
Ye) =— v* Kn (0) /Kn(v) — pr (v, @) 


(1) 


(3) 


by means of the Ricatti differential equation which they satisfy. 


THEOREM 1. If 0 < asin, then X, is negative and monotonic increasing, 
and its graph approaches the v-awis from below; if n<a<[n(n-+1)?(n+ 2)]%, 
then X, has exactly one maximum and no minima, and its graph thereafter 
approaches the v-axis from above; if « Z [n(n + 1)?(n-+ 2)]%, then X, is 
positive and monotonic decreasing, and its graph approaches the v-axis from 
above. 


This theorem is valid for all integers n= 0 and v > 0. 
Making use of the fact that I,(v) satisfies Bessel’s differential equation, 


it is readily found that X, satisfies the differential equation 
aZ/dv == — v2? — 2/v{n{1 + (v/a) P + 132 + ot 
— (n/a) 20% — (n/a) [1 + (v/a)? T>. 


One can likewise write down the series and asymptotic expansions for X,,(v) 
from known expansions for I,(v); they are: 


(4) 


* Received June 27, 1949. 

1 The work of this paper was done under funds granted to New York University by 
the Watson Laboratories of the Air Material Command, Red Bank, N. J., under contract 
W28-099-ac-170. 
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(5) Xn(v) = {[2(m + HI" —n/ (227) } 
— {[8(n + 1)?(n + 2) J” — n/ (84) y + >, 


(6) X,(v) = [1 — (n/a) Jot — (1/2)07? + 


The differential equation (4) associates a direction to every point in the 
(v,Z)-plane. The point and associated direction are known as a line-element. 
‘In particulary we will be interested in the locus of all points where the slope 
of the line element is zero. Setting dZ/dv equal to zero results in a quadratic 
equation in Z. The roots’of this quadratic in Z are two functions of v. 
Let U(v) be the greater and L(v) be the smaller of these two roots. The 
curves representing these two functions divide the half-plane v = 0 into three 
regions: the region above the U-curve in which dZ/dv is negative; the region 
between the U- and L-curves in which dZ/dv is positive; and the region below 
the L-curve in which dZ/dv is again negative. 

Most of the proof is concerned with an investigation of the U- and Z- 
curves. The behavior of the X, curve for small v is known by the series (5). 
We know therefore to which of the three regions X, belongs initially. Recall 
that X, belongs to the family of Z-curves. It follows that X, will be mono- 
tonic increasing (decreasing) until it intersects with zero slope, a U- or L- 
curve, after which it is monotonic decreasing (increasing) ; etc. The known 
behavior of the X, at infinity enables us to complete the theorem. It turns 
out that the X, behave like U = U(v;a,n). 

We begin, then, by setting dZ/dv equal to zero in equation (4) and find 
that the explicit expressions for U and L are 


(X) U, L=vtf—v(ns +1) 
+ {14 (n? + Lo? + (m/s) (a? + 202) }4], 


where s = [1 + (v/a)*]?; the plus sign goes with U, and the minus sign 
with L. It is clear from equation (7) that U and L are always real valued 
so that their graphs actually do divide the right half-plane into the three 
regions described above. 

One sees from equation (7) that L(v) is the sum of negative monotonic 
increasing terms and hence is itself negative monotonic increasing. Further- 
more, L(v) has a pole at the origin. It follows from (5) that the graph of 
` X, starts out above that of L(v). Furthermore if it should ever touch the 
L(v)-curve it would cross (having a zero slope at this point) and enter a 
region of negative slope. It could never again intersect the L(v)-curve 
since L(v) is a monotonic increasing function. The value of X, at this point 
of intersection would thereafter be an upper bound for X,. Since this value 
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is necessarily less than zero, this would be contrary to the fact that X, 
approaches zero asymptotically as v —>œ. Consequently the graph of Xa lies 
above that of L(v) for all v Z 0. 

The quadratic equation in Z obtained from equation (4) by setting 
dZ/dv equal to zero can be rewritten as a cubic function of s.? The result is 


(8) F(s) = Zs + 2nZs* — [a?Z? + 1— 27 -— n?/a?]s + n/a? = 0. 


To a given value of Z and a root s = 1, there is a v Æ 0 such that either 
U(v)=Z or L(v) =Z. (This value of Z need not of course be assumed 
by the function X,.) Since F(—o)==—o, F(0)= n/a, and F(o)= 0, 
it follows for a given Z, F(s) has at most two roots for which s=1. Since 
L(v) takes on all negative values, it follows that for Z < 0, one of these roots 
and only one necessarily corresponds to a point on L(v). Hence in the 
region where U (v) is negative, it must be monotonic increasing. On the 
other hand, for positive Z, either zero, one, or two roots can lie on U(v). 
Hence in the region where U (v) is positive it is either monotonic or has a 
single maximum (since, as is readily shown, the graph of U (v) approaches 
the v-axis asymptotically as v0). 

To conclude our description of U(v) we make use of the series and 
asymptotic expansions of U(v) which are readily obtainable from equation (7). 
(9) T) = {[2(m-+1)]* —n/(2e2)} | 

— {[8(n + 1)°]7— (a(n + 2))/[8(n+ Dar] 

+ {[16(n +1] —n/[16(n + 1) 20") 

— [n(n + 3) ]/[16(n + 1)at]}ot +, 
(10) U(v) = [1— (n/a) — [1 —n/(2a) Ju? +: 
For «Sn, U(v) is negative for v near zero and also for sufficiently 
large v; thus U(v) is always negative and monotonic increasing. For 
n<a< [n(n+ 1)?(n+ 2)]4, U(v) has a positive slope for small v and 
is positive as v—>œ%, which implies that it has a single maximum and no 
minima. Finally for «=[n(n-+1)?(n+2)]4, U(v) has a negative slope 
for small values of v and is positive as v—>o, and therefore is always positive 
and monotonic decreasing. 


? The change of variable s? = 1 + (v/a)? establishes a 1-1 relationship between the 
two half-planes s21 and vÆ0. The strip 0s < 1 does not, of course, correspond to 
any part of the real v-plane. Curves in the s-half-plane go over into curves in the v-half- 
plane under a horizontal stretching process; the property of being monotonie and the 
property of having a horizontal tangent are preserved by the transformation. It is for 
this reason that we shall translate freely these properties proved in the s-variable into 
the v-variable without further comment. 
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We now return to the function Y,. A comparison of the series expansion 
for X, and U [equations (5) and (9)] shows that for a & [n(n + 1)?(n + 2)1% 
the graph of X, starts below that of U(v). _ Now. the graph of X, cannot 
intersect that of U(v) from below at a point at which U(v) is increasing, 
because at such a point the slope of X, would be zero (by definition of 7). 
For «<n, U is always monotonic increasing so that X, remains between 
L and U, that is in the positive slope region. Consequently in this case X, 
is negative and monotonic increasing. 

For n <a < [n(n+1)?(n-+ 2)]%, Xn can intersect U only at a point 
at which U has a non-positive slope. At such a point it must necessarily 
cross to the region above U, since U is either decreasing or at its maximum, 
whereas X, has a zero slope and can only decrease by crossing over to the 
region above U. Further, it is clear that X, must cross into this region since 
it approaches the v-axis from above and hence eventually is decreasing. Once 
in the region above U, X, must remain there for all larger v, since U is there- 
after a monotonic decreasing function and X, would necessarily have'a zero 
slope at any point of intersection. Thus Y, is increasing at the start, has 
its maximum at the point of intersection with U and is thereafter decreasing, 
approaching the v-axis asymptotically from above. 

Finally, for «> [n(n+1)’(n +2)]%, X. is greater than U at the 
start and since U is monotonic decreasing for v > 0, it follows, as above, 
that X, must remain above U for all v>0. Hence in this case X, is 
positive and monotonic decreasing. This is likewise true when the inequality 
is replaced by an equality since the functions X, are continuous in a. This 
concludes the proof of Theorem 1. 

Upper and lower bounds of the functions wv J,/(v)/In(v) and 
[vIn (v)/In(v) ]/’ can now be readily deduced. If a? —n(n-+1), the 
function X, == 0 for v = 0 and is thereafter positive; for « = n, Xn is always 
negative. If a = [n(n+1)(n+2)]#, then X, is negative for v > 0; 
whereas if «==n, X, is positive for v > 0. These results are summarized 
in terms of p,(v,«) [see (2)] by means of the following corollary: 


COROLLARY 1.1. For all v >0 and n21, 


on{v, [n(n + 1) ]*} < oly’ (v)/In(v) < palo n), 
pu (vn) < [n (0) a(o) < du tv, [n(n + 1) (n 2)1*}. 


We next proceed to prove a theorem similar to Theorem 1 for the func- 
tion Y,(v) related as in (3) to the modified Hankel function K, (v). 


THEOREM 2. If a < [n(n—1)?(n—2)]%, then Yn is negative and 
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monotonic increasing, and its graph approaches the v-axis from below; if 
[n(n— 1) (n—2)]* <a<n, then Yn has a single minimum and no 
maxima and its graph thereafter approaches the v-axis from below; if a = n, 
then Yn is positive and monotonic decreasing, and its graph approaches the 
v-axis from above. 


This theorem is valid for all v > 0 and n Z0. 


The series and asymptotic expansions for Y, are: 


rl +, 
11) Py —log(y0/2) — (Rat), 
Yn = {[2(n— 1) ]*— n/ (20°) } 
— {[8(n—1)2(n—2)]* — n/a}? > - 
for n > 1, where C = log y = 0.577: - - is Euler’s constant. 


(12) Pa [1—n/ajot (1/2)v? + 


for nZ0 and large v. Further Y,(v) satisfies the following differential 
equation : 


(13)  dZ/dv— v2? + (2/0) {n[1 + (va) — 137 — v4 
+ (n/a) v> — (n/2) o [1 + (v/e)?]%. 


We shall first show that Y, (v) is a positive monotonic decreasing function 
of v for all v > 0. It follows from (11) that Yo is positive for small v; it is 
further analytic in v for v>0. If Y, were ever to become negative, there 
would exist a v =v, such that Y,(v,)=0. For such a v =v, equation 
(13) shows that dY,/dv becomes —v,1< 0. Hence, although Y, could 
presumably become zero and take on negative values, it could never thereafter 
become positive. However, by the asymptotic expansion (12), Yo approaches 
the v-axis from above as v0. This behavior is consistent only with the 
assumption that F, > 0 for all v > 0. 

To go on to the monotonicity of Yo, we see from equation (11) that 
dY ,/dv is negative for v small. Differentiating equation (13) we get (n==0) 


(14) Ydw = [WF, — (2/v) ]d¥o/dv + Yè + (2/02) Yo + 0. 


For any v=», at which dY,/dv = 0, equations (13) and (14) show that 
dY,/dv° reduces to 2[VYo(v1)]? > 0. Hence if dY,/dv were ever to vanish, 
it must change from negative to positive values. That is to say if d7,/d» 
ever becomes positive, it must remain so. This is inconsistent with the 
asymptotic behavior of Y, as v—>æ. Hence dY,/dv is negative for all v > 0. 
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We next consider the general case n= 1. As in Theorem 1, we are 
interested in the locus of points where dZ/dv —0. This locus is obtained 
as the solution of a quadratic in Z and defines the two functions U(v) and 
L(v) which are respectively the greater and the smaller of the roots of this 
quadratic. From equation (13), the explicit expressions for U and L are: 


(15) U,L=v?(1—ns) + {1+ (14 rjw? — (n/s) (a? + 20?) }à, 


where s==[1-+ (v/a)?]?; the plus sign goes with U and the minus sign 
with L. 

It is no longer true that U and L are defined for all v and n. One can 
therefore not expect U and L to have the simple properties that they had in 
Theorem 1; it is precisely this fact that complicates the proof of the present 
theorem. If U and L are everywhere defined, the half-plane v >0 breaks 
up into three regions in each of which the sign of dZ/dv is everywhere the 
same: the region above the U-curve in which dZ/dv is positive, the region 
between the U- and L-curves in which dZ/dv is negative, and the region 
below the ZL-curve in which dZ/dv is positive. When U and L are not every- 
where defined, the U- and L-curves have two branches; in the regions interior 
to the U-, L-curves, dZ/dv is negative; in the region exterior to the U-, L- 
curves, dZ/dv is positive. 

One can readily obtain the series aad asymptotic expansions of U from 
equation (15). They are 


U, = v — (la). -, 
(16) Un = {[2 (n — 1) J= — n/(2a°)} 
— [8(n—1) ]7{(n— 1)? — n(n — 2) /at}u? +--+ (n>1) 


for small v, and 
(17) Un = [1—(n/a)]u* + [1L—n/(2a)Ju? +, (n=1), 


for large v. 

We see from equation (15) that for those values of v for which L exists, 
L is the sum of two negative terms and is therefore itself negative. Further- 
more, L has a pole at the origin. It follows that any solution curve which is 
bounded from below at the origin (hence Y, in particular) starts out above 
the L-curve. 

As in Theorem 1, we shall again study the U- and L-curves by means 
of the cubic function of s obtained from equation (13) by setting dZ/dv = 0, 
namely, 


(18) F(s) = 072*s* + Ans? — {a?Z? 232 + 1 — (n*/a*)}s — n/o? = 0. 
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To each value of Z and a root s= 1 of F(s) = 0, there is a v such that either 
U(v) =Z or L(v) =Z. 

We shall first consider the case a =”. It is easy to see that the radicand 
in equation (15) is positive since 1 > (sn) = n/(sa*) and 14+”? 2 2n 
> 2n/s for s> 1. It follows that U and L are defined (and single valued) 
for alls > 1. Furthermore, for Z > 0 and a = n we see that the coefficients 
of F(s) have the signs (+ + — —) in the order of decreasing powers of s. 
Thus there is just one variation in sign, and by Descartes’ rule of signs there is 
precisely one root for s > 0. Now the U-curve has a positive ordinate and 
negative slope at s== 1 and approaches the v-axis from above as v—>œ. If 
U were to have a minimum, there would be values of Z such that U(v) =Z 
for at least two different values of v, and hence two different positive values 
of s. Thus F(s) = 0 for more than one positive value of s. Since this is 
impossible, U can have no minimum and we conclude that U is positive and 
monotonic decreasing for «= n. 

From the expansion of Y, [equation (11)] we see that the graph of Y, 
starts off positive with a negative slope and hence lies between the U-curve and 
the L-curve for small v > 0. Since U is monotonic decreasing, the graph of 
Y, could cross that of U with zero slope. If it did so, however, it would 
thereafter be in the region of positive slope above the graph of U and hence 
would be bounded away from zero. This is contrary to the fact that Y, 
approaches zero from above as v approaches infinity [see equation (12) ]. 
Finally if Y, were ever zero, the asymptotic behavior of Y, indicates that it 
would be zero an even number of times. This means that, at the points of 
crossing, its slope would alternate in sign. This is impossible since for 
Y, = Z = 0, equation (13) reduces to 


dZ/dv = — v [1 — (n/a)?] — (n/a) [1 + (v/a)?]?<0 for all v > 0. 
It follows that Y, is positive and monotonic decreasing for «=n. 
We have as a corollary to the first part of the theorem that 
(19) — 07K", (0) /Kn(v) > (m/v?) [1 + (v/a) È 
for all v > 0. Hence if we define the auxiliary function 
(20) p(o) = (n/v*) {LL + w/m’ — [1 + (0/a)?]*} 
it follows from (19) that, for all v > 0 and all a > 0, 
(21) Y,(v) > yo). 


We now consider the case œ < n. In this case U and Z need not be 
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defined for all v = 0. It will be convenient to consider U and L as functions 3 
of s; that is, as roots of F(s) = 0. 


U, L = [e (8 — 1) J H1 — ns + [1 + n? + (e — 1) — (n/s) (1 +8?) ]#}. 
For s small and positive, the radicand is negative so that the curves do not 


exist in this region. Each curve has its only positive singularity at s = 1. 
This can be seen from the expansion of U about s = 1 


U = (1—n)/[e?(s—1)] +: -> (s< 1,n>1) 

U =a[2(s—1)]?+°-- (s >1,n=1). 
Now for Z > 0 the coefficients of F(s) have the signs (+ + +—) and 
hence F(s) has one and only one positive real root. If Z = 0, F(s) = 0 for 
s = [n(1—0)]", where we have set o = (a/n)?. For any Z = 0 the value 
of s satisfying F(s) —0 makes U(s) =Z. Hence, the graph of Z = U (s) 
crosses the s-axis at P,: ([n(1— o)]"1,0) and crosses every line Z = constant 
> 0 just once. If we try to trace the curve Z = U (s) we find first that for 
n > 1 it approaches the line s=1 asymptotically from the left; it cannot 
cross the Z-axis, so that it must double back on itself; since it crosses each 
horizontal line (Z > 0) just once it can have no minimum; F(s) is quadratic 
in Z and hence the curve cannot double back on itself more than once for 
s< 1; for s > 1 it cannot double back on itself above the s-axis, since this 
would imply a root L > 0, which is impossible for s > 1 (ie. vu > 0). It 
follows that for Z > 0 and n > 1 the curve must look like the sketches in 
Fig. a and b. 

If n= 1, the graph of Z = U approaches the line s = 1 asymptotically 
from the right, and since it crosses the s-axis at (l1—o)*>1, it must 
decrease monotonically until it reaches this point. (See Fig. c; Z > 0). 

We shall study U for Z <0 by means of the auxiliary function 
y(v) defined by equation (20). At v—0, U = [2(n—1)]7* —n/(2a?), 
y = (?n)" — n/(2a7), and L+—oo as v— 0 +; therefore y lies between 
U and L at u—0. In order to determine the points at which the graph of 
y intersects that of U or L we go back to the equation defining U and L; 
that is, we insert Z = y (v) in equation (13), setting dZ/dv = 0. One obtains 
by direct substitution of (20) into (18) 


(2n/v*) {[1 + (v/a)?]# — [1 + (w/a) P} — [n/ (va?) ][1 + (v/a)°T = 0. 
Solving for the real roots in v (that is s=1), we get (v/a)? = 40/(1— 40), 
(o = (a/n)? > 0), if and only if o < 1/4. For this value of v, 


3 It should be noted that for 0 < s < 1, L can be positive; whereas for 13s (i.e. 
v > 0) L must be negative where it exists. 
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y = — [n/ (207) ][1— 401? and s = [1 — 40]. 


It follows that for n/2 Sa < n, the graph of w intersects neither the 
U- nor the L-curves for v = 0, since in this case o = + This implies that 
U and L are not connected and hence must exist and be single-valued for 
alv>0. The graph of L starts at minus infinity and approaches the v-axis 
asymptotically from below. Hence Z must assume all negative values of Z 
at least once. For a given value of Z< 0, U can therefore correspond to at 





s 
R 

Br 

X 
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most two roots of the cubic F(s) —0. Since the U-curve crosses into the 
region Z < 0 from above and approaches the s-axis asymptotically from below, 
U can have but a single minimum for « in the range n/2=a<n. It is 
clear that U > y > L. The situation is therefore represented by the sketches 
in Fig. a, b, c.* 

For « < 7/2, the function % has just one point in common with Ọ or L 
(v = 0), namely Pe: 


([1— 40], — (Ron) [1 — 401?) 





4 Tt should be noted that for s21, U is single-valued because of the existence of 
L below it. For s < 1, however, the extension of U to the left of s=1 (the lower part 
of which would properly be called L) is double-valued because of the existence of the 
upper branch of U which approaches s = 1 asymptotically from the left (if n > 1). 
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(in the (sZ)-plane). Now 
y— (U + L)/2 = {n[1 + (vn) —1}w?>0; 


thus ÿ is always greater than the average of U and L (v = 0), and hence 
the graph of % certainly lies above that of L. Therefore it intersects the 
graph of U once (v= 0) and thereafter lies above both the U- and the 
L-curves. 

We now wish to show that to the left of Ps, that is, for 0 < s S [1 — 40], 
U has at most one minimum and no maximum. We show first that in this 
range, F(s) has precisely one root for —-(2nc)“{1— 4c]? < Z <0. It 
follows that there is one value of s for each Z in this range for which 
U(s) =Z. We define G(Z) as follows: 


G(Z) = [ (don?) (1 — 40)-9°]22 + 2[n— (1 — 40) *] [1 — 40] 2% 
+ [n(1—o) — (1—4e)!] [ne (1 — 40) = PE(1— 40) +]. 
@(Z) is thus a parabolic function of Z, and 
G(0) = [n(1—o) — (1 — 40) t] [no (1 — 40)4] 72 > 0, 
since [1 —4e]!/n S [1 — 40]? < 1—20<1—o. Further since P, lies 


on U, G(—[1— 40]#/(2nc)) —0. The minimum of the parabolic function, 
G(Z), is 


Zm = — [1 — 40]#/(2no) : [n— (1 — 40#]/(2no) < — [1 — 40]#/(2nc), 


since as above (n— [1—40]?) > ?no. Hence Zm lies below P. Now 
G(Z) =0 for Z=— [1—4e]?/(2nc) and the minimum of @(Z) occurs 
for Z < — [1 — 40]!/(2ne) ; it follows that G(Z) is greater than 0 for all 
Z in the range — [1—4o]#/(2nc) <Z=0. Returning to the function 
F(s); we have 


F(0) =— n?/a < 0 (Z arbitrary); 
F([1— 4014) = G(Z) >0 (for — [1 — 4o0]#/(2nc) < Z = 0). 


Hence the equation F (s)—0 has an odd number of roots for 0s 
= [1— 40] and fixed Z, (— [1 — 40]?/(2no) < Z S 0). If we can show 
that the graph of F(s) has no point of inflection in this region it will follow 
that there is exactly one root. Now F’(s)=0 for s=—2/(3no2). 
For Z >— [1—40]!/(2ne), ie. —Z< [1—4e]#/(2nc), this value of 
s > (4/3) (1—4e)"? > (1—4e)-?; thus the point of inflection is to the 
right of P». 
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As we have seen, the U-curve enters the lower half of the (s, Z)-plane 
by crossing the s-axis at the point P,. Since F(s) has precisely one root 
` to the left of P, for each negative Z above P., the U-curve must proceed 
downward without a maximum or a minimum in the region R above and to 
the left of Pa. It must pass out of R at P, or to the left of P2, since Pe 
would otherwise lie on L. If it passes out of R to the left of P, it can not 
again enter À, because if it were to do so F(s) would have more than one 
root for some value of Z in R. On the other hand, the curve eventually passes 
through P., so that it must have a minimum below P.. Furthermore it can 
have no other extremum below Po, since F(s) can have at most three roots 
for any value of Z. Finally for v in the range 0 Sv S 2a[o/(1 — 40) ]? 
(i.e. 1 Ss <[1— 40] +), the curve L exists below y; if follows that U (v) 
is single-valued in this range. Thus U(v) is single-valued and has at most 
. one minimum but no maxima to the left of P.. There are thus only 
three possible descriptions of U(v) to the left of P». U(v) is monotonic 
decreasing; U(v) has a single minimum and no maximum; U(v) is mono- 
tonic increasing. The latter case occurs only if U(v) is initially increasing, 
ie. if a S [n(n—1)?(n—2)]%. 

The proof of the theorem for « <n is now straightforward. When 
[n(n — 1)? (n—2)]* <a < n the graph of Yn starts off below the U-curve 

with a negative slope. In the upper half-plane, U decreases monotonically 
` until its graph intersects the v-axis. The graph of Y cannot intersect that 
of U above the v-axis, for if it did so it would enter a region of positive 
slope and remain bounded away from the v-axis; this is contrary to the 
behavior of Y, at infinity. Furthermore, the graph of Y, cannot intersect 
(with zero slope) that of U where U is increasing. On the other hand, since 
YA is eventually increasing, it must enter a region of positive slope at some 
time. Now Y,>y> L. Hence the graph of Y, intersects the U-curve 
below the v-axis at-a point at which U is decreasing. Thereafter Ÿ, cannot 
enter a region of negative slope. For if it intersected the graph of U again, 
the intersection would have to occur at a point of increasing slope for U 
(to the left of P, if a<n/2). In this case F, would become trapped 
between y and a monotonically increasing portion of U; it could never again 
enter a region of increasing slope. This is contrary to the behavior of Y, 
at infinity. 

For «= [n(n— 1)? (n—2)]%*, the graphs of both F, and U start out 
with positive slopes and with Y, above U. In this case U is monotonic 
increasing at least up to the point P,. Hence if Y, ever entered a region of 
decreasing slope, it would have to intersect the U-curve to the left of Po. 
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As before YF, would thereafter be trapped between y and a monotonically 
increasing portion of U. In this case F, would remain in a region of 
decreasing slope and therefore be bounded away from the v-axis; this is 
contrary to the behavior of Y, at infinity. It follows that Y, is monotonic 
increasing for allv>0. This concludes the proof of Theorem 2. 


Theorem 2 furnishes us with some useful bounds on the function 
—v'K’,(v)/K,(v) and its derivative. For @=n(n—-1), Y, is initially 
zero and is negative thereafter; for œ ==n, Y, is always positive. For 
a = [n(n — 1)?(n—2)]%, dY,/dv is positive (v > 0); for a =n, dY,/dv 
is negative (v > 0). We have thus proved 


COROLLARY 2.1. For all n 221 and all v > 0, 
Galon) < — E, (v)/Ku(v) < pato, [n(n — 11), 
pn'{v, [n(n — 1) (n—2)]*} < IK (v)/Ka (0) < pr (0, 2+). 
Combining the results of the previous corollaries to Theorems 1 and 2, 
— v Kn (v)/Kn(v) > palv, n) > vIn (v) /Inlv). | 
In other words, I, (v)/Tı(v) + Kx (v)/Kn(v) < 0, and hence: 
COROLLARY 2.2. For all v Z0 and n 0, 
[In(v) Kal) < 0. 


The case n — 0 requires a special and somewhat tedious argument. For 
the details of the proof we refer the reader to the original report of which 
this paper is a part.” 


THE UNIVERSITY OF SOUTHERN CALIFORNIA, 
COLLEGE OF THE CITY or NEW YORK, 
New York UNIVERSITY. 


5 See pp. 54-57 of ‘A Helical Wave Guide’ by Phillips and Malin, New York Uni- 
versity Mathematical Research group, report No. 170-3, Army Air Forces, Watson 
Laboratories. 


ON THE APPROXIMATION OF IRRATIONAL NUMBERS BY THE 
CONVERGENTS OF THEIR CONTINUED FRACTIONS, IL* 


By ALFRED Braver and NarHanien Macon. 


Introduction. This paper is a continuation of our previous paper with 
the same title [this JOURNAL, vol. 71 (1949), pp. 349-361]. The enumera- 
tion of the chapters, theorems, and equations will be continued here. We 
are now able to improve the results of Chapter 4, in which we obtained lower 

. bounds for the sums of two, three, four, and eight consecutive À, and used 


m-i er 
the results to obtain a lower bound for lim ( S x\:)/m. In this paper, these 
— 420 
results are not only improved, but in addition we obtain the best possible 
bound for the sum of k consecutive A, for any given k, and the best possible 


bound for lim (Fr) /m. 
je 
If 
(45) fa 1, =, fo —1, fh = 1, fo = 2, fs = 3, fi 5, = 


- are the numbers of Fibonacci, then we set 


ket 
(46) Fy, = $ fis/fi 

i=0 
It will be shown that for every irrational number é, for every k, and for 


k-i 
every n, we have X, Amx > k+ 2Fx, but for every integer k and for every 
reo K=0 


= k-i 
e > 0 it is possible to construct irrational numbers & for which Ð Amx < k 
K=0 


+ 2f;, + e, for infinitely many values of n. 
A theorem of Hurwitz [10] can be formulated as follows : 


lim (SM) /m = Bi 
m>o 4=0 
for == (1-+ 5*)/2 and equivalent numbers é. 


The following generalization of this theorem will be proved. For every 


mA 
irrational number é, we have lim ( X A;)/m Z 5}. 
= 4=0 


* Received May 2, 1949. Presented to the American Mathematical Society, December 
29, 1949. 
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5. Some lemmas. Let é= [991° * >, qm- * °] be a given irrational 
number. We shall consider the sum An -H Ans +: "+ Aux for any given 
nandanyk>1. 

Let # be an integer such that 1=S:=Sk, and let Qu + 1— Gas. 
Consider the irrational number &* — [90 qu" © ' ; qnit- Qnsts Inst" * *], 
and denote by Aux, E*nıx, Dtnx the values corresponding to Ans, Eniko Prins 
respectively, for &*. 


Lemma 2. We have 
k 
(47) I (Ense — Ene) > à. 
K=1 
Proof. It follows from (6) that 


d (48) Én = [dnik nike * =]: 
Hence "nie = Enix, (k—=t+1,{+ 28," +), and it is sufficient to show that 


(49) È (ene — fm) > 4 

Now 

(50) a — Ent = 1, 

and 

E ata — Énst-1 = Qnst-ı + 1/ (Ems + 1) — Quai — 1/Enst 
= —1/énit (Se + 1). 


Since ént > 1, we have 
(51) 4 < nat Ze Enat-ı < 0. 


Moreover, ÉF naka = Ensk-ı = Lies Zu IEn = (Ensx = Crate) / (EnEn) 
(x =¢—1,t—2,--,1). Hence the left member of (49) is an alter- 
nating series with decreasing terms. Thus it follows from (50) and (51) 


1 
that I (E"n — Én) >1—I=4. 
kK=t 
Lema 3. We have 
k 
(52) D (P* nox — ni) > — 3. 
K=1 


Proof. It follows from (7) that nix = [0, Qnax-13 Ynsn-29° °°» Qi]. Hence, 
Der = nix, (x = 1,2," - :,t), and we only need to show that 


(53) Se 


K=¢+1 
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Now p* natti — Darts = 1/(Qnst + 1+ Pnt) — ~ 1/(qnet + Pnt) az 1/(Qn+t 
F 1 + pmt) (Qnat + nt). Hence 
(54) E*n eu Pnster > ~ 
In addition, for x =t +1,t+2, °>, | 
Pak kurz: dusk = (HF nak + qnar) ER (bree + nsx) = 1/* naked ri 1/Dnikai 
— (Parks u Fark) / Pnrks1D nskare 
Since 0 < pusk:1D*neks1 < 1, the left member of (53) is an alternating series 
with decreasing terms. Thus (53) follows from (54). : 
k-1 
Lemma 4. For every k > 1, we have > (A”nse — Anse) > 0. 
K=0 


k-1 wk 
Proof. By Lemmas 2 and 3, we have D (Anse — Ame) =D (Ense 
K=0 . KZL 
k 
— én) +E (6¥ nex — pn) > à —L—0. By successive application of 
K=1 
Lemma 4, we obtain 


Lemma 5. Le é= [os 15° © ‘> Qns Inı2> ' © * s Oniks Anskrız " " ] be an 
arbitrary irrational number. If we set 


(55) = [go Qi Ft tsQm 1, 1, © >, L, Qnikris nikis” 7 Ae 
then S Anke = 3 Anır where the Ay. are the A-values associated with È. 
K=0 
Lemma 6. Let x be the finite continued fraction’ [go q1,° * "> Qn 1, 1, 


-,1] where the last k partial Dre are each unity. If the complete 


quotients are denoted by wv, then Š ane =t + Pr where Fy is defined by 
(45) and (46). 


“ Proof. It follows from the recursion formula for the convergents that 
(56) Zar = = fin/fo (Gi=0,1,---,k—1). 
k 
Hence X tr = S fin/fi = k + 5 fi-1/fi = k + Fr. 
K=1 4=0 4=0 
Lemma 7. Let E again denote the continued fraction (55). Then the 
k 
complete quotients satisfy the inequality X; Enx > k + Fr- 
K=1 


Proof. From (48) we obtain here ni [1,1,: - *,1, Emral, (t= 0, 


? 
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_1,-* yk—1), where the first i+- 1 partial quotients are 1’s. It follows 
from the recursion formula for the continued fraction and from (56) that 


(57) Eusk-i = (Ferner + fi) / fener + fi); (i = 0, 1, TEN k = 1). 


. Differentiating with respect to Zum, we have désisi/dEnipu = (fifin 
+ fiafia — Pfaden — $2) /( finra + Fr)”. Using the formula finfin 


— f? = (— 1)* for the Fibonacci numbers, we obtain 


AEnın-i/ Anne = (— 1) HL (Feen + fis) z; 


k-i het 3 = E 

Hence $, (d&um-i/ Ginsu) = > (—1)*/ (Fön + fra)”. The right member 
i=0 i=0 

is a finite alternating series with decreasing terms. Since the first term is 


Yu . - k Fa: . . . — t 
. negative, the sum is negative. Hence I én:x is a decreasing function of Enz 


Therefore, by (57), = 


Fir > lm > (f inak + fi)/ (Fine + ia) 


Eneka > © i= 


k-i k~i 
= Zfu/h—= 2% (1+ fis/fi) = + Fr. 
= =0 
Corresponding to Lemma 7, we have 


k 
LEMMA 8. X dnx Fr, the equality holding only if n=0. 


Kal 


Proof. It follows from (7) that 
(58) © base = [0, Qusk-1> In * * Qu]. 
If n—0, then proceeding as in the proof of Lemma 6, we obtain du = dx 
[0111] feoffen («= 12: 2). Hence Š e — 3 feu/frs 
— Si fea/fe— Pr 


Now consider the case n = 1. We obtain from (7) n = [0, 1,1, © :,1, 
Qn + Gn], where the L’s occur x —1 times. Similarly to (57), we get 


(59) Pnsk Lu [fx (Qn + én) + fr-31/ Ufe-1 (qn + on) + fx]. | 


Upon differentiating with respect to qn + n and summing, we obtain 
ko z k f a 
2 dnxx/d(qn + $n) = 2 (—1)*/ [fe (qn + Gn) + Fra)” 


k Cra] 
It follows as in Lemma 7 that I n is a decreasing function of gu + dn. 
k=l 
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Therefore, by (59), 


~ 


k k 2 
2 fn > lim & [fe (Qn + bn) + fr-s]/ [fe (gn + bn) + fro], 
whère + Gn >o ; ie, 
| À nue > Sifes/fe— Pe 


6. À generalization of a theorem of Hurwitz. We are now able to 
prove the following theorem: | 


THEOREM 17. For every irrational number &, for every k > 0, and for x 


k-1 . 
‚every n, we have > Anse > k + RP. À 
K=0 


> 


Proof. For k= 1, the theorem is trivial. For given n and k >i, we 
define € as in (55). It follows from Lemma 5 that | 


k-1 k-i 
(60) k > Anık = > Anıky 
` K=0 K=0 


and from Lemmas 7 and 8 that 


(61) in -È (Enex + dns) > k + QF... 


The theorem follows from (60) and (61). 

Theorem 17 contains Theorems 4, 12, 13 and 15 as special cases. More 
exactly, it follows that the sum of any three consecutive A, is greater than 6 
for every irrational number é For the sums of four, five, six, seven and 
eight consecutive Àn, we «obtain correspondingly 25/3, 158/15, 767/60, 
11711/780, and 31399/1820. Using this last bound for eight consecutive An, 
we obtain lim (Er) /m > 2.1565 instead of Theorem 16. However, this 

4=0 


result can be improved as follows: 


THEorEM 18. For every irrational number & we have 


lim (3.4) /m > Bi. 
4=0 


-1 
Proof. From Theorem 17, we have S A,/m > (m+ 2Fn)/m. Now it 
i=0 


is well known that the quotient of two consecutive Fibonacci numbers fi/fi-1, 
tends to (5? -+ 1)/2 as à tends to infinity. Thus it follows from (46) that 


lim F,/m—2/(5! +1). Hence, lim (SM)/m>1+4/(# +1) — 54. 
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< 


R The example i= (5? + 1)/2 shows that Theorem 18 cannot be improved. 
In addition, we wish to prove that the bound given in Theorem 17 is the 
_, best possible. 


. THEOREM 19. For every given integer k and for every e> 0 it is 
possible to find irrational numbers € such that, for infinitely many values of n, 


k-1 


D Anse < k +RFr +e 
K=0 


Proof. Let n be an arbitrary positive integer, and choose any number 
"€ for which gn = 1, (x= 1,2,: > +, k). Then it follows from (57) that 


LL ` Š Enx = S Er — > (Farmer + fi) / (Fins + fis) . 


K=1 
It was shown in the proof of Lemma 7 that this sum is a decreasing function 
of Enen and that the right member tends to k + Fy as Enx becomes infinite, 
i.e. aS Gn+n becomes infinite. Thus, for sufficiently large Qu, we have 


« 


(62) 


ï M> 


En < le + Fr + fe. 7 


‘a 


l k | 
Similarly, it follows from the proof of Lemma 8 that lim I nie < k + Fr + $e. 
1 


An K= 


Hence, for sufficiently large gn, we have 


k -_ 
(63) È Pair < Fit he 
a K=1 
If we choose an irrational number é such that Qui = me == (nak = 1 


and such that qn and QuxA are so large that (62) and (63) are satisfied, 
k-1 
then D Aux < k + RF, + e for this number é. 


K=0 

In < ng <: + "is a set of positive integers such that mu —m = k + 2, 
(i= 1,2,-- +), then in the same way we can construct irrational numbers 
é such that 


k-1 
Dane <k+ RP, + (i—1,2,: : +). 
K=0 


Thus the proof is complete. 
We use the opportunity to remark that in the statement of Theorem 11, 
“n > 27” should be inserted after Ay-a, Ans, © * p Ansam-ı- ` 


` 
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ON LINEAR FAMILIES OF INVOLUTIONS* -> 
ety? By N. H. KUIPER. 


O. Veblen and W. Givens [10,11] studied the. ARE Of complex 
projective spaces. In this paper we follow their method and consider ‘ne 
of their topics: linear families of involutions. In Section 1 we mention the 
spin representation and we give a classification of (non-singular) linear 


ut 


families of involutions. In Section 2 we introduce an operation = strongly |“ 


" “connected with the spin theory. In Section 3, this is applied to the projective 
7-dimensional space. Section 4 deals with a null system in a 6- dimensional ` 


quadratic hypersurface, Section 5 with the principle of triality, Section 6 deals . . 
with the 15-dimensional projective space. The theory reveals’ new aspects . 


| of the generalizations of the Kummer configurations (Section 7). 
| Sy : Much SÉ*what is presented can be carried over without difficulty: to pró- 
jective, spaces over ground fields different from that of the complex numbers. 
I wish to thank Professor Oswald Veblen for introdueing me to the 
theory of spinors and for many valuable remarks concerning the content of 
this paper. 


1. Involutions. We shall be concerned with a projective n-dimensional 
“space P, over the field of complex numbers, and with its linear subspaces (Pa, 
shortly called spaces, of dimension i == —1,0,1,: : :,n. After the choice 
of a coordinate system and homogeneous coordinates in Pa, a point y is 
represented by a class of (n + 1)-tuples of numbers not all of which vanish 
(p¥4, A1, ",n +1; ps0 variable). The void set P_, is represented 
by the (n + 1)-tuple (0,0,---,0). 
A collineation (y) is a mapping of the family of subspaces of P, into : 
itself which preserves intersection relations, and which is determined by the 
fate of the points (#—#), expressed by equations of the form 


(1) pyt = yApy ; abbr.: py = yw 


(the repeated index refers to summation over B=1,---,n-+1). The 
matrices y4g and py4z represent the same collineation (p40). 


> 


If the square of a collineation y is the identity mapping, then y is 


* Received June 30, 1949; revised February 16, 1950. 
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a. 


called a non- singular involution and coordinates can be choosen such that 
the matrix of y is ” 


LC Pr Er 








(is the unit matrix of p rows and p columns; zero in the empty places; 


Fe 0S gpn 1 =p+gq). The points invariant under the involution are 


the points of a P,., and the points of a Pos. The involution is called a 
(Pi — Po-1)-reflection. It is the identity for q =0 (or p = 0). 

"A collineation y for which y* transforms any point into P_, is called a 
singular involution. For suitable coordinates, 


(3) > Zar 








Fa | SHE, 





Let yi," + +, Yman be matrices representing involutions in P,, and let 
the same be true for any linear combination X*y, + Key +. 4 Eyma 
== X tya: Then the set of all these involutions is called a linear family. It 
follows ‘that ? 


(4) (X%ya)? = (GapX 4X8) 1 (Gag = const. ; a, B—1,: : :,m+1). 


The involutions of the family are represented by points (X1,- + +, Xm+t) 
in a projective m-dimensional space Rm. In particular the singular involu- 
tions are represented on the quadric gagX*X8=—=0. We shall restrict our 
considerations to non-singular families of involutions, those for which this 
quadric is not degenerate. A coordinate transformation in Em corresponds 
to a change of base for the involutions of the family. For suitable coordinates 
in Ry we have gag = 0 for a£ ß and Jaa = 1. Then the following form is 
obtained : 


(5) (Xya)* = (Sa XX) 1; yore + YBYa = Rap ` 1. 


The space P, assigned with a non-singular linear family of involutions 
L(m + 1,n+41) is called spin space. Any collineation in P, which leaves 
this family of involutions invariant is called a spin transformation. The 
spin transformations form a group Gs 

The related space Em is called motion space. A collineation in Fm 
which leaves the quadrie invariant is called a motion. The motions form a 
group Gin. 

It is easily seen that any spin transformation interchanges the involu- 
tions of the family in a way which is determined by a motion in Rm, and 
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any motion in Em can be obtained in this way. Consequently there is a 
homomorphism of Gs onto Gm. If this is an isomorphism, then Gs is called 
the spin representation of Gm. Two non-singular involutions yı, yə are 


called anti-commuting if (a) they belong to some pencil of involutions, and ' 


(b) they are represented in the related motion space R, by points polar with 


respect to the quadric in R;. Conditions (a) and (b) are equivalent to the - 


matrix condition | 
(6) Yıya + yayı = 0. . 


The following normal form is obtained with suitable coordinates in P,: 











, 1! | ; En 
(7) n=l, HI, y=—il_, |; pencil: X'y, + XP ye. 


This pencil of involutions introduces another pencil in the line which is the 
join of the points (a1,-- - ,a,,0,---,0) and (0,-- -,0,@1* * *, är), where 
2r—n-+-1. The set of such lines is called line regulus. Any line of the 
line regulus meets any axis (—P,-1) of the axis regulus consisting of the 
one-parameter set of pointwise invariant spaces of the involutions cf the 
pencil. The line and axis regulus cover the same r-dimensional manifold 
in P,. If we define an involution of axes on an axis regulus in an obvious 
way, there results the following geometrical description of a pencil of 
involutions : 


THEOREM 1. The pairs of invariant spaces of the involutions of a non- 
singular pencil L(2,n4-1) in P, are the pairs of conjugate axes in an 
involution of axes on an axis regulus (n is odd by necessity). 


Any non-singular linear family of involutions L(m + 1,n + 1) (m 21) 
admits, for suitable cöordinates in P, and in Rm, the following description 
(compare (5) and (7)): 

(8) X* 


2 





HA LES 














= 


1 "+ zei 
el; yytym=0 Aj); Gilt ,m—l. 


* There is a difference between this theory and the theory which is usually called 
spin theory, in which a Euclidean centered space H,,,, occurs instead of Rm, and an 
affine centered space An. instead of Pa. One first introduces the Euclidean space. 
Much of our theory can be carried over to this theory in an obvious way. We also 
remark that we do not enter into interesting problems which occur under restriction 
of the ground field to that of the real numbers. Cf. references [7, 8,-10, 11, 12, 13, 14, 
19]. ; 
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The last two terms in (8) determine a pencil. Because X*y; represents an 
L(m—1,(n+1)/2), we now easily obtain, by induction on r, the following 
theorems :, 


THEOREM 2a. Non-singular linear families of involutions of the type 
L(s,27- D); 8 > 8r + 1, p odd, do not exist. 


_ THEOREM 2b. Any two families of the type L(2s,2"-p),sSr, are 
projectively equal. 


THEOREM 2c. The classes of projectively equal families of the type 
L(2s + 1,2"-p), sSr, are in one-to-one correspondence with the classes of 
projectively equal L(1, 27%: p) which are involutions in P(2*-8-p—1). The 
classification of involutions follows from (2). 


(8) contains the key for the construction of an L(m +1,2r) from an 
L(m—1,r). In particular, considering that L(1,1) is the identity trans- 
formation in Po, described by the one-rowed matrix y: — | 1], i= 1, we - 
obtain from (8) a normal expression for | 

ılf 
| 


(cf. [10], pp. 5-6). For the cases (9) it is known that the spin group G 
is isomorphie to the motion group Gm. 


i 
— 1 
L(5,4), L(2r + 1, 27) 


L(3,2): X 














DRE 








(9) 


2. The operation =. Let a spin space be given by a non-singular 
linear family of involutions Z(m +1,n +1) in Py. To every point peP, 
we assign a conjugate space Æÿ, which is the union, and also the join, of all 
images of y under all involutions of Z(m +1,n +1). This operation ® 
is invariant under spin transformations, because so is L(m + 1,n +1). We 
shall examine some of these operations which are determined by (maximal) 
families L(m + 1, n +1) = L(Rr+ 1, 2°). 

L(3,2), the first interesting case, consists of all involutions in P,, 
except y==0(9). & transforms every point # onto P,. Corresponding to 
every point y in P,, there exists one (singular) involution which transforms 
y onto Pı, and a pencil of ‘involutions which transform # into y. 
Thus points of the spin space (Pı) are 1-1 represented by points of the 
invariant quadric (= comic section) in the motion space Rz, and also 1-1 by 
the tangents to this quadric. The spin group is obviously the group of all 
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non-singular projective transformations in P}, isomorpkic with the motion ` 
group in Re. ` - 

As to L(5,4), it is seen from (9) that the images under the involutions 
of L(5,4) of a point with coordinates (a, b,c, d) are the points (x,7,2,u) 
for which 


(10) dx — au + bz — cy =Q. 


Since this is the equation of a null system, we obtain j 

je. À 
THEOREM 3a. The operation Z determined by a family of involutions 

L(5,4) in Ps is a null system. 


Any line in P; has a conjugate line with respect to the null system = 
. (cf. [7]). The self-conjugate lines form a linear line complex. Two pairs 
of conjugate lines are four lines on a quadric, hence they can be considered 


as the invariant axes of two involutions of a pencil of involutions (Theorem 1). 


The family of involutions the invariant spaces of which are the pairs of r 


conjugate lines in the null system, is then a linear family which coincides 
with. L (5, 4). 


THEOREM 3b. The pairs of invariant axes of an L(5,4) in P, are the 
pairs of lines conjugate with respect to a null system 3 in Pz. 


COROLLARY. The spin group with respect to an L(5,4) is the group of 
projective transformations which leave a null system invariant (in Pz) ; it is 
isomorphic with the group of motions in Ra. 


L(5,4) is a four-dimensional family Ra. = transZorms a point into a 
plane. The linearity of involutions as well as of the family then implies the 
following fact: Corresponding to every point ye Ps, there exists exactly one 
pencil (Rı) of singular involutions in L(5,4) which transform y into P:, 
and also one Re of involutions all of which transform y into y. Hence points 
of spin space P; are 1-1 represented by lines of the three-dimensional invariant 
quadric in motion space R4, and also 1-1 by planes (R:) which are tangent 
to this quadric along such lines. 


3. The operation = in P.. The complete description of 2 determined 
by a family Z(?%, 8) in P; will be given as a summary of she following lemmas. 


Lemma 3.1. If we the invariant space of a singular involution of 
L(7,8), then By is a P; and ye Ey. 
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Proof. We choose coordinates in motion space and in spin space such 
that L(7,8) has the expression (9) and that the given singular involution is 


1 |) 


The invariant space «° of this involution consists of the points (a,b,c,d, 
0,0,0,0) ((ye—ty:)¥==0). The involutions y, j==1,:--,5, leave a? 
invariant, and they introduce an L(5,4), Xiy, in a. Hence if y = (x!, 2%, 
x°,2*,0,0,0,0), then Zy is the join of.a plane which contains y and is 
obtained from the null system introduced by that L(5,4) in a° (Theorem 3a) 
and the point 4(ys +t-y:)ÿ = (0, 0, 0, 0, 21, 27, 23, 2t); q.e.d. 

The plane just mentioned consists of the points (41, y?, y, y*, 0, 0, 0, 0) 
for which 


ut) ey — ayt + ay — ay? — 0 


1 ie 
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(cf. (10)). Then Zy is the set of points Ay!, Ay?, AY’, Ay*, wat, 12, ua, pao) 
for which (11) holds. This implies the following 


LEMMA 3.2. The union of the points Keyay, y variable in a, is a 
quadric Qs in Pr, consisting of the points (y, Y°, y°, y, ©, 2°, 2°, at) satisfying 
(11). 


Lemma 3.3. If dis a point in Qo, then Bd is a P; and oe Bd. 


Proof. is the image under some involution of the family of some point 
y in a. The 6-dimensional family of involutions transforms y into the 
points of a P,. This implies the existence of an R, and of an R, of involutions 
in the family all of which transform y into P_, and ¢, respectively. The 
non-singular involutions of the Rs also transform ¢ into y, and a suitable 
linear combination of two of these transforms ¢ into P.,. Therefore ¢ is 
contained in the invariant space of some singular involution of the family, 
hence Lemma 3.1 can be applied. | 


Lemma 8.4 (cf. [17], p. 29). Qs in P: contains two families of axes 
(Ps), axes! and axes’. The axes of the same (different) family intersect 
in a Ps, Pa or P (a Pz or Po). 


Lemma 8.5. The invariant axes of the involutions of L(%,8) are axes 
‚of one family (say axes’) in the Q of Lemma 3. 2. : 


Proof. yse— tyr determines with an involution y == #14, which does 
not anti-commute with yg-—iy, a non-singular pencil of involutions (y and 
ye— iy: are in motion space represented by points not polar with respect to 
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the invariant quadric m Rs). We may choose coordinates such that this 
pencil is X*y, + X'y: and L(7%, 8) has the expression (9). Among the images 
of the points of a’ under the involutions of the family, we find all points of 
the line regulus and axis regulus determined by this pencil of involutions 
(Theorem 1). In particular we find the points of the invariant spaces of y, 
which are therefore contained in Qe. Any involution of the family which does 
anti-commute with ya — ty; is contained in some pencil of involutions all but 
one of which have invariant space, now known to be contained in Qs. Hence 
the invariant axes of any involution of the family are in Qe. The invariant 
axes of the involutions of a non-singular pencil are mutually disjoint and 
therefore (Lemma 3.4) the invariant axes are of one family in Qe- 


Lemma 3.6. If yé Qe then Ey is the polar hyperplane of y with respect 
to Os. 


Proof. w is not contained in the invariant space of any singular involu- 
tion of L(7,8). The images of y under the involutions y,,- > -,y; are then 
seven independent points in P+, the join of which is a Ps. The points y and 
yo (a =1,:,0r 7) span a line, invariant under ya, in which ya operates 
as an (ordinary) involution. Hence y and yay lie harmonic with respect to 
two points in the invariant spaces of ya, that is, in Qc Hence Lemma 3.6 
follows. í 


Lemma 8.7. If we Qc, then Ey is an avis? in Qo. 


Proof. As in the proof of Lemma 3.3, we find that any point of By 
is contained in the invariant space of some singular involution of the family 
and in Qo. Hence Zy is an axis in Qs. For the special choice ye a°, which 
is no restriction for the proof, we see that Zy and the axis? a° intersect in a 
plane. This and Lemma 3. 4 imply that Zy is an axis’. 


The correspondence y— Ey, ye Qo, can be extended to a 1-1 correspon- 
dence of linear spaces in Qe for which the name null system in Qe will turn 
out to be appropriate. We summarize the lemmas in 


THEOREM 4. The operation y—> Ey, determined by a family of involu- 
tions L(%,8) in P,, coincides with a polarity with respect to a quadric Qe 
for those points which are not in Qe; it coincides with a null system in Qe 
for those points which are in Qo. | 
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4. The null system = in Q,. 
Lemma 4.1. Ify, are points in Qe, and pe By, then we Ed. 


It follows, that if 7 is a line in Qo, and if yelC=y holds for some 
point y, then the same is true of any point of 1. The line / is then self- 
conjugate with respect to the null system =. The family of all self-conjugate 
lines is called a linear line complex in Qs. Obviously the linear line complex 
in Qes determines the null system. 


THEOREM 5. A null system and a linear complex in a Qo are deter- 
mined by an involution of the axes of an avis regulus in that Qe- 


The figure consisting of the involution of axes! which determines the 
pencil X°ys + X'y; in L(7,8) and the quadric Qs (of Section 3) has no 
projective invariants. (Any two such figures are projectively equal.) From 
the properties of L(7,8) we now obtain the geometrical construction of the 
null system = and the line complex, and hence the proof of Theorem 5, as 
follows: Fix an involution of axes! in an axis! regulus in a Qs. With 
respect to this involution, three kinds of points (y) occur in Qe, the con- 
jugate spaces of which under the null system are constructed as follows: 


(a) y is contained in a double axis? of the axis* involution (say ye the 
invariant space a° of ys — ty;). Then &% is the unique axis? which contains the 
regulus line through y (the join y U yey), and which intersects a° in a P, 


(=v U ww U yew U ysy U ya U vas the join). 


(b) y is contained in another axis! of the axis? regulus (say in ye, 
one of the invariant axes of ys). Then =y is the unique axis? which contains 
y and intersects the conjugate axis? (yọ, the other invariant axis of yẹ) in a 


Pe (=ywW U y4 U> >- U y). 


(c) In the remaining case, let m, and m, be two lines which contain y 
and each of which intersects two conjugate axist of the axes? involution 
(mi: y U ye; ma: y U yc). Then €y is the unique axis?, which contains the 
plane of these two lines (plane: y U yep U ya). . 

From now on in this section we shall consider a fixed L(7,8) in the 
normal form (9). X°y, + X'y is the pencil, belonging to the line regulus 
of lines m and to the axist regulus, both with point set M. It is our aim to 
extend the null system to a transformation (also called null system) which 
operates on all points, lines and axes in Qo. 

Corresponding to any axis”, a?, we construct a “conjugate” point Eds, 
of which a? is the conjugate. This proves that the mapping y > Ey, we Qa, 


«i 
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is a 1-1 mapping of the family of points onto the family of axes? in Qs. 
First suppose that a? intersects one of the axest, say a’, of the axis! regulus, 
in a plane (see Lemma 3.4). Then it intersects the others in points. If y 
is one of these points, not in a, then a? is the unique axis? which contains y 
and intersects a? in a plane. But then a? intersects the other axes! of the 
axis! regulus in the points of a regulus line m. And Za? is the intersection 
point of m and the axis! which is conjugate in the axis‘ involution to a’, 
in accordance with (a) and (b) above. 

Next, suppose that a? intersects all axes! of the regulus in points, among 
others in the points y, and ya on the regulus lines m, and me, respectively. 
If m, equals me, we have the case dealt with above. Otherwise the Ps: m1 U ma 
intersects M in a two-dimensional quadric Q, (=a line regulus), and also 
in the line y, U Y. This is only possible if m, J m. is completely contained 
in Qs. It intersects the axes! of the regulus in lines and is therefore itself 
an axis', say b!. Then b! intersects a? among others in the line y, U #2, hence 
in a plane (Lemma 3.4). This plane intersects Qs =b! [] M in a conic 
section. The latter is intersected by the axis? involution in a point involu- 
tion. The joins of corresponding points of this involution are lines of a pencil 
of lines, the center of which is the point Za”, in accordance with (c). 

So far we proved one part of the next theorem, for the formulation of 
which we need a definition of adjacence: A line and a point are called 
adjacent if they meet. A line and an axis (in Qs) are adjacent if the line 
is contained in the axis. Two other elements of the family of points, lines 
and axes in Qs are adjacent if a third element exists, adjacent with both in 
the sense defined so far. For example, a point and an axis are adjacent if 
the point is in the axis. Two axes! are adjacent if their intersection is a 
line, ete. 

THEOREM 6. The null system & which operates on points in Qe can be 
extended to a “null system,” Z, which operates on points, lines axes! and 
axes? in Qo in the following manner: 

1) If y is a point, then EEy = y. 

2) If œ is an awis?, then Za? is a point and BEa? = a’. 

3) If lis a line, so is 1 — El, and BEI = I. 

4) If at is an avis’, so is Ẹ& = Eat, and BEC = œ. 

5) The null system preserves the relation of adjacence. 


COROLLARY. There exists a 1-1 rational representation of the axes (say 
axes”) of one family on a Qe, onto the points of Qc, namely, E. 
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Cf. [15]. Intersection with a general P, in P:, which intersects Qe in a Qs, 
yields a representation of the planes in a Q, in terms of the points of a Qe- 
Cf. [16], p. 80. 


Proof of Theorem 6. The self-conjugate lines were considered imme- 
diately after Lemma 4.1. Suppose that 7 is not a self-conjugate line. 
Consider two axes? which contain /, say a? and b°, with conjugates the points 
y = Eo? and $=)’. If the point xel, then x Uy and x U¢ are lines 
of the line complex. Hence the same is true of all lines of the pencil deter- 
mined by these two lines. Since x was arbitrary on J, it follows that all lines 
which meet J and I = y |U ¢ belong to the linear line complex. The relation 
between line complex and null system then implies Theorem 6.3 (and part 
of 6.5). 


Next we consider an axis', a. Any plane in a is contained in exactly 
one axis’. The planes of at which contain a line 7 are contained in axis? 
the conjugates of which are the points of Z. The planes of a! which contain 
at least one edge of a tetrahedron in a* are therefore contained in axes? the 
conjugates of which are the points of the edges of another tetrahedron in Qe. 
The join of the points of this tetrahedron is an axis in Qs. Hence, by 
linearity, the planes of a+ are contained in axes? the conjugates of which are 
the points of the axis just found. This is not an axis?, hence an axis‘; so 
that =a! is the conjugate, a. Obviously the conjugates of the lines of a? 
are the lines of @. The preservation of adjacence can now be checked for 
all cases. 

The construction of the null system shows that the conjugate of an 
axis? of the axis’ involution in the axis? regulus is the conjugate with respect 
to the null system as well as with respect to the axis? involution. The 
invariant spaces of an involution of the pencil X%y,-+- X'yr are conjugate 
axes! of the null system in Qe. Because the operation = does not distinguish 
between ‘the non-singular pencils of involutions of L(%, 8), the same is true 
of the invariant spaces of any involution in L(Y, 8). 

The converse can be seen as: follows: Every line in Qe which intersects 
two different conjugate axes! belongs to the linear line complex in Qe, and 
every line of this complex which meets an axis! also meets its conjugate axis’. 
Taking into consideration Theorem 1, it follows that the family of all involu- 
tions, having as a pair of invariant spaces a pair of (different) conjugate 
axes! suitably extended with singular involutions, is a linear family; the 
latter not only contains the given L(7,8) but coincides with it since it has 
the same dimension. 
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THEOREM 7. The pairs of (possibly identical) invariant spaces of the 
involutions of a linear family L(7,8) in P, are the pairs of axes! conjugate 
with respect to a null system in a quadric Qo, and vice versa. 


Remarks. Only points in spin space P,(L(7,8)) which are in the Qe, 
admit an interesting representation in motion space R,, in terms of planes 
in the invariant quadric Q;C R, (cf. the end of Section 2). The spin group 
consists here of all projective transformations in P, which leave quadrie and 
null system invariant, isomorphic with the motion group'in Re. 


5. The principle of triality. Consider the family F of linear subspaces, 
of a dimension number different from 2, of a QeCP,: the points (symbol 0), 
the lines, the axes? (symbol 1), and the axes? (symbol 2). The triality 
group © of Qs is by definition the group of 1-1 mappings of F onto itself, 
generated by (1) the group @ of those collineations in P,, which leave Qs 
and each family of axes in Qe invariant (proper collineations in Qe); (2) one 
collineation in P, which interchanges axes! and axes’, e.g., a point polar 
hyperplane reflection A in Pr; (3) one null system = in Qe. AI elements 
of & transform lines into lines. ©, considered as a topological space, has 
the following six components, the elements of which have the indicated 
activity: 


Component Name of elements Activity 
I: G Proper collineations 0—0,1—1,2—2 
II: GA Improper collineations 00,122 
II: GE !correlations 1>1022 
IV: GAZA ?correlations 228,021 
V: GAS !trialities 0—1—2—0 
VI: GEA  *trialities 0—1e2e0 


The extended triality group in Qe is generated by © and one anti- 
involution in P; which leaves thé quadric invariant. If the coefficients of 
the equation which represents Qs are real (as above), then such an anti- 
involution. is obtained from the automorphism i—— à of the ground field. 
The anti-involution then consists in the mapping of any point onto the 
point with complex conjugate coordinates. This makes obvious the following 
fact (cf. [1,2]): 


THEOREM 8. The transformations of the (extended) triality group 
preserve the relations of adjacence between points, lines and axes in Qe. 
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This theorem is the expression {or a principle of triality analogous to the 
principle of duality (point-hyperplane, ete.) in the geometry of the projec- 
tive space Pa. By the principle of triality, theorems on points, lines, and 
axes in Q, can be carried over into other theorems. Consider, for example, ` 
the following theorem (cf. [18], p. 51): A 1-1 point transformation of Qe, 
which preserves adjacence of points, is a proper or improper collineation or 
anti-collineation of Qs (if Qe is represented by. an equation with real coeff- 
cients, then the “anti” refers to the automorphism i—>—i). The triality 
principle transforms this theorem into | 


THEOREM 9. A 1-1 adjacence-preserving transformation of the axes? in 
a Qe is a proper collineation, a proper anti-collineation, a ‘correlation or an 
anti-‘correlation (an example is the null system)? 


Another application of the principle of triality results as follows: Under 
a *correlation the improper collineations in Qe are interchanged with the 
‘correlations; in particular the point-hyperplane reflections of Qc (in Pr) 
are interchanged with the ‘null systems (like =). The ‘null systems as well 
as the L(7,8)’s with a fixed Q, in P,, are therefore rationally representable 
(1-1) by the points of a P; not in a Qes in that P}. The points of the Qe 
correspond to degenerated null systems. 


6. The operation = in P,,. In this section & will indicate the opera- 
tion which assigns, to every point ye Pis, the linear space which is the join 
of the images of y under the involutions of an L(9,16). The analysis of = 
is analogous to that in preceding cases. Let L(9,16) have the normal form 
(9). Then X®ys + X°y, is the pencil of involutions, the invariant spaces 
of which form the axis regulus (Prs) with W as point set. M also covers 
the line regulus (Theorem 1). The invariant spaces of ys — tys and ys + iyo 


? Remarks: Wei Liang Chow ([18] p. 55) proved that an adjacence-preserving 1-1 
mapping of the axes (P,) of one family in a quadrie Q,, is a collineation or an anti- 
collineation if r > 3. He drew my attention tg the interesting exceptional case r = 3, 
of which Theorem 9 gives a specific description. 

The principle of triality originates from E. Study [6]. In his work he gives an 
interesting interpretation of the principle of triality in terms of point pairs, proper 
motions and improper motions in an elliptic three-dimensional space. 

Many applications of the principle are found in the book of Weiss ([16], p. 154 ff.). 

E. Cartan [7] arrived at the principle of triality in group theory. Considering Lie 
groups and their automorphisms, he has shown that the group G* of collineations and 
anti-collineations in Q, is exceptional. AN its automorphisms are obtained from the 
inner automorphisms (g>5"..0.5) of the extended triality group. The factor group of 
the group of automorphisms over the group of inner automorphisms of @* is of order 6. 
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are a° and b°, respectively. X’y, i—1,::-,7, introduces an L(7,8) in 
_ the P; a°. The invariant spaces of these involutions in a° lie in the Qe of 
points (=, 2°, x, at, y% y?, y, y4, 0,: + +, 0) obeying (11) of Section 3. 

If y (a*,-- +, y%,0,---+,0) is in a? but not in Qe, then Ey is a Pr 
which does not contain y and which is the join of the polar-P, of y with 
respect to the Qs in a°, and the point yay = —- yoy (0,: -,0, 4, = - ,y*) 
in b°. For y variable (in a° but not in Qe), the spaces Ey cover the set of 
points (ut, ur, u, u, v1, sul says, yt) 


(12) atut + uty? — giwt — utyt + 2703 + u?y3 — a? — uy = 0, 
(13) dy — aty* + ay — ay? 20 


(cf. (11)). Any point of this set is contained in the invariant space of some 
singular involution of L(9,16) (cf. the end of Section 2). Conversely, if 
there is given in the family some singular involution which does not anti- 
commute with ys — ty», then its invariant space is contained in the Q14 of (12). 
This is seen from the example yg + typ. The locus of points contained in 
the invariant space of some singular involution of L(9,16) is an algebraic 
manifold, hence it is (12). If two singular involutions do not anti-commute, 
then they are two involutions of a non-singular pencil, and their invariant 
spaces are disjoint (cf. the representing points in motion space Rs). In 
consequence of the generalization of Lemma 3.4, these invariant spaces are 
axes of one family in the Q14, (12). Hence the invariant axes of the singular 
involutions of £(9,16) are (say) axest in Qis 

If y is in a° but not in Qe (in «°), then Zy is a P, in Qi, and intersects 
a in a Pe Then Ey is an axis? of Qı. The same is true of any point 
YE Qi for which Ey is a P;. All these points lie in the invariant space of 
exactly one singular involution of the family. Because y #2, these points 
are not contained in the invariant space of any non-singular involution of 
L(9,16). 

Because every point in Qi. lies in the invariant space of some singular 
involution, all kinds of points can be found in a°. So we still have to 
consider the points in the Qs in a. If & is such a point, then Æ is the P, 
spanned by the Ps: ¢ U yı$ U >- "U y: and the point ye in b°. The locus 
of all points like $ in Qı. has at the point ys$ a tangent space, which contains 
the P, just mentioned and also tangent Pe to the Qs in b°. This locus is 
therefore of dimension > 10. It is the intersection of the cone-like marifolds 
Cia which are constructed as follows: Take any two not anti-commuting 


3T. G. Room has pointed out that this locus is an intersection of quadratic hyper- 
surfaces Cu. 
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singular involutions of L(9,16), e. g., ys— tys and ys- ty, with invariant 
spaces a° and b°. The locus of the joins of one point in b° and one point in the 
invariant Q in a’ is a Cry as required: 


(uw, hal, y*) atyt — yt — Ty? — xy? = 0. 


The intersection of all C,,.’s is easily seen to be of dimension < 10, hence of 
dimension == 10. We call it To. 

The algebraic manifold which consists of all points of P,, contained in 
the invariant space of some involution of L(9,16), contains Qi, but also the 
axis regulus of X8y,-+ X°y, This locus is therefore of dimension > 14, and 
must be P,s itself. 

Apart from some details we have now proved 


THEOREM 10. A non-singular family of involutions L= L(9,16) in 
P; determines an invariant quadric Qs, and an invariant manifold TioC Qu 
which is an intersection of cones Cı. Every invariant avis of every involution 
of L meets Ty) ina Qs. Every point y in Pis, but not in Ty, is contained 
in an invariant axis of exactly one involution of L, which is singular (non- 
singular) if y is contained (not contained) in Qu. The invariant aves of 
the singular involutions of L are axes of one family in Q 4 (say aves). 

The operation À determined by L(9,16) is as follows: (1) If ¥# Qis 
then Ey is a Ps which contains y and intersects Tio ina Qs. (2) If we Qu, 
Y £ Tr, then Ey is an axis? in Qi, which does not contain y and intersects Tao 
ina Qs (3) If pe Tio, then Ey is a P, in Tio and we Ey. 


Concerning the general case of an operation = determined by a linear 
family of involutions L(2r + 1,2") in Por- we only mention the following 
property: Let y be a point in this space and let r—A(w) be the maximal 
number of linearly independent, singular involutions of the family with 
invariant spaces which contain y. Then either \=0 or 3S Ar. I 

=0,4, then pe Ey. If A=3, then y# Ey. Otherwise both cases may. 
occur. If A==0, then the point y in spin space is represented (1-1) by an 
R,-ı in motion space Rar. 

O. Veblen and W. Givens [10] has shown that an L(?r + 1, 2") deter- 
mines an invariant involutory correlation Ç, which is a polarity in a quadric 
if r==0,3(mod4) and a null system (in the ordinary sense) if r==1,2 
(mod 4). If r= 1,2, then © coincides with our operation = If r= 3,4, 
then C is the polarity with respect to the invariant quadrie (Qe, Qua) which 
we mentioned. If + == 3, then C coincides nearly with # For r = 4, € and 
= are no longer related in such a simple way. 
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7. Kummer configurations. It was suggested by T. G. Room that 
there might exist connections between the subject of this paper and the 
configuration Cf(16,) of Kummer [1,3,4], generalized by Wirtinger [2], 
Barrau [5] and Room [9]. We shall show that such connections exist, and 
that the operation = reveals some new aspects of those configurations. 

The basic figure is a set of 2r + 1 anti-commuting involutions yp’ -, 
Yarıı in P and the invariant involutory correlation C in Ps. (cf. above). 
The involutions are the base of a linear family Z{®r + 1,2") which again 
determines an operation =. The involutions yı,* * * , Yarıı and the correlation 
C generate a group F consisting of 2? involutions and 2°" involutorie correla- 
tions of which (2"— 1)2”"" are null systems and (2° + 1)2%”! are polarities 
in quadries (cf. [5]). The images of one point y in Pa under F are 2r 
points and 2” hyperplanes, between which strong incidence relations hold. 
Every hyperplane of the set contains (at least) (2"-—1)27-1 points of the 
set, and every point is contained in (at least) equally many hyperplanes of 
the set (because F contains that same number of null systems). 

Tf y is specially chosen in one of the quadratic hypersurfaces, then the 
tangent hyperplane at y to this hypersurface belongs to the set of points 
and hyperplanes, and it contains in this case at least (2° — 1)2r-1 + 1 points. 
F operates transitively on the set of points and hyperplanes, and F preserves 
incidence relations, hence the same (the dual) is then true of all hyperplanes 
(points) of the set. 

In P we obtain in this way (choice of y not special) the configuration 
of Kummer [9, 11, 13], consisting of 16 points and 16 planes. Each plane 
contains 6 points and each point is contained in 6 planes. This situation is 
obvious from our considerations, since if ye Ps, then y, yip: © *,'ysp lie in 
the plane Ey. 

A special configuration is obtained if y lies on a line which inter- 
sects the invariant axes (= lines) of (say) yı and ya Then the points 
Y, vit, yo, yryoy lie on one line, and all 16 points lie on a set of four lines. 

In P, we obtain the configuration of Barrau. If y:,- - -,y7 are con- 
structed as in (9) of Section 1, then the points will have the same coordinates 
as those obtained from the device of Barrau. The configuration Cf (6422) 
consists of 64 points and 64 hyperplanes in P,, each of which is incident 
with (at least) 28 of the other kind. The 36 polarities in F determine 
36 Q.’s in P+ The Q determined by L(7,8) is a representative of these. 

Suppose now that we choose the point y in this Qs. The involutions 
Yu’ ' "5 Yn and all other involutions of F, transform y into the Qs; so that 
the points ¥,y.,° - *, y4 are contained in the axis! Ey in Qc (Section 3). 
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Because F operates transitively on the set of points and hyperplanes, the 
following theorem holds: 


THEOREM 11. If y is contained in the invariant Qe of one of the 36 
polarities, elements of the group F of correlations and involutions generated 
by 7 anti-commuting involutions and the related invariant polarity in Pr, 
then the images of y under F form a configuration Cf (64, 29, 8). 


This configuration consists of 64 points, 64 hyperplanes and 64 solids 
(Ps). Every hyperplane contains (at least) 29 points and (at least) 
8 solids. Every point is contained in (at least) 29 hyperplanes and 8 solids. 
Every solid contains (at least) 8 points and is contained in (at least) 
8 hyperplanes. f 

Room obtained this configuration in a different way [9]. Theorem 11 
could also be stated as follows: The configuration of Barrau, which is special 
in the sense indicated above, has all incidence properties known of the con- 
figuration of Room. ' 

In the generalization to higher dimensions, the operation = determined 
by a linear family of involutions L(2r + 1, 27) distinguishes between different 
kinds of points y, and this distinction carries with itself a distinction between 
different kinds of more or less specialized generalized Kummer configurations. 
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E ỌN THE EXISTENCE OF LAPLACE SOLUTIONS FOR LINEAR 
DIFFERENTIAL EQUATIONS OF SECOND ORDER.* 


By AUREL WINTNER. 


1. Let a(t), where 
Doo 1<st<o, 
be a (possibly complex-valued) function of finite total variation 


co 


(2) [al—=f | da(ty], 
1 

and let f(s), where 
(3) 0Zs<o, 
denote the function 
(4) f(s) -Í estda(t), where [a] < co. 

1 
The latter will be chosen to be the coefficient function of the differential 
equation 
(5) a” + f(s)z —0, ( = d/ds), 


about which the following theorem will be proved: 


(i) If f(s) is representable, on the half-line (3), in the form (4), 
then (5) has a solution x(s) 540 representable, on the same half-line, in 
the form 


(6) (s) = const. + f e*"dp(t), where [8] <=, 


with the const. as an arbitrary “initial value” x(), 
(7) æ(s) — const. as sw, 


where const. == 0 only when x(s) =0. 
In some respect, (i) is related to a theorem proved in [2] for systems of 
first order, say 


(8) ta! = 3 fu(s)®, Gin), 
k=1 


* Received July 3, 1949. 
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where every f(s) is of the form (5). But (5) presents an entirely different % 
problem. In fact, if (5) is written in the form (8), as 


(8 bis) a O-ot1-y,  ÿ=—f()z+0-y 


(x = gv, *x=y; n= 2), then the condition imposed on the n? coefficient 
function fir(s) of (8) is not satisfied by fıs (s) ==1, since the latter function 
results by choosing a(t) =sgnt but replacing (1) by 0St<oo im (4). 
Trivial examples show, however, that the results of [2] cannot apply if the 
range of integration reaches down to t = 0. 

Actually, even the assertion of the theorem on (8) becomes quite different. 
In fact, the result of [2] is that the components *x(s) of every solution of 
(8) are of the form (6), whereas (i*) below will show that such is never 
the case for (5). Thus the assertion of (i) is closer to the result of [1] 
than to that of [2]. In fact, [1] deals with (5), but it assumes that 
da(t) = 0 in (4), whilst it allows that (1) in (4) be replaced by 0 St <œ. 


2. The fact referred to above is as follows: 


(i*) Under the assumptions of (i), the solution supplied by (i) ts 
unique to a constant factor. 


In other words, (5) cannot have two, linearly independent, solutions of 
the form (6). This can be seen as follows: It is clear from (6) that 
a(s) = O(1) and a’(s) —o(1), as s—c0. Hence, ifæ—u(s) and «= v(s) 
are two solutions of the form (6), then their Wronskian, w(s)v’(s) — v(s)u’(s), 
is o(1). But the Wronskian of two linearly independent solutions of (5) 
isa non-vanishing constant and cannot, therefore, be o(1). This proves (i*). 

If f(s) is of the form (4), let S(a), the “spectrum” of «, be defined 
as the set of those ¢-values which are points of non-constancy of the function 
a(t). Let 8*(a@) denote the closure of the set of those t-values which are 
representable in the form mi; ++ nmim where m and ni’ ‘+, m 
denote positive integers and #,,- ~>, tm are points of S(a). Then the assertion 
of (i) can be completed as follows: 


(ibis) Under the assumptions of (i), (if), the spectrum S(B) defined 
by (6) is contained in the set S*(a). 


This will be clear from the proof of (i) below, if recourse is had to the 
“addition rule of spectra” in case of convolutions. 
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3. The proof of (i) depends on a process of successive approximations. 
Formally, the successive approximations, z0(8),* © -,%n(s),° © +, to the solu- 
tion in question can be introduced as follows: 


(9) Gas) =1+ f (—Hf (Hat, 
where 0 & s <œ and : 

(10) er zo(s) =0. 

If 

(11) En (5) = 14 È yns), 

then (9) and (10) are equivalent to 

(12) un) f NE), 
where ` ° 

(13) . yo(s) =1. 


It will first be shown that this recursion rule leads to a representation 
(14) nls) = f eant), (n> 0), 
1 


where ya (t) is a function satisfying [yn] < co, if the bracket is defined by (2). 
According to (13) and the case n= 0 of (12), 


(15) ne) =f e Oroa. 

8 
If f is substituted from (4) into (15), and if the order of resulting integra- 
tions is interchanged (which, in view of [a] <<, is legitimate, by absolute 
convergence), then it is seen from the identity 


(16) f (s—t)e-dt = — es/u”, where 0 < u <W, 


s 
koei 


that (15) can be written as 4, (s) =- f e-stida(t). Hence, (14) holds 


ı 
for n = 1, with 
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(17) dy,(t) =— t*da(t). 
In order to carry out the induction from n to n + 1, suppose thaï (14) 
holds for a fixed n and for some y„(t) satisfying [yn] <0. Then, by (4), - 


co 


(18) Kon) f ealas ye) (2), 


1 
where the asterisk denotes the operation of convolution, that is, 


Ł t 
Atu) = f au udatu) = (us) (0), 
ı 
if [A] <% and [a] <a. But if fyn is substituted from (18) into (12), 
and if (16) is then used in the same way as above, it is seen that 


Yna (8) = — f estid(a * yn) (t). 


1 
Accordingly, n in (14) can be replaced by n +1 if ynı(t) is defined, 
corresponding to (17), by 
(19) dyna (t) =—t’dla* yn) (t). 


This completes the induction. 


4. Needless to say, yn can be left undetermined at its points of discon- 
tinuity and to an additive constant, since [yn] <œ. For instance, it can be 
assumed that 


(20) yn(1) = 0, and y(t —0) = p(t) iB 1 <t<o. 


It turns out that y,(t) is independent of ¢ if 1=¢< n or, in view of 
the first of the relations (20), that 


(21) ya(t) = 0 if 1S t< n, where n >l; y1(1) — 0. 


This follows from (17) and (19), where 1 &¢<œ%, by an induction from 
n to n+ 1, if use is made of the “addition rule of spectra.” In fact, this 
induction is exactly the same as that given in [2], pp. 335-336, and will 
therefore be omitted. 

On the other hand, it is readily seen from the definitions of the symbols 
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U) # that [A*a] <[AJ{[ul. It follows therefore from (19) and (21) 
that [yna] S (n+1)*[«][yx]. This recursive inequality, when applied to 
n==1,2,- ++, clearly implies that [yn] —O(a"/n!?) as n—w, where a 
. is independent of n. In particular 


(22) "3 Lyn] <o. 
n=l R 
It is clear from (22) and from the first of the relations (20) that the 
series 
(23) B(t) =Z y(t), where 1<t <a, 
n=l 


defines a function satisfying B(1) — 0 and [8] <%. It is also seen that 
the function (23) is such as to satisfy, for 0 S s.< œ, the limit relation 


m=1 


z etdym(t) > f e*'dB(t), as n—>00. 
1 


In view of (14) and (11), this means that 
(24) a(s) > 2(s) as non; 0Zs<o, 


if æ(s) is defined by 
(25) it f evdg(s) ([8] <o). 


Finally, it is readily seen from (22), (23) and (4) that the limit process 
(24) can be carried out beneath the integral sign on the right of (9). This 
means that the function (25) is a solution of the integral equation 


(26) a(s) =14+ f (s—t#)f(t)a(t) dt; 0<s<o. 


Two differentiations of (26) show that the function æ(s) is a solution 
of (5). In addition, it is clear from (25) that z(s) satisfies the case 
const.—=1 of (7), (6). Since a solution of (5) can be multiplied by an 
arbitrary constant, it follows that, in order to complete the proof of (i), 
only the last assertion of (i), that following (7), remains to be ascertained. 
But the truth of this assertion is contained in the uniqueness statement of 
(i*), which was verified above. 
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5. Nothing is changed in the above proofs if the half-line (3) is replaced 
by the half-plane o = 0, where s =o + tt, —w<t<o. In particular, if 
the claims of (i), (i*), (ibis) are applied on the boundary of the half-plane 
o = 0, there results the following theorem: 

(ii) Let a continuous f(t), where -—a<t<w, be a function repre- 
sentable in the form 


oo 


(27) f) =f ettsda(s), where f | da(s)| <. . 
1 1 x 

Then, corresponding to every constant c, the differential equation 

(28) > we’ + f(t)x = 0 (—d/dt) 

has, for —œ < t <œ, a unique solution of the form | 


La 


(29) x(t) mot f eitsdB(s), where f | d8(s) | <0, 


1 
The spectrum S(B) is contained in the set S*(a). 


Obviously, the lower limit, 1, of the integrations (27); (29) can be 


replaced by any positive number. 
Of particular interest is the case in which the function æ is a step- 
function. Then (ii) leads to the following theorem: 


(iii) Let f(t) be a uniformly almost-periodic function of the form 
(30) f) ~ 3 aye", where À, > const. > 0, 
n=l 
and suppose that 
(31) x | an | <o. 
Then the differential equation (28) has a uniformly almost-periodic solution 
of the form 
(32) a(t) ~e + X drei, (un > const. > 0), 
n=l 


where every exponent un ts a linear combination, with positive integral 
coefficients, of the exponents À, and 


(33) 3 | by | <o. 
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Furthermore, the assignment of an arbitrary mean-value 


v 


c= lim (v—u) | zit)dt 
4 


as an integration constant determines the solution (32) uniquely. 


6. In view of the uniqueness theorem expressed by (i*), and of the 
corresponding assertion of (ii), there arises the question as to the form of 
another (linearly independent) solution or, equivalently, of the general solu- 
tion of the differential equations (5), (28) under the respective assumptions 
of (i), (ii). It will be sufficient to develop the answer to this question for 
the case of (ij, since it then follows by the above device, s = it, for the cases 
of (ii) and (iii). In the case of (i), the theorem is as follows: 


(I) If f(s) is representable, on the half-line (3), in the form (4), 
then the general solution of (5) is x(s) = ciz (s) + cota(s), where ci, cz 
are arbitrary constants, and 2,(s), £2(s) solutions representable, on the half- 
line (3), as 


(34) a(s) 1+ f eael); [A] <0, and (0) = sei (8) +36), | 


respectively, where y (s) is a function of the form 


(35) (s) = f edy); [v] <%. 


1 


First, z, (s) in (34) is the solution (25), supplied by (i). On the other 
hand, substitution of t(s) from (34) into (5) gives 


(36) y” + F(8)y = 9(s), 
where 

(B) g(s) =— 2z: (8), 
sınce 

(38) zi” (s) = —(s)aı (s), 


by (5). Hence, in order to prove (I), it is sufficient to show that the inhomo- 
geneous differential equation (36) has, in the case (37), a solution of the 
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form (35). In fact, since the definite integrals occurring in (34) and (35) 
tend to 0 as so, it is clear from (34) that 2,(s) — 1 but | æ(s)| 0, 
which assures that x.(s) is linearly independent of z,(s). 

In order to prove for (36) the existence of a solution (35), use will be 
made of the fact that the function (37) is representable in the form 


ao 


(39) g(s)—= f e*ag(t); [$] <%. 


1 


This can be verified as follows: 


By (4) and the first of the relations (35), 


© 


fe (s) = f evtda(t) + È estda*ß (t). 


1 


On the other hand, from (38) and the first of the relations (35), 


f e-stt?dB(t) = — f (s)s (s). 
1 

Consequently, #?4ß(t) = — da (t) — da*B(t). In view of [a*8] = [«] [8], 
where [a] <œ% and [8] <%, this implies, by (1), that 

f | dß(t)| <% ; in particular, f | tdB(t)| <. 

1 i 
It follow therefore from (37) and from the first of the relations (34) that 
(89) is satisfied by dp(t) = — 2¢dB(t). 

Accordingly, more than what is needed for (I) is contained in the 

iclluwing theorem : 


(II) If f(s), g(s) are functions representable, on the half-line (3), . 
as integrals of the form (4), (89), then the inhomogeneous differential 
equation (36) has, on the same half-line, a solution of the form (35). 


The proof of (II) proceeds again by successive approximations, except 
that (9) must be replaced by 


eo 


Yn (s) =h(s) + f (s—t) f(t) yn (t) dt, where h(s) = f estédu(t), 


1 
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and (10) by yo(s) = 0 or yı(s) = h(s). Due to the assumption (34), the 
induction from n to n + 1 and the limit process n—>œ can then be carried 
out ïn exactly the same way as in the proof of (i), and will not therefore 

be repeated. f 

; Clearly, both (I) and (II) can be replaced by the theorems which 
relate to (I) and (II) in the same way as either (ii) or (iii) related to (i). 
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. ISOMORPHIC GROUPS OF LINEAR TRANSFORMATIONS.* : 


By C. E. RICKART. 


Introduction. Consider a system {%, D,%X*: Y} of the following type: 
x, X* are dual [3, p. 15] (right and left respectively) linear vector spaces 
over the division ring D (not of characteristic 2) with the dimension of & 
over D greater than two; % is a family of linear transformations on & to Æ 
each of which possesses an adjoint on X* [3, p. 16]; & is a group under the 
“circle operation” A o B= A -+-B— AB; §& contains all one-dimensional 
involutions which possess adjoints. Denote by {9, &,9*:&%)} a second such 
system and assume that & and % are isomorphic as groups. In this situation, 
two principal results are obtained. The first states that one of the following 
pairs of linear space isomorphisms must hold: (i) Æ—% and ¥* —%* or 
(ii) ¥~ Y* and ¥*— Y. The second states that the group isomorphism is 
essentially generated by the corresponding linear space isomorphism. 

G. Mackey [5, p. 251] has obtained the first result for the special case 
in which ¥, 9) are infinite dimensional normed linear spaces over the real 
numbers; X*, Ÿ* are the conjugate spaces of X, Y respectively and 4, # 
are the (multiplicative) groups of all linear transformations on &, 9 
respectively which are continuous and possess continuous inverses. Our proof 
is based on an extension of methods used by Mackey. The second result 
reduces essentially to a result of Dieudonné [1, Théorème 1} in the finite 
dimensional case. The finite dimensional case over a field has also been 
treated by Schreier and van der Waerden [6, p. 305]. 

* In Section 1 are collected a few observations on dual spaces and involu- 
tions. Involutions are studied in detail in Sections 2, 3. The first result 
mentioned above is proved in Section 4 and the second is proved in Section 5. 

The groups studied here reduce essentially to full linear groups in the 
finite dimensional case. In a subsequent paper we will carry out a similar- 
investigation for groups which reduce in finite dimensions to unitary, ortho- 
gonal or symplectic groups. 

We take this opportunity to acknowledge our indebtedness to N. Jacobson 
for a number of suggestions which led to substantial improvement of our 








* Received August 26, 1949. 
1 Prepared in part under the sponsorship of the Office of Naval Research. Presented 
to the American Mathematical Society, September, 1948 and September, 1949. 
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results. In particular, a suggestion of his enabled us to complete the proof 
of Theorem 5. 1. 


1. Dual linear vector spaces. Involutions. Let X denote a linear 
vector space over a division ring D. The space & is called a right (left) 
D -space if the scalar multiplication is written on the right (left). A right 
D -space & is said to be isomorphic to a right (left) €-space Y provided there 
exists a one-to-one addition-preserving correspondence x <> y between X and 
N and an isomorphism (anti-isomorphism) «<> 8 between D and € such 
that sa <> yB (va By). A similar definition holds with “right ” and “left” 
interchanged. 

Let & and %* be right and left D-spaces respectively. Then X and 
X" are said to be dual [3, p. 15] provided there exists a function (2*, =) on 
"X & to D with the following properties: (1) (2*, x) — 0 for every z* e X* 
(zeX) implies =0 (2*—0), (2) (ce, A + yp) = (a, 2) + (zë, y) 
and (Art + py*, £) =A(a*,x) + u(y*,æ) for arbitrary Awe D, s ye& 
and ar, y*eX*, 

Consider a subset SCX (SC X*) and define S+ as the set of alla*e X* 
(zeX) such that (a*, x) = 0 for every se S (c*e8). If the set S is finite, 
then the set «* + 8+ (x + S+) is called a neighborhood of «* e X* (reX). 
Under these neighborhood systems, X* and X become T',-spaces [3, p. 16]. 
If 8 consists of only one non-zero element, then $+ is a maximal linear 
subspace of X* (or &). Let £: ++, t,eX (a, ++, 2" n eX") be arbitrary 
linearly independent elements; then there exist elements 2%j,- + -,2%,¢X* 
(2° +, % eX) such that (2*;,2;) = èy [8, p. 16]. 

Let A be a linear transformation on Æ to Æ. A linear transformation 
A* on X* to X* is said to be adjoint to A provided (v*, tA) == (x*A*,æ) for 
all ve X and 2*e%X*. Whenever A* exists it is unique, and a necessary and 
sufficient condition for the existence of A* is that A be continuous in the 
T:-topology defined above [3, p. 17]. The linear transformation A is 
said to be finite dimensional provided its range XA is finite dimensional. 
Every continuous finite dimensional linear transformation A has the form 


n 
vA = > aa“, x), where ae X and a*;e X* are fixed and n is the dimension 
. i=1 
of XA. Conversely, every finite dimensional transformation of this form is 
> n 
continuous and g*A* = J, («*, a;)a*; defines its adjoint [3, p. 17]. 
{z1 


In addition to the usual operations of addition and multiplication for 
linear transformations on a linear space, we also consider the circle operation 
Ao B= A-4 B— AB [4, p. 153; 2, p. 455]. This operation is associative 
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and has the identically zero transformation as an identity. The family of 
all continuous linear transformations on Æ which have continuous inverses 
relative to the circle operation constitute a group under this operation. More- 
over, under the correspondence A <> I — A, this group is isomorphic to the 
multiplicative group of all continuous linear transformations which have 
continuous inverses relative to ordinary multiplication. The inverse of a 
linear transformation A relative to the circle operation will be denoted by A°. 
A linear transformation T is called an involution (relative to the circle 
operation) provided To T= 0 or, equivalently, T? — T2. Observe that the 
adjoint of an involution is also an involution. For what follows; it is 
necessary to require the characteristic of D to be different from 2. 


1.1 Tæeorem. For cach involution T on & there exists a unique decom- 
position, = M + N, M N N = (0), of X such that sT = 22 for xe Mt and 
aT =0 for ve. -If T* exists, then the analogous decomposition cf X* 
associated with T* is X* = N+ + M+. 


` Define E = T4 and observe that H? = F; that is, E is a projection on 
&. It is evident that the desired decomposition of & is given by M = XE 
and R—=&X(I—E). If T* exists, then so also does /*; in fact #* = 47%. 
Since «*#* — 0 if, and only if, (2*, zE) = 0 for every ze, it follows that 
g*E* = 0 is equivalent to «Fe M+. Also, since @*E*—=x* if, and only if, 
‘(a*, 2 —xE) = 0 for every ve X, it follows that 7*#* = x“ is equivalent to 
ve +. This completes the proof. - 

The subspaces M, N associated with T by Theorem 1.1 are called the 
‘subspaces of T. The involution is said to be minimal provided Mt is one- 
dimensional and maximal provided N is one-dimensional. In either case, 
it.is said to be extremal. Observe that the operation T 0/2 interchanges the 
subspaces of T. Thus, if 7 is minimal (maximal), then T o [2 is maximal 
(minimal). If Tı, T are two involutions with the same subspaces, then 
either To = Tı or To = T 0 12. 

The following lemma is an easy consequence of the definition of involu- 
tion and the representation of continuous finite dimensional transformations 
mentioned above. 


1.2. Lemma. Let T be a continuous involution on X. Then T is 
minimal if, and only if, it is of the form «T = tR (t*, x) and is maximal if, 
and only if, it is of the form sT = z2 — t2 (t*, x), where teX and t*e X* 
are fixed such that (t*, t) — 1. 


‘Throughout the remainder of this paper, X and X* will be dual D -spaces 
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where the characteristic of D is different from 2 and dim(X) =3. Also & 
will be a family of continuous linear transformations on X which is a group 
under the circle operation and which contains all continuous minimal involu- 
tions. The family &* of adjoints of elements of & is also a group under the 
circle operation. Moreover, the groups $ and &* are anti-isomorphie under 
the natural correspondence A <> A*. A system of the type described here 
will be denoted by {%, D,X*: G}. 


2. Intersection properties of extremal involutions. Consider the sys- 
tem {%,€, X*: 4} and denote by à the set of all involutions in &. The 
objective of this section is to obtain, in terms only of the group operation 
in $, a necessary and sufficient condition that two non-commutative extremal 
involutions in & shall have a subspace in common. 

Let 3 be an arbitrary subset of À and denote by c(3) the set of all 
Te 4 such that ToS—=SoT for every Se d. Observe that c(d) can also 
be defined as the set of all Te À such that TS — ST for every Sed, since 
TS == ST is equivalent to ToS = 8 0 T. | 


2.1. Lemma. Let T be an involution with subspaces M, N and let A 
be an arbitrary linear transformation on X. Then ToA=AoT if, and 
only if, MA CM and NA CN. 


The necessity of the condition is trivial. Therefore assume MA C M, 
NA CM and, for arbitrary v e Æ, write c= m + n where meM and ne. 
Then «TA=mA2. Also, since mAeM and nA EN, cAT = mAT +nAT 
—mA?. Therefore TA = AT and hence ToA=AoT. 


2.2 Lemma. Let T, be involutions with subspaces Nt, Ni (i= 1,2). 
A sufficient condition for T,oT,=T,0T, is that either M CM. and 
Ne CM, or M CM, and M: CN. If Tı is minimal, then the condition 
is also necessary. 


Assume first that M CM, and CN. Obviously MT, C Mh. 
Moreover, let n  e 9, and write m = Ms +- no, where me M, and me Na. 
Since n£ 9, we have MmT, = 0. Therefore, 4727, = m.2T, = 0, so that 
NıTseN,. In other words NT, CN. That T; o T= T0 T, now follows 
from Lemma 2.1. Sufficiency of the second condition is proved similarly. 
Now let T,oT,=T,0oT, and assume 7, minimal. By Lemma 2.1, 
MT C Mı. Therefore, since Mt, is one-dimensional, if wv is a non-zero 
element of W, then uT, = uà where Ae D. Since T, — T,2, this implies 
either A = 2 and M, CM. or A= 0 and M, CMs. Suppose M, C Ma and 
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let nə be an arbitrary element of Nta. Write ns == Mm, + m, where m, e M 
and nm e Ni. Then 0 = ToT, = nT,T, = mı?2T, = m,4. Therefore m, = 0 
and hence Ne CI. A similar proof holds in the case M, C Wo. 


2.3 COROLLARY: If T,, Ta are both minimal and commute, then either 
T: = T, or TT. =Q. 


2.4 Lemma. Let T, be non-commutative minimal involutions in à 
with subspaces Dt, Mi (t= 1,2). A necessary and. sufficient condition for T 
to belong. to c(Tı, Tz) is that one subspace of T contain M: + M, and the 
other be contained in Ir N Ne. 


The sufficiency is immediate from the first part of Lemma 2.2. On the 
other hand, if Tec(T,,T,) and has subspaces M, N, then by the second part 
of Lemma 2.2, either M, CM and NEW, or MER and MER, for 
i= 1,2. We have only to show that the same case occurs for both i = 1, 2. 
Therefore suppose M, CM, NECN, M CM and MEN. But this im- 
plies M, CN, and Ma C N, so that T,, Ta commute, contrary to hypothesis. 


2.5 Lemma. Let T,, Te be non-commutative extremal involutions in à. 
A sufficient condition for Tec(c(T,, T:)) is that one subspace of T be con- 
tained in the union of the one-dimensional subspaces of Tı, T and the other 
contain the intersection of their non-one-dimensional subspaces. The condition 
is also necessary if dim(X) > 8 or if dim(X) = 8 and Tı, To have a common 
subspace. 


Observe that there is no loss in assuming the T; to be minimal with 
subspaces M, Nı (t= 1,2). Let Ted satisfy the given condition and 
consider an arbitrary T’ec(T,,T.). By Lemma 2.4, one subspace of 7” 
contains M, +- Mt, and the other is contained in N, Me. That 7 commutes 
with 7” and is therefore in c(c(Ti, T'2)) follows by Lemma 2.1. This proves 
the sufficiency. 

Now assume dim (X) > 3 and observe that, sinve Jt, and -Jt, are 
maximal, dim(Jt, Na) =2. Moreover, since dim(M, + M) =2 and 
Pt + M cannot be contained in N, (1) Na, the set P of elements of Yt, N N: 
which are not in M + Mt, is non-vacuous. Also, if ze $, then 2340 and 
z+ 917 Ne N (Me + Me) CP. It follows immediately that the linear 
subspace generated by P must equal N, Nz. Now take Tec(c(T,,T;)) 
and let M, N be its subspaces. Also let y, z be arbitrary elements of X 
such that y£ Mt, + M and zeH. Since M, Mt, are one-dimensional and 
y,2£ Ut, +M, there exists z*eX* such that (2*, VE + M) = (0), 
(2*, 2) =1, (2*,y) #0. Define Z by 27 = 22(2*,2). Then, by Lemma 
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2.4, Z ec(Tı, T2) so that Z and T commute. By Lemma 2.2, one subspace 
of T must contain z and (2*,æ) must vanish for v in the other subspace, 
which must therefore exclude y. Holding z fixed in $ and allowing y to 
vary over elements of X not in M, + WM, we conclude that one subspace of 
T is contained in M, + M. On the other hand, by varying z over $, we 
see that the other subspace of T must contain $ and hence NR, [1 Na, by 
linearity. This completes the proof of the necessity for the case dim(X) > 3. 
If dim(X) == 8, then it can happen that the set 8 is vacuous. In this 
case c(T,,T;) contains only 0 and I2 so that c(c(Ti, T2)) — À. and the 
necessity obviously fails. On the other hand, if $ is not vacuous, the above 
proof of the necessity goes through. In particular, if T, and T, have a 
common subspace, then $ cannot be vacuous. This completes the proof. 


2.6 THEOREM. Let T,, T, be arbitrary non-commutative extremal 
involutions in &. Then a necessary and sufficient condition for Ti, Ta to 
have a subspace in common is that c(c(Ui, Uz)) = c(c(Ti, T:)) for every 
pair of non-commutative extremal involutions U}, Use c(c(Ti, T2)). 


There is no loss in assuming T; to be minimal with subspaces W, N, and 
written in the form sT: = 12(t%,2), (¢%,t) =1 (i—1,2). Note that 
Tı, T, will have a common subspace if, and only if, the elements in one, and 
only one, of the pairs t, ts and ¢*,, ¢*, are linearly dependent. 

Assume first that Tı, Te do not have a subspace in common. Define 
Uy = ty + te — ta (t*a, t1) ; then uw, ta are linearly independent and (t*,, u) 
—1. Now define U, by «UI, = w2 (t*a, £) and take Us =T If Mi, Wi 
are the subspaces of U, then M, CM + Me and Ni = N: D N, N Me 
(i=1,2), Hence, by Lemma 2.5, Ujec(c(Ti,T2)) (t= 1,2). However, 
since Wi NN, = N and 2%, AN, Lemma 2.5 also gives T,#¢(c(U;, U2)). 
Since T,ec(c(T,, Ta)), this proves the sufficiency. 

Now assume that 7,, To have a common subspace, say St, — 9, Then 
l ta are linearly independent. Let U1, U, be any pair of non-commutative 
minimal involutions in c(c(7T,,T.)) and let sU; = uR (u* £) (i= 1,2). 
Tf Wi, NM; are the subspaces of U; (i = 1,2), it follows by Lemma 2.5 that 
W: D Ri N My. Therefore Wi = W, = N, = Me. Also M, + M, COM + M. 
But U,, U, do not commute; therefore dim (WY: -+ WM) —2 so that 
OY, + DY’, — M, + M Another application of Lemma 2.5 gives c(c(U,, U:)) 
=c(c(T,,T,)). On the other hand, if M, — M, then the above argument 
applied to the adjoints T*;, U*; gives c(e(U*,, U*,))—=c(c(T*,,T*,)) and . 
this evidently implies c(c(U:, U2)) =c(c(T},T,)), completing the proof. 
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3. Group characterization of extremal involutions. The objective here 
is to characterize an extremal involution of À in terms only of the group 
operation in $. Let T;,T,e À and denote by (71,72) the number of 
distinct elements in c(c(T:, T;)). Define 


v= max v(Ti, To), TıeT,=T,0oT,; vp == maxv(T,T’), Pol’ =T of. 


8.1 Lemma. Let P be a continuous projection on X with dim(XP) > 1 
and let Z be any linear transformation on X which commutes with every 
minimal involution Ue À such that UP = PU =U. Then there exists £ 
in the center of D such that PZ == Pt. If Z is an involution, then t=? or 
0 and furthermore the condition on the dimension of XP-can be dropped. 


Let u be an arbitrary non-zero element of XP and choose v* e X* 
such that (v*,u) =1. Define u* —v*P*; then also (u*,w) —1 and 
zU = u2 (u*, x) defines a minimal involution U £ À such that UP = PU = U. 
Since Z commutes with U, we have by Lemma 2.1 that uZ = u£(u), where 
£(w)eD. Now let v be any cther element of XP. Then, since Z is 
additive, (u + v)ê(u +v) =ul(u) + v£(v) and hence u(£(u + v) —£(u)) 
= v(&(v) —f(u-+ v)). If u,v are linearly independent, then ¿(u + v) = £(u) 
and ¢(u-+ v) =€(v) so that £(u) ={(v). If u,v are linearly dependent, 
choose v’ linearly independent of u,v. Then (v’) — £(u) and £(v’) =£(v). 
Therefore £(u) — £(v) in this case as well. In other words £(u) is equal to 
a constant £ That ¢ is in the center of D follows from the linearity of Z. 
Now, if Z is an involution, then Z° == 22, which implies £(u) = 2 or 0, for 
every we XP. Therefore, if £(u) =£ £(v), then either ¿(u + v) =€(u) or 
tlut v) (0). Since u(g(u-+v) —E(u)) = o(£(v) —E(u + v)), the 
first implies v = 0 and the second implies u = 0. Hence, if u and v are not 
zero, then £(u) =&(v). This completes the proof. 


3.2 Lemma. If dim(X) > 3, then v is equal to either 16 or 8 according 
as Red or R$. 


Let Tı, Ta be any two commutative involutions in À and set E; == Ti 
(i= 1,2). Then E, I — E; are continuous projections on &. Since E,, EH, 
commute, the following are also continuous projections: 


Py = EE, P = E, (I — Eo), P; = (I — E)E, P, = (1 — #,) (I — F:). 


* Also P;P;=—0 for ij. Observe that c(T:, T2) consists of all Ted such 
that T commutes with each Pi. . 

Now let U, denote any minimal involution in & such that PiU; = U;P; 
=U; Clearly, for ji, U;P;—P;U;=0 so that U,ec(T,,7T2). By 
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Lemma 3.1, if Tee(c(T,,T;)), then PT=P$, where &=2 or 0 
(îi = 1,2,3,4). Since I = XP, we have T == 3P;5; Conversely, any T of 
this form is an involution and, provided it belongs to à, is in ce(e(Ta, T2)). 
It follows that v = 16, if 22e 9%, and a simple check shows that v = 8, if 
I2¢%. It remains to prove equality. 

Choose linearly independent elements weX and u*,eX* such that 
(u*;, uj) = Bi (i j= 1,2,3). Define U: by sU; = u: (uf, 2); then Uie À 
(i—1,2,3). Also define Tı, = U10 U, and T,—U;oUs Then Ta, To 
commute.and the associated projections P, are given as follows: P, = U,4, 
P, = Ut, P; = Us, Pa = I — (Pı + P: + Ps). Note that Py + P: + P 
= (U,oU,0oT,)4. Since dim(X) > 3, none of the projections P; is zero. 
It follows now that v(T,, Ta) — 16, if I2 e $, and v(T,,T.) = 8, if IRE 9. 


3.3 THEOREM. If dim(X) <3, then every involution on & is extremal 
and vr =v for all T. If dim(X) >3, then a necessary and sufficient 
condition for Te À to be extremal is that vr = Fr. 


The ‘first statement is obvious. To prove the second, consider an arbitrary 
T £ with subspaces M, N. Let 7, be any element of À which commutes 
with T, and define P; (i = 1,2,3,4) as in the proof of Lemma 3.2. If T, 
is minimal, then either P, = 0 or P, = 0 and, if T, is maximal, then I2 e & 
and either P = 0 or P,=0. In either case, it follows that »(T,, To) S dv 
and hence that vr, S 4v. Now choose u,e M, WEN and v*;e X* such that 
(v*;, uj) = y (i j= 1,2). Define u*, = 0*,E*, and u*, = v*,(I — E,)*, 
where W, = Tig. Then (u; uj) = êy (Wj=1,2). If U, is defined by 
eU, = uR (už æ) (t=1,2) and ,=T,oT, then Toe À and Ti, Te 
commute. With 7’, chosen in this way, since dim(X) > 3, at most one of 
the associated projections P; can be zero and this happens if, and only if, Ti 
is extremal. It follows that v(7:,T.) =v if T, is not extremal, and 
v(Tı, Te) = $v if T, is extremal. This completes the proof. 


4. Isomorphic groups of transformations. In this section we consider 
two systems, {X,D,X*:H} and {Y, E, Y": X}, of the type discussed above, 
with À and 9 as the sets of involutions in & and 9% respectively. We also 
assume throughout that the groups 9 and % are either isomorphic or anti- 
isomorphic. The isomorphism or anti-isomorphism of & onto Y% will be 
denoted by g:@—g(@). It is evident that g sets up a one-to-one correspon- 
dence between the sets À and 9. Also, 12eG if, and only if, 12e ¥ and 
furthermore, if 12e $, then g(12) —12. By Theorem 3.3, an extremal 
involution must correspond under g to an extremal involution. Moreover, 
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if T; i=1,:: -,k) are arbitrary extremal involutions in &, then repeated 
application of Theorem 2. 6, plus the observation that two extremal involutions 
which commute and have a common subspace must have the same subspaces, ` 
shows that the T; have a subspace in common if, and only if, the g(T;) do. 

Let (Ti, To) and (Ts, Ta) be two pairs of non-commutative extremal 
involutions. Then the pairs are said to be similar provided each has a 
subspace in common: and the common subspaces are either both one-dimensional 
or both non-one-dimensional. 


4.1 Leuma. The pairs (Tı, To) and (T, Ta) are similar if, and only 
if, (g (T1) g(T2)) and (g(T:), g(T4)) are similar. 


Let (Ta, To), (Ta, T4) be similar and assume first that the Conor 
subspaces are one-dimensional. If these one-dimensional subspaces coincide, 
then the Ti (i= 1,2,3,4) have a common subspace. Therefore the g(7i) 
also have a common subspace and this implies the desired result. If the one- 
dimensional subspaces are different, let one be generated by u, and the other 
by us Then t, u, are linearly independent and there exists u*e X* such 
that (u*,w) = 1 (i—1,2). Define U; by £U, = u2 (u*, x); then Die À 
(i= 1,2) and the involutions in each of the triples T,, Ta, U, and Ts, Ta, Uo 
have a common subspace. Moreover U,,U2 have a common subspace but 
(U,,02) is not similar to either (7,T.) or (T:,T,). Now suppose 
(s(T,),g(T,)) and (g(T:),g(T4)) not similar. Then one of these pairs, 
say the first, must be similar to the pair (g(U1),g(U2)). Since a(T}), 
g(T2), g(U:) have a subspace in common, it follows that g(T,), (T2), 
g(U1), g(U2) have a common subspace. This implies in turn that T:, Ta, 
U,, U: have a common subspace and contradicts the fact that (Tı, 7.) and 
(U,,U,) are not similar. Therefore (g(T:),g(T2)), (g(T:), g(T4)) are 
similar. Finally if the common subspaces in (Tı, Te) and (Ts, T4) are not 
one-dimensional, then the above argument applied to (7*1, T*,) and (Tz, T*,) 
leads again to the desired result and completes proof of the necessity. The 
sufficiency clearly follows by symmetry. 

The one-to-one correspondence between the sets of involutions & and 4 
will now be used to construct a one-to-one correspondence between the one- 
dimensional subspaces of X and those of either Y or Ÿ* such that linear depen- 
dence is preserved. The one-dimensional subspace of X determined by a non- 
zero element xe X will be denoted by vD. The set of all one-dimensional 
subspaces of X will be denoted by X,. Similar notations will be used for 
the other spaces under consideration. If sD e%, and Da*eX*y, then 
sD and Da* are said to be orthogonal provided (a*,x)—=0. If T is an 
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extremal involution in 4, then there exist non-orthogonal uD eXe and 
Du* eX*,, such that uD and (Du*)+ are the subspaces of T. Conversely, 
- every non-orthogonal pair «uD, Du* is associated in this way with an 
extremal involution. If 72 é &, then this association is one-to-one and T is 
minimal. If 12e &, then both T and 12—T are associated with uD 
and Du“. 


4.2 THEOREM. There exist two one-to-one mappings F and F* such 
that F maps.Xq onto either Ye or Y*g while F* maps X* g onto either Y*s 
or D. Also (aD)FC (4.D)F + (a.D)F or (Da) FC (Da*,)F* 
+ (Da*,) F* if, and only if, sd TaD +aD or Dar, C Dar, + Dat, 
respectively. 


Since g(T) is extremal if, and only if, T is extremal, it is evident that 
g establishes a one-to-one correspondence {D2*, cD} <> {Ey*, yE} between 
non-orthogonal pairs from X*g X Ea and Y*eX Y,. Now let {D2*,cD} 
be an arbitrary non-orthogonal pair from X*g X Xq and let Da*, be any 
element of X*,, distinct from Dx* and also non-orthogonal to «=D. Then 
{Dax*, aD} < {Ey*, yE} and {Dr D} {Ey*,, y,€}. By Theorem 2. 6, 
either y,€ = yE or Ey", = €y* and, by Lemma 4.1, whichever case holds is 
independent of the choice of cD, Da* and Da*,. Therefore we can define, 
without ambiguity, («D)F=yé if y€=—yé, and (xD)F—Ey* if 
Ey*, = Ey*. In the first case F maps o onto Ye, and in the second it 
maps X, onto 9*,. The mapping F* is defined in an exactly similar way. 
It is not difficult to verify that F and F* are one-to-one. Observe that 
{Da*, cD} > {(Da*)F*, (cD) PF} or {Da*, aD} <> ((aD)F, (Fx*) F*} 
according as F maps Xa onto Ye or Y*,. It remains to prove the last 
statement of the theorem. It will be sufficient to consider only F and prove 
that rD CoD +mD implies (a D)FC (ss D)F+ (RDF. I xD 
is equal to either 2,D or wD, the desired result is immediate; therefore 
assume  DAmD and 2D xD. Then also sı D. Choose 
viend so that mn + med and T = (2, +25)}. Choose a*eX* such 
that (=*, ©.) = (2&*, 2.) — 1; then also (x*,2,)=1. Define involutions 
X,e as follows: £X; = 22 (2,2) (i—1,2,8). Observe that the sub- 
spaces of X, are a: D and (Da*)+, Since D Ca9 + D, it follows, 
by Lemma 2, 5, that X, e c(c(X:, X:)). Hence also g(X3) e-¢(c(g(X1), g(X2))) 
and g(X3)* ec(c(g(X1)*, g(X2)*)). Let yE and (€y*;) + denote the sub- 
spaces of g(X;) (i—1, 2,3). It follows from Lemma 2.5 that YE C yE 
+ y€. Similarly, by replacing g(Xi) by g(X:)“, we obtain Ey*;, C €y*, 
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+ Ey", Since (nD) F =y€ or (tD )F = Ey”, according as F maps žo 
onto Ye or 9*,, the proof is complete. 


4.3 Lemma. Let Mt, N be the subspaces of an involution Ted. Then 
the linear subspaces determined by (Mtg) F and (R,)F in either Y or D* 
are the subspaces of the involution g(T) or g(T)* according as F maps X o 
onto D 4 or De. 


It will be enough to consider the case in which F maps £ o onto 9). Let 
DY, N’, be the subspaces of g(T) and consider the subspace Mt of T. If Mis 
one-dimensional, then from the definition of F, we already know that (M,)F 
is equal to either Di’, or W, If M is not one-dimensional, let 2,, ©, be 
any two linearly independent elements of M and choose v*eX* such that 
(v*, a) = 1 (i—1,2). Let u*— 4v*7*, then still (u*, rı) — 1 and also 
RC (Du*)+. Define the involutions X by sX; = a2 (u*, x) (i= 1,2). 
Then, by Lemma 2.2, Tec(X:,X.). Hence g(T) ec(g(X.),g(X.)) and, 
by Lemma 2.4, either M or N’ must contain (7,D)F+ (xD)F. By 
holding v, e Mt fixed and varying 2, over M, we conclude that either M”, or 
Re, say the first, must contain (M,)F. It follows easily by symmetry that 
M'e— (M,)F. A similar argument gives We — (Ng) F and completes the 
proof. 

The next lemma appears to be well-known in modern projective geometry. 
However, since we do not have a reference for it, we will include a brief out- 
line of a proof. 


4.4 Lemma. Let & be any right D-space with dim(X) = 8 and let Y 
be a right or left €-space. Also let F be any one-to-one mapping of Æ- onto 
Ne such that (x D)FC (21D )F +- (m D)F if, and only if, sD Ca D 
xD. Then there exists an isomorphic mapping ® of X onto 9Y such that 
(xD) = (aD)F. 


It will be sufficient to take 9) as a right €-space. Let To be a fixed 
non-zero element of X and denote by yo an arbitrary but fixed non-zero 
element of (%D)F. We define 0, =—= 0 and too = yo If x is linearly 
independent of a, then %, x%— ~ are linearly independent so that 
(tD)F A ((to—z)D)F. Moreover, since ToD CD + (m —x)D, we 
have (%D)F C (@D)F+-((%—2x)D)F. Therefore there exist uniquely 
determined elements y £ (aD)F and y’ e ((% — z)D)F such that yo = y + y. 
Set sb — y. This defines ®, for 0, x, and all x linearly independent of 2. 
Now consider a second fixed element z, linearly independent of x, and define 
®, exactly as ©, was defined except with x, replaced by z, and 2,8, = vd. 


‚ 
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It turns out that 2, = z, whenever both are defined. If t — 24, or 
z®,, whichever is defined, then © is single-valued and can be shown to be 
additive. Now, for Ae D, (A)®e (mD)F. Therefore, there exists AP s € 
such that (mA) = TPA. Moreover it can be proved that (zd) — 26)”, 
for every z, and that A —A® is an isomorphism of D onto €. Therefore ® 
maps X isomorphically onto 9 and it is obvious that (£D )® — (xD )F. 


4.5 THEOREM. There exist one-to-one mappings ®, Y such that one of 
the following two cases is true: 


(i) and © are continuous isomorphisms of X onto Y) and X* onto Y* 
respectively, involving the same isomorphism X—>A* of D onto E and such 
that (2*, yb*)% = (e*t, y). 


(ii) © and Y are continuous isomorphisms of Æ onto 9* and X* onto 
Y respectively, involving the same anti-isomorphism À — A% of D onto E and 
such that (y, x)? = (x,y). 


In both cases (xD )® — (£D) F and (Dx*)¥ — (Dx*) F*, where F, F* 
are the mappings given in Theorem 4. 2. 


We will discuss only case (i) which corresponds to the case in which 
the mapping F of Theorem 4.2 takes X, onto D. Denote by ® an iso- 
morphism of X onto Y given by Lemma 4.4. By Lemma 4. 3, (Da*)F* — Ey* 
if, and only if, (Dax*)® — Ey*. It follows from this that, for fixed 2* e &£*, 
(2*, yb*)® defines an element of (Dx*)F* which we denote by a*¥. It is 
not difficult to show that Y has the desired properties and also that both ®, Y 
are continuous. 


5. Representation of the group isomorphism. We turn in this section 
to the problem of representing G — g(G) in terms of the isomorphism of the 
underlying vector spaces given by Theorem 4.5. It will be assumed through- 
out that g is an isomorphism. 

Consider the set of elements of the center of the division ting € minus 
the identity element 1. This set is a group under the circle operation and, 
as such, will be denoted by €. 

The following theorem provides the desired representation of the group 
isomorphism g. For the finite dimensional case, it reduces essentially to a 
theorem of Dieudonné [1, Théoréme 1]. 


5.1 THEOREM. There exists a homomorphism G — y(G) ane & into € 
such that one of the following is true for all Ge &: 


`a 
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(i) g(@) = (8708) oly(@); (i) g(G) = (876°8)* oly (@), 
where & is the isomorphism given in the corresponding case of Theorem 4.5. 


Consider first case (i) in which ® is an isomorphism of & onto 9. Let 
T be a minimal involution in & with subspaces M.and N. Then, by Lemma 
4.3, the involution g(T) has (W) and (Jt) as its subspaces. On the 
other hand, 677% is also an involution with subspaces (Mt)® and (9). 
It follows that g(T) = (@'T%) o Ip, where p=0 or 2. Therefore g(T) 
has the form (i) for minimal involutions. 

We now define the mapping G> G* = g (G), which is an isomor- 
phism of the group # onto another group of linear transformations in &. 
Observe that, if T is a minimal involution, then T° = T o Ip, where p= 0 
or 2. 

Consider an arbitrary Ge and an arbitrary minimal involution | 
Te. Then GoToG® is also a minimal involution. In fact, GoTo G° 
= (I—G)T(I— 6)", where (I—G)~ is the ordinary multiplicative 
inverse of Z — G. Therefore it follows that (Go To G°)* = (Go T o G°) o Ipi, 
where p = 0 or 2. But (GoTo G°)" = @roTro (Gr)? and T7 =T o Ips, 
where &=0 or 2 Hence GoTo(G)°=(GoToG)olp, where 
p =p: °p =0 or 2 This last equation can be written in the form 
Ip = (I— G) T(I— @*)*4+ (I— G)T(I—G)"(p—1). Each term on 
the right is one-dimensional and consequently the right hand side is at most 
two-dimensional. Since X is at least three-dimensional, we conclude that 
p=0. In other words, 


(1) (I — @*)T (I— G2) = (I—@)T(I—G@)+. 


Suppose now that there exists an ze & such that the vectors u = «(I — G) 
and v—«(I—G*) are linearly independent. We can then choose T such 
that uT = ur and vT —0. An application of equation (1) to the vector x 
then yields u2(I— G)*—0. This obviously implies u — 0, a contradiction. 
It follows that, for every eX, the vectors «(J — G°) and «(I—@) are 
linearly dependent. An argument similar to the above also shows that these 
vectors vanish simultaneously. Therefore, for every xe X, there exists àse D 
such that (1 — G°) =g(I— G)às Hence «(J — G*) (I— G)” = tr 
By additivity, we obtain t(Az— Amy) + y(Ay— Any) = 0, for all z, yeX. 
If z, y are linearly independent, this implies As = Asy = ày. If x, y are 
linearly dependent, choose zeX linearly independent of x, y.. Then 
Ae = Az = Ày so that Az = ùy in this case as well. Therefore A, is equal to 
a constant A independent of z. In other words, IZ — G" = (I — G)X, and 
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this can be written in the form G=@oI(1—ıX). It is immediate from 
linearity that À is in the center of D. Also, since 1(1— à). = G° o G° and 
(G° o G*)° exists, it follows that 1—A is in De. Returning to g(@), we 
have g(G) = (G8) oIy(@), where y(@) = (1— Aà)? and A>A® is the 
isomorphism of D onto € associated wth &. It is obvious that G —>y(G&) 
must be a homomorphism of 4 into €. This completes the proof for case (i). 

In case (ii) we consider G— G®=-g(G@)*6" instead of G— Gr. 
Observe that G— G° is an anti-isomorphism of 4. An argument similar to 
that given in case (i) yields, in place of equation (1), 


(1)* (I— @)7(1—@) = (I— @) T(I— 6). 


Again as in case. (i), we obtain that Z-— G = (I— GP)", where Ae Do. 
This can be written in the form G®@—G°oJl(1—A). Therefore 


g(G) = (#@°8)* o Iy(G), 
where y(@) = (1—A)*%. This completes the proof. 
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STEADY, ROTATIONAL, PLANE FLOW OF A GAS.* + 


By Monroe H. MARTIN. 


1. Introduction. If one excludes flows for which the stream lines are 
isobars, the network formed by the stream lines and isobars in the region of 
the (x, y)-plane covered by the flow can be used as a system of curvilinear 
coordinates. This amounts to taking the pressure p and stream function y 
for independent variables and to regard the other flow variables, i.e., the 
velocity components u, v, the density p, and the coordinates x, y, as unknown 
functions of them. 

This choice of independent variables has the following advantage. Taking 
the equation of state of the gas to be p = f (p, S), where S denotes the entropy, 
it is well known that S is constant along a stream line. Consequently, if we 
specify the variation of entropy from stream line to stream line by setting 
S— 8 (y), the density p becomes a known function p = p(p, y) of the inde- 
pendent variables p, y. 

The problem of determining the remaining unknown functions x, y, u, v 
of p, y is reduced in Section 4 to the integration of a quasi-linear partial 
differential equation for a single unknown function 0 = arc tan v/u = 0(p, Y), 
provided 6, 540, that is, provided the flow does not cross each isobar with a 
constant direction. These exceptional flows are studied in Section 5. 

The quasi-linear partial differential equation for 6 involves the speed 
q = q (p, y) of the flow, which becomes a known function of p, y, once pip, y) 
is given and two arbitrary functions po =Po(Y), qo —=go(y) are specified. 
It is, however possible to adopt an inverse approach, and assign @ to be a 
definite function of p,y. This leads to a linear partial differential equation 
of the third order for q. As an example of the inverse method, in Section 6 
we study the simplest case, 9=#(y), in which the stream lines lie on 
straight lines. 


2. The equations of motion. The dynamical equations and the equa- 
tions of continuity in steady, plane flow of a fluid subject to no external 
forces constitute an underdetermined system 


* Received September 21, 1949. , 

$ Sponsored by the Office of Naval Research. Presented April 2, 1949 at the Durham, 
North Carolina meeting of the American Mathematical Society. This investigation was 
carried out under project NOL 139 of the Naval Ordnance Laboratory, White Oak, 
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p(t + uyv) + po = 0, p(t + vyv) + py = 0, 

(po + (pv)y—=0, 
of three partial differential equations for four unknown functions u, v, p, P 
of x,y. Following the usual notation, u, v designate the components of the 


velocity, p the density, and p the pressure of the fluid at the point (x, y). 
Writing this system in the alternative form 


(D+ pute (pur)y—0, (et (p+ po*)y—=0, 
PU)» + (pv)y =0, 


it is easy to see that, given any solution 


(1) 


(2) u=u(z, y), v=v(z,y),  p—p(r,y) #0,  p—p(s y), 
of (1), there exist three functions ? &, 7, y of x, y defined by 
d= — puvda + (p+ pu*)dy, dj = —(p + pv”) de + puvdy, 

dy = — pudx + pudy. 
This differential system is replaced by the system 
(4) dé = — ydp + udy, dn = zdp + vdy, dy = — pudz + pudy, 
when we set é — € — py, y= 7 + pa. 


(3) 


The form of the first two equations in (4) suggests that p, y be employed 
as independent variables, that is, that the stream lines and isobars be taken 
as a system of curvilinear coordinates in the region of the (x, y)-plane covered 
by the flow. We accordingly assume that 


(5) O<|I*|<+m, J =ô (p, 4)/3 (2y), 


holds throughout the above region. This automatically rules out flows for 
which the pressure is constant everywhere or for which p == p(y), i. e., flows 
for which the stream lines are isobars. Such flows form a very restricted 
class * and will be excluded from now on . When p, y are taken for independent 
variables, (4) leads to an underdetermined system of four partial differential 
equations 


(6) M=—yy ty ` Uyp—Vtp =; Uy — Vey = p”, 


for five unknown functions 2, y, u, v, p of p, y. The first two equations 


2 is, of course, the stream function. For the physical significance of E, 7 see a 
Technical Memorandum, A new approach to problems in two-dimensional flow. NOLM 
9869, Naval Ordnance Laboratory, by the author. To appear in Quarterly of Applied 
Mathematics. | 

8 For a treatment of flows for which p = p (Y) see the memorandum cited in 2. 


« 
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represent the integrability conditions for the first two equations in (4). 
The last two equations arise from the third equation of (4) when one sets 
da = 2,dp + tydy, dy = y,dp + yydy, and recalls that p, y are independent 
variables. 

Starting with a solution (2) of the underdetermined system (1), one 
uses the last equation in (3) to calculate y= y (x,y). The pair of equations 
p= p(z, y), ¥=—w(2,y), determine +, y as functions of p, y, in view of (5). 
It follows from (2) that u, v, p are known functions of p, y. Thus, given 
any solution (2) of the underdetermined system (1), we are led to a solution 


(7) s= (p, Y), y =y(p, 4), u=u(p, 4), v=v(p,Y), p = p(p, 4) #9, 


of the underdetermined system (6). 
Conversely, given a solution (7) of (6), a solution (2) of (1) can be 
constructed, provided 


(8) OLIT|<+o, J—0(x,y)/0(p, 4). 


In view of (8), the first two equations in (7) can be solved for p, y. 
This yields p, y and consequently u, v, p as functions of v, y. One has, of 
course, Jys = — Yp, Jy = tp, J Pa = Yy, J Py = — ty, and therefore 


(9) Jus = — Uyyp + Unb, JUs = — VyYp + Vy J ps = — pyYp + Poty 
J Uy = UyLy — Upty, Id, = Vpn — Vpty, J py = pytp — ppty- 


When the partial derivatives of u, v, p, p with respect to x, y obtained 
from these equations are substituted ‘in the system (1), it will be found 
that the system is satisfied by virtue of (6) and the further relation 
Pp = p° (UyYp — Uyy + Vpty— Vyp). This relation 1s needed to verify that 
the continuity equation is satisfied and is obtained from the second column of 
(6). The first equation is differentiated with respect to y, the second with 
respect to p and the results are subtracted. 

To examine the significance of (8), we find from (6) that 


(10) Up + Vp ——p", 


and that wptp + Upp = —J, VEp— Up = 0. Solving these equations simul- 
taneously for tp, Yp, and using (10), one finds 


(11) Tp = plu, Yp = pdt. 
It follows that 
(11) dp/ds = (pJq)>, if q = (W + P) > 0, 


the arc length s being measured along a stream line from a fixed point so 
that it increases in the direction of flow on the stream line. Thus, provided 
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we assume that the density p and speed q remain finite and different from zero, 
the two conditions 0 < | dp/ds | < +œ, 0 < | J | < +o, are equivalent. 
The above results are summed up in the theorem below. 


THEOREM 1. The solution of the underdetermined systems (1) and (6) 
are equivalent problems, provided the stream lines are not isobars, the density, 
p, the speed q, and the pressure gradient dp/ds along a stream line remain 
finite and never vanish. 


The system (6) becomes determinate when the equation of state of the 
gas and the distribution of entropy $ on the stream lines is specified by setting 


For a polytropic gas, for example, one places 
(12) = kp, le = e (8-60) /ep, S =S (4) y> 1, 


the function S(y) being taken arbitrarily. After the equation of state of 
the gas and the distribution of entropy on the stream lines has been fixed, 
the density p becomes a known function 


(13) p = p(p, 4), 


which we term the density function. Once it has been assigned, (6) becomes 
a determinate system of four partial differential equations for four unknown 
functions x, y, u, v of p, y. 
A solution i 
= g(þ, 4), 2 u =u(p, 4), 
y=y(DY), v= v(p, 4), 


of a determinate system (6) offers a pararhetric representation of the stream 
lines and their hodographs in the first and. second columns respectively, the 
pressure p serving for parameter. 

The functions in (14) are not necessarily single valued, as it is suas 
for a point in the (p, ¥)-plane to correspond to more than one point in the 
physical plane. Such a situation will always arise when an isobar cuts a fixed 
stream line in more than one point and occurs even in the simplest examples, 
e. g., the flow * defined by the conformal mapping z = w? in which the stream 
lines are confocal parabolas and the isobars are circles concentric at the 
common focus. 

Moreover it is also possible for two different points in the (p,y)-plane 


(14) 


4 As the referee has pointed ont, another example of great practical importance 
occurs in the neighborhood of the stagnation point in steady flow about a symmetrical 
blunt profile. 


> 
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to map into the same point of the physical plane. This.physical impossibility 
may be avoided by confining the point (p,#) to a properly chosen region in 


the (p, w)-plane. ; 


8. The Bernoulli function. If (10) be integrated between the limits 
po and p for a fixed y, we obtain Bernoulli’s theorem 


(15) ig f p'dp, Ener; 


where the arbitrary functions po(W), go(y) are at our disposal. To under- 
stand their significance, let us imagine the region covered by the flow referred 
to its stream lines and isobars as a system of curvilinear coordinates, as in 
the figure below. 





Figure g 


The choice of po(y) selects a curve p = po(4) (the curve C.) along which 
the speed of flow is determined by specifying qo(w). In particular, if 
po == const., Co is an isobar. 

For a polytropic gas we find, from (12), that (15) yields 


(16) P= qo — (P — por") /{k(1—n)}, 0<n=1/y<1. 
Taking po = 0, this reduces to 
(17) g = g? — 2p*"/{e(1— n) }, 


and Ce becomes the isobar of zero pressure along which the speed attains its 
maximum value go (the ultimate speed). If in addition, go = const., the 
flow is iso-energetic. 
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Returning to the general case, we assume that the density function (13) 
and the arbitrary functions po(W), go(y) are specified. From (15) we see 


(18) q=q(p, 4) 


is a known function of p, y. This function is termed the Bernoulli function 
of the flow. 

Conversely, if the Bernoulli function is given, the density function is 
uniquely determined by 


(19) p = — (1h) *, 


provided, of course, that 9, < 0. 

An interesting connection between the Bernoulli function q and the 
vorticity w = u, — Vz follows® from (9). Im substituting for uy, vs and 
then using (6), (11) to substitute for up, Up, Lp, Yp, one has 


(20) © = plly = — qv/ > 


the latter equation being a consequence of (19). This formula leads imme- 
diately to the following theorem: 


THEOREM 2. Under the hypotheses of Theorem 1, the flow will be 
irrotational if, and only if, the Bernoulli function is independent of y, that 


is q=q(p). 
Differentiating (19) with respect to p and introducing the Mach number 


M — q/G, where @ denotes the local velocity of sound, one finds that 
M° — 1 = p°’g°gpp- As a consequence, we have the theorem: 


THEOREM 3. Under the hypotheses of Theorem 1, the flow is subsonic, 
or supersonic, according as the Bernoulli function satisfies the inequality 
Yop < 0, or the inequality qop > 0. 


As a corollary we note that if q is a linear function of p, the flow is 
always sonic. 


4. The quasi-linear partial differential equation. The integration of 
a determinate system (6) may be reduced to the integration of a quasi-linear 
partial differential equation. 

Let (14) be a solution of (6) and let q = (u? + °)? = q (p, y) be the 
associated Bernoulli function. If we introduce the angle of inclination 4 of 
the stream lines by setting 


5 For a different proof see 2. 
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(21) u = q cos 6, v = q sin 6, 


it follows from (11) that 8 = arctan(y,/x,) and, from (11°), that 


(22) Lp = (dp/ds)"* cos 6, Yp = (dp/ds)~ sin 6. 
Moreover, from (6), (11) and (21) we find 
(23) Oy = — (Jop — 99p") dp/ds. 


If we rule out temporarily those flows for which 0y == 0, we may use (23) 
to eliminate dp/ds from (22) to obtain 


' (24) Ep = — { (Ipp — 98”) /Oy} cos 0, Yp = — { (Ior — 90°) /Oy}sin 9. 
On the other hand we find from (6) and (21) that 
(25) ~ ay (gsin8)» yy =— (q c08 60)». 


When v and y are eliminated from (24), (25) by partial differentiation, 
it follows that @ must be a solution of the quasi-linear partial differential 
equation 

(26) „IC {don — 9957} /0y) y + (q°8p)p = 0. 


Conversely, if 4 is a solution of (26) for a prescribed Bernoulli function 
q= q(p, y), it is possible to construct a solution (14) of the determinate 
system (6) in which the density p is given by (19). Guided by (21), (24), 
(25) one tentatively writes down 


a= f {—[ (don — 965°) /Oy |cos 8 dp + (q sin 0)pdy}, w= q cos 6, 
y = StL (Gen — 995°) /Oy]sin 0 dp — (q cos 0),dy}, v= q sin 9, 
and then verifies that this is indeed a solution of (6) by direct substitution. 
We return to the case fy = 0 excluded above. For such flows 6 — 8(p), 
i.e. the velocity vectors are all parallel along an isobar. These flows will be 
examined in detail in Section 5. At present we are only interested in seeing 
how (26), (27) must be modified to account for them. 
From (23) it follows that (26) is replaced by 


(28) op — 9° = 0. 
In place of (22) we write 


(er) 


(29) Lp = À COS Ô, Yp = ASIN, à= À(p,%), 


and eliminating æ, y from (25), (29) by partial differentiation, one finds 


y 
(30) A= f (9°6p)n/q dy + B(p), Yo = const., 
Yo 
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where B(p) denotes an arbitrary function. Consequently, in place of (27), 
we have 


z= f {x cos 6 dp + (q sin 6) pdy}, u = q cos 0; 


(31) y = f{asin 8 dp — (q cos 0)pdy}, v =q sin #. 


Conversely, if 0 = 0(p) satisfies (28) for a given Bernoulli function 
q= q(p, Y), and À is defined by (30), the line. integrals in (31) define 
x, y as functions of p, y. By direct substitution we verify that (31) is a 
solution (14) of (6) with the density function p given by (19). 

We summarize these results in the next theorem. 


THEOREM 4. If the Bernoulli function q (p, y) of the flow is given, the 
stream lines and their hodographs are presented parametrically in terms of 
the pressure p by (27), where 0 is a solution of the quasi-linear equation (26), 
provided the direction of flow is not constant along the isobars, in which 
event (27) must be replaced by (31), and (26) by (28). 


When the partial differentiations are carried out in (26) this equation 
becomes 


(32) (Jop — 99”) Oy y + 240,00 Opy — GOu°O pp — (Gong — 9009? + 2qpOp0y) 9y = 0. 


This brings out the quasi-linear character of (26). 


5. The case 6 — 6(p). Equation (28) may be made to play a dual 
rôle. Depending on whether one elects to preassign the Bernoulli function g 
or the function 9, it becomes an equation for 0, or an equation for q. 

Let us take the equation in the first rôle under the hypothesis that the 
flow is irrotational. According to Theorem 2 we prescribe 


(33) ı=alp); 
and, on solving (28) for 0, obtain 


Dp 
(34) 6 67) = S (4e0/a)8dp + bo, du — const. 
Po 


For 6 to be real we admit only values of p for which gpp = 0 and therefore, 
from Theorem 3, exclude subsonic flows. 

Substituting from (33), (34) into (31), the second column yields the 
parametric equations of a one-parameter family of curves (with parameter 6) 
in the hodograph plane, generated by rotating any member h about the origin. 
A member h of this family is the hodograph of a flow in the physical plane, 
i. e., the flow in the physical plane has a one-dimensional hodograph. 
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As is the case for all irrotational flows, it follows from (33) that the 
isobars in the hodograph plane are circles concentric with the origin. 

To construct the stream lines in the physical plane, we carry out the 
integration of the line integrals in the first column of (31) along the broken 
line P,AP indicated below. 





Fi igure 2. 


One finds 
(35) zen) + (4—0, y= Yo(p) — (W—Yo)u’, ‘= d/dp, 


where 
(36) Xo(P) — f” B coso ap, Yo(P) -Í ” Bsin 6 dp, 
Po Po 

in which 0 = 6(p) is defined in (34), and B is the arbitrary function of p 
introduced in (30). 

Setting y = yo in (35), one obtains an “ initial stream line” So 
(37) t= (Pp), y= Yop), 
containing the origin of the physical plane as a point at which p = po, 0 = bo. 


Once Sy has been drawn, the other stream lines may be constructed as 
explained below. 





Hodograph Plane Physical Plane 
Figure 3, 
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Through a point R of So draw the tangent RR’ and from the origin O 
of the hodograph plane draw the radius vector 00 parallel to ER’ terminating 
at Q on h. où represents the velocity vector at R. At Q draw the tangent 
vector QT to h with components (w,v’) and from O draw the normal vector 
Où with components (v’,—w’). From R draw RP, parallel and equal in 


length to ON. It follows from (35) that the locus S, of P, as R traverses So 
is the stream line for which # — y, = 1, and that the isobars are the straight 


line containing the vectors RP.. Along an isobar the velocity vectors are all 
parallel and equal in length, and the remaining stream lines may be viewed 
as generalized homothetic transformations of S, in which the radii of simili- 
tude are the isobars and the center of similitude R moves along Sp. 

Due to the arbitrary function B(p) in (36), we may elect any hodograph 
curve h and still retain wide latitude in the choice of the initial stream 
line Sy. Fixing po, 9% in (34), it is possible to make 8, coincide with any 
curve C passing through the origin of the physical plane and making an 
angle fo with the «z-axis, provided C has a finite radius of curvature R, e. g., 
is not a straight line. To see this we take 


0 6 
C: om f R cos dé, y= f Rsin 0.d8, R—R(6), 
bo 05 


as parametric equation for C, and using (34) to introduce p as parameter 
on C; it follows from (36) that So will coincide with C, provided we take 
B = R(6(p))®(p). 

If we designate flows for which 8 = 8 (p) as isoclinic and flows which 
have a one-dimensional hodograph as Prandtl-Meyer flows, we have seen that 
any irrotational, isoclinic flow is necessarily a Prandtl-Meyer flow in which 
the isobars are straight lines along which the velocity vectors are parallel 
and equal in length. Such flows have been studied in detail by various 
authors for the special case of a polytropic gas. 

There exist, however, rotational, isoclinie flows which are not Prandtl- 
Meyer flows. To study them, we return to (28) and examine it in its second 
rôle. From this standpoint we set 


(38) 0 = 0 (p), 


where #(p) is an arbitrarily chosen function, and regard (28) momentarily 
as an ordinary differential equation for q. If qı, qa denote two linearly inde- 
pendent solutions of (28), the general solution is 


5 See, for example, R. Courant and K. O. Friedrichs, Supersonic flow and shock 
waves, pp. 259-293. Interscience Publishers, New York (1948). 
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(39) ` Q = haqi + lefa, 


where a, @ denote arbitrary constants, if (28) is regarded as an ordinary 
differential equation, but denote arbitrary functions of y when (28) is inter- 
preted as a partial differential equation. 

If we specify the arbitrary functions 4,(#), a.(y) in (39), we obtain 
a definite Bernoulli function q(p,%), corresponding to which the function 
6(p), assigned in (88), yields a solution of (28). If we substitute these 
functions for g, # in (30), (31), the second column of (31) yields a one- 
parameter family of hodograph curves 


h: u= (y) + d(Y) Ue, v = a (4) Vi + Go (Y), 
where 
hy: u, =q cos 6, vı =q sind; het Us = Qa COS B, Va == Qo sind, 


represent two “ base curves ” in the hodograph plane which serve to determine 
the one parameter family of hodograph curves as indicated in Figure 4. 





Figure 4 


It follows from (39) and Theorem 2 that our isoclinic flow will be 
irrotational if, and only if, &,, & are constant, i. e., if, and only if, h consists 
of a single curve. Consequently an isoclinic flow will be irrotational if, and 
only if, it is a Prandtl-Meyer flow. 

According to the Munk-Prim Substitution Principle,’ if u, v denote the 
velocity components for a given flow, the flow with velocity components Au, 
Av has the same stream lines and isobars as the given flow, provided À = A (y4). 
If two such flows are termed equivalent, it follows that all flows equivalent 


TM. M. Munk and R. C. Prim, On the multiplicity of steady gas flows having the 
same stream line pattern. NOLM 9271, Naval Ordnance Laboratery (1947). 
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to a given isoclinic flow are isoclinic. Moreover an isoclinie flow will be 
equivalent to an irrotational flow if, and only if, the functions a, & in (39) 
are linearly dependent. Consequently the necessary and sufficient condition 
for an isoclinic flow to be equivalent to an irrotational, Prandtl-Meyer flow 
is that a, @ be linearly dependent. 

The isobars in the hodograph plane are represented by the dotted lines 
in Figure 4. To plot them p is fixed in h, and y allowed to vary. 

The family | 


H: U = Ai(y)u + Aaly) Us, V == Ai (y) vy + As(p) ve, 
of curves in the hodograph plane, derived from h by setting 


Ÿ y š 
(40) l= fi adp da= f ady, Yo = const. 


enables one to draw the stream lines in the physical plane. Carrying out the 





u 
s 
Q 
N 
U 
h H La 
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integration of the line integrals in the first column of (31) along the broken 
line P,AP in Figure 2, one obtains 


(41) 2=%(P) + Vr Y = Yo(p) -— Up. 

Here 

(42) za(p) = f "Bos sdp, yop) = [Bain sap, 
Po Pa 


where @ is the function of p introduced in (38) and B is the arbitrary func- 
tion of p in (30). From (40) both Up, Vp vanish for y= yo so that 


So: Z=%To(p), Y = Yo(P), 


is the “initial stream line” y= yo To construct the other stream lines 
we refer to Figure 5. 
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Choosing a value of y, one draws the corresponding member H of the 
above family and selects a point R on So. Corresponding to R, we select a 
point Q on H so that p has the same value at both points, and erect the 


normal ON with components (Vp, — Up) to H at Q. It follows from (41) 
that the tip P of the vector RP drawn from R, equal in length and parallel 


to ON, traces out the stream line for the selected value of y as R traverses So. 

Because of the arbitrary function B(p) in (42), once the Bernoulli 
function (39) has been fixed, it is still possible to take the initial stream 
line S, to be any curve through the origin of the physical plane, provided 
its angle of inclination there equals 6(p)) and its radius of curvature is 
always finite. 

An isoclinie flow is never subsonic, since gpp = 0 holds from (28). 

Taking the Bernoulli function (39) for isoclinic flows, it follows from 
(19) that the density function necessarily has the form 


p =— (hg + 0292)" (19/1 + tage); 


where di, @ denote arbitrary functions of y and qi, 9» are linearly independent 
solutions of g” — 6’q = 0. | 

Conversely, if we start with such a density function, (6) will permit 
solutions (14) for which 6 = 6(p), i. e., isoclinic flows are possible. To prove 
this, one substitutes for p in (15) and disposes the arbitrary functions go(#), 
go(¥) so that the Bernoulli function is given by (39). Substituting for q, 8 
in (30), (31) one obtains solutions (14) of (6) of the desired type. 

Let us assume that the entropy distribution function S—S(y) can be 
inverted, y==y(S) so that a, a, can be regarded as functions of 8. If we 
designate these functions by 014, 020, * we can state the following theorem. 


THEOREM 5. For a fluid to permit isoclinic flows for which O== 6(p) 
under the hypotheses of Theorem 1, it is necessary and sufficient that the 
equation of state has the form 


p = — 017 (qi + oag) (91 + oge), 1 == d/dp, 


where qı, qz denote linearly independent solutions of q” —0’°¢ = 0, and 51, on 
are arbitrary functions of the entropy S, subject to the conditions q > 0, p > 0. 


As an application of this theorem, consider the simplest case possible, 
8 — const. The stream lines are parallel straight lines and we may take 
qı = — P, qe = 1. Consequently the Bernoulli function must be q = de — ap, 
a linear function of p, and the equation of state must have the form 
p=0,2(o.—p). Naturally other forms for the equation of state are 


478 MONROE H. MARTIN. 


possible if the gas flows on parallel straight lines under constant pressure ; 
but if we presuppose the conditions of Theorem 1 (which require a change 
of pressure along a stream line) only gases having an equation of state of 
the above form are admissible. 

The equation of state (12) for a polytropie gas is separable, i. e., it has 
the form p—3(S)I(p). For the equation of state in Theorem 5 to be 
separable it is clearly sufficient that c» = const. Under this assumption the 
functions a, @ in (39) are linearly dependent and the flow is equivalent 
to an irrotational Prandtl-Meyer flow. 

Conversely, we shall show that this is the only case in which the equation 
of state is separable. In the proof we make use of the lemma below. This 
lemma is a generalization of a lemma frequently used in solving partial 
differential equations by separation of variables which states that, for n — 1, 


the identity S 2&(u)yı(v) =1 implies that æ.(u) and y,(v) are reciprocal 
i=1 


constants. For simplicity, and because it is adequate for our purpos>. we 
restrict attention to the case n — 3, although no doubt the lemma can be 
extended to all positive integral values of n. 


Lemma 1. In order that two curves 
C: vı =% (u), La = To (U), t = T3 (U), 
D: yı =y(v), Y2 = y2(v), Ys = Ys (v), 

_ satisfy the relation xy, + tY + TaY = 1 identically in u, v, it is necessary 
and suficient that one curve be a point and the other lie on the polar plane 
of this point with respect to the unit sphere, or that both curves lie on straight 
lines which are transforms of each other under polar reciprocation, 1. e., either 

(i) C is a point (a, de, ds) and D u curve on the plane 
GY + Y2 + days = 1, or 
D is a point (bı, bs, b3) and C a curve on the plane 
bit + bota + bats = 1, 
or the curves C, D are presented parametrically by 
— OC: di =a, 4 Uh, t, = t + Uh, ts — m + Uks, U =U (u), 
Be en aa View vo bet Fon VV 0s 





where ai, bi, li, M; denote constants satisfying the relations 


ad, + abe + agbs = 1, ym, + GoMe + asm; = 0, 
Lib: + laba + lzb3 = 0, lim + laMa + lms = 0. 
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For the proof of this lemma we employ a geometrical argument. To a 
fixed point. B(b,, bz, ba) of D there corresponds the polar plane 0,7, + bar, 
+ bats = 1 of B with respect to the unit sphere. Since C, D satisfy the 
relation Yı + eye + Tays = 1 identically in u, v, the curve C must le in 
this polar plane. If D consists of a single point B, the identity is fulfilled if, 
and only if, C is a curve in the polar plane of B and the case comes under 
alternative (i). If D is not a single point the polar planes corresponding 
to the points of D constitute a one-parameter family of planes. For the 
identity to be fulfilled, it is necessary and sufficient that C be in the set S 
of points common to these planes. For the set S to be not vacuous, it is 
necessary and sufficient that D be a straight line or a plane curve. In the 
first case the polar planes are co-axial to yield alternative (ii), and in the 
latter case they have a single point (a1, @,@3) in common, as in alternative (i). 

Returning to the proof of the necessity of the condition o, == const., in 
order that the equation of state be separable, it is clear that the product 
{qi + 0292) (q’1 + o29’2) must be separable, consequently the identity in 
Lemma 1 must be satisfied by the curves 


O: ty =— (q192)'/nq'1 = (p), = — Gaqo'/ 1 = T(P), T = U3 (p), 

D: j=o2=4,(9), Ya = 02" = Y (8), Ys = Y3(8). 
If C were a point (a1,ds, a3), it would follow that 

faqe — tu? + Ca, Qo” == — deg? + Co, Cı = const., Cs == const., 


and hence that qı, qa are both constant or else linearly dependent, neither of 
which is possible, since gı, g2 designate linearly independent solutions of 
q” — 0”°q = 0. Thus C cannot be a point. The projection of D on the dlane 
Y = 0 is the parabola yı? = y2, so D cannot contain a straight line segment. 
Censequently D is a point, and c» is a constant as stated. 

These results lead to the following theorem. 


THEoREM 6. The rotational, isoclinic flows of a gas with a separable 
equation of state subject to the conditions in Theorem 1 are equivalent to 
irrotational, Prandtl-Meyer flows under the Munk-Prim Substitution Prinsiple. 


6. The case9—O8(Y). Equation (26), like (28), plays two rôles, 
depending on whether q, or 6, is taken to be an assigned function of p, y. 
Taking (26) in its second rôle, we prescribe 6 — 6(y) and take g for unknown 
function. We suppose 6’ =£0, so that the stream lines lie on a family of 
non-parallel straight lines and term such flows rectilinear flows. For recti- 
linear flows (26) reduces to (qpp/6y)y = 0, the general solution of which 


(43) q=b[P(p) +UuY)p+%(y)], 60, (© = d/dy), 


480 MONROE H. MARTIN. 


involves three arbitrary functions P(p), Y.(#), Y(w). If we specify these 
arbitrary functions, we obtain a definite Bernoulli function g(p,#) corre- 
sponding to which the prescribed function 8(#) yields a solution of (26), 
and, on substituting for g, 0 in (27), we obtain a solution (14) of (6) for 
which the density function is given by 


(44) p=— 02 (P + 8) (P + Wp + pe). 


Conversely, if we start with a density function of this type, (6) will 
permit solutions (14) for which 6 = 6(y), i. e., rectilinear flows are possible. 
To obtain them, one substitutes from (44) into (15) and adjusts the arbitrary 
functions Po(y), go(y¥) so that the Bernoulli function is given by (43). The 
desired solution (14) of (6) is then obtained by substituting for g, 8 in (27). 

Introducing the entropy S as in Sectiond, we obtain the theorem in view 
of (23). 


THEOREM Y. For a fluid to permit rectilinear flows under the hypotheses 
of Theorem 1, it is necessary and sufficient that the equation of state has 
- the form 


(45) p=— (P + o)? (P + op + ee), "= d/dp, 


where P is any non-linear function of the pressure p and c, o1, ca denote 
arbitrary functions of the entropy S, subject to the conditions q > 0, p > 0. 
Further insight into rectilinear flows is given by the following theorem. 


THEOREM 8. Under the hypotheses of Theorem 1, the necessary and 
sufficient conditions for the isobars to be orthogonal trajectories of the stream 
lines is that the stream lines lie on straight lines. 


If we let K denote the curvature of a stream line this theorem is an 
immediate consequence of the relation 270, + y,yy = qK(ds/dp)?, derived 
by substituting for Tp, Yp from (22) and for zy, yy from (6) with the help 
of (21). i 

Consequently if the stream lines lie on straight lines L the isobars are 
the involutes Z of the evolute Æ enveloped by the straight lines. 

To confirm and elaborate upon this result, we substitute for g from (43) 
and put 0 = 8 (4) in (27) to obtain 


v= fY sin 840 — P’ cos 6, y = — fY, cos 046 — P’ sin 6. 
and this, upon integration by parts, yields 


(46) a= f(%:/6) cos 840 — (P’ + Y) cos 6, 
y = f (%,/6)sin 040 — (P’ + %,)sin 0. 
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If we let R denote the radius of curvature of E and r be the arc length of E 
measured from some fixed point P, on E, the equations of the involutes 
of E are 


(47) a= fR cos 646 + (a—r)cos 6, y = [A sin 648 + (a—r)sin 8, 





Figure 6. 


in which a specific involute is obtained by assigning a definite value to the 
constant a. Comparing (47) with (46), we set 


(48) R=¥%,/6, =), a=—P. 


Consequently the stream lines in (46) lie on straight lines enveloping a 
curve Æ whose intrinsic equation Æ = R(r) is obtained by eliminating y 
from the first two equations in (48). It follows that E is uniquely deter- 
mined up to rotations and translations by prescribing the arbitrary function 
Y(y). The third equation in (48) determines the pressure to be assigned 
to each involute J in its rôle as an isobar, provided, of course that P’ s4 const. 
From (43), (44) it is clear that neither the lines of constant speed (isovels) 
nor the lines of constant density (isopyenies) are necessarily the same as the 
isobars, as is always the case in irrotational flows. 

The arbitrary function Y,(y) may be chosen so that Æ is any curve in 
the physical plane with a continuous radius of curvature, for if R == R(r) 
is the intrinsic equation of Z, it is sufficient, from (48), to take any solution 
of the differential equation Ù, —=#R(%,) for Y. 

Concurrent straight lines are characterized by R==0, and therefore, 
from (48), by the condition ¥, = const. 
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Referring to Figure 6, if we denote the distance a—r measured along 
L from its point of tangency with Z to the isobar I by s, it follows from (48), 
(43) that s = — 9/ 6. Consequently if p passes through a value p* at which 
Gn» changes sign, the flow changes from subsonic to supersonic or vice versa 
and s passes through a maximum or a minimum. This would lead to two 
different sets of flow quantities for the same point of Z, which is impossible. 
It follows that p cannot be allowed to pass through any such value p* and 
consequently that a stream line need not occupy all of the straight line L 
upon which it lies, at least insofar as our analysis goes.® 

Summing up these results we have the theorem. 


THEOREM 9. The stream lines in the rectilinear flow of a gus having 
the density function (44) with preassigned functions d, Ye may be made to 
lie on the straight lines enveloping any gwen curve E in the physical plane 
with a continuous radius of curvature by properly choosing the arbitrary 
function Yı. In particular, the straight lines will be concurrent if, and only 
if Yi = const. 


As in Section 5, the equation of state (45) will be separable if, and only 
if, the product (P’ + 61) (P + 019 + 02) is separable. 


Lemma 2. The product (P+ o) (P + 01 p + 02) is separable, if, and 
only if, one of the following alternatives holds. 


(i) 01 = C1, P =— cp + ec; 7 (ii) Tı = C1, O2 = C2; 
(iii) P=cp + ca Co +02 —=K(ci +01), 


where cı, Co, k denote constants. 

It is a simple matter to verify that any one of these alternatives is 
sufficient. - 4 

To prove that the three alternatives exhaust the possibilities, we exclude 
(i) and show that either (ii) or (iii) must hold. 

Under the hypothesis o; = c, the product (P’ + ¢,) (P + cp + os) must 
be separable and, since (i) is excluded, the factor P + cip +o, must be 
separable, which can only be the case if ce = const., i. e., if (ii) holds. 

If, on the other hand, cı £0, we differentiate the identity 


(48) (P + 01) (P + op + 02) = PP’ + (pP’)o1 + P'o: + por? + 0103, 


8 S. Bergman, The hodograph method in the theory of compressible fluid. Brown 
University Publication, Providence (1941), in which the flow of a polytropic gas for a 
compressible source or sink is investigated and the analysis is restricted to the exterior 
of a “limit circle.” 
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partially with respect to p and S, and, since the result must be separable, 
we may write (pP)”oı + P'o2 + 20,6, == IIS, I == H(p), 3 = (8), which, 
on dividing by 20,0, may be replaced by —(pP)” (201) — Pè (20101) 
+ O3, = 1, 3, = (20101) 13, to which we apply Lemma 1. Since o, > Const., 
either one of | 

(a) —(pP)” = m, — P” = tte, ID = ds, 5 

(b) (Roi) == ba + Vm, Ga(R0101) À =m ba 4- Vm, == bs + Vms, 
must hold. Under (a) the first two equations imply 40. Consequently 
P = cp + c> and therefore 


(P + 01) (P + op + o2) = (a +o) [ (a + 01) p + 62 + o]. 
For this to be separable it is necessary that on == k(c, +0), and we 
arrive at alternative (iji). 
Taking up (b), we eliminate V from the first two equations and integrate 
to obtain 
(49) Mig = poy? + Moy + Cis = Mado Éd mobs. Ci m= const. 
where m, £0, since if m, = 0, the first equation in (b) implies o, = const. 
. If we use (49) to eliminate o, from (48), the identity becomes 
(50) m(P’+ 0) (P+np-+o) = (c + m,P)P’ 
+ {er +[ (mip + me) PT or + (map + me + pP’)or? + por’. 
Differentiating partially with respect to S, we obtain a necessary condition 
for separability which, provided » 340, may be identified with the identity 
in Lemma 1 for the curves 
0: a =— a — [(mp + me) PY’, Te = — (mip + Mo + pP’), 
La = Ta (P), 
D: y= (8p), Yo = 2 (Buo), Ys = Y (5). 


Clearly D cannot be a point or straight line segment, so ( must be a point. 
Now zı, 2 can both be constant only if m, = 0, and since actually m: £ 0, 
the assumption «540 leads to a contradiction and must be rejected. 

For „= 0, the condition for separability of the product in (50) assumes 
the form of the identity in Lemma 1 for the curves. 


CO: m = — (ci +mP)P/ (mp + me), 
Ta = {es + [mp + m)PY}/(mp+ m), m = t(p), 


D: Yi = 01? Yo = 0,7, Ys = Ya(S). 
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As above D cannot be a point or straight line segment, so C must be a point. 
This time, however, for zı, x, to reduce to constants it is necessary that P 
be a linear function of p and proceeding as in (a), we are led to alternative 
(iii). 

Lemma 2 is used to prove the following theorem. 


THEOREM 10. Under the hypotheses of Theorem 1 the stream lines in 
the rectilinear flow of a gas with a separable equation of state must lie on 
concurrent straight lines and the flow upon them is equivalent to an irrota- 
tional flow under the Munk-Prim Substitution Principle. 


For a rectilinear flow with the Bernoulli function (43) it is easy to 
verify that (23) reduces to dp/ds = —1/P”, and, if the pressure gradient 
is to remain finite for a gas with a separable equation of state, alternatives 
(i), (iii) in Lemma 2 are ruled out. Under alternative (ii) both 01, w are 
constant in (45), the straight lines are concurrent by Theorem 9, and the 
flow upon them equivalent, from (43), to an irrotational flow under the 
Munk-Prim Substitution Principle. l 
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ON THE ASYMPTOTIC SHAPE OF THE CAVITY BEHIND AN 
AXIALLY SYMMETRIC NOSE MOVING THROUGH 
AN IDEAL FLUID.* 


By Francıs SCHED. 


Introduction. This paper continues and in a sense completes that of 
Levinson [1] in which it is shown that the application cf Green’s theorem 
to the problem described in the title leads to a singular, non-linear integro- 
differential equation which can be written in the form [?] 


(3.10) $(2,f(t)) =I +I: + Is + di +de + J + const. + O(1/e), 


where x is distance from the tip of the nose measured along the axis of 
symmetry, == f(x) is the equation of the free boundary, ¢ is a harmonic 
function such that V + ¢, and ¢, are the æ and r components of the fluid 
velocity, V being the velocity at infinity, and the remaining symbols denote 
surface integrals whose exact form will appear as we proceed. 

The problem of cavity shapes in two dimensions has received considerable 
attention, the principle technique being that of conformal mapping. How- 
ever, in the three-dimensional case no general method is known. For the 
problem at hand Levinson’s result is 


(1.4) f(x) = (clog a) [1 —(log log 2)/(8 log £) + O(1/log x) J, 


where x is large and c constant. In obtaining this result certain assumptions 
are made involving the smoothness of f(x) leading to an asymptotic appraisal 
of the integrals in (8.10) which then gives a weighted mean of f(x). (1.4) is 
‘then a consequence of what amounts to a Tauberian theorem. 
Here we make the additional assumption that the unknown quantity in 
(1.4) has a derivative which is 0(1/z log?) and find by differentiation 


(1) P(e) = (f(a) /22) [1 — 1/(2 log x) + (log log x) /(4 log? «) 
| + O(1/log? x) |. 


In Part I which follows, the integrals in (3.10) are reduced to a form which 
makes their reappraisal a matter of substitution and computation. Details 
are provided so that in Part IT we may extend (1.4) to 
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f(x) = (cx /log® x) [1 — (log log &)/(8 log 2) 
+ (1/4 + Flog ($e) ) /log æ + (5/128) (log log w/log £)? 
— (7/382 + (5/16)log 4c) (log log z/log? x) + O(1/log? x)]. 


The nature of the computations necessary to continue this series makes it 
apparent that the shape of the nose, except for the general assumptions already 
made, has no effect upon the asymptotic shape of the cavity wall. 

Other equations obtained by Levinson which we shall use are: 


(2.17) a= (F (2)) (1+ f?(2))4; 

(3.5) f(ety) <2f(e), if|y|S4; 

(8.15). SS. Y/R? dS = — dr + O(f? (x) /2?) ; 

(6.5) (2, f(%)) = C2 + $B(x) + O(xà); 

(6.6) Ji—O(x#*); 

(6.7) Ja = O(a); 

(6.15) B(x) — frou — const. + B: + (1/4) Spor dt, 
where P, == — f Tra) —1/4 P(t) /#] dt; 

(6. 17) SFO Wr + Dat = const. + P+ f Pee dt, 
where P= S TOOG 1) — 4 (O/e at; 

(6.19) R(y) OT dn — 2y# (y) ; 


(6.20) Hy) =o? — $R(y)/y + (1/4) Í, R(n) /n®’: An. 


More recently M. I. Gurevich has obtained the same result as Levinson, 
but in an entirely different manner. Gurevich’s paper appears in Prikladnaia 
Matematika y Mekhanika, vol. 11, No. 1, and is titled “Flow past an Axi- 
symmetric Semi-Body of Finite Drag.” 


Part I. Reappraisal of the Integrals. 


We consider first I, = — Z J f (1/R —1/(€+ 1))¢xd8. The second 
term gives, using (2.17), (1), and (1.4), 
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| 2 7 4 fi Eh ” EVE i 
(SAS uoronetores(f= [7 wow) + vid 
where the last term is of the form const. + O(1/x). The first term gives | 


4 Sf roma =t [form rmas—o+o 
Now | Qo |< 4/2 f FEO (E) )dé = 0 (Log 2/2). 


For Q, we have 1/R = [(«— é)? + r? + p? — 2rp cos(9 —A)]# 
= [1+ O(f?(«) /2*)}*/(@— £) = 1/ (£ — £) + O(f? (2) /2) 


and so 
-4 f frose—oas+ ff ororo as 
= Qs + Qe. But | Qu |< 2af? (2)/2. const. f FOPO 
< const. f(x) /2* f PE) 001). 


Next we have 


—— f Oro /e—au=(- f- [frere 
= Qs + Qs, where b—=z/log"x. Using (1.4) we find 
| Qs | = [1/(@— b) ]f?(b) S const. b/ (log? b) (£ — b) = O (log æ). 


We choose n= 1. Once again using (1) we have 
32/4 
9 — f [1+ 0(4/og x) 19/2 — HE 
8æ/4 2 | 
Since f dé/(a—é) is bounded for large æ, the error term contributes 
b 
O(log*/? x). Thus 


—— f Poea od J TPO AEF a) /ea\/(w—2y de 
+ O(log"? 2). | 
30/4 PE 
= Pe (og 4) 2e fF S POOH Pw arret ar 
a z 
+ 0 (log? x) 


488 FRANCIS SCHEID. 


= — f? (x) (log 4)/8x + O (log 2x) 


E S SELS LF (t)F (4) /t — P(t) /2# J dé/ (x — £) dt 
= — f°(æ) (log 4) /2a— Q: — Qs + O (log x). 


In Qr the integrations can be performed so that 


Or S (log 4 + O(log” x) )d/dt (f(t) /24) dt 
< const. [f2(32/4)/(3x/4) — f? (x) /x], and now using (1. 4) 
< const. [ (1/ (log: 32/4) — 1/ (log? x) ) 
—( (log log 32/4) /4 (log 84/4) */? — (log log x) /4 log*/? x) 
+ 0 (log-*/* 2)] 
= O(log-*/? x), where the following identities are used: 
(A) log log 32/4 = log log z + O(log x) 
(B) log”? 32/4 = log"? x + 0 (log x) 
(C) log”? 32/4 = log #? x + O (log? 2). 


In Qs carrying out the é integration gives 
o= f OP O/A—F OH AE] log [(e—0)/(@—t)]dt, which by (1) 


za Spore logt)[—1-+ (log log t/(2 log Ł) ) 
: + O(1/log t)] log [(&—6)/(x— +) Id. 


Over this range of integration log | (e — b)/(&—t)] is bounded; moreover, 


by (1.4), 
f(t) /(tlogt) < k/log??t < k/log’/? b = O(log”? x), 


k being a constant. Accordingly in Qs, the last two terms in brackets con- 
tribute O(log*/* x). Noting also that log (x — b) = log x + O(log”) we 


have 
Q: = O log £) (log z/® — 1) dt + O(log* x). 
Now 
(P()/t1og t) — (f°(2) /x log 2) 
< f(x log x) /[x log” x log(x log” x) ] — f?(x) /x log x 
< const. (log-*/? 6 — log”? x) + O(log?’ s) = O(log’ x), 
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where we have used the identity 
(D) (log x — n leg log s) = log?” 2 + O(log +). 

So replacing f?(t)/(tlogt) by f?(z)/(zlogx) in Qs gives an error of 

3a/4 

O(log"? x) f di/t = 0 (log? 2), 

b 
the logarithm in the integrand being bounded as before. But now 

34/4 

Q= (P(2)/(4rloga)) f “Tog (0/t(a—t))dt + O(log*” 2), 
b 


and since logæ—log (u —£) < kt/x, the remaining integral is bounded, 
so that Qs = O (log? x). 
In summary then, 


L= (SS FOL (O/(E + 1) dé -- (log 4) f? (a) /2x 
+ const. + O (log? x). 
Next we consider I, = — > Sf [1/R —1/(E+1)]¢n dS. Using (2.17), 


(1) and (1.4), the second term becomes 
z 52/4 
(f +f JOrO/EF 1)dé + O(1/x). 
SJ 8a/47 a 


The first of these integrals occurs with the opposite sign in Z, and for the 
second, using (1) and (1.4) we find 


| F(x) f(x) — FFE | < fe) P(e) — £(5a/4) f (52/4) 
= 4c?[1/log} à — 1/log’ (52/4) — (log log x) / (4 log?” x) 
+ (log log 52/4) / (4 log? 5x/4)1] + O(log?” x) 
== 0 (log x) just as before, using identities almost the same as (A), (B), 
and (C). Accordingly, since zc +1) = log 5/4 + O(1/x), F( F (8) 
may be replaced by f(x)f (z), introducing an error of O(log #*x). Hence 
SHorore+ DE =F OF (2) log 5/4 + O(log*” 2), 


= (f?(x) /2x) (log 5/4) + O (log x), by (1). The second term in I; 
therefore contributes 


5 
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SHOP OME + Das + (P22) (og 5/4) + O(log” a). 
‘The first term in I, is —2 SS (1/R) bn dS 


—— ff rou+rente e+e) 
— 2rp(1 + c0s(d—X))]? dS 


ama Jitere a+r) 
fie é)? + (r + p)? —4rp cos? A] dà dé 
-—2 fforeatren 


3 
f 4(4rp)-2(a2 + sin? A) da dé, 
0 


where we have used (2.17) and made a change of variable in the inner 
integral, and where | 


a? = ((w—£)* + (r + p)? —4rp) /Arp = Le — £)? + (r — p)?]/4rp 
= ( (x 97/4) (1 + (r—p)7/(ù — é) °). 
Now whether &>z or é< x, (r —p)?/ (£ — £)? < fF? (3/4), so that 
(2) a? = ( (x — €)?/4rp) (1 + O(P (2) /2)). 
It is convenient to split this last integral into the following pieces: 
Rı = part for which 7, S é S zs; 
R = part for which % S ÉS t, or t S ÉES t; 
R, = part for which x, S é S 52/4 or 84/4 SES ay, 


where 2, to, %; and v, denote respectively 2 — ên, +8), 2— 229, and 
gr + g3, 


f 
To treat Ry, we note that f Tee? + sin? A)? — (a? + X?) EJA 
0 


= f E — sin? A) (a? + sin? À) (a? + AP) */[ (a? + sin? à)? 
+ (a? +a*)#]aa 
ir 
< f const. A dA = const. 
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Consequently, replacing («? -+ sin? À)5 by (@®-+ A?) in R, introduces an 
error of < const. aie) /z (by (1) and (3.5)). This error will be O(log x) 
if we choose 


(3) n= b/f (£). 
Hence 


x S ROPO H POTA) f To aa dé + O(log"), 


with 5, as in (3). But the À integration can now be performed and 


Rimi f POPOL + POV) og Lae + (a 47/2) a ae 
+ O(log x). 


Now log{ [$a + (a? + #?/4)3]/| « |} = log (x/| a |) + O(a?), and observing 
that by (2), œ? = O( (z — €)°/rp) = O (8°,/r?) = O (log!”" x), we find using 
(3.5) that the term O(a’) in R, contributes 


< const. (log x) [f (2) — f(a) ] 
< const. (log? )d,P(x.) (by the mean-value theorem) 


== 0 ( (log x) 8:f (x) /t1) = O(log" x) by (1) and (3). 


The same argument shows that the log term contributes O(log” æ) so that 


Ba [HOT L PE AoAo | a Dis + O(log). 


log | a | = 4 log a = $ log{ [ (£ — €)*/4rp][1 + O(f2(x)/x°)1} 
By (2), 
= flog ((e —£)*/4rp) + O(1/2). 


As above the term O(1/z) contributes O(1/x); furthermore by (3.5) and 
(1.4), | log 4rp | < log 8r? = O(log r) = O(log x), so again as before this 
term contributes O(log" x) and 


tl FOP + FETE) (log | 2—£ |) aE + 0 (og 2). 


Now f tog|e—e | dé =2 fher dp == 2 (8n log 3, — ën) < const. 8, log 7, 
PA . 0 


so that | R, | S const. 8, log af (x) /x + O(log!” £) = O(log?" æ). 
We next turn to ; 


R= (ff) KOPOL + 1014 f arie + sint Hände 
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To simplify this integral we Höhen 

(A) Replacing [1 + f2(É) T5 by 1 introduces an error of 

< const, 2°/°(f(x) /v)*(f(2)/B,) = O(a), 

where (1), (2), (3) and (1.4) have been used. 

(B) Replacing p? by r? introduces an error of 

< const. 2° [f%?(z) /x] [f(#) /8n] Max | r — p |/f(a) (7? + pt) 
< const. [F (2) /a%”*8,] [2°"F (2)/2], 

by the mean-value theorem, = O (2°). 


(C) Replacing « by (x — £)?/4rp introduces an error of 


< He ( FFL) J Tee 9an + sinaga 
— OL (f(e) 2) Pat (2) /8] = 0 (ar). 


(D) Replacing p by * in this same radical gives an error of 


< rroa SESS Tea |1/p—1/r | 
x [(z— €)?/4rp + sin? A] 4 (2 — &)?/4r? + sin? A]? 
x {L(a@— §)?/4rp + sin? A]? + [ (a — &)?/4r? + sin? AJ} *dadé 
< Cite) fF") S ee—9 Vale te Hd) 
X [ (a — £)2/8r? + sin? À]-W24\dé 


== O (2°), where k, as above, denotes a constant and where the mean-value 
theorem has again been used. 


(E) Replacing f(é)f’(é) by f(x) f(z) gives an error 


<(fif =) OPO — Far e)la] 


3 


f Fo) [ (a — 8)? + 4r? sin? AT? dadé. 


Now for é< a, | f(E) P(E) —f(x)f (@)| < F(a) f (a) — Fe) (x) 


f 
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= [F (as) /283 — f (x) /2a] — [F (as) / (42s log z3) — f? (2) / (42 log s) ] 
+ {[f? (ws) log log as] / (8% log? x) — [f?(x) log log x]/ (82 log? x) } 
+ O(log */? x) 
= O(a?) + O(log*/ x), where the mean value theorem is used to estimate 
the three differences, and (1) and (1.4) are used as usual. An almost 


identical calculation obtains the same result for é > x; accordingly the above 
error is 


< const. (log x) f ü (f +f “YE (s — é)? + Ar? sin? A] dédA 
9 T3 Ly 
= const. (log*/? x) f Ta [3/5 4. (2° + Ar? sin?A)3]/Tn 
+ (8%, + 4r? sin? AJE] }dd 
dr 
< const. (log*/ x) f log # dA = O (log? x). 
0 
At this point then we have: 
3 ay La dr 
R= (2/0 (fF Joro [et + ar int aang 
+ O(log x) 
dr PrY 
= (— 2/n)f (oF (a) S Bf (p° + 4r? sin" À)-#dpdx + O (log? x) 


after changing the order of integration and making a simple change of 
variable. Now integrating, 


Ram (— 4y) FP (e) J “Togs [ar + (a° + are sin? »)81/T8, 
+ (8, + 4r? sin? AJEJ} dA + O (log #/? x). 
Since 


logla*/* + (a + Ar? sin? a)i] — (3/5) log «+ log 2 + O (0°) 
we find 
Bi = — 2f (x) f (x) [(3/5) log « + log 2] 
+ (4/7)f(x)f (2) fo [Sn -H (8%, + 4r? sin? A)4] dA + O (log x) 
= — 2f(z)f(z) [(3/5) log x + log 2] + O (log? x) 


+ (4/n)f(2)f (a) Cae log 2f (2) + f “log(a-+ (at + sin? a)i) aa], 
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where a == 8,/2r = O(log?" s) and so is small. 


ar 
Consider f [log(a + (a? + sin?X)?) — log sin A]dà. This tends to 
0 


zero with a. However, a calculation involving the Maclaurin series in powers 
of a leads to a divergent integral; so we let a=b? and have by the mean 
value theorem : 


| log [2 + (b* + sin? A)#] — log sin À | < | b | Max | 25/ (bt + sin? à)? | 
= | b | (2/sin A)? = (2a/sin A)4, 


so that 
ar dr 
f [log(a + (a? + sin? A)#) — log sin A] dà < f (2a/sin A)3dA 
0 0 


— O(a) — O(log% x), 
or 
ar ar 
fret + (a? + sin? A)4) dr -f log sin AdA + O(log#-"/?x) 
= (— 7/2) log ? + O (log? x). 
Using this in R, gives 
R, — 2f (2)f (2) [(8/5)log © + log 2] 
+ (4/2) f (2) f (2) [(#/2)log (2r) — (2/2) log 2] + O log”? x) 
| + 0 (log *”? 2), 
or | 
R, = f (2) (2) [log f2(w) — (6/5)log z — log 4] + O (log x) 
+ O(log? x). 


And now 


mae ( Ff") poron+ror 


x Ste — é)? + (r+ p)*— 4rp cos? A] ade. 


In this last part of I, we may use the series for the elliptic integral so that, 
since | z — é | = +5, 


. fte-o'+ (r + p)? — 4rp cos? A] #4da 
= 2a[(a@— é)? + (r + p) PIO (#7 (2) /o*) + 1]. 
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This gives 


(fs J” yore (1+ f(é) 140 (@— 8)? + (r-+p)*]3 
x [1+ 0 (r) dé. 


The error term contributes 
< const. [F (2) /e] L(x) /ar™] f dé/| a— | — 00%. 
To simplify the other integrals note: 
(A) Replacing. [1 + f/?(é)]+ by 1 gives an error of 
< const. a[f?(x) /x?]a-/5 = 0 (2°). 
(B) Replacing [(e— £)? + (r + €)?]4 by | — é |" gives an error of 


< const: [f° (2)/2 JIP (2) 2°] [| e — £| = 00a"). 
With these changes 


£3 52/4 
(ff) Or Oee ae oe. 
Using (1), this becomes 


= {ff PORAN aeg) 
à (log log &) /(4 log? €) ]dé/| £— x | + O(log? x). 
Now for &>z, 
Sf? (x) /e— FP (50/4) / (58/4) = O(log? x), 


‚Where we use (1.4) exactly as before; for é< x, the argument is again 
almost the same and the result identical. If then in R, we replace f?(&)/é 
by f?(x)/a, the error introduced into the first term is not small enough, mat 
in the last two terms it is 





52/4 
< const. log"? x f dé/(£— 2) = 0(log*"* z). 


Again using identities very similar to À, B, and C we find almost at once 
that replacing 1/logé by 1/loga and loglog&/log’& by log logæ/log® x 
introduces errors which are O (log? v). Accordingly, 


BSH CPO 24 + PO AIL (1/08 2) 
+ (log log x) /(4 log? x) ]} (dé/| €— x | + O (leg æ) 
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u IS. i "A worsayle—e| 


— [fF (£)/22][— 2/5 + (log log z)/ (5 log £) | + O (log? æ). 


Calling the remaining integrals Ra 


BC rear ee 
SH )ir@ ere rede al 
= Ure) eS 
ASS IO) FIerorom — POA ee) 
DE) (6/5) lg 2 21054] 
oe 52/4 ne 32/4 
a RER 
[HOP (8) — (P(e) OC ZE 
Now by (1), 
GOFOD — (FORE) 
= [DREI (@ tog N) + (log log t)/ 410g" 4) + O (og) J 


Since the first and third integrals have constant limits they can be calculated 
directly and are O (log? x), so that 


R, = — [f(x)/221][(4/5)log s — 2 log 4] 
Al Io ae] [(— 1/(2 log t)) 
+ (log log t) /(4 log? t) ]dédt/| £— x | + O (log? x) 
=— [P (2)/22][ (4/5) log 2— 2 log 4] 
+f S i E (4) /2t"] [(— 1/(2 log t) ) 
+ (log H a log? t) Jlog[ (2/4) /]| 2 — t |]dt + O(log*/ x). 


Again as before. for ¢ > a, 
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|(FP(@) /e log 2) — (F (t)/t 0g t) | 
< [P(a)/ log a] — [f (52/4)/ (52/4) log (52/4) ] 
| = O(log% a); 


similarly for t < x. Also 

ILF (2) log log 2/2 log? s] — [f (t) (log log t) /(¢ log? t)]| — O (log x) 
both for t >s and ¿< x. In R, these differences contribute O(log-*/? x) 
so that 


R, — [P (2) /20][(4/5)log x — 2 log 4] 
+ (LP (2)/ (4r log 2) ] — [f° (2) (log log 2) / (8e log? +) ]) 
(SFS 7) log[ (2/4) /| a—t |]t*dé + O (log? x) 


— — [f*(«)/22] [ (4/5) log e —2 log 4] + O(log-/*2), : 
since direct evaluation of the remaining integrals shows them to be O(1). 


In summary then 


n= J FOPOME+ DA 
+ [f? (2) /2a] [log.(5/4) + 2/5 — (log log x) /(5 log £) 
— (4/5) log x + 2 log 4] 
+ f(a) f (x) [log f? (x) — (6/5) log x — log 4] + O (log®? x) 


Sior@se+ rae 
+ [P (2)/22] [log (f?()/2*) + log 5 + 3] + O (log +). 
Next we consider | 
nf SUR +088 
I/R = [ (£ — £)? + 1? + p?— 2rp co8(8— À) ]# 
= (1/é—2) [14 O(P (6)/£)]. 
=1/(é—2) + 0 (1/8). 
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So 
on f Í ((@+1/(é—2) E+) + OAIE +O 
Ws 

= f T e+ D696 nore + of PODE) 

~—f Tet 0/60 + DIOP OA +00) 
Replacing æ + 1 by æ and &-+1 by £ both give errors less than 

f dee — O(1/x), so that using (1), 
n= [ia HOP Ode + 0010) 


—— f oE IEO + 0 (og a), 
since l 
o f 3ye —o)d < o f 5ye dé = à. 
Now 
Liane) = f "pe@at/rae(e—a) 
© & A Er 
la J OPO — F/d at (2) 
— [f (2)/22][ (log 5) /x] 


T T TOT 


where we have used (1) and (1.4) and changed the order of integration. 
Of the two remaining integrals the first is 


< blogs f = f O(1) (5dé/é2) dt/t = 0 (1/2 10°" zy, 
æ 50/4 
and the second is | 
< hogea f @ f ou) (5dé/é2) dt/t = O (1/8 log-*”? x); 
52/4 t 


and so I; = — log 5 f?(x) /2@ + O (log®” x). 
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Finally’ we treat J, = 2 f f $(& p) cosy/R?dS. Using (6.5), 
Ws 
Je [02 + 4B(a)] SS cos y/R? dS 
Wa 


— (1/47) f f Bo — BO] cos ¥/B a8 + O(a), 
and now by (3.15) 
Ja =— C, — $B(x) + 0(B(x)/x) + 814082), 
where S, is the remaining integral. By (1) and (1.4) 
B(&) = [ra 2 const. | *1/( logt t)dt — 0 (log 2), 


so that the first error term in J, above is O (s+). 
Now let Wa, be that portion of W, for which & is between z —b and 
æ + b, and let Wee be the remaining two portions. Then in We, 


IB) — B(#)| =| Í. PODLE (fé/(ho8 ya | 


= O[b/(x logà x) ] = O(log x), so that from this region 8, receives a con- 
tribution of | 


< klog*2 f f — cos y/R? d8 < klog” s f f — cos y/R? dS 
Wa Jm 
baa O(log” z), 


k being a constant and n arbitrary. | 
Furthermore, since B(x) = O(log), the contribution to 8, from the 
region Woe is 


<klog« f f F(E) bat = O (x log?™g/z3/2) = O (g3), 
Wee 
Consequently J: = — C, — 4B (£) + O(log” z). 


Part II. Calculation of New Terms. 


Inserting (6.5), (6.6), (6.7) and our reappraisals of I,, I», Is, and 
Je into (3.10) we have 


Bla) = f "HOP (O/E+ NEE + const. +f (2) /2] log [f(@)/2] 
+ 4de’ [log +z — (log log 2) /(4 log" 2)] + O (log 2), 
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where d = 4— log 4; now by using (6.15) and (6.17) this becomes 


B,— Fy = (1/4) f P(E a — LP (2) /2] log [2/f(#)] — K/4 


+ $de®[log* x — (log log x) / (4 log”? x) ] + O(log? a), 
where K is a constant. By (6.15) and (6.17) 


Bm {TOP O/E+1) —POAE— PEJ 
As usual, replacing &-+ 1 by é gives an error of O(1/x), so using (1) 


E, — F, -Í “0 (f2(€)/@ log? E) dé + O (1/2) = O(log? 2). 


Accordingly, letting f(x) = «*h(z)/logY* x, we have f h? (é) /Élog'é dé 


== 4h? (x) log4 a[4 log s + (1/4) log log z — log (x) ] + K | 
— 2de?[log? « — (log log x) / (4 log? x) ] + O(log*/? x). 


Substituting y=loge, k?(x) =H(y), b=loga, and using (6.19), this 
becomes 


R(y) = K + y:llegy)H(y) — 2y4H(y) log H (y) 
— defy — y (log y) /4] + O(y*””), 


and so by (1.4) 
R(y) =K + Oly) + yt log y — (40? log c + 2de*) ya. 


Using this expression for R(y) in (6.20), carrying out the integrations ang 
combining terms, we find: 


H(y) = P[1— log y/4y + (log ¢ + 1/4 + 4/2) /y] + O (y). 


Returning to our first expression for R(y) above, and using this latest value 
for H(y), direct substitution followed by recombination of terms gives: 


R(y) = K + y> log y — 20° (2 log c + d)y>— c?y?/2 (log? y) /4 
+ (2 log c + 8/4 + d)y%° log y + O(y*). 


Now substituting this value of R(y) into (6.20), carrying out the integra- 
tions and combining terms, we find 


H(y) = c[1— log y/4y ++ (log c + 1/4 + d/2)/y] 
+ 8 log? y/32y* — [3 (log ¢) /4 + 5/16 + 3d/8]log y/y° + O(1/y°). 
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Using the binomial theorem and recombining, 
(H(y) 8 h(x) = o[1 —log y/8y + ‘(log c)/2 + 1/8 + d/4)/y 

. + 5 log? y/128y? — (5 (log c)/16 -- 9/64 + 5d/32)log y/y? + O(1/y*)]. 
Finally, recalling that y=logx and that f(x) —«h(x)/log’/*z we have 
for f(x) the expression written at length in the introduction. 


The author wishes to express his thanks to Professor Levinson for his 
interest and suggestions during the preparation of this paper. 
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ON ORDINARY DIFFERENTIAL EQUATIONS'OF ANY EVEN 
ORDER AND THE CORRESPONDING EIGENFUNCTION 
EXPANSIONS.* 


By KuntxIKo KODAIRA. 


The general theory of expanding an arbitrary function in terms of the 
eigenfunctions of a singular differential operator of the second order was 
first given by H. Weyl.! An alternative method, based on the general theory 
of linear transformations in the Hilbert space, is to be found in a treatise 
by M. H. Stone.” Recentiy E. C. Titchmarsh has treated the same theory by 
still another method and obtained some new results of importance for applica- 
tions? The purpose of the present paper is to generalize the Weyl-Stone- 
Titchmarsh theory of eigenfunction expansions to the case of formally self- 
adjoint ordinary differential operators with real coefficients of any even order. 
Our method is also based on the general theory of linear transformations in 
the Hilbert space and goes along the lines of H. Weyl.* In Section 1 we shall 
give preliminary remarks on the formally self-adjoint differential operator of 
real coefficients, which will be denoted by L. In Section 2 we shall analyse 
the singularities of the operator L. For that purpose, we introduce a complex 
projective space ®, each point of which is associated with a general solution 
of the differential equation L[u] = u, and construct the subsets fa (7), (1) 
of P corresponding to the “ limit circles ” in the theory of H. Weyl.” Further- 
more it will be shown that the formally self-adjoint differential operators of 
the even order n can be classified into (3n-+ 1)? different types according to 
the nature of their singularities. In Section 3 we shall introduce Green’s 
function and determine the closure and the adjoint of the operator L. The 
boundary conditions will be discussed in Section 4. It will be shown that, 
under suitable boundary conditions, L becomes a self-adjoint operator. The 
next section, 5, will be devoted to the proof of the spectral theorem, which can 
be regarded as a generalization of the Weyl-Stone-Titchmarsh results. In 





* Received September 22, 1949. 

+ Weyl, [10], [11], [12]. Numbers in brackets refer to the bibliography at the end 
of the paper. 

2 Stone, [7], Chap. X, §3. 

3 Titchmarsh, [9]. Another proof of Titchmarsh’s results is given in Kodaira [3]. 

4 Weyl, [11], [12]. 

® Weyl, [11], pp. 221-231. 
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Section 6, the expansion theorem will be deduced from the spectral theorem. 
Finally it will be shown in Section 7 that the spectral and the expansion 
theorems can be readily extended to the case of simultaneous differential 
equations. 

The author wishes to express his grateful thanks to Prof. H. Weyl for 
his encouragement and his aid in acquainting the author with the rezent 
results of Prof. E. C. Titchmarsh. 


1. Introduction. Consider a formal differential operator 


L = po(z) (d/dx)" + p(x) (d/de)"* +--+ Æpn(z), (a <æ<®) 


of the even order n — 2» defined in a (finite or infinite) open interval (a, b}; 
where each coefficient pn(x) (m = 0,1," ::,n) is a real valued continuous 
function defined in (a,b) having continuous derivatives up to the order 
n—m and palz) > 0 [or po(t) <0]; for s—>a or zb, pr(x) may 
behave arbitrarily, e. g. increase infinitely, oscillate infinitely many times.® 
Furthermore we assume that L is formally self-adjoint, i.e. L coincides with 
its Lagrange adjoint or 


(1.1)m pm (2) -$ (— 1) Ome Ep (x) + (— 1)" (2), 

(m == 1,2," --,n), 
where C;$ mean binomial coefficients. For odd m, (1.1)m is erden as 
(1.2)m 2Pm (2) = Om” po ™ (x) = Cmap = (2) 

Faha ekia +, nt), 


while, for even m, (1.1)m follows from (1.1), (1.1),° °°, (1.1) mr 
Hence, in general, L is formally self adjoint if the coefficients po(x),- °°, 
Pa-ı (2) satisfy the conditions (1.2)m, m==1,3,-+-,n—1. Thus, in our 
operator L, the coefficients po(x), po(X), pa(æ),* * `, Pn(w) may be chosen 


arbitrarily, while p(s), ps(x),: ++ must be determined successively by 
(1. LAER (r. 2)a rn (1. LIPET 
Put now 


Liu] = pow) (d'u/de") + p(x) (du/da) +- + a(t) u 


for arbitrary functions u(x) having continuous derivatives up to the order n. 
Then we have Green’s formula 





° These conditions on the coefficients may be replaced by weaker ones, but in the 
present paper we are not interested with such generalizations. Cf. Stone, [7], pp. 448- 
453, Halperin, [2]. | 
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(1.3) LEA v— u: Lola — [wo] (e) — [wo] (y), 
where [uv](x) means the bilinear form 
Euv](r) = 2 Bla)” (e)v® (2) 


of two “vectors” (u, w, w”, >’, u09), (v, 0',0%,-+-,0) with the 
coefficients 


| —j-k-1 
(1. 4) By(x) ar (— 1) u > (— 1) Op (n-j-1-k-h) , 
h=0 


The bilinear form [uv] (x) is obviously skew-symmetric, i. e. 


(1.5) | [wo] (£) = — [uu](x).' 
For j+k=n-—1, we have 
(1.6) Bj(z) = (— 1)’ Ppo(%); (j + k=n— 1). 


The bilinear form [wv] (x) is therefore non-degenerate, since by hypothesis 
polz) 5£0. Now we introduce the “ Wronskian ” 


[tt > * Un] (£) = {— po (£) P- det (u; %9), (j, k =1,2, e,n). 
Then we have the identity 
(1.7) (1/2!) I + [Mtv] [Utva] > [un] = [trta + + Un, 


where 3 + means the alternating sum extending to all n! permutations of 
n functions ty, Us, ++, Un. (1.7) is proved as follows:® As one readily 
infers, the left hand side of (1.7) is equal to 


[urt sR Un] (— 1) (e+) po” (1/2’r Ds Æ BoBos* + * Bo n-i 


3 + being the alternating sum extending to all n! permutations of the suffixes 
0,1,2,---,n—1; while, since By, = 0 for j+ hk. n, we get, using (1.6), 


(1/2 Is + Boy Bos: * - Bn- na = Bon-ıBı na‘ © * Bray = (— dj) Pp”. 


Hence we have (1.7). 


2. Classification. We shall consider the differential equation 
(2.1) Llu] =l u 


where / means a complex parameter. From (1.3) follows that, if u and v 


1T This identity can be deduced readily from Green’s formula. 
8 Weyl, [14], pp. 166-167. 
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satisfy one and the same equation (2.1), [uv] (£) does not depend on x. 
Combined with (1. 7), this shows further that the Wronskian [us $ n] (T) 
of n solutions tn (T), Uz(£),' * °, M(æ) of the equation (2.1) is a constant. 
In these cases, we write therefore [uv] or [tte - -un] for [uv](2) or 
Lu. * Un] (©), respectively. | 

DEFINITION 2.1. By a regular system of fundamental solutions cf the 
differential equation L[w] —1:u we shall mean a system of n solutions 
(2,1) (j—1,2," > -,n) such that 
(2. 2) [s182 un Sn] = 1, (2. 3) s;(®, 1) = 5;(a, l), 
and that the functions d™s;(x, 1)/de™ (j = 1,2, + <, n; m =0, 1, - °, n — 1) 
are entire functions of 1. A regular system of fundamental solutions will be 


called a canonical system, if the skew symmetric matrix ([sssx]) has the 
“canonical form” in the sense that ; 


(2. 4) [sk] = Ep, 
ex being the quantities defined by em —=1 (for k=j+ r), =— 1 ur 
k=j—v),—=0 (otherwise). 

It should be noted here that (2.4) implies 2. 2), as (1.7) shows. 

A canonical system of fundamental solutions is obtained, for example, 
as follows: Choose a fixed point c, a < c < b, arbitrarily (in what follows c 
means always a fixed point such that a <c <b). Then there exist n real 
vectors | 

ej = (eye, ep: 5 +, ej ), | (j =1,2,- . ~n) 

such that [ejer] (c) ==. Now, under the boundary conditions 


. [dru/daor zu = 6,00), (m=0,1,--°-,n—1), 


the differential equation L{u] =}: u has one and only one solution, which 
will be denoted by s,°(a,1). As one readily infers, the functions sf (x, 1) 
(j==1,2,---+,2) thus defined constitute a canonical system. 
Obviously an arbitrary regular system of fundamental solutions sı, 82, 
` 8, is obtained from the canonical system defined above by a unimodular 
transformation 


(2.5) s;(& 1) = È UX(I)a°(æ, 1), (det(UX) = 1), 


where. U?(1) (j,k—1,:::,n) are entire functions of l such that 


UF) = DFC). 


Suppose now a regular system of fundamental solutions s;(z, 1) (j= 1, 


6 
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2, ,n) as given. Then every solution w(x) of the differential equation 
L[w] =1-w is represented as 


w(x) = Fax, 1) + Pse(x,1) Lee Hal). 


We associate with such w(x) the vector f = (ft, : +, f”) and denote w(x) 
by w(x,l,f). For the given solution w(x) =w(z,1,f), the vector 
f= (f',- --,f") depends clearly on the choice of the fundamental solutions 
Sy, 8e,” © °, Sai under the unimodular transformation 


(U) S(x, l) = 3 U*(1)s:. (2,0, (det (U}*) = 1) 
UF(1) being entire functions of l such that U* (tl) = Ü#(l), fi are trans- 
formed contragrediently to s;, i.e. 


(V) P = avid (DFS 


where (Vii (1)) means the inverse matrix of (U#(1)). Obviously Vz? (1) are 
also entire functions of l and satisfy Vi? (D) =Y: (1). 


Now we introduce the (n — 1)-dimensional projective space $ and con- 
sider (ft, P,- > -,f") (excluding (0,0, - -,0)) as the homogeneous coordi- 
nates of a point in P which will be denoted by (f). Tf there is no possibility 
of confusion, we write simply f for (f); especially, for an arbitrary subset 8 
of P, we write fes for (f) e8. 

Choose a fixed point c, @ < c < b, arbitrarily and, for arbitrary 7 with 
Jl 0, denote by Ma(l) or ma (1) the linear subspace of $ consisting of all 
points (f) such that w(z,1,f) is square summable in (a,c] or [c,b), 
respectively. Since it does not depend on the choice of c, a<e<b, 
whether w(x,l,f) is square summable in (a,c] (or [c,d)) or not, m(?) 
and m,(l) are independent of the choice of c. -The linear spaces nu(l), 
my(1) will be called main spaces with respect to the operator L. From (2.3) 
follows 


(2.6) w(a,1, f) = w(2, 1, f), 
whence we get 
(2.7) ma (1) = ñt (l), m (1) = mo (1). 


For arbitrary 2 with 31540, we put 
h (f; z, 1) = [wi] (a) iS, (w = w(2, 1, f)). 


Obviously 2(f;2,1) is a hermitian form in f and, because of the Green’s 
formnla, we have 
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(2.8) dad folbh den . (0). 


Hence, for fixed f and 1, h(f;2,1) is a monotone increasing function of à. 
Now we divide the space ® into three parts: 


B* (2,1) = { (F); h(f; 2,1) > 0}, 

B(x, 1) = { (F) ; h (f; 2,1) = 0}, 

Pe) = { (F); h (f; 2,1) <.0}. 
Evidently B*(z,?) and Y-(x, 1) are open subsets of P; B(x, 1) is a quadratic 
hypersurface, constituting the common boundary of $*(2,1) and $8-(a, 1). 
Denote in general the closure of a subset 8 m $ by [8]. Since A(f;2,1) is 
a monotone increasing function of x, Y-(v, 1) is monotone decreasing in the 
sense that [P (x, 1)]C B-(y,1) for v >y; similarly we have [®*(y,1)] 
CP(e,1) fore >y. Putting (1) = N B-(2,1), fa(t) = N P (x, 1), we 
infer therefore that f.(1) and f,(1) are compact, not empty, and have no 
common points. Furthermore we have 


(2. 9) fa(l)C nul), (1) C mit). 
Indeed, if fef,(7), then f lies in all P-(2,1), a < v< b, and therefore, 
by (2.8), | 

Let Dr de +r o1) Alt; <0 


This shows clearly that w(x, 1, f) is square summable in [c, b), proving that 
f is contained in m,(!) ; thus we get the second formula in (2.9). The first 
formula can be proved similarly. Again, from (2.6) follows 


(2. 10) h(f3@,1) =h(f; 2,1). 
This yields immediately B(x, ï) = $*(x,1) and consequently 
(2. 11) , O=, 0 =%(1). 


Under the unimodular transformation (U) of the fundamental solutions 
mentioned above, the function h(f; 2,1) is invariant, whereas the sets B*(z, l) 
and their common parts £,(l), f,(1) are transformed according to the trans- 
formation (V) which is contragredient to (U). 

. For our purpose it is convenient to introduce the 


[fg]: = [w (l, fw (1, 9)] = SLsi(1)se(2)] : Pe. 


“ skew-product ” 


° The sets !,(2), f,(2) correspond to the “limit circle” in the theory of H. Weyl. 
See Weyl, [11], pp. 221-231; [13], pp. 235-238. 
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DEFINITION 2.2. By a null plane with respect to l will be meant a 
linear subspace p of $ such that [fg]: = 0 for all f, ge». 


In case the fundamental solutions sı, S2,* * -,$ constitute a canonical 
system, the skew product becomes 


Ugh & (Ro! — 9), 
= 
so that, in this case, the notion of “ null plane” does not depend on 1. 


THEOREM 2.1. The sets f,(1), Er(l) contain respectively at least one 
(v—1)-dimensional null plane with respect to 1. 


To show this we shall first prove 


Lemma 2.1. Every [B*(y,1)],a< y < b, contains at least one (v—1)- 
dimensional null plane p. 


Proof. As the system of fundamental solutions we may choose without 
loss of generality the canonical system constituted of the solutions s,°(z, 1) 
(7 = 1, 2,- - -, 2) satisfying the real boundary conditions [ds,° (a, 1) /dx™] czy 
= 6500), (m =0,1,: < +, n— 1; j= 1,: - -,n) at the point y. Then, intro- 
ducing a new system of coordinates : 


P= (P Hive PR (PiP, G=) 
we have 
KEEP Colis (Por — PG. 


Now, assuming that X > 0 (the case: X1 < 0 can be treated similarly), it is 
obvious by the above. formulae that the linear subspace p consisting of all 
points f of the form (f1,:-:-,f7,0,- : -,0), fi being arbitrary complex 
numbers, is a (v—1)-dimensional null plane contained in [P*(y, 7) ]. 


Proof uf Theorem 2.1. In order to prove the existence of a (v—1)- 
dimensional null plane p contained in £,(7), we denote (v— 1)-dimensional 
null planes generally by p and the set consisting of all (v— 1)-dimensional 
null planes by N. Evidently NR constitutes an algebraic variety without 
singularity in the [Cy"—-1]-dimensional projective space. N is therefore 
compact in the natural topology. Putting N*(z) = {p; pc [P (x 1)]}, we 


have 


(2. 12) {p; pCi (1)} = N (2), 
since £,(2) is the common part of all [®+(x,1)], a <s <b. On the other 
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hand, N*(=) is obviously a compact subset of N and, as Lemma 2.1 shows, 
not empty; furthermore N*(z) decreases monotonously when x decreases, 
since P*(z,1) decreases monotonously. Hence the intersection N Ie (x) 


is not empty. This shows, combined with (2.12), that there exists at least 
one null plane p contained in F,(l). As to f,(7) the proof will be accom- 
plished in the same way. 


From Theorem 2.1 thus proved we can deduce some important conclu- 
sions concerning the main spaces ma(/), my(1). Let Pa, po be (v—1)- 
dimensional null planes with respect to J contained respectively in £,(1), £,(). 
Then, since (I) C mel), (1) C m(t), we get first dim ma(l) =v—1, 
dim m,(1) >v—1. Furthermore dimm,(l) and dimm,(1) do not depend 
on the parameter l, provided L0, as will be proved in 3 below (see 
‘Theorem 3.2). Putting 


(2.13) m=dimm(l)—v+1, m=dimm(l)—v+1 (3140), 


we obtain therefore two non-negative integers Ta, 7, which are characteristic 
for L. 


DEFINITION 2.3. L will be called a differential operator of the type 
(ras To); Ta, Te being the non-negative integers defined by (2.13). The sum 
T == Ta + 7, will be called the excess index of L. 


‘Possible values of Ta, Tẹ are obviously Ọ, 1,2,- - -,v; thus formally self- 
adjoint differential operators L of the order n==2v cam be classified into 
(v+ 1)° different types. This classification is a generalization of H. Weyl’s 
-one 1° concerning the differential operators of the second order. 

For a later purpose we introduce the space m(!) =m,(l) N m(1). 
Since f,(1) and f£,(7) have no common point, Pa and p have also no common 
point, and therefore m, (I) + (1) 2 Pa + Po = P.” Hence we get 


(2.14) dimm()=r—1. 


The space m(}) is clearly the set of all points (f) such that w(s,1, f) is 
square summable in (a,b). The excess index + is therefore equal to the 
number of linearly independent solutions of the differential equation 
Lu] =1-u which are square summable in (a,b), provided. 31 0. 


8. Green’s function. Let § be the Hilbert space consisting of all 


10 Weyl, [11], pp. 221-231; [12], p. 443; [13]. 
n“ means the “ join” in the sense of the projective geometry. 
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square summable functions in the interval (a,b); the inner product of the 
functions u, v in § will be denoted by (u,v), the norm of u by | u |. 


DEFINITION: 3.1. We denote by D the linear subspace of § constituted 
of all functions u(x) satisfying the following four conditions: 
i) u(x) is square summable in (a,b), 
ii) in the open interval (a,b), u(x) admits continuous derivatives up 
to the order n— 1, 
ii) (n—1)-th derivative wo) (x) is absolutely continuous in every 
closed interval [21,22], a <a, <ta <b (so that L[u] can be 
defined for almost all x, a < x < b), 
iv) Lu] is square summable in (a,b). 
Considered as a linear operator having D as its domain, the differential 
operator L will be denoted by T, i.e. we put 


(3.1) Tu = L[u], for ue D. 


Obviously the bilinear form [wu] (x) can be defined for two arbitrary func- 
tions u, v in D so far as a <x=<b. Furthermore we infer from Green’s 
formula that, for arbitrary u, ve®, the limits [uv](a) = lim [uv] (2), 
[uv] (b) = lim [wv] (x) exist. ets 

zb 


Now we shall introduce Green's function. Let I be a fixed complex 
number with S540 and Pa, Po be two (v— 1)-dimensional null planes with 
respect to I contained respectively in £,(7), f,(2). Then, choosing n linearly 
independent vectors fi, fot * + fv, fra" © >a fa such that faep, (for «—1, 
2,: + + ,v), fat pa (for B—v+1,:::,n) arbitrarily, we put 


(3.2) G(x, y 31, Pas Po) = G (Y, 2; 1, Da; Po) 


=È Š Fa(Dws(a)me(y), way), 
where w, (2) =w(z,1,fy) (y=1,:"";mv+1,::.,n) and (Fae(l)) means 


the inverse matrix of ([fafsl:). The function G(x, y; 1, Pa, Po) thus defined 
will be called Green’s function. The matrix ([fafal:) is skew-symmetric and, 


since fi,’ - *,fv or fra‘ © "> fn lie on the null plane pa or ps, respectively, 
we have 
(3.3) _ [fafo]: = 0, for «Sv, 8B Sv, and for ¢ >», B>». 


Consequently we see 


(3. 4) Fas(}) = — Fall); 
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(3.5) Fag(l) = 0, for a S r, ß S v, and for e > v,f >». 


Introduce now the important matrix 


(3. 6) MEO, pop) =È È, Fao fofet. 
Then we obtain, using (3.3) and (3.5), 
> > Mill, Pay po) [8m(2) sn (1) J ; f = 


v m 


j hh (1=Y=&») 
0, (v<yS&n), 


proving the relation 


i f F, (febe), 
m ih tk i 

(8.7) 22M t(l, Pa, Po) [sa (1) 8. (2) ] > E = j 0, (feb). 
Similarly we get 
(3.8) DD AIME Pas Po) [8m (0) sn (2) T f= 1 0, (fe pe), 

$ k m — fi, (fe po). 
These relations show that M’*(T, Pa, po) is determined uniquely by l, Pa, Po 
and does not depend on the choice of the points f1,'::,f, on Pa and 


fous + +> fn on bn By using the matrix M#(1, Pa, Po), Green’s function can 
be rewritten as | 


(3.9) G(2, 451, da, Po) = DAR], pa, pods (T, 1) sx (Y, 1), (2 =y). 


Hence Green’s function is also determined uniquely by l, Pa, br and does not 
depend on the choice of fi,---,fv,- * *,fn appearing in its definition. 
Incidentally, we infer from (3.7) and (3.8) the relation 


(3.10) ZM" (l, Pa, Po) — MP (1, Pa, Po) } [sm (1) (2) ] = di. 


DEFINITION 3.2. G(L Pa, Pa) will denote the integral operator with the 
kernel G(a, y; 1, Pa, Py), that is the operator defined by 


b 
(3.11) GB de po)o(e) = Sa 51 de bo)o(y) dy 
p n æ b . 
=È Š Pet) tole) Jay + wala) (un), 
v(x) being an arbitrary function in 9. 


Since fae peC fo(l) C Mat) (a=1,---,v), the functions wa(z) 
= wW (T, l fa) (a= 1,8," > -,v) are square summable in (a, x], and similarly 
the functions we(z) (8 =v-+1,---,n) are square summable in [z, b). 
Hence the integrals in (3.11) converge absolutely; thus the function 
u(x) = G (l, Da; Py) v(x) is defined for all v(x) in $. Now we shalt prove 
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that the function u(x) thus defined admits continuous derivatives up to the 
order n— 1, that the (n— 1)-th derivative ur) (x) is absolutely continuous 
in every closed interval [21,22], a<%1 < Ta < b, and that u(x) satisfies the 
differential equation: 
(3. 12) L[u] —l-u-=v. 
From the relation 

[fafs]: = [wawe] = 2 Bala) wa (2) we (x) 
we get readily 


(3.13) È $ Fas (D) wa (u (2) = Bn (2), 


where (B>) means the inverse matrix of (Biz). Since 
(3.14) Bjr) = (—1)’*po(a) (for j -+ k=n— 1), =0 

(for j+ k >n—1), 
we have 


B*n(%) = (—1)//po(z) (for j + k=n— 1), =0 
(fr j+ k <n— 1). 


Combined with (3.4) and (3.5), (3.13) yields therefore 
(315) SS Font) un (2) wa(2) — m0 (2)009(2)} — 0, 
azl =y+i 
(m = 0, 1,: + -,n— 2), 
(8.16) 3 2. Pap(t) {wp (2) a(t) — Wa") (x) wp (x)} = 1/po(w). 


Using (3.15), we infer readily that u(x) is differentiable in (a,b) up to 
the order n—1 and that the m-th derivatives um) (x) are given by 


(3.17) w™(z)— Š Fel {w (s) f: wady + wa™ (a) | wsvdy), 
a=1 ß=r+1 a æ 
(m == 1,2, -+ ,n— i1). 


Evidently um) (x) (m—0,:::,n— 1) are absolutely continuous in every 
closed interval [z,, v2], a < Tı < Ta < b. Especially um (æ) is differen- 
tiable almost everywhere in (a,b) and, as one readily infers by (3.16), the 
derivative 4 (9) (x) is given by 


u (2) —0(2)/pol@) +È È Fas) (wa (2) f wav dy 


on) 
+ wy) (2) f wgv dy}. 
æ 
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Combined with (3.17), this shows clearly that u(x) satisfies the differential 
equation (3.12). 
Ineidentally, from (3.14), (3.15) and (3.16) follows the identity 


(18) Š À Fas) ([upo](&)we(a) — [wav] (2)we(2)} —0(2), 
which will be used in 5 below. 


THEOREM 3.1. G(l, Pa, Po) is a bounded linear operator whose norm 
does not caceed | XI|, provided 31540. Furthermore, for an arbitrary 
function v(x) in §, the function u(x) = G (l, Pa, pr) v(x) belongs to D and 
satisfies the differential equation L[u] —I-u=v. 


Proof To show that G(l, ba, Po) is a bounded operator, we take two 
points £, z such that a < t <2 < b arbitrarily and put 


uy (2) = 2 = Fap(1) {we(z) f, “wav dy + Wa(x) f “wpv dy}. 


Then u(x) satisfies also the differential equation L[u,] —l' u, =v. Hence 
we get, using Green’s formula, 


(8. 19) J | u, |? da + (1/2131) Sf (vii, — ud) de 

= { [ust] (2) — Lurt] (t) 3/2080. 
Now, as one readily infers by (3.15), u,( (z) (m—0,1,:::,n—1) are 
given by u, ™ (2) =w™) (2,1, g), where 


g= 2 (È Fall) S. “wav dy} fa. 


B=r+1 


We have therefore 
Cu] (2) /2451 = h(g; 2,1). 


On the other hand, since fg (B =v + 1,: - : ,n}) lie on pr, g lies also in pr, 
while we have pp C f(t) C $-(z,1). Hence h(g;2,}) is negative and there- 
fore [uŭ] (2) /2131 < 0; similarly we get [writ] (4) /2i31 > 0. Using these 
inequalities, we conclude from (3.19) the inequality 


Sulz folde 
t t 


Now, making here t — a, z —> b, we infer from this the inequality 


(3. 20) Hulsig] (u = G (1, Pa Po) ®), 


12 We follow the method of H. Weyl. See Weyl, [11], pp. 228-231. 


. 
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proving that G (l, Pa, be) is a bounded operator and that its norm satisfies the 
inequality 
(3. 21) HE EC, pe bo) ||] S| BE] 
As was already proved, the function u(x) satisfies the differential equation 
(3.12) and the conditions ii) and iii) in Definition 3.1, while (3.20) shows 
that w(x) satisfies the condition i) in Definition 3.1. Now, using these 
results, we get 
| Ligj =l utol St [2/7 Sl): deol, 

proving that u satisfies also the condition iv) in Definition 3.1. Thus we see 
that the function u(x) belongs to D. 

CoROLLARY. We have 
(3. 22) (P—1)@(1, Pas bo) = 1, (3140). 

By virtue of Theorem 3.1, we can now prove the following theorem 
cited already in 2 above: 

THEOREM 3.2. Dimma(l) and dimmy(l) do not depend on 1, provided 
wt 0. 

To prove this, we first introduce 


DEFINITION 3.3. For arbitrary | with Yl 0, we denote by E(l) the 
eigenspace of the operator T corresponding to the eigenvalue I. 


Evidently €(7) can be written as 
(3.23) EM) = {w(z,1,f); (f) e m(1) or f—0}. 
Combined with (2.14), this yields 
(3.24) dim € (1) =r, 


r being the excess index of L. We have now to prove that r is independent 


on 1.48 
Choose an arbitrary complex number 7° with XP 40, put, for sim- 
plicity’s sake, G° == G (I°, pa, pr), Pa, Po? being (»— 1)-dimensional null 
planes with respect to 1° contained respectively in T(1°), f,(4°), and introduce 
the operator K(1) =1— (1—1°)G°. Again we denote by O'(1°) the circular 
region in the /-plane consisting of all J satisfying | — | < | 3r |. Then 


18 We follow the method of H. Weyl. See Weyl, [13], pp. 238-247. Cf. also Stone, 
[7], Theorem 9.8. 
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we infer by (3.21) that, for arbitrary 7 in C(1°), the operator K(l) has the 
inverse K(l)". Indeed the inverse is given by the power series 


(3. 25) K()t=1+ > (I— 19) ™(G)™, 


converging for Je C(I°) in the sense of the norm: ||| |||. Thus in case 
le C(1°), K(l) is a one-to-one transformation mapping 9 on itself. Now, 
using (3.22), we get readily (T — 1°) - K (l)u = (T—1)-4u, (for all ue §). 
This shows that K(1) maps E(l) on E(1°) one-to-one. Hence dim E(2) is 
constant in ((1°), while, by choosing 1° suitably, an arbitrary compact domain 
D in the half plane 31 > 0 (or 31 <0) can be covered by C(I°). Conse- 
quently dim Œ(7) is constant in each half plane # > 0, S1< 0. On the 
other hand, from (2.6) and (3.23) follows Œ(1) = (1). Hence dim (1) 
does not depend on l, provided 31540. 

To deduce Theorem 3.2 from this result, we choose a fixed point c, 
a<e<b, arbitrarily, and observe the operator L in the interval (a, c] 
instead of (a,b). The meanings of the notations §, m(l), E(l), etc. are to 
be changed ‘correspondingly, e.g. § denotes the Hilbert space consisting of 
all square summable functions defined in (a,c], m(l) the subspace of $, 
consisting of all f such that w(x,l,f) is square summable in (a, cl, 
ete. Then, since every solution w(x,l,f) is continuous in c, we have 
Mel) —$ and therefore m(l) =m.(l), while, as was proved above, 
dim m(1) = dim €(7) —1 does not depend on J. Hence dim ma(l) 
independent on I. It can be proved similarly that dim my,(2) does not 
depend on I. 

In this connection, we shall prove furthermore 


THEOREM 3.3. As functions of l, the main spaces m(l), nn(l), and 
their intersection m(l) are holomorphic, provided 1340, in the sense that, 
for every lo with Xlo 0, the suitably normalized * Plücker coordinates 
mtl), HD, mif-#(1) of me(Z), me(l), ml) are holomorphic with 
respect to l in some neighborhood of I. 


To prove this, we introduce 


DEFINITION 8.4. Let r(x,l) be a square summable function of x defined 
in (a,b) depending on the parameter l and D be a domain in the l-plane. 


14 Generally, the homogeneous coordinates of a geometric object are said to be 
normalized, if one of the coordinates is equal to 1. 

15 We follow the method of H. Weyl. See Weyl, [13], pp. 238-247. I am indebted 
to Prof. Weyl for suggesting to me to apply here his direct method. 
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Then r(z,1) is said to be holomorphic with respect to I in D in the sense 


of the norm: | ||, if, for every point L in D, r(x,l) can be expanded into 
the power series 
(2,1) = X fa (2) (1 — lo)”, (rm(z) € 9) 
m=0 
converging in the sense of the norm: | || in some neighborhood of lo. 


Lemma 8.1. Let a compact domain D in the half-plane M > 0 (or 
JI < 0) be given. Then we can choose a base {ro(t, l); o= 1,2, + ',r} 
of the functional space E(l) so that ro(x,l) are holomorphic in D with 
respect to l in the sense of the norm: | || and that, for every fixed x, 
a<x<b, the derivatives d'ro(x,1)/da" (m—0,1,: > -,n—1) are holo- 
morphic in D with respect to l (in the usual sense). 

Proof. As was proved above, we have Œ(1) = K(1)-1Œ (1) for Ze C(1°). 
Hence, choosing a base {r%(æ) ; a = 1,- - -,7} of the space €(1°) arbitrarily 
and putting 
(3.26) rols, 1) = K (D)e (2), 
we obtain, for arbitrary le C (1°), the base {ro(z,l) e= 1, + -,r} of the 
space €(1). Now it follows from (3.25) that ro(z,1) are holomorphic in 
O (1°) with respect to 7 in the sense of the norm: | |. Again we get from 
(3.26) ro(x,1) =1o(x) + (1—1) G? -ro(æ, l1), which yields, combined 
with (3.17), 


drrs(®, 1) /da™ = dr (a) /dam + (I—I) > 2 Fap (12) 
a=1 =y+1 
U(dvasg/dam) - È Waly)ro(y, Idy + (dvurs/den) 
H J Wwey)re(y, 1) dy}, (m = 0, 1,- À ,n—1). 


Whence we infer that d"rs(z, 1)/da" (m—0,1,- > -,n—1) are also holo- 
morphic with respect to J in C(!°). This proves Lemma 3.1, since, by a 
suitable choice of 1°, D can be covered by C (1°). 


Proof of Theorem 3.3. Let D be an arbitrary compact domain in the 
half plane M >0 (or 91 < 0) and {ro(az,1);0 = 1,2,:-+,7} be the base 
of €(1) mentioned in Lemma 3.1 above. Then, putting 


ro(2, 1) = Zale, 1) f (1), (ga, 2,5 6557); 


we obtain r linearly independent points fo(l) (o=1,2,'  *,r) generating 
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the linear space m(Z). The coordinates fo/(1) are determined by the system- 
of linear equations 


$ g™ (z, 1) 2 foi(1) = ro ™) (z, 1), (m = 0,1, ,n— 1) 
j=l 


for a fixed point z, while s;™ (x, 1), re") (x, 1) are holomorphic with respect 
to Z in D and [sys2: - * Sn] —1. Hence fot (1) are also holomorphic in D, 
proving that the linear space m(ł) depends on ! holomorphically, provided 
S14 0. | 

Consider now the operator L in the interval (a, c], a < c < b, instead 
of (a,b), as in the proof of Theorem 3.2. Then m,(!) coincides with m(?). 
Hence m,(l) is holomorphic with respect to J, and similarly m,(1) depends 
also holomorphically on 1, provided 31340. 

Now we turn to investigate the operator T. First we prove 


THEOREM 3.4. T is a closed operator. The domain D of T consists 
of all elements we $ having the following form: 


(3. 27) u = G (l, Pa, Po)v + w, (ve %,we€(1)), 
1 being a fixed complex number with XI s£ 0.1 


Proof. By virtue of Theorem 3.1, it is obvious that every « of the 
form (3.27) belongs to D. Conversely, let an arbitrary element ue D be 
given. Then, putting ' 

v= (T—Iu, w = u — G (l, Pas Po), 
we infer, by (3.22), (T —l)w = 0, proving that w belongs to € (1). Thus 
we see that u has the form (3.27). To prove that T is a closed operator, 


consider a sequence {Um}, UmeD, such that the limits u == lim um, 
u* = lim Tu», exist. As was proved above, wu, can be written as 


Um =G (l, Pa, Do) (Lum — lum) + Wm, (Wme E(1)). 
Hence there exists the limit w = lim wm and we have 
(3. 28) u = G (l, Pa, Po) (u* — lu) + w, (we €(1)), 


proving that w belongs to D. Again, using (3.22), we get, from (3.28), 
(T — l)u == u" — lu, or Tu = u*; thus T is a closed operator, q. e. d. 


1° The closures and adjoints of ordinary differential operators were determined by 
I. Halperin under some restrictions imposed on the coefficients of the differential 
operators. See Halperin, [2]. The operator L under consideration is not necessarily 
subject to Halperin’s restrictions. 
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It is to be noted here that, for the element u having the form (3.27) 
we have (T — l)u =v, as one readily infers by (3.22). 

It is obvious that the adjoint operator G* (1l, pe, Po) of GCL, Pa, be) is 
given by 


b_ 
(3. 29) G*(1, Pa bo) 0(2) = Í, Ga, Y 51, Pas Po) O (Y) dy. 


Now, using this, we shall determine the adjoint operator of T, which will 
be denoted by To. 


THEOREM 3.5. The domain Dp of the adjoint operator T, of T consists 
of all elements ue D having the following form: 


(3. 30) u=G(l, Pa pr), veS—E€(1)™; 


thus Do is a subspace of D. The adjoint operator Te is obtained from T by 
restricting the domain D of T to Do. To is a symmetric operator. 


Proof. The relation: u* — T,u means, by definition, that 
(3. 31) (u, Tu) = (u*, ur) 


holds for every element ue D. Obviously the domain D remains unchanged 
by the conjugation u(x) u(x). Hence, using (3. 29), we infer by Theorem 
3.4 that D consists of all elements of the form u = @* (l, Pa, po)v: + W, 
(me S$, we E(1)). By inserting this expression in (3.31), the condi- 
tion (3.31) becomes (w+ IGu— Gu*,v,) + (lu—u*,w) =0, where G 
= Q (l, Pas Po). (8.31) is therefore equivalent to 


| u Gt, Da, Po) (u* — lu), | 
(u* — lu, w) —0, for all we €(1). 
Now it is obvious that every u satisfying (3.32) has the form (3.30). 
Assume conversely u to have the form (3.30). Then putting u* =v + Tu, 
we get immediately (3.32). Thus D, consists of all elements u of the form 
(3.30). Furthermore, for such u, we get, using (3.22) and (3.32), 
Tu == u* == Tou. Thus T is an extension of To, q. e. d. 

It is to be noted here that the deficiency index"? of the symmetric 
operator To is (7,7). 

Finally we shall prove 


(3. 32) 


THEOREM 8.6.4 For arbitrary fixed 1 with S140, the domain D is 
decomposed as a linear space into the direct sum: 


17 6 — € means the orthogonal complement of the subspace € in 9. 

18 See Stone, [7], Chap. IX. 

19 This theorem is essentially reduced to Theorem 9.4 in Stone, [7]. Here we shall 
f give another proof based on Green’s funetion. 
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(3. 33) D — Do + E(1) + ED), (S140). 
Proof. It is sufficient to show that every element we D is decomposed 

uniquely in the form | 

(3.34) u = Uy + w, + We, (U € Dos Wi, WE E(1)). 


By Theorem 3.4, u is represented as u = Gw + ws (wse€(l)), where G 
ineans G(T, Pas Pr). Decompose now v into two parts: v= v +, 
(veH—E(l),weE(l)) and put we Go, w, = GU + 0/29 + ws, 
Ww, = w/2iSl. Then we have the desired decomposition u = Uo + wı + Wz, 
(a, we E(1)). 

To prove the uniqueness of the decomposition, it is sufficient to show 
that the relation 


(3. 35) 0 = Uo + W1 + Ws, (WED, Wy, We € E(1)) 


implies w—w:—W.—0. Assuming (3.35), we have 21%: (w:,w:) 
= (wi, Tot) — (Tw, Uy) = 0, proving that w, is equal to 0. Similarly 
we get w» = 0, and therefore u —0, q. e. d. 


COROLLARY. We have 
(3. 36) dim (D/Do) = Pr, 
r being the excess index of L. 

4. Boundary conditions. First we shall study the properties of the 
skew-symmetric bilinear functionals [uv] (a), [uv](b) defined by 
(41) [we] (a) = lim [wo] (x), [uv] (b) = na [w] (t), (u,v eD). 
We start with the important formula : 
(4.2) (Tu, v) — (u, Tv) = [ud] (b) — [w] (a), 


deduced immediately from Green’s formula. Equation (4.2) shows that the 
necessary and sufficient condition for u to be contained in D, is 


(4. 3) [uv] (b) — [uT] (a) = 0, for all ve ©. 
On the other hand, an arbitrary function ve D can be decomposed as 
(4. 4) v = V, + Ve, (v1, v£ D), 
so that 
| v.(2) — 0, v,(2)=v(e), for a<ıSc, 
v(a)—=(, v(2) = v(x), for d= x < b, 
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c, d being fixed points such that a <c < d < b. For arbitrary we Do, we get 
therefore, by (4.1) and (4.3), [uv] (b) = [u0] (b) = [u0] (b) — [ute] (a) 
= 0, and similarly [uÿ](a) —0. Thus we see, using the invariance of D 
under the conjugation u — &, that an element u of D lies in Do if and only if 


(4 5) [w] (a) = 0, [wv] (d) == 0, - for allve®. 


Denote by Da (or Dy) the subspace of D consisting of all u satisfying 
the boundary conditions [uv](a) == 0 (or [uv](b) = 0) for all veD. Then 
we infer by (4.5) 


(4. 6) De N Do = Do, 

while, since 1%, v2 in (4.4) are contained in Dz, Da, respectively, we have 
(4.7) | De + Dr = D. 

Using (3.36), we conclude from (4.6) and (4.7) 

(4.8) dim (D/Da) + dim (D/D,) = 2r. 


Moreover we have 
(4. 9) dim (D/Da) = 2ra, dim (D/D,) = ?rı. 


To prove this, we observe the operator L in the interval (a, c], a< c< b, 
instead of (a,b), as in the proof of Theorem 3.2. Then we have re =v, 
and therefore 


(4.10) T= Ta F Te = Ta FH v. 
On the other hand, we have 
| De = {ujueD,u(c) =w (0) = - =u (c) = 0}, 


and consequently dim (D/D) == 2v. Combined with (4.8) and (4.10), this 
proves the first formula in (4.9). The second formula can be proved 
similarly. | 

Evidently [uvl(a), [uv] (b) can be considered as non-singular bilinear 
functionals defined respectively in the residual spaces D/Da, D/Dy. From 
(4.1) it follows that the functionals [wr] (a), [uv](b) are real in the sense 
that k 


(4.11) [av] (a) = [w] la), — [wv}(b) — Two] (6). 


Combined with the invariance of D under the conjugation w— ù, this yields 
furthermore 


(4. 12) De = Do D=D, D—D. 
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By a boundary condition at a, we shall mean a condition for ue D of 
the form [pu] (a) —0, where p means a fixed function belonging to DÐ. 
The boundary condition will be called real, if & is a real-valued function. A 
finite number of boundary conditions 


[div] (a) = 0, [pow] (a) =0,..:, Lomu] (a) =0 


will be called linearly independent, if every linear combination Zy! [pju] (a) 
does not vanish identically in u except for the case: y! = y? =: - - = y"=—0, 
The linear independence of the boundary conditions [piu](a) = 0,- +, 
[dnt] (a) = 0 is therefore equivalent to the linear independence of the func- 
tions pi, pa; ` *; bu mod D. Boundary conditions at b, their reality and — 
their linear independence are to be defined similarly. 


DEFINITION 4.1. A system of m linearly independent boundary con- 
ditions [ju] (a) —0 (or [u] (b) =0) (j= 1,2,---,m) will be called 
self-adjoint, if p; satisfy [pidx](a) —0 (or [ibe] (b)=0) (5 k—1,2, 
ss +,m) and m= Ta (or M= m). 


Our main purpose is to investigate the “ eigenvalue problem” for the 
differential equation L[u] = du under the self-adjoint systems of real boun- 
dary conditions given at the both ends of the interval a and b. Let 


(4.13). [has] (a) = 0, i GLB in) 
(4. 13)» [poju] (b) = 0, | (j= 1, 2,° eg Ts), 


be the gwen self-adjoint systems of the linearly independent real boundary 
conditions. Then we denote by De the subspace of D consisting of all u 
satisfying the conditions (4.13)., (4. 13)s and by H the operator with the 
domain De mapping every ue De in Lu], ie. we put Hu = L[u], for 
ue De. Obviously we have D C Dp C D and therefore 


(4. 14) TELET 


Now we shall show that H is self-adjoint. For that purpose, we denote 
for a moment the adjoint operator of H by H* and the domain of H* by De. 
Then we get from (4. 14) 


(4.15) KEHET. 

Combined with (4.2), this shows that D»* consists of all ve D satisfying 
(4.16) [uv] (b) — [us] (e) = 0, for all we Dé. 
Since the bilinear form [uv](a) is non-singular on D/D, and dim (D/Da) 
on 
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—=?r,, the condition (4.13), determines a linear subspace of D which is 
ra-dimensional over ®,, while, since the system of conditions (4.13). is 
assumed to be self-adjoint, ra functions d4 (j=1,%,° * ‘,r4) which are 
linearly independent mod®, satisfy the condition (4.13), Hence the 
condition (4.13), is satisfied if and only if u can be represented as 


u=] ya; (mod D). 
3 


Thus we see that an arbitrary element ue D satisfies the boundary conditions 
(4.13), and (4.13), if and only if u can be represented as 


(4.17) u= J ypa (mod Da), = Ÿ Ypy (mod Di). 
j j 


Moreover, for arbitrary constants y1,y*,- + +, 8',8°,- - -, we can readily con- 
struct a function us D satisfying (4.17). Inserting (4.17) in (4.16) and 
using (4.11), we infer therefore that v belongs to De* if and only if v 
satisfies the condition 


E [400] (0) ZV [saj0] (2) =0 


for arbitrary constants yt, y?,- : -, 61, 8%,---. Hence Do” coincides with 
De. Consequently, comparing (4.15) with (4.14), we see that H* coincides 
with H. Thus the operator H is self-adjoint. 


DEFINITION 4.2. The operator H defined above will be called the self- 
adjoint realization of the formal differential operator L under the system of 
boundary conditions (4.13), and (4.13)». 


5. Spectral theorem. Let H be a fixed self-adjoint realization of the 
formal differential operator L under the self-adjoint systems of the real 
boundary conditions 


(5. 1)a [bau] (a) — 0, (j= 1,2,-- see 
(5. 1)» [poy] (D) = 0, (i=1, ay * St) 
in the sense of Definition 4.2. du; (j = 1," : * ,ra) are therefore assumed 


to be real functions belonging to D which are linearly independent mod Da 
and satisfy 


(5.2). [habar] (a) — 0, ee ne 


similarly po; (j=1,: - ,rs) are real functions belonging to D which are 
linearly independent mod ®, and satisfy 


(5. 2)» [pupo] (b) = 0, (j; k = 1,2," + +, 7). 
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Durinition 5.1. By the characteristic planes with respect to the 
operator H, we shall mean the linear spaces Pa(l), Pa(l) depending on the 
parameter l defined respectively by 


5.3)  Pa(l) = { (F) ; feme(Z), [paw (Lf) ] (0) =0 ASjSr)}, 
5.3»  P(D = { (F); fem (1), [baw f)] 0) =0 SS) 
provided Sl 0. 


It is to be noted here that the function w (l, f) = w (z, l, f) is not 
necessarily contained in D. But, if f ema(l), for example, then there exists 
the limit [eaw (l, f) | (a) = lim [paw (1, f)] (£), as one readily infers from 
Green’s formula; thus Definition 5.1 is legitimate. By a similar reason we 
infer the existence of the limits 


[w(2, f)w(t, 9g) 1 (a) — lin wine, - (f; g € ma(1)), 
[EDU 118) = in [w(t HE 1m), (f, g € ma (1) ). 


Incidentally, we conclude, from (2.6), (2.7) and the reality of the boundary 
conditions (5.1)a, (5. 1)», the relations 


(5.4) Pall) = Balt), Pe) = PC). 


THEOREM 5.1. The characteristic planes Pa(l), po(l) are (v—1)- 
dimensional null planes with respect to l and contained respectively in the 
sets f,(1), fo (1). Moreover we have 


GH [w( ABC 9) AN f “w(t, NBC nds (her), 


5.5» [WANNE — f v DEC g) de, (ge). 


Proof. We shall prove the theorem with respect to pa(t). For that 
purpose, we observe the operator L in the interval (a, c], @ < c < b, instead 
of (a,b), as in the proof of Theorem 3.2. The meaning of the notations §, 
D, etc. is to be changed correspondingly, so that every w(x, l, f), feme(l), 
becomes a function contained in D. Now, as was proved in Section 4 above, 
every function we D satisfying (5.1), can be represented as u=X;y/h; 
(mod D). Hence, if fe pal), we have 
(5. 6) v(l,f) = 2 bai (mod Da), (Fe ba(t}), 
while, by hypothesis, pa; (J = 1," > +, Ta) satisfy (5.2).. Consequently we 
get [w(l, f)w(l, g)] = 0 for f, ge ba(l), proving that ba(?) is a null plane 
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with respect to 1. Again we conclude from (5.6), using the reality of du 
and (4.12), [w(l, f)w (l, 9) ] (a) = 0 for f, g € Pa(1). Combined with Green’s 
formula, this yields immediately (5. 5).. Especially for f = g, (5.5). becomes 


His) = f wa fl da, der), 


proving that h(f;2,1) is positive for every f (>£0) lying in p.(l). Hence 
pa(t) is contained m all B*(2,1), a< x < b, and therefore p,(1) C¥,(2) 
= [) P(g, 1). Finally, since ,(1) is the linear subspace of ma(1) deter- 


mined by ra linear equations [paw (l, f)](a) =0 (j—1,: > *,r4), we have 
dim pa (1) = dim ma(l) — ta = v— 1. On the other hand, f,(/) has no 
common point with (7) and, as Theorem 2.1 shows, £.(7) contains (at least) 
one (v—1)-dimensional null plane p with respect to 1. Hence p,(7) has no 
common point with p and therefore 


dim p.(7) S dim $ — dim p — 1 = y — 1. 
Thus we see that dim pa(}) is equal to v— 1. 


THEOREM 5.2. As functions of the parameter |, the characteristic planes 
Pa(l), po(t) are holomorphic, provided 31540, in the sense that, for every 
lo with Blox 0, the suitably normalized *° Plücker’s coordinates pgii--*(1), 
Prii t(1) of Pall), po(l) are holomorphic with respect to l'in some neighbor- 
hoods of Ip. 


Proof. We shall prove the theorem with respect to p.(l). For that 
purpose, we observe the operator L in the interval (a, c], & < c < b, as above. 
Then we have dim €(7) == Ta +v. i | 

Now let D be an arbitrary compact domain in the half-plane & > 0 
(or 31 < 0). Then, by virtue of Lemma 3.1, the base ro(2,!) (e= 1,2, 

‘+, Ta + v) of the space E (1) can be chosen so that a(x, 1) are holomorphic 
in D with respect to Z in the sense of the norm: | || and that der. (x, 1) /da™ 
{m=—0,"--,n—1) are holomorphic in D .with respect to I. Putting 
rot, l) =w(2%,1,fo(l)), we obtain the points fo(l) (o—1," - °,Ta+7v) 
generating the space m,(l). Then an arbitrary point f in m,(7) can be 
represented as f = X#7fo(i), so that have w(x,l,f) = Swyro(x,l). Using 
these 97 (1,2, : -,Ta tv) as coordinates of points f in m(l), we 
infer from (5.3), that the subspace h,(1) of mu(l) is determined by the 
linear equations 


(5. 7) Zn [haro(1) | (a) = 0, (1—=1,2,: * `, Ta). 


20 Qoo footnote 14. 
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These 7, equations are linearly independent, since dim p,(7) — dim m,(1) — ra; 
while the coefficients [@ajre(1)](@) are holomorphic in D with respect to J, . 
as one readily infers from 


[esro(1) ](a) = [asro(2)] (0) — f “(LL ai] — lga) ro (1) de. 


Consequently the v linearly independent solutions m°(f) (#=—1,:°-,v) 
of the equations (5.7) can be chosen so that y.7(1) are holomorphic in D 
with respect to 7. On the,other hand, fo(l) (o ==1,2,---+,7¢-+¥) are also 
holomorphic in D with respect to l, as was shown in the proof of Theorem 3. 3. 
Hence putting Jall) = ona’ (l) fo(t), we obtain v pointe g:(1),- - -, gv(1) 
depending on { holomorphically in D which generate the characteristic plane 
p.(l). This proves that p,(2) depends on J holomorphically, provided 31 = 0. 

After these preparatory considerations, we shall now proceed to the 
investigation of the spectra of H. First we introduce 


DEFINITION 5.2. By the characteristic matrix of the operator H with 
respect to the regular system of fundamental solutions s;(x,1) (j= 1,2, 
-+ n) we shall mean the matrix Mi*(1) defined by 


(5.8) Mi (1) = MECI pal), p). (SIA 0), 
Pall), Po(t) being the characteristic planes with respect to H (see (3.6)). 


As (3.7) shows, the characteristic matrix Mi*(1) is determined by the 
relation 


en pre [ELTERN 


Combined with (5.4) and (2.3), this yields 
(3.10) M’*()) = M%(l). 
Again, using (5.9), we conclude from Theorem 5.2 that the characteristic 
matric M*(1) depends on I holomorphically, provided XI Æ 0. 

DEFINITION 5.3. By Green’s function for the operator H will be meant 
the function G(a,y31) defined as 
(5. 11) G(x, 9531) = G(x, 931, pall), Po(1)), (31 0), 


Pell), poll) being characteristic planes with respect to H. The integral ` 
operator with the kernel G(a,y;1) will be denoted by G(l), ie., 
G(D = GE pa(l), po(l)) (see Definition 3.2). 


By using the characteristic matrix, Green’s functicn for H can be 
written in the form 
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5.12)  G(a,y31) = G(y,051) EN, (Ey), 
Ik 
as (3.9) shows. From (5.10) and (2.3) follows therefore 

(5.13) G(x, y, 1) = Ex, y, 1). 
Now we shall prove 


THEOREM 5.3. The integral operator G(1) coincides with the resolvent 
(HE — 1) of the operator H, provided SI 40. 


Proof. Denoting by Dy the domain of H, we first prove that, for 
arbitrary ve $, @(l)v belongs to Dy. For that purpose, decompose v into 
two parts: 


v = Vo + W, (vo eS — E(1), we E(1)). 


Then, by Theorem 3.5, @(3)v. belongs to DoC Dy; hence, for the present 
purpose, it is sufficient to show that G(l)w is contained in Dy. Now we 
have, by (8.11), | 


v n æ b 
GO =Í È Fowl) fe de + wala) f ogi ae}, 
a=ı B=zv+1 a oa 
while, using Green’s formula, we get 
2igt- f wai de — [wait] (2) — [wei] (a), 
a 


231- ai de — [a] (b) — [nö] (2). 
By virtue of the identity (3.18), we conclude therefore 
(5.14) G@(l) w(x) = (1/23) w(x) 
+ GAS È Pap (t) Due] (a) : wp(2) — [pir] (b) : w(a)). 
Let y; (j=—1,:::,7r) be real functions belonging to D such that 
p(t) = Halt) (for a Lx S c), = 0 (for dEÆz<b), (j—=1,;: :-,%), 
Ya) = 0 (for aSa < c), = py (2) (for dE x < b), (eh +, 7), 


c, d being fixed points such that «a < € < d < b (such functions can be readily 
constructed). Then y; (1—1,2,: : ',r) are linearly independent mod Do 


and satisfy the conditions 


(5.15) Lux] (b) — [Yate] (a) = 0, (j, k =1, 2, tr). 
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By virtue of Theorem 3.6, y; can be decomposed uniquely as yj = t; + f; 
{mod Do) (4,7;€ €E(1)), while, since y; are real and Do = Do, from the 
uniqueness of the decomposition it follows that ¢; must coincide with r; 
Thus we get 


(5. 16) y= r; T5 (mod Do), (reE(r)). 


Inserting this in (5.15), we obtain R{[rj,] (6) — [r;Fx](a)} —0, while 
from Green’s formula follows [rfp] (b) — [rx] (a) = AJl: (rir). Hence 
the inner products (rrr) (7,k=1,2,- - :,r) are all real. From this we 
conclude, using (5.16), that the functions rı, r2,: © ‘,r, are linearly inde- 
pendent. Indeed, if 71, 72,- * - ,r, were linearly dependent, then there would 
exist non-trivial linear relations Zr; = 0 with real coefficients 7}, n? Reh, 
Whence one would get 


ei; + Soir; = 0 (mod Do), | 


contradicting with the linear independence of yi, Ya © >, Yr mod Do. Thus 
the functions 11, 7"2,: - +, Ty are linearly independent and therefore constitute 
a base of the space €(1). Consequently the function w appearing in (5. 14) 
can be.represented as w = Syif; Put now r= 3yir; Then we get from 
(5. 16) 


(5.17) r+ == Sy; (mod D), (re €(2)). 
The functions Wa (#=1,---,v) satisfy the boundary conditions (5. 1)a- 
Hence we have [y] ee =0 (j—1,-*+,7; a= 1,2, > +,v). From 
(5. 17) follows therefore [waw] (a) = — [war], (a = 1,2, + ',v) (remember 
that [war] (£) does not depend on æ); similarly we get 

[usw] (D) =— [vsr], (B=r +1 oan). 


Inserting these identities in (5.14) and using (3.18), we obtain 


Gw = (4/231) {w + 1} = (1/231) Zy; (mod Do), 


while it is obvious that y; (7—1,---,7) satisfy the boundary Srdikione 

(5.1), and (5.1) Hence GDA: satisfies also (5.1), and (5.1)» and 

therefore belongs to Dy. ‘Thus we conclude that G(1)v belongs to Da for 

every ve §. This shows, combined with (3.22), that (H —I)G@(l) =1. 
To prove the transposed relation 


(5. 18) G(l) (H —l)u =u, for all we Da, 


we represent, using Theorem 3.4, every we Dy in the form u= G (lv +- w, 
we€(l), where v = (1 — l)u. Then, since G(1)v belongs to Dr, w is also 
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contained in Dy and therefore Hw == L[w]==lw (l0), whereas the 
self-adjoint operator H has no complex eigenvalue. Hence w must vanish, 
so that we obtain u= G(l)v = G(l)(T—Du=G(l)(H—l)u, proving 
(5. 18), q. e.d. 

Now that Theorem 5.3 has been established, our theory proceeds along 
the line completely parallel to the case of the differential operator of the 
second order.” The main results can be stated as follows: 


THEOREM 5.4. (SPECTRAL THEOREM). Let 


H= f ME(à) 


be the spectral representation of the self-adjoint operator H and M#(1) the 
characteristic matris of H with respect to the regular system of fundamental 
solutions s;(#,1) (1—1,2,: >,a). Then for every real number à, there 
exists the limit 


Add 
(5.19) pit(A) = lim lim (1/r) | SUR + te) dà. 
§ 


6-940 €-9+0 


The matrix p(r) = (pi*(A)) thus defined is real and symmetric. As a 
function of A, p(A) is continuous on the right and monotone non-decreasing 
in the sense that, for p < à, the symmetric matrix p(A) — p(u) is positive 
semi-definite. Put E(A) = H(A) — E(u) for every finite interval A = (p, A]. ` 
Then, for every ue S, E(A)u(z) can be represented as 


(5.20) Blau) = f “uty)dy fi Esile, de (yA) de), 


where 
b 
S wf ze nad) Ha, 
a LD 


and the integral with respect to y in (5.20) converges absolutely. Thus E(A) 
is the integral operator with the symmetric kernel 


E(x,y; A) = f, EICHE (Ys 2) IE 


of Carleman type. u(x) is represented as 


(5.21) © u(2) = lim T u(y)dy f À (a, A) say, À) dp*(A), 


APE DO, um- o 


21 Kodaira, [3]. 
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where the limit converges in the mean. The formula (5.19) can be re- 
written as 


(5.22) ` plé(à)=lim lim (1/2) Sf J, Hr(ıya), 


340 €->40 À+6,0,€) 


where O(A + 8, 8,e)means the oriented polygonal line whose vertices, in 
order, are 8 + ie, 8 + ia, A+ 8—Lia, 14+ 5-+ tc, the real number a being 
subject to the inequality a > «7? 


Proof. First we shall treat the special case that the fundamental solu- 
tions s(x, 1) (j—1,2,: - :,n) constitute the canonical system obtained by 
solving the differential equation: L[s] = Is under the real boundary conditions 


(5.23) [dns 1) /da™ enc =u, (m—=0,-->-,n—1;j—1,.--,n) 


at the fixed point c, a<c¢<b, where e;== (e, ej,,---,e) are 
constant real vectors satisfying 


(5. 24) [ejer] (0) = ir 


(s;(x, 1) mean therefore the solutions s; (z, 1) mentioned in Section 2). We 
follow the method of H. Weyl.® For arbitrary u.e H, we put 


u(a, A) = [E (à) — E (0) Ju (2), 
u(2,A) =u (g, À) —u (z, p) = E(A)u(z), (A= (m, À]); 


considering u(x, A) as an element of $, we use the abbreviation u(A) for 
u(x, A). Obviously w(A) belongs to the domain of H. Putting f 


(5. 25) v(A) = (H—Tju(A) = Í, (A—1) dB (a)u, 
we have therefore, by Theorem 5. 3, 
(5. 26) u(A) = G(I)v(A). 


Put, for simiplicity’s sake, G (x, y:1) = G (x, y; 1) /du™, (y =Æ). Then 
we get from (5.26) 


b 
(5. 27) Mu(lm. A) on" = f GO) (x, ys D)o(y, A) dy, 
a 
(m= 0,°-+,n—1), 
as (3.17) shows. The explicit form of G™ (x,y;1) is given by 
2? In the case of second-order differential operators, this theorem is reduced to the 
Weyl-Stone-Titchmarsh results. See Weyl, [11], [12], Stone, [7], Theorem 10.22, 


Titchmarsh, [9], Chap. III. Cf. also Kodaira, [3]. 
23 Weyl, [11]. 
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È 2, Fap (H) we ®) (z)w.(y), (y < £), 
(5.28) emay ™ 

2 È Fop(l)wa™ (x)wely),  (y> 2), 

a=1 ß=v+1 


whence we see that G (a,y;1) is square summable with respect to y in 
(a,b), provided a < x < b. Thus, for fived x, the functions G™ (x,y; 1) 
of y can be considered as an element of 9; then G™ (x,y;1) will be denoted 
by G™ (x; 1). By using (5.13), the identity (5.27) can be rewritten as 


um (z, A) = (0(A), G% (x;1)). 


Inserting (5.25) for v(A), we obtain from this the important formulae 


(5.29) ee J. (A—1) dB (0) (a;1)), 
(m = 0,1, ::,n—1). 


Now, using these formulae, we shall prove that the functions um) (2, A) 
(m=0,1,: + :,n—1) have the following properties: 


(#) As a function of À, each u™ (x, x) is continuous on the right, 
of bounded variation in every finite interval A= (u, À] and, for 


such intervals A, the total variation È | du (x, À) | is uniformly 
A 


bounded with respect to x in every closed interval [x;,x2], 


A LTL T <b. 
The formulae (5. 29) can be rewritten as 


u (a, A) = (u(a), f (A — DaB aG (251), 
: | 
yielding immediately 


(5.30) | w™ (x, A)| S | u(A)|- J. A—1| Pd || B(A)G (w 51) [| y. 
Consider now decompositions of A into the sum of a finite number of sub- 
intervals A; = (Aj-1,Aj;], A; being real numbers such that A =» < M <' 
< àr =À. Then, applying (5.30) to each Aj, we get 
f ldu (2,a)| = eup 3 um (a, 89) 
À i 
S| «(a)l (f a: ‚II BAYE (e; ?}%. 


Hence, denoting by « the maximum of |A—1| in A, we obtain 
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(5.31) J lau an Sa luca) 1 600 (ed, 


proving that um) (z, à) is a function of bounded variation in A, while it is 
obvious that u” (x, À) is continuous on the right (we have naturally pre- 
supposed that H(A) is continuous on the right in the sense of the strong 
topology). Again, as one readily infers by (5.28), | @®) (a; 1) || is uniformly 
bounded with respect to æ in every closed interval [a,22],a<2,<m< b. 


Combined with (5.31), this proves that the total variation Í | du™ (a, A)| 


is uniformly bounded in [2,22]. Thus u™ (z,X) have the properties (#). 
As an element of §, u(A) satisfies obviously the equation 


(5. 82) Hu(a) = y AdE(a)u(A). 


Using this we shall prove that the function u(x, À) satisfies the integro- 
differential equation 


(5. 83) L[u(2,1)] = S rau, À). 


For that purpose, let Ao, À, * * , Àa be real numbers such that 0 = ìo < M 
<::<Ai= A and put Aj=— (A-r Aj], 8=max;]|A;—À;,|. Then we 
have 


| Z au(x, A) — S Adu(a, DIS f i üti 
This shows Le in the relation 
(5.34) ` lim EAU (a, 4) = f Mu(s à), 
0 j Jr 
the limit converges uniformly with respect to x in every closed interval 
[t1 t2], à <a, < Ta <b, since the total variation f ` du(z,X)| is uni- 
formly bounded in [2,2]. On the other hand, applied to A= (0,A], 
(5.32) means 
| lim af "| Liuz] — Zayu(, a) 3 de = 0. 
3 

Hence we get = 33). 

Incidentally, from (5.34) it follows that i, Adu(x,) is a continuous 


function of & in a <x<b. Combined with (5.33), this shows that, as a 
function of x, u(a,r) admits in (a,b) the continuous n-th derivative. 

Now we introduce the functions u;(A) (j == 1,2,-- -,n) of À associated 
with u(x, À) by the relations 
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(5.35) À eu (a) = um (c, À), Maren, 


where e;(®) mean thé constants appearing in the boundary conditions (5. 23) 
and therefore det (e;)) 540. Obviously u? (à) (j=—1,2,: > +, n) are func- 
tions of bounded variation in every finite interval A. By using these functions 
uj(A), the function u(x, À) can be represented as : 


n À 
(5. 36) w(x, À) -> f s(x, A)du (A). . 
jad +0 
To prove this we consider the difference 
a A 
t(x, À) = ul, À) — 5 Ste d) dus (X). 
gal +0 


As a function of 2, f(x, À) admits also continuous derivatives up to the 
order n and, as a function of A, f(x, À) is of bounded variation in every 
finite interval A. Furthermore it can be readily verified that t(x, AJ satisfies 


md 
(5. 37) L[t(z,1)] = f Adt(z, A), 
+0 
while, since s;™ (c, A) — 6,0%), from (5.35) follows 
(5.38) t (c, À) = 0, (m—0,1," - -,n— 1). 


Now, by hypothesis, we have 
È  Ban(2)59 (x, dA) sn (a, A) = [8382] = ein, 
1 


N+mSn- 
whence we obtain, using (1.6), 
E es ™ (x, A) Sz (@,A) = 0 (for 0 S m S n— 2), = 1/p (2) 
Ik . 
(for m—n—1). 


Hence, putting 


W (2, y) = È 082 0) sn (4, 0), 


we infer readily that, under the boundary conditions (5.88), the integro- 
differential equation (5.37) is equivalent to the integral equation 


© À 
t(a, A) = f W(a,y)dy J raw (y,). 
e +0 à 


Using the method of iteration, we readily infer from this that é(x, À) must 
vanish identically. Thus (5.36) has been proved. 

The explicit forms of u;(A) are obtained from (5.35) and (5.29). 
Putting 
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. TIEFEN) 0), for te, 
(5. 39) Dal À 
SAM (T)sx(a, 1), for s >c, 
k 


we obtain, using (5.12) and (5.23), @™ (c,x;1) = X g™Ti(s; 1). From 
(5.29) follows therefore f 


(5.40) u (6, A) = Sey (u, S. Q—DdE()T (0). 
Introduce now the REN (A) == $ (x, A) defined by 

(5.41) Ela) = f (A — IaB OTI) 

Then, comparing (5.40) with (5.35), we get the important RR 


(5. 42) ui (A) mE (u, &(A)), (= 1 8," : m). 


As (5.35) shows, u/(A) can be considered for fixed A as a linear functional 
of ue S not depending on 1. Hence we infer by (5.42) that the functions 
(A) (j—1,8,: - :,n) are independent of I, whereas the definition (5. 41) 
of Ẹ (A) contains the parameter 1. Obviously é (A) belongs to § and, as 
(5. 41) shows, i 
(5.43) (€4(A’), &(A”)) = 0, if A’) A” is empty. 


The inner products (E(A),E(A)) are therefore additive functions of 
intervals A. 

To prove the existence of the limit (5.19), we first define the additive 
functions p (A) of intervals A by 


(5. 44) pik(A) = (# (4A), &(A)), 


and then prove that p’*(X) = př ((0,A]) are related to MF(1) by (5.19) 
(in what follows we assume that the additive functions p (A), p (A) etc. 
of the intervals A are always related to the corresponding functions př (À), 
PA), etc. of A by the equations as follows: 


PECA) = pi*((0,A]), Pla) = pi*(A) — p” (a) (A = (mA). 


Evidently the matrix p(A) = (p/*(A)) is hermitian and positive semi-definite ; 
therefore we have | 
(5. 45) P(A) 0, 


(5. 46) | (A)| ?S pli (A) pH (A). 
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From (5.46) follows that p’*(A) are functions of bounded variation in every 
finite interval A. Now, inserting (5.41) in (5. 44), we get 


p*(A) = in A —1 |° (4E (a) (1), TE (D), 


whence we conclude 


(5.47) Rear) - ED, PD), 
where the integral converges absolutely, since, by (5.46), 


{SIA —1 ra) PE SIA — 1 [dpi (à) - f] A—1 "dp (a) 
sir rir. 


The right hand side of (5.47) can be readily calculated. Inserting the 
explicit form (3.6) of the matrix M’*(l) into (5.39), we get 
p n 
Y(s;1) =} © Fap) fow (z, l, fa), @=e), 
azi Berl 
where fa lie in p.(l). Using (5.5)a, (5.39), (5.23) and (5.24), we obtain 
therefore 
zu f TDIe; Dde = [MOT] (C—O) 
a 
= ZE M) Mm (1) [lm (6) = E MAD) M erm; 
h hım 


t m 


similarly we have 


‘ : 
ul f T% (2; DT’ (a; 1) de = — DM (1) MRS (Derm. 
c hım 
Thus we get 
AU (T (1), E) = E {WIM (1) — WEM” (1) erm- 
hım 


Combined with (5.10) and the formula Xa[HZ" (1) — MI» (1) Jere = 8,/, 
deduced from (3.10), this yields immediately 


SL: (1 (1), TH) = SMI (1). 
Hence we get from (5.47) the important formulae 
(5. 48) SF [ a1 dpa) = SU (D, 


where the integral converges absolutely. Now the relation (5.19) can be 
readily deduced from (5.48). Indeed we have 
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Mð ME pro i 
lim À SM#(a -+ ie) dà — lim us an f Qu — A)? + e] do (p) 
E—>+0 J 6 €->+0 ö - © . 
— f otu) lim [tan ( (à + B—p)/e) — tan ( (8— u) /e)] 
— €3+0 


= (7/2) [o (A + 8) + pi*(A-+ 8—0) — přt (8) —pit(3—0)], 
yielding immediately (5.19). 
As was already proved, the matrix p(A) = (pf%(A)) is Hermitian, while 
(5.19) shows that p(A) is real; hence p(A) must be symmetric. 
Now, inserting u= £*(A) into (5.42) and (5.36), we get readily the 
expression 


(5.4) &(2,A) = fs sj(a, À) dpi (A). 


Using this, we shall prove the formula (5.20) for A == (m, A]. For that 
purpose, let Ao, Ai, * *,An be real numbers such that p = << M < * :: 
< Àn = À, put 8 == maxm | Am — Am | , and consider for fixed v, a < æ < b, 
the sum f 

z(y; è) = pa > Sr (T, Am) E (Y, Am); Am = (Am-ı, Am]. 


Choose for every e> 0 a positive number (e) so that | X — Aà” | < 8(e) 
implies | sx(a, A) — (2, X’)| <e (k = 1,2, - -,n), provided p SX < X” 
=X. Then, using (5.43), we get the evaluation 


b a 
Senn EU dy E ae SE (<8). 
“a ‘ =1 


This shows that, for ê— 0, the function E(y;8) converges to a square 
summable function &(y) in the mean. The mean convergence implies further 
thé existence of a subsequence {Æ(y, ô»)}, ôm—>0, converging to #(ÿ) 
almost everywhere in (a,b). On the other hand, we infer by (5.49) 
readily lim &(y;8) = H#(a,y;A). Hence E(x,y;&) coincides with &(y) 
60 b 
almost everywhere in (a,b); thus we obtain J. | E(w, y; A)| *dy < +% 
a 
and 
*D 
(5. 50) 712058) —B@ 954) Pay 0 (80). 
a 
Now using (5.42) and (5.50), we conclude from (5. 36) 


u(z, A) = lim dd s (2, Am) uf (An) = um (2, I Ds;(%, Am) (Am) ) 
60 m j ->+0 m j 


b 
— lim (u 2(8)) = f E(æ,y; A)u(y)dy, 
Ô->+0 J & u 


proving (5.20). 
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Finally the formula (5.21) follows immediately from (5.20), while 
(5.22) is equivalent to (5.19). Thus the spectral theorem is proved for 
the special case under consideration. 

Now we shall treat the general case. Fox that purpose we denote the 
special fundamental solutions s;(z, 1) and corresponding M/*(1), p}%(A) men- 
tioned above by sÿ(æ,1), M%*(7), PSE (A), respectively. Then an arbitrary 
regular system of fundamental solutions s;(2,1) is obtained from s,°(z, 1) 
by a unimodular transformation 


(U) si(a, 1) = S UES e, De 


where U;*(1) are entire functions of } satisfying Uj*(1) = 0#*(1). By the 
transformation (U), the characteristic matrix Mé*(1) is transformed as a 
contravariant tensor, i. e. 


(5. 51) ME) =D VA (1) Vn (1) MO (1), 
Am 


where V,*(1) means the inverse matrix of U#(1); V;*“(l) are also entire 
functions of J and satisfy V#(J) = YF (1). 

Let us assume now that dp*(A) constitutes a contravariant tensor, and 
define pi*(X) by the formula 


À 
(5.52) P(A) -Í D Vib (A) Van (A) dp (A). 
+0 hm 


The matrix p(A) = (p/*(A)) thus defined is also real and symmetric, and, 
as a function of A, p(A) is continuous on the right and monotone non- 
decreasing. Furthermore we have 


S Bele aden Da") — S Era), 


proving the formulae (5.20) and (5.21). To prove the spectral theorem, 
it is sufficient therefore to verify that the matrix p#(\) thus defined is 
related to M’*(T) by (5.19). : 

As to the special matrices M®*(7), p%*(X), we have the relation (5. 48). 
From this we can deduce the formula 


(5.53) Mac) — Mm) = f aD (Am) apa) 


(SI A 0, 3m #0), 
where the integral converges absolutely. 


For an arbitrary positive number o, we ‘obtain from (5.53) the 
expression 
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(5.5) Mac) — f ADEA) + Ro (l), 


where the residual term Rai#(1) is holomorphic with respect to } except 
for real J such that l S —0o orl2o. Corresponding to (5.54), we put 


(5.55) M(1) = f (A — 1) api (à) + Rot (1). 


Then, inserting (5.54) in (5.51) and using (5.52), we obtain 


RAD = (ERDE) RE) — Par A) Par (A) JACA) 
- hm 
+ D Vid (1) Vink (1) Rom (1), 
him 
proving that Ro’*(l) is also holomorphic with respect to ? except. for real | 
such that l S —o or l= o. Furthermore from (5.10) follows 
(5. 56) Roi*(1) = Ro (1). 

To deduce (5.19) from (5.55), choose o so large that o> |à] +1. 
Then, since Re’*(l) are regular at real » such that | a| < | À | + 1, we infer, 
by (5.56), ZJRo(u + ie) > 0 (e>+0) for |a| <|à|+ 1. Using this, 
we conclude 


A+ö Ard 
im f SMEA + ieda lim f AS f Qu— à — ie) “td pF (y) 
Ga) esto § -0 
= gr[p (A + 8—0) + p (A + 8) — p (8 — 0) —p#*(8)], 
yielding immediately (5. 19). Thus the spectral theorem is completely proved. 


6. Expansion theorem. We introduce for two arbitrary A-measurable 
vegtor functions (A) = (#:(A),° © -,w,(A)), x(A) = (A), © Xa(Aà)) the 
notion of their inner product defined by . 


OS, LEE. 


Then we have (wwo) 20; || || = (ww)? can be considered therefore as 
the norm of w. The set © of all A-measurable vector functions œ with 
lo || <+% constitutes a Hilbert space, if one identifies two functions w, 
x such that |o— x | =0. Now we shall prove 


THEOREM 6.1. (Expansion THEOREM).?* For every function u(x) 
belonging to 9, the integral 
“Cf. Weyl, [11], [12], Titchmarsh, [9], Chap. III. For series expansions 'asso- È 


ciated with ordinary differential equations of any order, see Birkhoff, [1], Tamarkin, [8]. 


8 
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(6.1) em f HERNE 


converges in the sense of the norm in Q und, by means of w;(A) thus defined, 
u(x) is expanded as 


(6.2) ua) = f Erle rron(aydpr(a), 
Je I ` 


where the integral converges in the means; furthermore we have the “ Parseval 
formula” 


(6.3) lol=lul. 


Conversely, for every we Q, the integral (6.2) converges in the mean and, 
by means of u(x) defined by (6.2), w is represented as (6.1). 


Proof. Choose t, z such that a. < t <z < b arbitrarily and put u*(z) 
—u(z) (for tS sS z), =0 (for x <torz>z). Then the integrals 


(6.4) wo ;(A) = Ss nude f'sit, d) u* (x) dx 


converge absolutely and represent continuous functions of À Hence, applying 
Fubini’s theorem, we get, from (5.20), ` 


= Ba, EN, 


(6. 6) f art) — | BCA) IP, 


for arbitrary finite intervals A == (p,A]. Making .>—o, > + co, we get 
from (6.6) the identity || w* | = || w* ||; thus the linear transformation 
u" — u" defined by (6.4) is isometric. Now we have |u*— u | — 0 
(t>a,2—b). Hence there exists an element w in Q such that || &* — w | > 0 
(t>a,2—b), proving the convergence of the integral. (6.1) in the sense 
of the norm in © and the Parseval formula (6.3). To prove that u(x) 
is represented as (6.2) by means.of w thus defined, we consider the integral 


ne) f Fse Vena), 
which evidently converges absolutely. Comparing this with (6.5), we obtain 


[ B(A)w*(2) —Ta(2)|? S Joo l fd Na: 
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this proves | E(A)u*(z) —Ta(x)| — 0 (t>a,2—b), where the convergence 
is uniform in every closed interval [2,2], @ < 21 < ta <b. On the other 
hand, Æ(A}u* converges to E(A)u in the mean. Hence we get | 


(6.9) Eau) = È Zsa Ajax (2) dpt (à), 
DER 8 i 3 
yielding immediately (6.2). 
To prove the converse proposition, put for an arbitrary element w of Q 
wa(A) = (A) (for AeA), = 0 (for Af A), 


A == (m, À] being an arbitrary finite interval. Then the integral 


(6.10) ua) = f, Fse DDA) — S E se Danny) 


converges absolutely and represents a continuous furiction of æ in a < z < b. 
Obviously wa (À) can be approximated by step functions 


h 
õr(A) = 2 ym s c(A, Am) n 


so that | & — wa | — 0, where Am are mutually disjoint subintervals of A and 
c(A, Am) denote characteristic functions of Am. As to ö, we have 


(a) = | Ssl NEA) — F Z ram (e, An). 
Using (5.43) and (5.44), we conclude from this that 
|G P= E È Ymm (An) = | ë | ?; 
m Fr 


thus the correspondence 6—>%@ is (linear and) isometric. Consequently à 
converges in the mean to an element u, of when & approaches to wa in 
the sense of the norm. On the other hand, the inequality 


| äle) —u(a)| S oon |? f PRICE ICH 0 


shows that &(x) converges to ua (x) uniformly in every closed interval [zı, v2], 
a <L Tı <L Ta <L b, when & approaches to wa. Hence wa coincides with u, and 
therefore | ua || = || wa ||; thus the linear transformation wa — ua defined by 
(6.10) is isometric, proving that the integral (6.2) converges in the mean 
and that the linear transformation » > u defined by (6.2) is isometric. Now 
it is obvious that w is represented as (6.1) by means of u(x) defined by (6.2). 
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7. Simultaneous differential equations. The above results can be easily 
extended to the case of simultaneous differential equations. Consider a 
differential operator. | 


L = P(x) (d/da)* + P(x) (d/dx)'* +: + Pale) 


defined in (a,b) with matrix coefficients Pu(&) = (Pmx()), à, K= 1,2, +57, 
operating on vector functions 


u(x) = (u (a), Ue(t),° * +, U(2)), 


where each pux(æ) is a real valued continuous function defined in (a,b) 
having continuous derivatives up to the order h — m and 


(7.1) det P,(x) > 0 [or < 0], (a<a<b). 


The product n= ph will be called the “rank” of L. Assume furthermore 
that L coincides with its Lagrange adjoint 


L# = (—1)*(d/de)*Po* (2) + (—1)"*(d/da)4P,* (2) + + Pat (2), 


P,%(x) being the transposed matrices of P,(x). In order that L coincides 
with L* it is necessary that P,(z) satisfies P,(x) = (—1)*P,*(«), which is 
compatible with (7.1) only if i is even. Thus, in the present case, the 
order h of L may be odd, whereas the rank n = nh must be even: 


(7.2) n = qh = 2v. 
Now, using the abbreviation 
u(e)o (2) = È u(x)v (x), 
#K=1 


we have Green’s formula 
(7.3) Jude utia [uv] (2) — [uv] (y), 


where [wv] means the skew-symmetric bilinear form 


[uv] (z) ur > > Biri (T) 9 (x) vx ® (x), 


UK Hash 


with the coefficients 


h—-j-k-1 N y 
Bir ( 2) ER (— 1 ) H+j+1 5 (— LL)? Oy I mpi (R-5-1-k-m) (a) y 
m=6 
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For 7 + k =h — 1, we have 
(7.4) Bine (T) = (— 1) Por (2), (j + k =h —1). 
Hence [uv](x) is a non-degenerate bilinear form of two vectors ' 
(us Wi, -eU a), Us, U's, see, Un?) Jy (v v's, © e, Da, Un (4-1) ). 


By means of this bilinear form, we define the “ Wronskian” of n functions 
T, S, t,U,* © +50, W as 


[ré- - -vsu- - -w] = A/S +[rs][tu]- - - [vw], 


where 3 + means the alternating sum extending over all n! permutations 
of the functions 7,8, 6,u,° + ©, 0, W. | 

Now that it has been established that the bilinear form [uv](x) is non- 
degenerate, all of our arguments expounded in Sections 2 to 6 can be applied 
to the present case without essential modifications, since they are entirely 
based on the bilinear form [wv](#) and Green’s formula. It will be sufficient 
to notice that we have to make the following modifications: First, in Defini- 
tion 2.1, the functions s;(z,1) are to be replaced by the vector functions 
s(x, l) = (8. (2,1), sj2(a, 1), > -,sjn(x, 1)). Secondly, the inner product 
(u,v) is to be defined as i 


(u, v) = EZOO 


and, correspondingly, $ will denote the Hilbert space consisting of all measur- 
able vector functions u with (wu) < +00. 

After these modifications, the same arguments as expounded in Sections 
2 to 6 lead to the following results: Fix a regular system of fundamental 
solutions s;(æ,1) (j= 1,2,; > -,n) and associate with every general solution 
w(x, 1, f) = Zfis;(x, l) of the simultaneous differential equations L[w] = lw 
the point (f) in the (n— 1)-dimensional projective space $. Put 


m) ={( 3 J Elm de < +2}, 


mal) = { (f); SEIEN < +2}. 


Then the dimensions of m,(l) and m,(1) do not depend on 7 and are not less 
than v—1, provided 1540. Putting 


Ta = dim ma (1) —v + 1, ro = dim me (1) —v + 1, 
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we obtain therefore two non-negative integers re, rs which are characteristic 
for L. Obviously the integers ra, rs do not exceed v. Assume now the 
linearly independent boundary conditions 


[hasu] (a) =0 (j=1, 2, re) Chou] (b) — 0 (= 1 a, ts To); 


as given, where aj dr; are real functions belonging to “D” such that 
[pojpar] (4) = 0, [pojpor] (b) = 0. Then, under these boundary conditions, 
L becomes a self-adjoint operator, which will be denoted by H. The subspaces 


dell) = { (F) ; f e€ ma (1), Chat (l f) ] (a) =0 1 S} S ra)}, 
p(l) = {(f) ; Fem (1), [huw (l f)1(b) =0 Sj S r)} 


of P will be called the characteristic spaces with respect to H. p,(1) and 
pPə(l) have the dimension v— 1 and have no common point. By the charac- 
teristic matrix of H we shall mean the matrix M/*(1) defined by the relation 


x ae [siS (2) ] Fr = F (for fe pa(l)), = 0 (for fe po(Z)). 


‘As a function of l, the matrix Ms*(1) is holomorphic in each half plane 
SI > 0, SI <0, and Mi*(1) = (1). Now we have 


THEOREM 7.1. (SPECTRAL THEOREM). For every real number à, there 
exists the limit 


A+ö 
(A) lim lim (1/x) f SMI (A + ie) dà. 
640 €40 6 


The matrix p(A) = (p#*(A)) thus defined is real and symmetric. As a func- 
tion of A, p(A) is continuous on the right and monotone non-decreasing in the 
sense that, for u < à, the symmetric matrix p(A) —p(p) is positive semi- 
definite. Let | E 


Hu f ME (à) 
be the spectral decomposition of H and put, for every finite interval A = (p, A], 


E(A) = F(A) — E(u). Then E(A) is represented as the integral operator 
with the matria kernel 


Eux(x, y, A) = J, 2 Sn (2, A) Sex (Y, A) dp (A) 
in the sense that 


E(a)u(e) = S'S Buts, y,A)unty)ay 
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for every ue Q, where 
ab 
f El EX 9,2) Fay < +e. 
a K 


x Finally, as in 6, we define the norm || || of an arbitrary A-measurable 
vector function w(A) = (1(A),° * +, on(A)) by 








Jo P= f HdR). 


Then we have 


THEOREM 7.2. (EXPANSION THEOREM). For every vector function u(x) 
belonging to , the integral 


wr(A) = S Ssve(w,a) ue (a) da 


converges in the sense of the norm defined above and, by means of w„(A) thus 
defined, the vector function u(x) can be expanded as 


(a) = [Zr Na) ENA), 


where the integral converges in the sense of the norm in Q; furthermore we 
have the “ Parseval formula”: | u | = | w |. 


THE INSTITUTE FOR ADVANCED STUDY, 
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ON THE ESSENTIAL SPECTRA OF SINGULAR EIGENVALUE 
à PROBLEMS.* 


By PHILIP HARTMAN and AUREL WINTNER. 


1. Let À be a real parameter, and let p(t) >0 and q(t), where 
OZt<ow, be a pair of real-valued, continuous functions for which the 
differential equation 


(1) (px) + (q+ A)a=0, 


where ’ == d/dt, becomes of Grenzpunkt type in the sense of Weyl [4]. This 
proviso, which will not be repeated below, means that (1) posseëses some 
solution æ(t) = (ft) violating the L?-condition 


2 


(2) f a*(t) dt <% 


0 


. (for some A, but then for every À; cf. [4], p. 238). Correspondingly, (1) and 
any boundary condition of the form 


(8a) 2(0)cos a + p(0)a’(0)sin a = 0, (p(0) > 0), 
where the angle @ is arbitrary, determine an eigenvalue problem. 


Let Sa denote the A-set representing the spectrum of the eigenvalue 
problem defined by (1) and (3). It is known that every Sa is a closed set. 
According to Weyl ([4], p. 251), the set of the cluster points of Sa is 
independent of «; it can therefore be denoted simply by 8°. The invariant 
A-set 8’ will be referred to as the essential spectrum of (1). 

It was proved in [2] that (1) has a non-trivial solution satisfying (2) 
whenever À is not in 5”. On the other hand, since §’ is a closed set, a value 
A= à? cannot be in the complement of 8° unless the same is true of every À 
which is close enough to A°. One might expect that these two facts together 
suffice for the characterization of the complement of S’ (and, therefore, of 
S’ itself), but we could not prove this (cf. [3], Appendix). Also that 
characterization of 8° which results, in terms of the zeros of the solutions of 


* Received November 8, 1949. 
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(1), from Theorem (I) in [1] is a characterization depending not on a 
single value, A°, of A but is such as to involve an entire neighborhood of A°. 

In what follows, a theorem will be proved which allows the charac- 
terization of a point of 9’ in such a way as to involve only that point. The 
resulting characterization of points of 8’ will, in addition, be such as to 
involve only the differential equation and no specification of a boundary 
condition, (34). In fact, the following theorem will be proved: 


(*) A real À— À, is in the essential spectrum of (1) if and only if 
there exists some g == g(t) which is real-valued and continuous for 0 St<w, 
satisfies the L*-condition 


D 


CS f rouco, 


and is such that the corresponding inhomogeneous diferential equation 


(5) (pr) + (g + ào) =g 


does not possess any solution x = x(t) satisfying the L?-condition (2). 


2. The proof of this theorem will depend on a Lebesgue-Toeplitz “ norm 
construction,” similar to that used in [5] for the characterization of the 
points of Sa in terms of (5), with a g satisfying (4). The construction 
applied in [5] will have to be modified so as to replace the spectrum Sa 
where « is fixed in (34), by the essential spectrum S’, which is identical with 
the A-set consisting of the common part of every Sa, where 0 Sa < 7. 

The latter characterization of S’ is clear from the fact that if A == ào 
belongs to two of the spectral sets, say Sa and Sg, where a s4 B (mod), 
then A= À, certainly is a cluster point of at least one of these sets (and, 
therefore, of both). For otherwise A = À, is in the point spectrum of two 
distinct boundary conditions, (82) and (38). But this is impossible, since 
(1) does not have (for any A) two linearly independent solutions, x= Ta(t) 
and x= æp(t), satisfying (2). . 

According to Weyl [4], p. 251, the situation belonging to a fixed boun- 
dary condition is as follows: 


(i) A à= ào is not in Sa if and only if there belongs to every con- 
tinuous g satisfying (4) one and only one solution æ — x, of (5) satisfying 
(84) and (2). 


In contrast, (*) can be restated as follows: 
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(ii) A A= à is not in 8° if and only if there belongs to every con- 
tinuous g satisfying (4) at least one solution x == x, of (5) satisfying (2). 


Since the complement of the A-set 8’ is identical with the sum of the 
complements of all sets Sa, where OS a < +, the assertion of (*) is equi- 
valent to the statement that the elimination of the parameter « from (i) 
must lead to (ii). In this regard, it is easy to see that the italicized specifi- 
cation in (ii) cannot be replaced by that in (i). 


3. The sufficiency of the condition claimed by (*) for a point A, of 8° 
follows at.once. For, if there exists a continuous g, satisfying (4), for which 
(5) fails to have a solution, 2, satisfying (2), then it follows from (i) that 
Ao is in Sa, no matter what æ may be. In other words, A, is in the common 
part of all spectra Sa, that is, in S’, as claimed by (+). 

The converse assertion of (*) is substantially equivalent to the following 
lemma : i | 


($) If (1) has no solution x(t) 0 of class L?(0,0) when =X, 
then there exists a continuous g(t), of class L?(0, ©), for which (5) has no 
solution x(t) of class L?(0,0). 


In fact, if this lemma, ($), is granted, then the necessity of the condition 
claimed by (*) for a point of 8’ can be concluded as follows: 


Suppose that (5) has, for every continuous g(t) satisfying (4), at least 
one solution satisfying (2). It then follows from (§) that (1) has, when 
A= ào à non-trivial solution of class Z?(0,0). Let y be the angle « 
(determined modr) for which this solution satisfies (34), and let «= y (t) 
denote this solution. 


For a given g, let v= z(t) be a solution of (5) which is of class 
L?(0, ©) (by assumption, there exists such an x, for every g). Then it is 
clear from the definition of y(t) that, if c is any constant, the sum 
w(t, c) = z(t) + cy (t) is again an zg and all 2,’s are of this form. On 
the other hand, it follows from the definition of the angle y that, if « is 
any angle distinct from y (mod), then there exists a unique c= c(a) 
corresponding to which the sum z(t,c) will satisfy (3). In fact, since 
s(t, c) = s(t) + cy(t), this c= c(a) is given by the ratio 


c—— {2,(0)cos a + p(0)4/,(0)sin «}/{y(0)cos a + p(G)y’(0)sin a) }. 


The denominator is distinct from 0, since, on the one hand, a s£ y (mod r) 
and, on the other hand, y(t) belongs to’ the boundary conditions (3,). 
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Accordingly, if g(t) is any continuous function satisfying (4), and if 
æ is any angle distinct from y (mod), then (5) has a unique solution 
satisfying (2) and (3). It follows therefore from (i) that A, is not in Sa 
for any a distinct from y(modz). Since 8’ is the common part of all 
spectra Sa, this implies that A, cannot be in 8’, as claimed by (#). 

This proves that (*) is true if (§) is granted. 


4. The proof of (§) proceeds as follows: 


For the given value, Ao, of A, choose two (real-valued) linearly indepen- 
dent solutions, say x = x, (t) and x = z(t), of (1). Since their Wronskian, 
VX — id”, when multiplied by the first coefficient function, p = p(t), of 
(1), becomes a non-vanishing constant, it can be assumed that 


(7) P(t) {a2 (t) aa’ (t) — a(t) ao’ (t)} = 1. 
On the range 0S a <b<, define a function „—=yu(a,b) by placing 


b 

(8) u(a,b) = min f {a (t)cos 0 + 2,(£)sin 8}°40. 

Sce 
Then p (a, b) is a non-decreasing function of b. Hence, the limit pa = p(a,0) 
exists for every non-negative a, with the understanding that the possibility 
pa is not excluded. It also follows that u(a,b) Spo. Actually, 
pa, b) < ya (whether pa =% or pa Ko). In fact, since v(t) and s(t) 
are linearly independent, it is clear from (8) that p(a,b) is a strictly 
increasing function of b. 


It will be shown that, for every fixed a, 
(9) e(a, b) —c as bc, 
if À satisfies the assumption of (8). 


Suppose that (9) is false. Then pa <co (for some a). But it will be 


shown that there exists a 6* = const. satisfying 
T 
Go) f {æi(t)cos 0 + æa (t) sin 6*}2dt < pa 


for every T > a, and (10) implies that s(t) = v, (t) cos 6* + sa(t)sin 0* is 
of class L?(0,%). In addition, this x(t) is a solution of (1) for A = ào, and 
it does not vanish identically, since v, (t) and +,(t) are linearly independent. 
Consequently, the assumption of ($) is contradicted. 
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Accordingly, (9) will be proved if it is shown that there exists a 6* 
satisfying (10). But such a 6* can be constructed as follows: 


According to (8), there exists on the interval 0 & 8 < x at least one 
6 = 6(a, b) for which the integral occurring in (8) attains the value »(a, b). 
Choose b = n, where n is any positive integer exceeding a fixed value of a, 
and put 6,—6(a,n). Then, if a < T < n, it is clear that 


7 
f {a.(t)cos On + 2:(1)sin 6,}?dt < p(a,n) < po. 
a 
Hence, in order to conclude the existence of a 0* satisfying (10), it is 
sufficient to observe that, since 0 = 6, < r, the values 6, must have at least 
one cluster value. In fact, the latter can then be chosen to be 6*. 

This concludes the proof of (9). 


5. In view of (9) and (8), there exists a sequence of t-values 
0 =T, < Tı <- - - satisfying (Tai, Ta) > 1 for n = 0, 1,: - - and Ta >% 
as n—>œ. In particular 
Ta 
(11) f z2 (t)dt > (Taa Ta) > 1, where n= 1,2, - : ; To = 0. 
` Paar 
In fact, the first of the inequalities (11) follows by observing that, in view 
of the definition (8), the integral of və? (t) over an interval a S t & b cannot 
be less than u(a, b). 


In terms of the sequence To, Ti, - +, define for 0 Æé< a function 
g(t), which is continuous except for possible jumps at t = Tm, by placing 
(12) g(t) =C,a2(t) if Ta St < Tau, 
where n = 0,1,2,: + +, and, according as n = 2m or n — 2m +1, 

Poms 
(13) 1/0m = (m+ 1){ f zea, ENER 
Tom N | 


For this g(t), the value of the integral (2) is seen to be S(m +1)”. 
Hence, this g(t) satisfies (2). It will be shown that, for this g(t), the 
differential equation (5) faïls to have any solution satisfying (2). This 
will complete the proof. of ($), provided that g(t) is allowed to have a 
sequence of jumps, instead of being continuous as specified in ($). But 
this complication is immaterial, since it will be clear from the proof below 
that the above g(t) could readily be smoothed out so as to become continuous. 
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6. Since z,(¢) and x(t) are solutions of the homogeneous case, g(t) =0, 
of (5), it is N verified from (7) that, if g(t) is any continuous function, 


(14) 0-0 finconnn nce ft (s)g(s)ds 


is a solution of (5). The same holds if g(t) is ak continuous, provided that 
(5) is replaced (at the en. points, say t = To, Tu: +, of g) by 
its integrated form, 


(8) POLA — POLO) + f {a(s) +aetd— f gts) 


With this understanding, the general solution of (5) is. 


1) a) =al at free f lgl), 


where cı, & denote arbitrary constants. - In fact, the difference of the func- 
tions (14), (15) is the general solution of the homogeneous case, g(t) = 0, 
of (5). 

Consequently, what remains to be verified can be formulated as follows: 
If g(t) is defined by (12) and (13), then the function (15) violates the 
L?-condition (2) for every choice of the constants ¢, €. 

First, if ¢ is on an interval T, St < Thu belonging to an odd n, then 
g(t) =0, by (18) and (12). It follows therefore from (15) that 


(16) a(t) = Anti (t) — Bmt (t) if Toma St < Toms 
where Am, Bm denote the constants 
i Tam +1 Toms 
(G7) Agee f az(s)g(s) ds, Ba=cH+ | 2,(s)g(s)ds. 
0 0 
It is clear from (8) and,(16) that 
ix Temse 
(18) S PUE (An? + Bu?) aTom Tam). 
Tom+ı o 


On the other hand, the second of the inequalities (11) shows that the product 
to the right of (18) exceeds (Am? -+ Bu?) 1. It follows therefore from 
(18) that the value of the integral (2) is minorized by the sum of the series 
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S(Am° + Bm°). Consequently, the function (15) cannot satisfy the (2*)- 
condition (2) if S4»?—00. Accordingly, the proof will be complete if it is 
ascertained that 3A? =œ holds for every choice of cı, cs in (15). But this, 
and even A„—>w as m —œ, can be seen as follows: 
According to (12) and (17), | 
2m+1 Ta S 
Am=cı+ Z Cr f z (t)dt. 
n=1 s 


Tn-ı 


It follows therefore from the second of the relations (13) that 4, —co, as 


m—, must hold if the series 
Tamer 


3 Com f wo2(t) dé 
m=0 g 


~ Tom 
is diveryent. But (13) shows that this series must diverge if the series 


Toms 


x (m + D f Xo? (t) dt}: 


Tam 


does. Since (11) implies that the latter series is minorized by the series 
` X(m + 1): 1 =œ, the proof is complete. 


7. The content of (*) is that the space of functions g which are real- 
valued, continuous, satisfy (4) and have the property that (5) possesses no 
solution satisfying (2), is not empty if and only if À: = M is in the essential 
spectrum of (1). 

This suggests the consideration of a “dual” space of functions g, 
namely, the space Q = Q (ào) of functions g which are real-valued, continuous, 
satisfy (4) and have the property that, for every a, the differential equation 
(5) possesses a solution % = 2, ,(t) satisfying (2) and (3). It turns out 
that, for every value of = à, the linear space Q(Ao) is not empty and is, 
in fact, co-dimensional. 

In order to see this, for a given value of À = do, let &.(t) and v(t) be 
two solutions of (1) satisfying (7). If a continuous g(t) = gr(t), where 
T > 0, satisfies g(t) =0 for ¢=T and | 


T T 
(19) Sawswa-f EROON 


then g(t) belongs to Q(A). Clearly the set of such functions g is œ- 
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dimensional. For a given g, the function s(t) given by (14) is a solution 
of (5) and satisfies æ(0) —2’(0) —0; hence it satisfies (34) for every a. 
On the other hand, if g(t) =0 for t > T and if (19) holds, then s(t) = 0 
for t > T, hence (t) satisfies (2). 
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ON THE EMBEDDING PROBLEM IN DIFFERENTIAL 
| GEOMETRY * 


By PHILIP HARTMAN and AUREL WINTNER. 


1. The theorem. Let gm — ga(u,v) be the elements -of a 2 by 2, 
symmetric, positive definite (function) matrix, defined in a neighborhood of 
-(u,v) = (0,0). The problem to be dealt with concerns the existence of 
a 2-dimensional surface, in a 3-dimensional Euclidean space, for which 
ds? == gudu? + Rgradu dv + Grodv°; in other words, with the existence of 
functions «= vi (u, v), where j=1,2,3, which satisfy the three conditions 


(1) 3 (xi /0u*) (6204/0) = pe (ut = u, u? = v), 
j 


in some vicinity of (0,0). Earlier writers (cf., e. g., [2], pp. 38-39) have 
assumed that the gx are analytic functions of (u,v); so that the Cauchy- 
Kowalewski theorem on partial differential equations becomes applicable. This 
assumption will not be made below. 

If the giz, are of class C?, then the Theorema Egregium makes it possible 
to define the curvature x == x (u, v) = x(t, v; gix) belonging to the given gi. 
Using the Frobenius representation of the Gaussian curvature, put 


(2) k = — 44° D — 3A [A (gi — giou) Jo — [AT (9120 — Joon) Ju}, 


where A = (911922 — 912)? > 0; the subscripts u, v denote partial differen- 
tiation; D is the 3-rowed determinant in which the first column consists of 
the numbers g1, Qi, 922, and the second and third columns are formed by 
the partial derivatives of g1, giz, Jez with respect to u and v, respectively. 

A point (u,v) will be called hyperbolic, parabolic or elliptic according 
as x(u,v) is negative, zero or positive. A (u,v)-domain will be said to 
censist of “points of the same type” if all of its points belong to one and 
the same of these three cases. , 

If n= 0 and 0 <A < 1, a function is called of class C"(A) in a domain 
if it possesses n-th order partial derivatives and these partial derivatives 
satisfy a uniform Hölder condition of order A with respect to all of the 
variables. 


* Received December 6, 1949. 
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THEOREM. If nZ 2 and 0 <a < À < 1, and if the gm(u,v) are given 
functions of class O(A) and have the property that every point (u,v) in 
a neighborhood of (0,0) is of the same type, then there exist three functions 
ai == v (u,v) of class C*(„) satisfying (1) in a neighborhood of (0,0). 


The question of existence of functions qi == si (u,v) satisfying (1) is 
left open in case (0,0) is a parabolic point which is a cluster point of 
points of elliptic and/or hyperbolic type. 


2. Counter-examples. In a certain sense, the above theorem is the 
best possible of its type. In fact, if the given functions gi, are of class C"(A), 
there need not exist functions si == s (u,v) of class Or(A-+e), for any 
e>0 satisfying (1). For example, let »22 and gu = 1- 07+ wi, 
Ji2 =Q, goo =1; so that these functions are of class C"(A). According to 
(2), the curvature is 


k = Soir [R - cv?" + cur + (+ À) (n+ A—1) 0"), 


where c1, Cz are constants. Hence x is of class C"-?(A), but is not C™*(A + e) 
for any «> 0. On the other hand, if there exist functions æ/(u,v) of class 
C*(A + €), for some e > 0, satisfying (2), it follows from the definition of 
curvature in terms of the second fundamental form that x is of class 
Ce (A+). (Even if n=2, the curvature given by (2) is identical with 
the Gaussian curvature, defined in terms of the second fundamental form; 
cf. Section 7 below.) 

At first glance, this counter-example seems surprising, since one might 
expect that, to given gi, of class C”, there correspond surfaces of class C**, 
The Theorema Egregium indicates, however, the presence of a “ paradox,” 
since the curvature, which can be defined in terms of the first and second 
partial derivatives of the zf (u, v), is expressed in terms of quantities involving 
the third order partial derivatives of the s’ (u,v). Actually, a more general 
formulation of the Theorema Egregium avoids this difficulty. Such a formu- 
lation was given by Weyl, [12], pp. 43-44 (cf. van Kampen, [3], p. 135) 
and will be used in the proof of the Theorem; see Section 7. 


3. The parabolic case. If the gu(u,v) are of class C"(A) in a 
neighborhood of (0,0), then there exists a pair of functions u = u(w, v), 
v= vu’, v), of class C"**(A) in a neighborhood of (w, 2) = (0,0), which 
have the properties that w(0,0) — 0, v(0, 0) = 0, that @(u, v)/0(w, v) 0, 
and that the line-element belonging to 
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2 
Be I gu(0ut/oue) (jo), (wt, w?) = (w, 0”), 
1 k=1 


3 


n 


is conformal, that is, 9, = 9'22 and g'i2=0. For the case n==0, see 
Lichtenstein [7]; if n= 0, see Lichtenstein [6], also Korn [5]. Clearly, 
the functions g'x are of class C"(X). à 

If n= 2, the invariance of the Gaussian curvature and the Theorema 
Egregium (that is, (2)) show that 


PL /du’? + HL /du" = 0, (Pa g'a = g'z2), 


since it is assumed that the curvature is identically 0. Since T is of class 
C? (À) (hence, of class C°), it follows that T is analytic. Accordingly, there 
exists, in a neighborhood of (u*,v*) = (0,0), a pair of analytic functions 
u= w (u*,v*), v—v(u*,v*) having the properties that «w(0,0)= 0, 
v’ (0, 0) = 0, that 3 (w, v’) /0(u*, v*) 40, and that the line-element belonging 
to 


2 2 
Grm (U*, 0%) = 3 X g's (Ou'*/du**) (Oui dum), (u, u) — (u*, vë). 
fel i=l 
is Eùclidean, that is, g*u == 9% = 1 and g*,.=0. 


The composite transformation (u,v) — (u*, v*) is of class Or*!(\), and 
has a non-vanishing Jacobian, near (0,0). Hence the inverse transformation, 
ur = u* (u,v), v* = v* (u,v), has the same properties. Put 2 == u* (u, v), 
z? == v* (u, v) and z?= 0. These functions are of class Or*!(\) and satisfy 
(1), since du*? + dv*? = gudu? + 2g,.du dv + gadw’. 

This completes the proof of the Theorem in the parabolic case. In fact, 
the solutions «/(u,v) of (1) exist, and can be chosen to be of class C#*1(A), 
in this case (instead of merely of class C*(„), as stated for the general case). 


4. Two Lemmas. Before proceeding to the elliptic and hyperbolic 
‘cases, two lemmas concerning the existence of solutions for partial differential 
equations will be proved. Lemma 2 below is suggested by Picard’s thecrem 
[10] on the existence of solutions of linear boundary value problems on small 
domains and by Lichtenstein’s theorem ([8], pp. 89-96) on non-linear elliptie 
partial differential equations involving a small parameter; principles which 
go back to H. A. Schwarz. Lemma 2 is also related to the procedure used by 
Weyl ([12], pp. 64-68) for the “embedding in the large” of a first funda- 
mental form near to that of a sphere. 

Let r > 0, 0 < x < 1, and let f(u,v) be of class C°(u) (that is, let f 
satisfy a uniform Hölder condition of order a) in the circle r: w + vu? < r?. 
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By the symbol |f|x will be meant the least (non-negative) number M 
satisfying both 

| f(u,v)| SM and | f(u -+ h, v +R) —f(u,v)|(h +R) SM 


for all pairs of distinct points (u,v), (ut+h,v+k) in 8, If a function 
w(u,v) possesses continuous second order partial derivatives in r, put 


(4) Wi = Wun Wa = Wuv, Ws = Wor, Wa = Wy, Ws == Wy, We = W. 


If w(u, v) is of class C° (a) in 6r, let | w | denote the greatest of the six 
numbers |; |p, | wa |æ © *,|weln For a given f or w of class C°(x) or 
Cu) on Êr, the numbers | f |,, || w | are functions of r (on an interval 
0<rsR). 


Lemma 1. In a neighborhood of (u,v) = (0,0), let ai = œ (u,v), 
where i1==1,2,---,6, be functions of class O? satisfying 


(5) aa? — data? A 0, 


and let 0 <u<1. Then there exists a pair of constants R, M (depending 
on a) with the property that if 0 < r S R, and if f = f (u, v) is of class O°(p) 
in Gy, then there exists a function w = ws = w (u, v) of class ©? (p) satisfying 


6 

(6) 3 aw; =f 
qzl 

in @r; also 

(7) |v | SMI Flas 


finally, w = w; depends linearly on the function f. 


In the applications below, the functions a*(u,v) will be analytic. In 
this case, the proof of Lemma 1 shows that if f is of class C"(u), then wy; is 
of class C**{(u), and that there exists an estimate of the type (7) for higher 
order partial derivatives. 


Proof of Lemma 1 when a?a?—-4a'a® < 0. In this case, (6) is an 
inhomogeneous linear partial differential equation of elliptic type. If R is 
chosen sufficiently small, the function w = wr(u, v) can be chosen to be the 
unique solution of class C?(u) of (6) satisfying w (u, v) == 0 for u? + v? = 1°; 
ef, Lichtenstein [8], pp. 91-92 and the references given there. The estimate 
(7) goes back to Korn [4]. That M can be chosen independent of r (on the 
range 0 <r) follows from Korn’s proof of the existence of M for a 
fixed r; ef. [7], p. 201, footnote 2. 
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Proof of Lemma 1 when aa?—4aa > 0. In this case, (6) is an 
inhomogeneous linear differential equation of hyperbolic type. If R is chosen 
sufficiently small, the function w—w;(u,v) can be chosen to be the unique 
solution of class Q?(u) of (6) satisfying w(u,v) = 0 on suitably fixed arcs 
through (0,0). In order to see this, let a transformation u= u(w, v), 

= v(W, v), of class ©? and of non-vanishing Jacobian, be so chosen that, 
. Eu, v in (6) are replaced by w, v’, then (6), in terms of w, v’, appears in 
the standard normal form 


We + uw, + aus + awe = fo. 


If w=w(w,v) denotes that solution of this normal form which satisfies 
the conditions w(0,v’) ==0, w(w, 0) =0, then Riemann’s integral repre- 
sentation shows that w has the properties claimed in Lemma 1. 


Lemma 2. In the Monge-Ampère differential equation 
5 5 
(8) a(2123 — 22") HI 3 dintx2m + d = 0, 
m=1 k=4 - 


let a, brm, d be functions of (u,v) satisfying, in a neighborhood (0,0), a 
uniform Holder condition of order à, and let, in that neighborhood, 


(9) . ad 0. 


Then, if O<p<A< 1, there exist functions z = z(u,v) of class C (p) 
satisfying (8) in some neighborhood of (0,0). i 


The proof will show that if the functions a, brm, d are of class C™(A) 
in a neighborhood of (0,0), then the solution z = z(u,v) can be chosen of 
class C”*? (p). 


Remark. That the existence of solutions of (8) in the small is not 
trivial can be seen from the fact that there exist comparatively innocent- 
looking partial differential equations possessing no solution in the small. 
For example, if F(u) is a continuous, nowhere differentiable function and 
f(u, v) = F(u +v), then the considerations of Perron [9], pp. 550-551, 
show that Zu — Z == f, a linear partial differential equation of first order, 
has no solution. 


In order to systematize the notations, the equation (8) will sometimes 


be written as 


5 
I brmértm + d = 0, 


=i 


(8 bis) 


TMa 


x 
Ut 

mn 
End 
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where it is supposed that Des = Om, and b = bio = das = bag == 0, while 
2%bıs = — by = Q. - 


Proof of Lemma 2. Denote the expression on the left of (8) by 
(U, V, 21: 2," * * ,25), and consider the partial differential equation 


(10) (0,0, 21, 22,° © *,25) == 0. 
Let the numbers 2°,, 2°, be chosen in such a way that (0, 0, 2°,, 0, 202, 0,0) = 0; 
such a choice is clearly possible, since 4(0, 0) 0 in (8). Since d(0,0) #0, 
it follows that 20, € 0, 2,540. Thus dp(0, 0, 2°, 0, 2%, 0) /02, = a(0, 0) 2°3 
>=0. Hence, (10) can be written in the form 
(11) 2, — W (22, 23, 24, 25) = 0 
in a neighborhood of (Z: > :,25) = (2%, 0,2%, 0,0). The function y is 
analytic in its four variables. It follows therefore from the Cauchy-Kowalewski 
theorem that (11) possesses in a neighborhood of (0,0) an analytic solution 
z = W(u, v) satisfying W,(0, 0) = W,(0, 0) = 0; actually, Wi(u, 0) = Wafu, 0) 
and W,(u, 0) = W,(u,0) can be assigned arbitrarily (subject to the restriction 
that they be analytic, and small in absolute value). 

The fact that z= W is a solution of (10) can be written as 


5 5 
(12) I 30% +, 


m=1 k=l 
where bym = bym(0, 0), d = d(0,0). Put z=W(uv) +w in (8). This 
substitution transforms (8) into a partial differential equation for the 
unknown function w, 


5 5 
Z 3 bim( Wi + we) (Win + wn) + d =0; 
mal k=l 


ef. (8bis). Hence, from (12), 


5 5 4 
(13) 2 (20, Wn) ws = P + II, 
m=1 k=i . 

where 

5 5 
(14) P=P(u,v) =33 3 (brm — dum) WnWx + 30 — d) 

kz} m=1 
and 


š 5 5 5 
(15) HU == (u, V, Wit t’ Ws) =} 3 Or FR brim) W mr = + 22 OrmWmW 
mal k= m=1 k=l 


5 
The expression on the left of (13) is of the form (6), where aë = 2 bym W m 


nel 
for &=1,---,5, while a —0. Since (8) and (8bis) are identical, and 
since W,(0,0) = W,(0, 0) =, it is seen that 
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ara? — 4a'a3 == 4a°d® 0 for (u,v) = (0,0). 


Consequently, Lemma 1 is applicable to equations of the form 


5 5 
3 ( x Benn Wn) Wr = f. 


kzi m=1 


The proof of Lemma 2 will now be completed by the use of successive 
approximations. 


5. The Successive Approximations. To this end, a few inequslities 
will now be collected. 

If R is defined as in Lemma 1, let 0 <r <ER. Let the norm symbols ' 
le I Io where 0< x < À < 1, refer, as above, to the circle 6,: 
uwt. Let w(u, v), *w(u,v) denote two functions of class C*(,) 
in 6, and let « be a number satisfying 


(16) lw] £ a and | *w j] S a. 


Choose 6 = B(r) in such a way that 


(17) | Dim — brm "= ß and | d — d? lu Ss B: 
and that 
(18) B=B(r) 30 as r—0. 


(that B(r) can be chosen to satisfy (18), as well as (17), is a consequence 
of the assumption that brm and d satisfy a Holder condition of order À > x). 
Finally, let 


(19) (u, v) = Hu, v, Wi’ + +, W) and “E(u, v) = lu, v, Fa, >, SW). 
It follows from (14) and (15) that there exist constants A, B such that | 
(20) [PhS Ag 


(21) |H |a S AB(a+ 8) and |U— "U |a S B(a+ B)| w— *w |. 


The constants A, B can be chosen independent of r if 0 <r S&S rů < R (for 
a fixed ro). 

If M denotes the constant occurring in Lemma 1, let r > 0 be so small 
that 1 — MAB(r) > 0, and put 


rær(r) =MAB(1+ B)/(1— MAP); 


so that 


(22) MAB + MAB(r + B) — 7, 
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and r{r) —0 as r— 0, by (18). If r > 0 is sufficiently small, then 


(23) g—g(r) = MB(r + 8) <1. 
For sufficiently small r > 0, define a sequence of successive approxi- 
mations as follows: w°(u, v) = 0 on @, and, if w°,- - -, wi have been defined, 


w(u, v) is that solution of 


5 5 
CA) 3 CSP) P(u,0) + Tu 0, wh, > +, ws) 


on r which is supplied by Lemma 1. 
If r > 0 is so small that the above r(r) is defined, then 


(25) | w || Sr for j= 0, 1,: : :. 


In fact, the inequality (25) is trivial for j—0. Suppose that (25) 
holds for some 7220. Since (20) and (21) are consequences of (16), it 
follows from (20) and the first inequality in (21) that 


| Pu, v) + lu vw, +, ws) |u AB + AB(r + B). 
Then, from (7) and (22), 
| w IS MAB + MARC + 8) =r. 
This completes the induction proof of (25). 
If j 21, equations (24) show that 


5 5 
> ( 3 Dom Win) (wir! I wi) i 
1 


k=1 m= 


= N (u, v, wh,’ + +, wis) 





TI (u, v, w, + +, wis). 


Since the solution wy, supplied by Lemma 1, depends linearly on f, it follows 
from (7), and from the second inequality in (21), that 


|w — wi | S BM (+ + B) | wi —w |. 


Hence, if r> 0 is so small that (23) holds, then the series & || wit — w || 
is convergent. In view of the definition of |: - - ||, the series 3(witt — wi) 
is uniformly convergent, and its sum w(u,v) is of class C?(u) on @, and 
satisfies (13) on r. 

This completes the proof, since 2— W(u,v) + w(u,v) fulfills the 
assertion of Lemma 2. 


Remark. It should be mentioned, for later reference, that w = w (u, v; r) 
clearly is subject to the inequality || w | S (1—g)”r. Hence, | w | can be 
made arbitrarily small by letting + — 0. 
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6. The elliptic and parabolic cases when n = 3. Let the functions 
Ir = gah, 0) be of class Or(X), where m= 2, and let «(wv) 0 in a 
vicinity (0,0). Following a formal device of Weingarten /[11], pp. 3-4; ef. 
Darboux [1], pp. 253-254), the problem will be reduced to the determination 
of a function ¢==2(u,v) for which the matrix (y) is pcsitive definite and 
K (u, U3 yir) = 0, where 


2 


Tutos Y22 = J22 — WW. 





Yiu = Ju — Zus Yaı == Yıa = Jie 


Actually, «x(u, v; yw) is not defined unless z is of dass 0%. If it is 
assumed that z = z(u, v) is of class C5, the equation x(u, v3 y) == 0 becomes 
a partial differential equation of second order, of the type (8), for z 
(so that no third order partial derivatives of z appear); ef. Darboux [1], 
p. 254. By a suitable normalization of (8), the function a(u,v) becomes 
—4( 911922 — Jı) AO, while d(u,v) is identical witk Algıgae — a1). 
x{Uu, V; gir) £0. The functions bzm(u, v) are quadratic polynomials in the 
gi, and in their partial derivatives of first and second order. 

If the gx are of class O” (A), where n = 2, then the coefficient functions 
of (8) are of class C”-?(A). Hence, for sufficiently small r, there exist in 6, 
solutions z == z(u,v) of class C"(yz). It follows from the Remark at the 
end of Section 5 that then the matrix (y) is positive definite, if r is 
sufficiently small. For, on the one hand, z= W(u,@) +w(u,v) and 
W,(0, 0) = W,(0, 0) = 0, and, on the other hand, the funct_on w = w(u, v; r) 
has the property that | w | can be made arbitrarily small by choosing r 
sufficiently small. 

Assume that n= 3. Then the corresponding functions yu, are of class 
C”(u), and so of class C?{(u). An adaptation of the prccedure applied in 
Section 3 shows that there exist functions u* == u*(u,v), v* == v* (u,v) of 
class C” (u) satisfying 


du? + dw”? = yu + 2yr2 du dv + yas der. 


Hence g= u* (u,v), z? = v* (u,v), z? = z(u,v) are of class O"(p) and 
satisfy (1). This completes the proof of the Theorem (Section 1) if n = 3 
and «I. 


7. The case x40 and n==2. In order to complete the proof of the 
theorem for this case, considerations suggested by those of Weyl ([12], pp. 
43-44; cf. van Kampen [3], p. 135) will be used. | 

For given functions gi of class C?, the equation (2) and Green’s theorem 
show that 
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(26) 2 ff kå du ff AD du dv 
“7 T 
+ f {A (Jiv — Jizu) du + A (groo — zou) dv}, 
s 


where $ is any simple Jordan curve, of class C1, and T is its interior. On the 
other hand, if the gx are only of class C1, and if there exists a continuous 
function «(u,v) satisfying (26), then x(u,v) can be declared to be the 
curvature belonging to gir- 

If the functions z and gj, are of class 0°, it is easily seen that, in this 
sense, there exists a curvature «(u,v;yix), and that k= pu, v,2,,- °°, 
2;)/4(det ym)’, where & is the expression on the left of (8) as normalized 
in Section 6. In fact, (2) shows that it is only necessary to establish the 
validity of the Green formula 


= f Sl (ZoZuu aez Zutuv) du + (Zu2un Ha Zuvv) dv 


s 
== 2 f f 81 (ZuuZov — Zw) du dv 
7 


-f f 8° {8y (ZoZuu — ZuZuv) — du (Zvkun — Zužvv) }du dv, 
p 5 


where 5= (detyz,)3. Since this formula holds if z(u,v) is of class 0°, it 
holds also if z(u, v) is of class C?, as can be seen by approximating z uniformly 
by polynomials in such a way that the first and second order partial deriva- 
tives also converge uniformly. 

“Let the gu be given functions of class C?(A), and let z be of class 
C?(x) and a solution of (8). Then «(u,v; ym) is defined and is 0. Let 
u=u(w,v), v=v(wW,v) be a transformation of class C*(m) satisfying 
u(0,0) =v(0,0)=0 and @(u,v)/d(w’, v’) ~0, and having the property 
that the line-element belonging to 


Yom = 3 2 yis(Out/du’®) (Ow) du’) 
jal 4x1 


is conformal, that is, Yı=y.>0 and Ya=0; cf. Section 3. Let 
y= ynu = y2 and T=logy. The expressions D, A in (2), corresponding 
to conformal ya, are 0, y, respectively. Since « is invariant under trans- 
formations of class C5, and since «= 0, it follows from (26) that 


f {orya aw —av/ow dr) — 0 
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holds for any sufficiently smooth Jordan curve S. Hence T is analytic 
in a vicinity of (u’,v’) = (0,0). The proof can now be completed as in 
Section 6 (cf. Section 3). 


Remark. An inspection of the partial differential equation (8), occurring 
in Section 6, shows that it contains second derivatives of the gi, only in the 
particular combination which appeared in definition (2) of the curvature «. 
Hence the above proof shows that the Theorem (Section 1) can be refined 
as follows: ` 


If nÈ and 0<pcrA<1 and if the gx are of class C™(A) and x 
is of class C"*(A), then (1) possesses solutions xi = xi (u, v) of class CO" (p). 


For the “ parabolic case” of this theorem, cf. the end of Section 8. 
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A CLOSED SET OF ALGEBRAIC INTEGERS.* 
By Joun B. KELLY. 


1. Introduction. A P. V. (Pisot-Vijayaraghavan) number is an alge- 
braic integer, 6, all of whose conjugates over the rational field, with the 
exception of 6 itself, lie inside the unit circle. P. V. numbers are of impor- 
tance in certain problems of Diophantine approximation, chiefly because 0 
and 1 are the only limit points of the sequence whose elements are the 
_ fractional parts of the powers of 4. Salem [5], [6], proved the surprising 
result that the set of P. V. numbers is closed, in the topological sense. Here 
we shall establish a similar theorem for a closely related class of algebraic 
integers. 

Let us denote by S, the class of all P. V. numbers; let us further denote 
by Şə the class of all algebraic integers, 6, which have one conjugate, 6’ (=< 4) 
lying, together with 6, outside the unit circle, while all other conjugates of 9 
lie inside the unit circle. The numbers of 8, split naturally into two classes: 
S’,, the class of real numbers in S, and S”, the class of all imaginary 
numbers in S,. If 8 is in S's, # is real, while if 4 is in Ss, 0" is imaginary 
and # —6. Sa, unlike S,, is not closed, and neither is S’s. In fact, the set 
of real quadratic algebraic integers is everywhere dense on the real line. Real 
quadratic integers outside the unit circle belong either to 8, or S'e The 
integers of 8, form a closed set; clearly the quadratic integers of 8, cannot 
be everywhere dense. It follows that 9’. is not closed and that also 8» is not 
closed. Now 8”, is not closed either, for 8”, may have un limit points; 
however, the following theorem is true: 


TaeoreM 1. The imaginary limit points of 8”, are in S”,; the real 
limit points are in Sı. Thus 8, + 8”, is closed. 


The main part of this paper will be devoted to a proof of Theorem 1. 


2. Proof of Theorem 1. Our proof is based upon a succession of lemmas. 


In what follows, Co, 61° + °, Cnt ©- will be rational integers, while 6 
will be a complex number such that |@|>1. We define the complex 
numbers pi, and po» by the equations - 

* Received January 12, 1950; revised April 11, 1950. 
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Pin = pi n(8) = Cnh — Cru, P2 n = pe n(6) == 6,00 — Cnsi(O + 6) + Ense 
We have the obvious identity 
(1). Pon = pi nd — ps n+l. 


Lemma 1. If pon remains bounded as n—>œ, then cn = 0o(| 8 | + €)”, 
where e is an arbitrary positive number. 


Proof. Let |poen| <M, n—0,1,2,8,-::. From (1) we have 
| ps nut | < | ern| |0| +, whence it easily follows, by induction on n, that 





[prn|S[pro[|@["+ M(|6|"—1)/|6|—1S4] 6), 


where A = | pio|-+ M/|@|—1. In other words, | c0— cni | S410”, 
nm=0,1,2,3,---. Another induction on n gives || = nA] |" 
+ |co]] 0|”, from which Lemma 1 follows immediately. 


Lemma 2. If g(z) = £ anz" is a rational function and lim a, = 0, then 
n=0 n-> 0 


9(2) has all its poles outside the unit circle. 


Proof. Let 1/81, 1/82,- ` : ,1/8x be the poles of g(z). Suppose that 
their orders are 1,72, - :,11, respectively. For all n sufficiently large, 
dy = $ P(n) Bi, where P;(n) is a polynomial of degree r,—1. Assume 

d=1 


that g(z) has poles inside or on the unit circle. Let 1/8:,: - -1/8,, be 
those of minimum modulus 1/p, where pÆ1. Since lima, — 0, we have 


Nn>% 
rend 
lim $ Pı(n)ß"=0. IE Pi(n) =$, gim and Bi—phi where |ẹ¢i|=1, 
n>% zl 3=0 


8 = r 8 x 
then lim p X, P,(n) bi" = lim p” X n E gypi” — 0, where r= max (n — 1). 
te isl n—> © j=0 i=1 i 


It follows that lim > girpi" = lim 6, — 0. Consider the system of linear 


2 n> co i=1 n> w 
equations 
8 
> Girpi™? = dnp, P= 0,1,---+,s—1. 
i=1 


This system has the solution 
8-1 
Gr = > Npdrip/ pi'A, 
p=0 


where the coefficients A;, are independent of n while A, the Vandermonde 
determinant derived from 61,63, ' --,¢s, is not zero. Letting rw, we 
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find that gi = 0, i = 1,2, + ',s. In the same way gu = > Jir- = 0, te 
gio = 9, t= 1,2, > -,8, so that Pi(n) =0, i—1,2,- 

Lemma 3. If pn n? converges and if infinitely many of the ee: 
Cn, are distinct from pi then (a) if 040, 0e Ss, (b) if 0 — 8, 628. 


Proof. We show first that {c,} is a recurring sequence, that is, there 
exist constants a,-° -,a; such that 


(2) Cnak + Aula. + + aC, = 0, 


for all n greater than some fixed integer no This will follow from the 
vanishing of the determinant, 


Co C1 '" "Cm Co Cy Peo P21 `` "Pan-2 

Cy Co `` t Ony C1 Co p21 P22 ` ` ‘Pan 
D,— = 

Cn Cnel’ ‘Con Cn En Pan P2 nei’ * * Pa 2n-2 


for n>n, (Cf. [1]). From Hadamard’s determinant theorem we have 


2n-2 


n ntt n ntt 
S ( Be’) (Bo?) E pa) (È p) CE p). 
3=0 j=l j=0 gai j=n-2 
n n+i 
Since, by Lemma 1, | c;| < AHi, we have De? De? < A, Hts, where A, 
jo ja 


is a constant. Let Š paj- — Rr. Then Di < A,H™R RiR- : - Bas. Since 


lim Ry = 0, um Da = 0. But D, is an integer. Hence there exists an integer, 
hoo 
no, such that D, == 0 for all n > no, and {cn} is a recurring sequence. 


Hence f(z) = $ cnz” is a rational function. Also, g(z) = > p2 n(O)zr is a 
n=0 


n=0 N; u 
rational function and f(z) == 2°g(2)+ Co + (a — (8 + 8)co)2/(1 — 02) (1 — 02). 
It follows from Lemma 2 that g(z) has: no poles inside the unit circle. 
f(z) must have poles inside or on the boundary of the unit circle, since 


otherwise we should have lim c, = 0. These poles can be only at 1/8 and 1/8. 
NP? 


By the Fatou-Hurwitz theorem on rational functions whose power series have 
integral coefficients, cf. [3], the poles of f(z) are the reciprocals of complete 
sets of conjugate algebraic integers. Thus 985”, if 646, while 028, 
if 0 — 6. 

The argument used in obtaining Lemma 3 resembles that employed by 
Pisot in proving a somewhat similar result for S, (Cf. [2], [4]). The 
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co 
obvious analogue of Lemma 3 for S, is also true; if © pı n? converges and if 
n=0 


infinitely many of the integers c» are distinct from 0, then 8e 8.. 


. LEMMA 4. If eS”. and k is a positive integer, there exist rational 
integers Co, 61,° ` ', Cm” © *, independent of k, such that 


k 


(3) Se? > 5 (cu m Cn-1(60% + 6*))? + I (on it Cn- + 6*) + Enz)? 


— 1+ (0° + È)? + (0)? 


Proof. Let 8 be a root of the primary irreducible polynomial P(z) 
which has rational integral coefficients. Let P(z) have degree r and let 


Q(z) =z"P(1/2). In some neighborhood of the origin we have P/Q = S Cn2", 

n=0 
where the coefficients c» are rational integers, since Q(0) —1. The function 
P/Q is regular for | z| 1, save possibly for poles at 1/9 and 1/6; and the 
function (1 — 662%) (1 — 6*z") P/Q is regular at all points of | z | <1. Setting 
z= ei®, we obtain from Parseval’s equality 


= [Tex (1 Be) PAg | dg = S ei? PS (ou — cnal + 9) 
Ar b a, n a n n-k 


= = ( Cn — nn + 6) + Cn-on OR)? 


and 


i [Ta ex) (1 — ĝt) |? d=1-+ (6% + Oe)? + (Org), 


Since | P/Q | —1 when |z |= 1, these two expressions are equal. Lemma 4 
is an extension of a lemma proved by Siegel ([7]) for 8; and k= 1. The 
same argument is used here. We remark that the function P/Q will actually 
have poles at 1/9 and 1/8 unless P (1/9) — P(1/6) =Q. Since 0 is in 8”, 
this can occur only if 0 is a biquadratie unity. 


LEMMA 5. Let Co, Cı, ' "50m be chosen as in Lemma 4. Then, if 
6 is not a biquadratic unity, cn and Car are not both zero, k—=0,1,%,° >+. 


Proof. Since ¢ = P(0)/Q(0) = P(0), and P(z) is irreducible, co = 1. 
Suppose that C = Cox = 0, for some particular value of k > 0. Then the 
terms on the left-hand side of (3) corresponding to n = 0, n = k and n = 2h 
have the sum co? (1 + (0° + 8)? + (6*6")2). This is compatible with Lemma 
4 only if co = + 1, and all remaining coefficients are 0, so that P/Q is 
regular in |z] <1 and 4 is a biquadratic unity. 
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Lemma 6. Let 0,61," + +, En, * 5 be chosen as in Lemma 4. Then 
| Em < (1 + (en + met)? + i (gm+1gm+1) 2) % < | g | 2m2 + 2, 
m = 0, 1, 2,°- 


Proof. Set k= m + 1 in Lemma 4 and observe that all terms on the 
left-hand side of (3) are non-negative. 

We turn now to the proof of Theorem 1. Let a be the limit of a 
sequence {8,} of algebraic integers in 8”,.. We are to show ae a is either 
in 8”, or in Sj. 

Proof. The sequence {8,} is bounded ; for all s we have | 6, eC < M. Hence 
the sequence {0s} can contain only a finite number of biquadratic unities, 
for the number of algebraic integers of a given degree, lying, together with 
their conjugates in a bounded region, is finite. We may therefore suppose 
that these biquadratic unities are deleted from {0s}. 

Corresponding to each element, Os, of our sequence, we construct, as in 
Lemma 4, a sequence of integers Cns so that 


(4) Cos? + (Co 5(9s + bs) — 43)? +2 po n°(03) = 1 + (+ 6s)? + (6.8,)*. 


From Lemma 6 we have 
(5) lens | < Me? + 2, n=0,1, 25° +, $e, 2,3,° °°. 


The bounded sequence co s consists only of integers; hence some integers 
must occur infinitely often. Call one of these integers co We may extract 
an infinite subsequence {fs} from our original sequence such that Co „= Co; 
So = 1,2,38,---. Clearly © > 0. 

Similarly, the bounded sequences cı s, and Cz, consist only of integers, 
so that some integers must occur infinitely often in each of these sequences. 
Choose one of these integers from each sequence and call them c, and cs 
We infer from Lemma 5 that one of the sequences c, „ and czs contains 
infinitely many elements distinct from 0, hence at least one of the integers 
Cı, Co, may be chosen distinct from 0. We may extract an infinite subse- 
quence {9,} from the sequence {fs} such that Cos, = Co, Ci == 61, Co si == C2, 
sı = 1, 2, 8, 

Proceeding in this way, we conibract an infinite sequence of integers: 
{en}. Repeated application of Lemma 5 enables us to choose the integers 
Cg and cag (where 2g contains 2 to an odd power) in such a way that one of 
them is distinct from 0. Moreover, for any integer, m = 0, there exists an 
infinite Ben {fsm} of our ce sequence {80} such that Cn su = Cn, 
n= 0, 1,2, ++, M, Sm = 1, 2, 3,- 
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We now demonstrate the convergence of the series I p2n?(a@). Theorem 1 
n=0 


will then follow from Lemma 3, provided that | «|41. We have 


(6) Ip » (a) z S Le: P pa n° (Osn) ] + Ep n° (Osm). 


Let e be an arbitrary positive number. Choose Sm so large that | a — Osm | < €. 
Observing that = Cn sn, ™=0,1,2,- - -,m, we find that 


j P2 n(&) — pe n (Osm) | = | Cn JE] a |? — | Osm |?] +2 | Cn+1 | | % — Osm IB 
n=0,1,':',m —?. 
From (5) we obtain | cn | = | cn su | < M2 + 2, n = 0, 1, 2,- + -, m, whence 


(M) | pen(a) 





p2 n (Osm) | < er + 2) (2M + 2)e, 
n=0,1,8,:-:,m—2. 
Similarly 


(8) |penla) + po n(Osy)| < 2 (M2 4 2) (AE + 1)?, 
n = 0, 1,2,: : -,m— 2. 


Multiplying (8) and (7) and summing over n, we have 


m-2 


|È [pe n? (0) — pa n° (Gan) J| < ar + 2) (M + 1) (m — 1)e, 


n = 0, 1,2,: : -, m —?. 
m-2 
Since e is arbitrary, we can conclude from (6) and (4) that ©, pn?’ (a) 
n=0 


S 1 + 4/* + Mt. Consequently, > pe n (@) is convergent. 


We complete the proof by showing that the excluded case |a|—1 
cannot arise. 

Any positive integral power of a number in 8”, is either in 8”, or 
in 8.. If the sequence {d,} converges to « = eïŸ, then the set of all positive 
integral powers of all numbers in the sequence will have a limit point, ar, 
on each circle r=R, R21. If R>1, then ar must, by what we have 
already proved, belong to 8”, or Sı. Every number in 8”, or S, is algebraic 
and must have an algebraic modulus. But À may be transcendental. This 
contradiction shows that | «| 1. 


3. Concluding remarks. We could have dispensed with Lemma 1 
altogether in our proof of Theorem 1 if we had strengthened the hypothesis 
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in Lemma 3 by requiring that c» = O(B*), for some B > 1. This condition 
is fulfilled by the integers c, used in the proof of Theorem 1, on account of 
Lemma 6. However, we feel that Lemma 3 is of some interest in its own 
right, and we have stated it in as strong a form as possible. 

Either of Salem’s proofs that S, is closed may bé employed, with more 
or less obvious modifications, to prove that part of Theorem 1 which concerns 
the imaginary limit points of 8”,; however, we were unsuccessful in our 
attempts to adapt them to the rest of Theorem 1. The basic idea underlying 
our proof is similar to that underlying his first proof [5], but there are 
considerable differences in detail. Our Lemma 8 plays the rôle of Pisot’s 
theorem, while Lemma 4 play the röle of Salem’s lemma. | 

We have tried to extend Theorem 1 to still wider classes of algebraic 
integers. Let S, be the class of all algebraic integers, 0, having exactly k 
conjugates, including 6 itself, outside the unit circle, and all remaining con- 
jugates inside the unit circle, with none on the circle. An argument just 
like that given in the introduction for k —2 shows that S;, is not closed if 
k>1. If, ignorant of this fact, we were to try to use the methods of this 
paper to prove that Sr is closed, we should find that, although our sequence 
{6s} is bounded, the conjugates 8%, i= 1,2, - -,k—1,s—1,2,: - © may 
very well be unbounded. It is natural then, to impose the further restriction 
that the conjugates be bounded also. The right-hand side of the analogue of 
Lemma 4 with @ replaced by 6,, is then a bounded function of s, a property 
which we used several times in our proof of Theorem 1. We can then extract 
a subsequence of the sequence {6,} such that we can form k — 1 sequences of 
conjugates which are also convergent with limits, say, a1, œ,: - -,@r-1. One 
might expect that then each of the numbers a, a1, %,° * >, ax would belong 
to some 8, with r = k. However, one finds that the complete analogue of 
Lemma 3 is false. All that we can say at the present time is that at least 
one of the numbers &, a,° > +, ax. belongs to some S,, with r S k. 

Since S,-++ 8”, is closed, every point of S, + S” is either a limit point 
or an isolated point. It would be of interest to determine which points of 
Si: +8”, are limit points and which are isolated points. Siegel ([7]) has 
carried through a similar investigation for 81; he has shown that S, has no 
limit points in the closed interval, [1,24] and has found all the isolated 
points in this interval. However, nothing is known beyond this; the identity 
of the smallest limit point has not yet been determined. The problem for 
Sı + 8”, appears to be even more difficult. We can merely state that, as 
shown at the conclusion of the proof of Theorem 1, 8; + 8”. has no limit 
points on the unit circle. 
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DYNAMICAL SYSTEMS WITH INDETERMINACY.* ? 
By WILFRED KAPLAN. 


1. INTRODUCTION. 


1.1. Classical dynamical systems. The classical theory of dynamical 
systems concerns the properties of the solutions of differential equations 


da,/dt = fit,‘ * `, En) (i=1, < -,n) 


(in local coordinates) in an n-dimensional manifold M, the phase space. 
This theory has been developed to a considerable extent through the efforts 
of Poincaré, G. D. Birkhoff and others. The results obtained concern methods 
of obtaining solutions (usually in series form), existence and stability of 
periodic solutions, nature of singular points, existence of wandering motions, 
recurrent motions and other special types of solutions, and ergodic theory. 

In general one is impressed with the complexity of the problem. For 
n = 2 a complete analysis of all possibilities appears achievable, but for n = 8 
or more such a program appears hopeless. 


1.2. Introduction of indeterminacy. In the present paper the state- 
ment of the problem is modified as follows. Instead of studying the exact 
solutions of the above differential equations, one considers the e-solutions, 
solutions ;—=x;(t) for which the velocity vector da,/dt differs from the 
prescribed vector fi by ‘less than e’ (a condition to be made precise below). 
In. effect one thus replaces the given direction at each point by a ‘cone of 
directions,’ so that the direction of the solution at each point has a certain 
degree of indeterminacy. 

Such a modification is not unfamiliär, a similar approach being used in 
the theory of random processes. Here, however, the probability aspect will 
not be emphasized, the answers to all questions being given in the form of 
“ves” or “no” (possibility or impossibility). 

The reasons for the introduction of indeterminacy are as follows. It is 
felt that this is a more realistic formulation of the physical problem for 


* Received November 9, 1949. 

1 Presented to the American Mathematical Society on April 27, 1946 and September 
9, 1948. The present: paper is a result of research initiated under the sponsorship of 
the Office of Naval Research and completed while the author was a Guggenheim Fellow. 


573 


574 WILFRED KAPLAN. 


which the theory of dynamical systems has been devised. In every concrete 
physical problem a certain amount of approximation is needed before the 
problem can be reduced to precise mathematical form. In many cases the 
approximations used can be estimated, at least roughly, so that one has some 
“e” involved. Thus there appears to be a natural 
physical basis for the present approach. But, as will be seen below, the 
introduction of indeterminacy has the further advantage of greatly simplifying 
the mathematical description of the family of solutions. 


kuowledge concerning the 


1.3. Summary of results. One introduces a partial order in M by 
the definition: x < y if there is an e-solution from x to y with increasing t. 
It may then happen that z < y < x for some x and y, so that there is a 
periodic e-solution through + and y. In such a case, or if x coincides with y, 
one writes: v==y, and thereby defines an equivalence relation which decom- 
poses Af into equivalence classes, termed “ states.” Each state consists either 
of one element, in which case the state is termed transitory, or of the points 
of an open subset of M, in which case the state is termed stationary. The 
state containing x is denoted by r(x), the set of all y such that y < is 
denoted by a(x). A stationary state m(x) is called w-stable if « < y implies 
` yer(x), a-stable if y < x implies yer(x). It is shown that, if M is compact, 
there are in all a finite number of w-stable stationary states r(z,),- © - ,m(2x) 
and every v in M satisfies an inequality: « < z; for at least one 2,; a similar 
statement applies with regard to a-stability. The sets F; = a(z;) are open 
and cover M. The nerve of this covering is a complex ® which describes the 
qualitative structure of the family of e-solutions. It is shown that the com- 
plex ® is ‘in general’ insensitive to small changes in the allowed error e. 
It is further shown that, except for certain critical choices of €, the complex 
® can be computed from an analysis of the given vector field at a finite 
number of points of M. This last result is the basis of a numerical method 
for obtaining the w-stable stationary states and the complex ®. This is 
illustrated in the case of the Van der Pol equation. 


2. FLOWS IN PARTIALLY ORDERED SETS. 


2.1. Partial order and flow. Let M be a set of elements: s, y,- 
with order relation < such that «<< y and y < z imply z < z. Then M will 
be termed partially ordered. The set of all y such that y < x will be denoted 
by a(x); the set of all y such that x < y will be denoted by o(s). If, for 
each x in M, the set a(x) is non-void, then the partial order will be termed 
a-extensive ; if, for each x in M, the set w(x) is non-void, then the partial order 
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will be termed w-extensive ; if both a(x) and (x) are non-void for all + in M, 
then the order will be termed extensive, If the relation « < x holds for no x 
in M, then the partial order will be termed proper. 

The partial order can be thought of as representing a flow with indeter- 
minacy in M. Thus the relation © < y can be interpreted as meaning: it is 
possible to move from « to y with increasing time t. In a classical dynamical 
system the relation x < y would mean simply: the trajectory z = p(t) passing 
through x when ¢ == 0 passes through y for some positive t; here the indeter- 
minacy is degenerate: if æ < y, then it is not merely possible but inevitable 
that the trajectory through « reaches y at a later time. The indeterminacy 
can arise, as will be discussed in Section 8 below, through replacing the exact 
differential equations of a classical dynamical system by inequalities, reflecting 
incomplete knowledge of the system. 

A relation: æ < x is simply a statement that there is a closed (periodic) 
orbit through v. There is thus no reason for excluding this possibility for a 
general flow. Accordingly, the partial orders consider here are in general 
improper. 


2.2. The states s(x). Let M denote a fixed partially ordered set. 
For each + in M the set r(x) is defined by the equation 


(x) = {2} U (ale) À o(2)). 


Thus (x) consists of + plus all y such that œ < y and y < x, hence of x 
plus all elements on closed trajectories through v. 

I a(x) A e(z) =0, so that w(x) reduces to {x}, then the element w 
will be termed transitory. If a(x) \ w(x) 540, then @ will be called 
stationary. If w is stationary, then te a(x) A w(z). For ye a(x) A a(s) 
implies æ < y and y <2, so that æ < x. Hence in this case a(t) = a(x) 
A w(x) 2 {x}. The same reasoning shows that, if x is stationary, then 
every phase y in (x) is stationary. 

Each set (x) will be called a state, and will be termed a transitory 
state or a stationary state according to whether it consists of one transitory 
element v or of one or more stationary elements v, y, - -. 


2.3. Ordering of the states. If r(x) A r(y) ~0, then r(x) = r(y). 
For ifzer(z) and wer(x) \r(y),thenz Ss = w<yandy=<w=z< 2, 
so that zex(y). Thus a(x) Cr(y) and similarly r(y) Cr(x), so that 
a(x) = (y). ; 

It follows that the states +(#) form a decomposition of M into disjoint 
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subsets. The notation x==y will be used for the corresponding equivalence 
relation: i.e, s= y if r(x) — (y). 

If t= y, z= w, anda < z, then y <w. For ySa<zXw. Hence 
one can define: m(x) < x(y) if r(x) Ar(y) and z <w for some z=2 
and some w= y. This ordering satisfies the transitive law, so that the states 
are now partially ordered. This ordering is proper, for r(x) < (a) is ruled 
out by definition. > 

A stationary state r(x) will be called w-stable if (x) is maximal, i. e., 
if there is no r(y) such that r(y) >r(z). Similarly, +(x) is a-stable if 
(x) is minimal. 

The given partially ordered set M will be said to have finite w-stability 
type if the following two conditions hold: 


(a) the number of w-stable states is finite; 


(b) for every state m(x) there exists an w-stable state (2) such that 
a (a) = ar (2) . 


The notion of finite a-stability type is defined in analogous fashion. 


2.4. Stability complexes. Let M have finite w-stability type and let 
(ti), ',r(zy) be the w-stable states. By condition (b) the sets 
Fy =«a(21,),---+,fy—=a(ay) cover M. The nerve of the covering is a 
finite simplicial complex ®, the w-stability complex. Thus the N vertices of 
® are the sets F;,-- +, Fy, the edges are those pairs (P,F,) for which 
jk and F; A^ F, 540, the 2-simplexes are those triples (Fn, Fi, Fr) for 
which hs j, 74k, kh and F, A F; \F,A~0, ete. In the same way, 
if M has finite «-stability type, the covering of M by sets G, forms a finite 
complex T, the a-stability complex. 

Each simplex of ® corresponds to a subset of M with given menday 
about the ultimate future. Thus the 2-simplex (F;, F2, F3) corresponds to 
the subset F, À F, A F, of those elements from which the states (ti), 
r(t2), m(%;) are possible future states. In dynamical language, these elements 
are the initial conditions from which the o-stable states m(x), m (£2), m (£3) 
can be reached. Similar remarks apply to T with regard to the past. 


3. DYNAMICAL SYSTEMS WITH INDETERMINACY. 


3.1. The phase space M. It will be assumed that M is a compact 
n-dimensional manifold of class C@). It will further be assumed that M 
has a Riemannian metric: ds? = a,de'dı? in terms of local coordinates 
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(xt, 2,2”), where the ay are of class O’. Hence M becomes a metric 
space with metric p(z, y) equal to the g.1.b. of the lengths of all paths from 
æ to y in M. Finally, it will be assumed that a fixed dynamical system is 
given in M: i.e., a vector field v—v(x) whose contravariant components 
vifa: > -,æ*) are of class C’. The differential equations 


(1) dai/dt = vi (17, > <2") (=1,: n) 


then determine the trajectories of the given dynamical system. The points 
of M will be referred to as phases; M will be termed the phase space. 

Associated with M is the fibre space V of all vectors u in M. If 
local coordinates (a,---+,2") are chosen in M, then local coordinates 
(a, + +, a"; ut,- ++, u") are determined in V; for this reason the points 
of V will be denoted by (æ;u). The vectors u at each point form a normed 
linear space with norm || uw || equal to (a;u‘u/)# The subset of V of all 
vectors with non-zero norm will be denoted by V’. 

The space V, with the above coordinate systems, is a differentiable 
manifold and, as a normal separable space, is metrisable. The metric will 
be denoted by o((z;u), (y; w)). 


3.2. Indeterminacy functions. By an indeterminacy function in M 
will be meant a real-valued function e(v; u) defined in V and continucus in 
V” and satisfying the conditions: i 


(2) e(z;u) >0; e(x; u) =elr;ku),k>0; e(z;0)=1. 


Thus e is a function of direction only. For many purposes it will be 
convenient to use the related function E(x; u) defined by the equation: 


(3) © E(w;u) = | u |/e(x; u). 


Thus Æ(æ;u) is continuous in V and E (s; ku) = kE(s;u) for k > 0. 

The indeterminacy function e(x;u) will be said to be convex if the set 
of all vectors u at x such that || u | < e(x; u) is convex. This is equivalent 
to the condition that the set of u such that Z(z;u) <1 be convex or, 
because of the homogeneity of #, to the condition that 


(4) Ela; Ma + (L—A)ue) SAE (zu) + (1—AA)E (£; u), (SA S1. 


Corresponding to the indeterminacy function e(x;u) there is an inde- 
terminacy neighborhood U(z;v;e) of each vector v (at z) of the given 
dynamical system: namely, the set of all vectors w at x that E (z; w—v) <1. 
| By an allowed solution relative to e(x; u) or, more briefly, by an e-solution, 
will be meant a path v == æ (t), defined over some t-interval (perhaps infinite), 
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which is piecewise smooth and is such that at each point æ of the path the 
vector dv/dt satisfies: 


(5) || du/dt — v(x) || < e(z;da/dt — v(x)) 
(for either choice of dx/dt at corners) or, in terms of the #-function: 
(5’) E(«; de/dt —v(z)) <1. 


Thus the velocity vector dx/dt is required to lie within the indeterminacy 
neighborhood U(a; (a) ;e) at each x. 

The classical existence theorem for differential equations guarantees 
existence of a unique solution of (1) through each phase x. Here one can 
state that through each phase x, and for each vector wo in U (£o; 0(%) 3 €) 
there is an e-solution (not unique) x —x(t) for which the velocity vector 
at %o is Wo. For, in local coordinates, the straight line gs? == ot + wo't, 
lé < th, will be such a solution, for ¢, sufficiently small. This follows 
from the fact that E (£o + wot; we — (To + Wot)) is continuous in t at 
t—0, is <1 for t= 0 and hence remains <1 for |¢| sufficiently small. 
An infinity of such solutions can clearly be provided. In general, all the 
e-solutions through x, form a configuration like a spray from a nozzle. 


3.3. Partial order in M. A partial order in M is now introduced by 
the definition: æ < y if there is an e-solution passing through x and y for 
values ¢, and ts. respectively of t, with t, < ts. This clearly obeys the transi- 
tive law, while the possibility of periodic solutions makes the order in general 
improper. The ordering is an extensive one, by virtue of the existence theorem 
proved in 3.2. The dependence of the order on the choice of e(æ;u) will 
be indicated, where necessary, by the notation: æ < y [e]. For the present a 
fixed choice of e(æ;u) will be assumed. 


THEOREM 1. For each x, in M, the sels a(t) and w(X 9) are open. 


Proof. Let y€ (2), i.e, o < y, so that there is an e-solution = q(t), 
ty StSt, with a(t) = Vo, s(t2) =Y, tı <t Choose local coordinates 
at y and let tą be chosen so that # < ts < ¢, and so that x(£) lies in the 
chosen neighborhod of y for t StS t} For each constant vector u such 
that utut — 1 and for A, sufficiently small, the paths 


ti = ri (t) +aui(ti—h), BSISt, OSA<A, 


then lie within the chosen neighborhood of y and are furthermore e-solutions. 
This follows at once, since 
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E(a(t) + Au(t — ts); da/dt + Au— v(x + Au(t— ts) )) 


is continuous in ¢ and A and is less than 1 for A=0. The paths all pass 
through z = z(t) for t= ta, and for ¢ == t, fill out a spherical neighborhood 
of radius À (tə — t) about y. Each phase x of this spherical neighborhood 
satisfies z < æ and, by the transitive law, tw < x. Hence w(x) is open and, 
in the same way, a(x,) is open. 


COROLLARY. If x is a stationary phase, then m(x) is open. 
For here r(x) — a(x) À e(z). 


THEOREM 2. M, as partially ordered above, has finite w-stability type 
and finite a-stability type. 


Proof. This is an immediate consequence of compactness. For each x 
in M one can choose y > x, since M is extensively ordered. Hence all the 
sets a(x) together cover M. Hence there exist a finite number of these: 
a(21),°-° *,a(%y) which together cover M. By removal of some of these 
sets, if necessary, one can reduce this covering to a minimal one, i.e., one 
such that removal of any one set would destroy the property of covering M. 
It will be assumed that this has been done, so that (a@(21),---,a(ay)) is 
a minimal covering. It now follows that each q; is stationary and that each 
w(2z;) is w-stable, for j==1,---,N. For let yew(x;), y Æg; Then y < x 
for some k and hence æ; < vy. This implies that j == k, since the covering 
is minimal, and hence x; < v so that 2; is stationary. The same reasoning 
shows that y > s; implies that y == zy, i. e., that r(x;) is w-stable. There can 
be no further w-stable states, since the a(s) form a covering. Hence there 
are a finite number, N, of w-stable states r(a;) (j==1,---,N) and the sets 
‘F; = a(z) cover M. In the same manner, one concludes that there are a 
finite number of a-stable stationary states (yx) (k==1,: : :,P) and the 
sets Gy—=wo(y,) cover MW. Thus M has finite stability types. 

One can accordingly define the complex @==&(e) as the nerve of the 
covering by the F; and the complex T=T(e) as the nerve of the covering 
by the Gy. The following theory will be given for alone, the theory for r 
being parallel. 


4, VARIATION OF THE INDETERMINACY FUNCTION. 


4,1. Ordering of indeterminacy functions. The fibre space V* of unit 
vectors in M is a compact space, and one can define the norm | f || of a 
continuous real-valued function in V* as Lu.b. |f] over V*. One can 
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define the distance between two such functions fi, fo as Ifı — fe |, and 
thereby obtains a metric space. Because of (2), the indeterminaey functions 
e(x;u) depend on direction only, hence are determined completely by their 
values on V*. The norm ||e|| of e(æ;u) will mean the norm of e(z; u) 
restricted to V*, and the distance | — ez || is defined in the same way. It 
follows that the indeterminacy functions also form a metric space, denoted 
by €. This space will be partially ordered by the definition: e, << e if 
&(2;u) < a(x;u) for each element (x; u) of V’. 

For M itself one then concludes that, if æ < y [ea] and e <<e, then 
a< y [e]. 

The complex © above is determined by a covering of M. For brevity, 
will also be identified with the covering. Thus the statement that &, is a 
refinement of ®, means that each set (vertex) of ®, is a subset of a set of 
the covering ®,. It should be noted that the covering © for given e is a 
minimal one; this follows from the proof of Theorem 2, or from the definition 
of finite w-stability type. 


THEOREM 3. Let e dnd e, be indeterminacy functions and let ®, = (e1) 
and a =$ (e2) be the corresponding w-stability complexes. If e, << ez, then 
©, is a refinement of Pa. 


Proof. Let m(a:),° © -,m(æy,) be the w-stable stationary states relative 
to e; let æ(y1),: : * m (Yxa) be the w-stable states relative to e Let 
F; = a(x;) (relative to a), let For = a (yx) (relative to e) (j =1,: ',N,, 
k= 1,: - +, N2). Then for each 2, there is some y, such that 2,5 yr [e]. 
For each v in F,; one has æ < 2; [e1], hence, since e, << en © < zy [e], and 
hence z < Yr [e2]. Thus Fi; G Fr. Hence ®, is a refinement ‘of ®.. 


4.2. Critical and non-critical indeterminacy functions. Definition. 
The covering ®, of M by sets Fi; (J =1,: > -,N;) is a similar refinement 
of the covering &, by sets Fa, (k = 1,: +, Na) if Ni =N: =N and, for 
proper numbering, one has Fy C Fo; (= 1, > +, N) and Fig A Fip Acte 
A^ Fip 0 if and only if Pap A Fig Ace: A Foa 0. In this case ®, 
and ®, are isomorphic complexes. 


THEOREM 4. For each indeterminacy function e—e(x;u) there exists 
a number n, n > 0, such that, if à and e, are indeterminacy functions, with 
a lle [<e and |a—el <n |e—el <q then $ = @(e,) is a similar 
refinement of Be == (e). 


Proof. For each À between 0 and 1 let N,(A) equal the number of sets 
(vertices) in the covering (Ac). As A increases, N,(A) is non-increasing. 
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For, by Theorem 3, each set of &(A’e) is contained in a set of &(A”e) for 
A < A” and every set of (Ae) must appear in this correspondence, since 
the coverings are minimal. Hence, for A, sufficiently large and <1, the 
number No({A) is constant for À, SA < 1, and the refinement correspondence 
between (Ne) and ®(X%e) is one-to-one for YSN <A” <1. On the 
other hand, for a SA < 1, the number N, (àA) of edges in ®(Ac) must be 
non-decreasing. For, if two sets in (A’e) intersect, the corresponding pair in 
®(X"e) also intersect. A similar statement applies to the higher-dimensional 
faces. Hence, for À, sufficiently large, the number N,(A) of p-dimensional 
faces of @(Ae) is constant for all p and for À SA < 1. The same reasoning 
shows that, for this choice of ào, the refinement correspondence between 
(Ne) and (Ae), for ASN <A” < 1 satisfies the definition above for 
a similar refinement. ; 

Now let =g. l.b. (e(£;u)— els; u)) = (1— ào) g. Lb. e(£; w), 
where the g.1.b. is over V’. Then „>0 and « <<e, |e—e| <n imply 
doe << ea << A'e for A sufficiently large and less than 1. This implies that 
@(e.) is a refinement of (Xe), while D(Ase) is a refinement of le). 
Since @(Age) is a similar refinement of (Ae), it follows that @(e.) is a 
similar refinement of (Xe). If further e, << ez << e and || —e || < y, then 
@(e,) is also a similar refinement of (Ae). Since ®(e,) is also a refine- 
ment of ®(e), this last refinement must be a similar one. Hence the 
theorem follows. » 


Definition. An indeterminacy function e(x; u) is termed non-critical if 
there exists a number £ > 0, such that || a —e| <% |e—el<L& a <<e 
imply that #(«) is a similar refinement of ®(e). If the condition fails, 
e is called critical. It follows from the definition that the non-critical 
functions form an open set in €. | 


' Turormm 5. The critical indeterminacy functions form a nowhere dense 
set in E.. 


Proof. Let e be critical and choose 7 = y (e€) as in the preceding theorem. 
For given 8 > 0, one can then choose es = Xe such that es<<«, || e—es | 
< 7/2 and || e—e, || < 8/2. Choose ¢== 4 g.l. b. (e— e) over V’. Then 
€>0 and |g—s| <E imply «<<e and |g—ell<y for 7=—1,2. 
Hence, by the preceding theorem, if e << es, ®, is a similar refinement of 2. 
Thus €, is non-critical. Since the non-critical functions form an open set, 
it follows that every neighborhood of e contains an open set of non-critical 
functions. Thus the critical functions form a nowhere dense set. 


we 
fea} 
+0 
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5. APPROXIMATION BY FLOW ON A NET. 


5.1. Flows in M and in M, The purpose of this section is to show 
that, when e is non-critical and convex, the complex ® can be found by a 
finite computation, based on a study of the field v(x) on a finite subset 
M, of the space AZ. One can first project the flow in M onto a flow on Me 
by requiring that v < y hold in Me, precisely when it holds in M. This 
clearly determines a partial order in My. If this partial order is w-extensive, 
one can then apply all the theory of Section 2 above to obtain stationary 
states, transitory states and (the w-stability type being necessarily finite 
because Mo is finite) the w-stability complex. Corresponding to a complex 
®, in M one thus obtains a complex ®,° in Me. It is further clear that, if Mo 
is sufficiently dense in M, the ordering in M, will be w-extensive and &, and 
®,° will be isomorphic. “ Sufficiently dense” here means that there must be 
at least one point of Me, in each w-stable state m(2;) and that, whenever an 
intersection F; À Fa A - - A F; is non-void, then the intersection contains 
a point of Mo. Since the sets concerned here are open, a 8 > 0 exists such 
that, if A, is 8-dense in M (every point of M within distance 8 of a point 
of M4), then these conditions hold, and ®, is isomorphic to æ,°. 

The process just described does not actually reduce the determination 
of &, to a computation on Me alone, since the validity of each inequality must 
be investigated in Jf. Accordingly, a special process must be devised, 
involving M, alone. The following is a description of the process. 

A finite set which is 8,-dense in M will be called a 8,-net. It is known 
in differential geometry (cf. H. Seifert and W. Threlfall, Variationsrechnung 
im Grossen, Berlin (1938), p. 49) that there exists a positive number d 
such that each two points of M within distance d can be joined by a unique 
minimizing geodesic. Let 8. satisfy: 0 < 8, < d. If M, is a 8,-net and each 
two points of M, within distance 5. have been joined by the corresponding 
geodesic, then M, becomes a d,ö.-network. The points of M, will be numbered 
as Zu (u==1,---,m) and the geodesic arcs will be denoted by Op for 
appropriate values of # and v. The given vector v at zp will be denoted by vp 
and the unit tangent vector to Cuv at 2. in the direction of zy will be denoted 
by tuv. | 

Let (zu; u) now be an indeterminacy function in Me, i. e., a function 
satisfying (2) and continuous in u for u40 and 24 in Mo. Let Cu be an 
are of the 8,8,-network. If, for some k > 0, 


(6) | kpv — où | < e (2p; Hu — oy), 


z 
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then zv will be termed a successor of zp. TË 2u,, Zam’ ` * , 2, are points of Mo 
such that zp, is a successor of 2u,, for k=2,: +, p, then the inequality: 
213 2, Will be said to hold and the succession of arcs Cyn, Cape * °° > 
Cum together form an allowed «°-trajectory on the 8,8.-network. This 
definition determines a partial order in Mo. If this partial order is w- 
extensive, the theory of Section 2 can be applied, the order has finite stability 
type, and a complex 6° is determined. The main goal of this section is to 
establish the following theorem. 


THEOREM 6. Let e be a non-critical convex indeterminacy function, of 
class C’ in u for each x, u=<0. Let My be a 8,8,-network based on the 
points zu (u—1,::",m). Then, for 8, ds, and 8,/8, sufficiently small and 
e == e (Zu; u), the ordering zn zy [e°] is w-extensive and the complex $° is 
isomorphic to the complex ®,. 


5.2. Two fundamental lemmas. In order to prove the theorem just 
stated, one first chooses constants A, and A, so that ez = Ase << e << €s == Ager 
and |e—a | < f(a), | es — | < (a). It follows that the complexes 
Dj==®D(e;) (J= 1,2,3) are isomorphic, the covering ®, being a similar 
refinement of ®,, the covering ®, being a similar refinement of &,. Let Me 
be a ö,ö.-network, with 8, so small that the projections ®,° and ®,° are 
defined and are isomorphic to & and ®, respectively ; hence 2° and ®,° are 
isomorphic, and ®,° is a similar refinement of ,°. 


Lemma 1. For 8, & and 8,/82 sufficiently small, zu < 2v [e2] implies 
2u4 2 [e]. 


~- Lemma 2. Por 8, and à, sufficiently small, zu 4 zy [e°] implies zp < zy [es]. 


The proofs of these lemmas will be given in the following sections. 
Here it will be shown that they imply Theorem 6. 

By the above construction, 8, is chosen so small that the ordering 
Zn < Zv [ee] is w-extensive on Mo. Lemma 1 then implies that the ordering 
tu Zv [e°] is w-extensive on Mao, so that a complex ®° is obtained. By virtue 
of Lemma 1, the covering ®,° is a refinement of the covering 6°. By virtue 
of Lemma 2, the covering ®° is a refinement of the covering ,°. Since ®.° 
is a similar refinement of &,°, it follows that ®,° is a similar refinement of 
&° and that ° is a similar refinement of ®,°. Hence $°, $°, &,° are all 
isomorphic. Since ®,° is isomorphic to ®., and ®, to ®,, the theorem is thus 
established. 
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5.3. Auxiliary lemmas. Before proceeding to the proofs of Lemmas 
1 and 2, it will be useful to carry out several preliminary steps which will 
simplify the uniformity arguments to follow. 

At each phase x, of M a coordinate system can be chosen for a neighbor- 
hood of x, and an r > 0 can then be chosen so that the Euclidean sphere 8: 
3(2'— tt)? S r°, in these coordinates, lies within the coordinate neighbor- 
hood. Further, a number À > 0 can then be chosen so that the neighborhood 
p(&,2) < R lies in S. The collection of all neighborhoods W: p(a, 7) < 4R 
covers M. Hence a finite number of these: Wy: p (Ya, T) <IR, (g—I1,- °°, 
Q) covers M. With each W, there is associated a coordinate system and a 
Euclidean sphere Sq in these coordinates such that the neighborhood p(y, 2) 
< Ra lies in Sy. In the following proof only these coordinate systems will 
be used. = 

Let Ro = min (R, : :, Ro). If p(au, 2v) < d and p(z,, 2v) < Ro/4, then 
pP(zu Ya) < $Rq and p(2v, Ya) < 8R4/4 for some g. Hence both the geodesic 
Cuv and the Euclidean straight line, in terms of the chosen coordinates at Ya, 
lie within S4. 

Throughout the following it will often be convenient to use the Æ-func- 
tion (8.2 above) corresponding to a given indeterminacy function e(x; u). 
In each case the matching of subscripts or superscripts will indicate the 
corresponding pairs of functions. 


LEMMA 3. Let « and e be indeterminacy functions in M such that 
& l<e Then there exists a constant h such that, if x, and w, are in Sq 
and (2,514), (£2; U2) are such that 


E,(a13%1—v(t)) < 1, fat—at|<h, |ui—wmil<h 
in the corresponding coordinates, then Es(tz; ur —v()) < 1. 


Proof. Let I; (j = 1,2) denote the subset of V consisting of all elements 
{æ;w) such that B,(a;w—v(xz)) <1. Then, since the E; and v are . 
continuous, /; is open. Further, because of the homogeneity of the E,, the 
closure f, of I, is compact and lies in /.. Hence the distance op between J, 
and the boundary of J. is positive and, if (z,;u,) is in J, and o( (a3 14), 
(£23 U2)) < oo, then (72; us) is in I}. Because of the compactness of I, and 
the equivalence of the topology in V with the Euclidean topology defined by 
the coordinate system in Sa, a number À, can be found such that, if (7; 1) 
is in I, and |g, — a2! | < hg, |U? — ut | < ha then o( (413%), (225.42) ) 
< do. If his now chosen as min (hı, - -, ko), then the conclusion follows. 


Gt 


DYNAMICAL SYSTEMS WITH INDETERMINACY. 58 


The geodesics in M are defined by equations of the form: 
(7%) dat /ds* == fi (at, - - ,a,dat/ds,: - +, du*/ds), 


where the ft are continuous. The variables dz'/ds are the components of a 
unit vector and hence are bounded (in absolute value), in the local coordinates, 
in Sq by a constant Hy Thus H = max(H,,---,Hg) is a bound for these 
components on M. In each set Sy, the point (£1, > -, a", dat/ds,- - + , da"/ds) 
ranges over a compact subset of V. Hence the components f? are uniformly 
bounded in S, by a constant F, and, if F = max(F.,- > +, Fo), then F serves 
as a uniform bound for these components on M. Similarly, the coefficients 
ai; of the fundamental form ds? are bounded by a constant A on M. 


Lemma 4. Let ax be a geodesic in M of length s, lying completely 
in a set Sq. Then one has 


(8) |2 — mt | < Fs? + Hs, 
| uat — | < Fsi | tat — (et — mi) /s, | < Fsi’, 


where uj = da/ds at z 


Proof. The differential equations (7) above can be integrated once 
along 2,22 to give 


(9) det /ds = f tids Lu, 

= 0 

and again to give 

(10) u f f fasds + us + at 
o 0 


THe inequalities (8) follow at once from (9) and (10) and from the fact 
that | fi | < F, | uż | < H. 


Lemma 5. Let D denote the n-dimensional space of coordinates (x, ---, 
a") with metrice ds? = a,,darda), the ay being constants. Let v(x) be a vector 
field defining a dynamical system in D, whereby v(x) is independent of 2, 
so that v(x) =v(0). Let e(x;u) be a convex indeterminacy function in D, 
of class © for u0, which is independent of x, so that e(z;u) = e(u). 
Let y and z be in D and let y <z [e]. Let yz be an allowed «trajectory 
from y to z, and let r be the time interval on this trajectory. Then the 
uniform trajectory: 


(11) w = yi + (2t—yt)t/r (t=—1,- °°, 


from y to z is also an allowed e-trajectory from y to z. 


11 
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(Proof. The equations 
(12) alm yt + t(vt + ute (u)), t= 0, 


where u is a variable unit vector, define a semi-cone in æ» - - w"é-space. 
By the “ inside ” of this cone will be meant the domain 


(13) at = y? + t(vt + wielw)),t> 0, 


where w is a variable vector with | w | <1. The trajectory yz corresponds 
‘to a curve 


(14) than p(t), t=t (0<t<r) 


in a. - -a*t-space, passing through the vertex (y',-- -,y",0) of the cone. 

Now the function #(2;u) = E(w) corresponding to e(u) is positive, 
homogeneous of degree one, and the sets F < const. are convex. From these 
two properties one concludes that, for any points x and z (#340) one has 


(15) 208 jiri < B(z). 
For if z lies in the tangent plane to the surface E = const. at a, then 
(x! —-2*)6#/dat = 0 or, by the Euler theorem, E(x) —20E/0ai. Since z 


cannot lie inside the surface F = const., one has E(x) = H(z), so that (15) 
holds. The homogeneity of H(z) then implies (15) for arbitrary 2. 


Now let g(a, ¢) be defined by the equation 
(16) | g(a, t) = Ele — y — vt). 
Then on the cone (12) one has 
(17) g(a, t) = |] e—y — vt ||/{e(w — y — vt) } = te(u)/{e(tue(u))} =t, 
and, by a similar reasoning, g(x, t) > t for ¢ > 0 and (x,t) outside the cone 
(12). On the path (14) one has Æ(dx/dt—v(x)) <1. Hence, by (15), 
at each point on this path x = y + vf, or 
(18) dg/dt == (dat/dt — vi)dE Ort = E(dx/dt — v) <1. 


It follows that the path (14) enters the interior of the cone at t = 0 and 
remains inside. Hence the end-point z is inside the cone, and the straight 
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line path (11) is inside the cone. Hence this path can be written in the 
form (13) with constant w, | w | <1. Hence on (11) 


(19) | da/dt —v || = |w|e(w) < e(w) = e(dx/dt — v). 
Thus (11) is an allowed e-trajectory, and Lemma 5 is established. 


Remark. The assumption that e(u) is of class C” is clearly needed for 
the proof just given, and this is the basis for the corresponding assumption in 
Theorem 6. It is however possible to prove, without too much trouble, that 
a convex indeterminacy function e(u) can be arbitrarily closely approxi- 
mated by a convex function of class C’. By means of this approximation, 
Lemma 5 can be applied to prove Theorem 6 without the assumption that 
` &(%;u) be of class O’. The proof is given in the present form for the sake 
of simplicity. | 


Lemma 6. Let e(x;u) be a given indeterminacy function in M. Then 
there exist constants Bı, Bo, O such that 


(20) | dxt/dt|< By, |dat/dt—vi|<B, s< Cr, 


in the coordinates of each set Sq, where qi = ti (t), h StSt +r, is an 
e-solution from x, to 2 of length s in Sq. 


Proof. The function e(z;w) is uniformly bounded by a constant e*. 
Hence | de/dt — v(z)|| < «*. The set of all (;w) such that x is in Sy 
and || w ||? = ajw*wi S e*? is a compact subset of V. Hence its projection 
on the wi-axis is bounded. Hence a constant B, can be chosen, independent 
of q, so that || w|? S? implies | wt |< Ba Thus on the e-trajectory 
| dat /dt — vi | < Ba. The vector v has also a maximum norm K, on M. 
Hence there is a constant K, (independent of q), such that in each S, | v* | 
< Kə. Hence | di/dt| < K: + B,—B,. The velocity on an e-solution is 
bounded by Kı + œ = C. Hence s/r, which is simply the average velocity, 
is bounded by ©. 


5.4. Proof of Lemma 1. Remark. Throughout the following proofs 
the choices of 8, and & will be continually restricted. In each case the 
restrietion will be a uniform one, i.e., dependent only on the given vector 
field v(x} and indeterminacy function e(æ;u) and not on the particular 
points or neighborhoods considered. 
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Let e4 = Aye, and es = Àse, be chosen so that e «Les << es << a. Choose 
8, less than R,/4. 


Suppose now that zp < zv [e2], so that there is an allowed e-solution 
in M from zu to 2. 


Case A. The e-solution zu2, from zp to zv lies within the &,-neighborhood 
of zu. One can then choose local coordinates in a sphere Sg as above, with 
p (2p, Ya) < R,/2. | 


It follows from Lemma 3 that, for 6, sufficiently small, one has at each 
phase x of the trajectory zu2v Es(zu;de/dt — v(x)) < 1, so that zu2, is an 
allowed solution relative to the constant (independent of æ) indeterminacy 
function e = e,(2p; u) in Sg Thus one has at each point of zu2» 


(21) | da/dt — v(x)| < € (dx/dt — v(x)). 


Since the aj are continuous, one can further choose & so small that at 
each point of 2,2, one has 


(22) | da/dt — v(x) |p < «(dx/dt —v(2)), 


where || w |u = (aij(zp) wiwi) and e(w) —e(2u;w). For let é = g. 1. b. 
(s(2;u) —«(2;u)) on V’, so that é& > 0. Given & > 0, then 8% can be 
chosen so that | a;(2) — dij(zp)| < & for p(x, zu) < 8*, whereby 8* can be 
chosen independent of x and the particular Sy. Hence, for 8, < 8*, 
| | da/dt — v |? — | daydt — v | | 
= | (ais(@) — m; (2u) ) (dat dt — v*) (da /dt — vi) 
<& >| der/dt — vi | | dai/dt — vi | < éB, 
ej 





where the last inequality follows from Lemma 6, since 2,2, is an e-solution. 
Since in general | | a|—|b| |S (| @—6?|)#, one concludes that 


| || da/dt —v || — | da/dt —v |lu | <nBeés*, 
hence 
| dx/dt —v |u < € (da/dt — v) + nBk, 


by (21). If now é is chosen so that one has nB2é,2 < & and 8* is chosen 
accordingly, then (22) follows. 

Thus 2,2, is an e-solution in aè- - -a"-space, with constant metric, where 
e(w) = Me(zu;w) is of class C” for w540 and convex. Hence Lemma 5 
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can be applied and one concludes that the uniform trajectory from 2, to gv 
in Sq is also an e-solution. Thus in particular one has at 2, (in local 
coordinates) 


(23) | (2p —2v)/r — vu | < €s (2p; (2u — 2v)/r — vu), 
where r is the time on 2p2v. 


Now the geodesic Cuv has length s < 8. and one has thus, by Lemma 4, 


(24) | (Zp? — gyt) /s — Aw! | < F6:°. 
Hence 
(25) | (eu! 25) /r — tot (5/2) | < FBLC. 


For s is at most equal to the length of zu2,, so that s/r is at most equal to C, 
in accordance with Lemma 6. It now follows from (23) and (25) and 
Lemma 3 that, for ô, sufficiently small one has f 


(26) E, (Zu; uw(s/r) — vu) < 1. 
Thus 24% zv [€]. Thus Lemma 1 is established in Case A. 


Case B. 2 does not lie within the 8.-neighborhood of zu. Then proceed 
along zu2v from zp = po until a point p, is reached at distance 8./8 from 2u. 
Proceed from p, until a point p, at distance 82/3 from p,'is reached, and so on. 
One will finally reach a point p, such that there is no point beyond py at 
distance greater than 8/3 from pr. If p(px, 2) < 82/6, then replace the 
previous choice of px by 2», so that one now has p(Pr-1 Pr) > 8/6 and further 
the trajectory Pr-ıpr lies within the 2 8/3 neighborhood of Pr- If p( px, 2v) 
= 8,/6, then set zv = pr. Thus in either case one has a sequence of points 
on Zu! Zu = Po, Pry? °°, Ppr = Zv Such that on each sub-are p;p;, one has 
the condition: p(p;, Dj) = 82/6, while the are pipir lies within the 2 6/3 
neighborhood of pj. . 

. Now each are p;pyu lies within one of the sets Sg. Proceeding as in 
Case A, one can then show that, for ö, small enough, the uniform trajectory 
from p; to pj, in the local coordinates, is an «,-solution. 

Now there is by assumption a point zy, of M, within distance ê, of 
each p; Let à, be chosen less than 8./6 and less than R,/4. Then the set 
Sa can be chosen to contain not only the trajectory p;p;,., but also the points 
Zup Zu and the two corresponding line segments in the local coordinates. 
Let r be the time used on the trajectory p;p;1. Then one has 


(27) El [pa — Bl/r — v(x)) <1 
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at each point v of the segment pjpj1. One has further, by Lemma 4, 
(28) | 24n, — pl) < Fè? + H8, < Là, | Zima — Pin | < Dd, 
for a constant L. Furthermore, 


(eu, — any) /t — (Pia — PH) /r | 


(29)) . 
< rt (| zippa — pian | + | — pi |) S 218/7 S 2L8, (60/2). 


For p(pj, Pri) Z 82/6, so that, by Lemma 6, the time r is greater than 8,/60. 
Now lt c—4¢,(t), 4 StS tı -+r represent the uniform trajectory from 
pi tO Pin and let «= (t), ti StSt, +r represent the uniform trajectory, 
with the same interval 7; from zy, to 21, Then (28) and (29) imply that 
there is a constant h such that 


e(($: (1) ; dbı/dt), (ba(t) ; do/dt)) < h, 


and A can be made as small as desired by choosing 8, and 8,/8, sufficiently 
small. One concludes from Lemma 3 and (27) that, for ô and 8,/8, suff- 
ciently small, the uniform trajectory s == ¢2(¢) is an es-solution. It now 
follows as in Case A that Zu, Zp [£]. Thus, finally, z4$ zv [e°], for zu 
can be chosen as zu, and Zp, can be chosen as zy, and the transitive law can 
then be applied. Thus Lemma 1 is completely established. . 


5.5. Proof of Lemma 2. Suppose first that 2, is a successor of Zu. 
One is then given that, for some k > 0, 


(30) E (Zu; ku — Vp) < 1. 


Choose local coordinates in a set Sq containing Cav as above. Then, by Lemma 
4, one has | wu — utu | < Fè», where u is the tangent vector dz/ds at an 
arbitrary point + of Cu. Now the values & for which (30) can hold are 
uniformly bounded on M by a constant ko Hence | bu? — kuty | < koFB2. 
Since the vector field v(x) is continuous, one can further, by Lemma 4, 
choose & so small that | v? — vtu | < 7, for given yo > 0, where v—=v(z) 
‘at an arbitrary point æ on Cu. Hence |(kui— vi) — (kuip — va) | 
< koF 82 -+o Hence, by Lemma 3, if & is sufficiently small, one has 
Ea(z; ku(z) —v(z)) < 1 at each point z of Cu. It follows that the path 
x = z(t), from zp to zy along Cy», such that de/dt = ku(x) is an «,-solution, 
i.e., that zi < Zv [es], as was to be shown. If zy is not a successor of Zp, 
the same conclusion follows by consideration of each link in the chain from 
* zu to z. Thus Lemma 2 is established. 
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6. CASE OF NON-COMPACT M. REMARKS ON APPLICATIONS. 


6.1. Case of non-compact M. It is clear that the compactness of the 
phase space M plays an important role in the above discussion. If M is not 
compact, the number of stable stationary states may be infinite, and the 
approximation by a flow on a finite set is in general not possible. 

There are, however, circumstances, of considerable physical interest, 
under which the above results can be extended to the case of a non-compact 
manifold M. 

First of all, it may happen that there is a compact subset M, of M such 
that each allowed e-trajectory «== w(t) enters and remains in M for ¢ 
sufficiently large. In this case the discussion of w-stability can be restricted 
to M, and the previous results can be extended without difficulty. 

Secondly, it may be possible to imbed M in a compact space M’ in such 
a manner that the vector field v can be extended continuously to W’. The 
relationships between the states in M’ and those in M will in general not be 
simple, but the analysis in W’ will give some information about the flow in M. 

Finally, it may happen that, outside of a compact subset M, of M, the 
given indeterminacy function e(z; u) has the property that e(2;— v) > lv |, 
so that the null vector is in the indeterminacy neighborhood at each x of 
M—M,. This implies that in M — M, every direction is allowed, so that 
each component of M — M, forms a stationary state. Thus the analysis in 
Af — M, is simple, and the problem is effectively restricted to M. 

This last case can be interpreted physically as follows. For a particular 
physical system the accuracy of one’s knowledge will usually diminish as 
one recedes from a given bounded part of the phase space. Thus physical 
knowledge concerning the cases of extremely large distances or extremely 
large velocities is very limited. This is reflected in the above condition on 
the indeterminacy function e(x;u), for the condition simply states that one 
is wholly uncertain as to what course the system will take outside of df,. 


6.2. Applications. The approximation theorem of Section 5 above 
was developed with particular applications in “non-linear mechanics” in 
mind, and a number of such problems have been studied from this point of 
view. It is intended to publish the results in a separate paper. Here some | 
remarks will be made on the methods used and one illustration, a case of the 
Van der Pol equation, will be given. 

In the problems considered, the phase space M was either Euclidean 
n-space or a product of such a space by a circle. Thus M was non-compact. 
In all cases either the first or third point of view of Section 6.1 was 


592 WILFRED KAPLAN. 


applicable, so that one could effectively restrict attention to a compact sub- 
set M. 

Suppose then that M is Euclidean n-space, and that differential equations 
(1) are given in M. The indeterminacy function «e (z;w) may then be given 
in advance or may be determined at a later stage. The latter procedure is 
usually more convenient, as will be made clear. One now chooses as MMe the 
set of all points (m,h,- : -, Mah), where the number e > 0 is fixed and the 
numbers m; are integers. At each such point æ one defines the “ first shell” 
of neighboring points as those points of Me, other than x, whose coordinates 
differ from those of æ by at most h. Thus, for n == 2, there are 8 first shell 
neighbors: (m, + h, meh), (Mi, Ma = h), (mh, meth). In general, 
the p-th shell of neighboring points of x is defined as those points of Mo, 
other than x or those of the first p — 1 shells, whose coordinates differ from 
those of 2 by at most ph. Thus, for n= 2, there are 8p p-th shell neighbors. 

One now chooses a particular value of p, and for each x of M, chooses 
successors only among the points of the first p shells. Fixing h and p is 
clearly equivalent to fixing the values of 8, and 8 as in Section 5. The 
geodesics are now simply line segments. 

If & (x; u) is known, one now chooses as successors of = all points y of 
the first p shells such that the vector u,,, represented by the line segment ay, 
satisfies | busy — v(@) || < e (x; Euoy —v(x)) for some k > 0. This condi- 
tion restricts the choice of Wey to a certain cone of directions about that of v. 

Usually, however, e(æ;u) is not given in advance. One can then 
effectively choose an e, by choosing as successors of x all points y of the 
first p shells such that the vector tsy makes an angle with v less than a 
prescribed amount 6. Thus, for n ==? and p= 1, one could simply choose 
all y such that the direction from x to y differs from that of v(x) by is 
than 23°, so that each x has at least one successor. 

Many variations on these procedures are possible. In particular, one can 
always adjust the «,(%;u) to reflect differences in degree of indeterminacy 
along the directions of the coordinate axes. 

Whatever procedure is used, one will obtain a partial order or flow on 
Mo, and the stable states and complex $° will be determined as above. The 

“ question whether this complex is isomorphic to the complex ®, for the ‘ corre- 
sponding degree of indeterminacy’ e(æ;u) in M cannot be answered in 
general. The approximation theorem asserts that this must be the case if e 
is convex and non-critical and if 8,, &, and 8,/8, are sufficiently small (p | 
sufficiently large, and ph sufficiently small). However, no effective pro- 
cedure is given for determining when these conditions are met, in particular 
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for determining when 8, and 8, are properly chosen. In most particular cases 
studied thus far, it has been easy to determine when the analysis is fine 
enough. | 

As an example, the accompanying figure illustrates the result of applying 
the method described to the Van der Pol equation: d’z/di? + (x? —1)dx/dt 
-z = 0. One replaces this by the system de/dt == y, dy/dt = (1—2°)y— v, 
and the phase space M is then the zy-plane. The set Me is the set of points 
($m,, im.) for integral mı, mz. At each point (x, y) the successor (v, y’) 
is chosen in the first shell as the point whose direction differs from the assigned 
one by less than 23°. Thus, in general at least one successor is obtained. At 
(0, 0) the vector v reduces to 0, so that the direction is wholly indeterminate. 

The figure shows the results of analysis of the rectangle M,:| «|< 3, 
|y] &4. Outside of this rectangle one can consider the ‘directions as wholly 
indeterminate, in accordance with the third method of Section 6.1. If this 
is done, then one concludes at once that there is one w-stable state, represented 
by the heavy simple closed curve. This result agrees with the known properties 
of the solutions, and the w-stable state is a reasonably good approximation to 
the known stable periodic solution. Thus the introduction of indeterminacy 
in the vector field has not distorted the problem significantly. 


QUELQUES PROPRIETES EXTREMALES DU CERCLE ET DE 
LA SPHERE.* 


Par ROBERT SIPs. 


1. Introduction. Le cercle et la sphère possèdent une série de propriétés 
isopérimétriques sans relations apparentes les unes avec les autres, mais qui 
présentent cependant ce caractère commun de ne pouvoir être démontrées 
par les procédés habituels du calcul des variations. 

La plus anciennement connue de ces propriétés se rapporte aux mem- 
branes et a été énoncée sans démonstration par Lord Rayleigh [1]. D’après 
celui-ci, parmi toutes les membranes de même aire et soumises à une même 
tension uniforme, la membrane circulaire a la fréquence fondamentale la plus 
basse. Ceci a été démontré pour la première fois par G. Faber [2]. Une 
autre démonstration a été donnée depuis par E. Krahn [8]. 

R. Courant [4] a démontré que, parmi toutes les membranes de même 
longueur périphérique, la membrane circulaire avait la fréquence fonda- 
mentale la plus basse. 

Une autre propriété extrémale de la sphère a été trouvée par Liapounoff, 
lequel a démontré que, pour une masse fluide de volume donné, l’énergie 
potentielle maximum correspondait à la forme sphérique. D’autres démonstra- 
tions de cette propriété ont été données par H. Poincaré [5] et par T. 
Carleman [6]. 

T. Carleman [7] a démontré que, parmi tous les condensateurs constitués 
par, deux cylindres parallèles indéfinis dont les sections droites ont des aires 
données, celui constitué par deux cylindres circulaires concentriques a la 
capacité minimum par unité de longeur. 

Ce théorème a été étendu par G. Szegö [8] au cas du condensateur formé 
par deux surfaces fermées, dont l’une entoure complètement l’autre. La 
capacité minimum correspond au cas de deux sphères concentriques. 

G. Pélya [9], enfin, a prouvé que le module de torsion d’un prisme dont 
la section droite a une aire donnée est le plus grand possible pour le prisme 
de section circulaire. Ses résultats ont été généralisés par G. Pélya et A. 
Weinstein [10]. 

Dans ce qui suit, nous nous proposons, en généralisant la méthode de - 
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G. Szegö, de montrer que toutes les propriétés énumérées plus haut, ainsi que 
quelques d’autres que nous croyons nouvelles, peuvent être considérées comme 
des cas particuliers d’une propriété isopérimétrique générale des systèmes de 
cercles et de sphères concentriques. 


2. Inégalité fondamentale. (Considérons, dans le plan (#,y) un 
domaine (D) limité intérieurement par un nombre limité n de courbes 
fermées extérieures les unes aux autres: Chi, Cie,” © *, Cin, et extérieurement 
par une courbe fermée Ce qui entoure complètement, sans avoir de points 
communs avec elles, les courbes Oi. En particulier, Ce peut être située entière- 
ment à l’infini. 

Les courbes C; et Ce seront constituées chacune par un nombre fini d’arcs 
réguliers et ne possèderont pas de points multiples. L’une ou plusieurs des 
courbes C; peuvent d’ailleurs se réduire à un point. 

Soit maintenant z(x,y) une solution de l’équation différentielle 


(1) Zan + Zyy = Az = f (2) 


finie et continue ainsi que ses dérivées partielles des deux premiers ordres 
dans (D), qui prend la valeur constante z; sur les courbes Ci; et la valeur 
constante Ze > 2 sur la courbe Ce. Lorsque z 2 S Ze, nous admettrons que 
f(z) est une fonction analytique positive, bornée et continue de z. 

La fonction 2(%,y) sera alors une fonction analytique dans tout le 
domaine (D), sauf peut-être sur les frontières C; et Ce. 

Si nous considérons 2 comme une troisième coordonnée perpendiculaire 
au plan des (x,y), Péquation z = z(x,y) représentera une surface dont les 
courbes de niveau seront les courbes z == const. Nous n’aurons évidemment 
à considérer que la portion de cette surface dont les points ont leur projection 
contenue dans (D). Les dérivées partielles 2, et z, étant partout finies, ‘les 
courbes de niveau ne pourront avoir de points communs. De plus, f(z) étant 
par hypothèse toujours positif, la surface ne pourra posséder de maximum 
à l’intérieur de (D). 

Tl en résulte qu’une courbe de niveau z = const. sera constituée par un 
certain nombre de courbes fermées. Lorsque z varie, ce nombre variera 
chaque fois que z passe par une des valeurs correspondant à un minimum 
ou à un col de la surface. 

Soient maintenant z, et 2, deux constantes comprises entre z; et 2. La 
courbe de niveau complète 2(x, y) = 2, se composera d’un certain nombre de 
courbes fermées. Si zə est plus grand et très voisin de 2,, la courbe de niveau 
z(x,y) = 2: se composera d’un système de courbes fermées peu différentes de 
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celles constituant z(z,y) =z, et tendant uniformément vers ces dernières 
lorsque 2, tend vers 2. 

Dans tout ce qui suit nous supposerons toujours que chacune des courbes 
fermées partielles du lieu géométrique 2(2,y) = Z, entoure complètement 
la courbe correspondante du lieu 2(x, y) == 2, à laquelle elle se réduit lorsque 
Za tend vers 21. 

Ceci exige, comme on peut aisément s’en rendre compte, que la fonction 
z(x,y) prenne; sur les courbes C;, une valeur inférieure à celle qu’elle prend 
sur les courbes de niveau voisines intérieures à (D). Il en résulte que z ne 
prend jamais, dans (D) de valeur inférieure à 2; et, comme il ne prend 
pas non plus de valeur supérieure à Ze, il suffira, comme nous Yavons fait plus 
haut, de considérer les valeurs de z comprises entre 2, et Ze. 

Dans le cas particulier où Ce est entièrement située à l’infini, les courbes 
2(w, y) = const. < Ze auront tous leurs points à distance finie. 

On vérifie immédiatement que lorsque le domaine (D) est constitué 
simplement par Paire limitée extérieurement par une courbe fermée Ce, les 
courbes Or se réduisent à un ou plusieurs points où z est minimum et la 
condition restrictive d’enveloppement est toujours vérifiée. 

I] résulte de ce qui précède que, lorsque z croît de Z; à Ze, les courbes 
de niveau z == z(x,y) balayent le domaine (D) d’une manière continue et 
toujours dans le même sens. Si nous appelons S(z) Paire totale limitée 
extérieurement par la courbe z(x,y) =z, S(z) sera done une fonction con- 
tinue croissante de 2. 

Appliquons à la région contenue entre 2(x, y) = 4 et z(%, y) = 2 = const. 
la première formule de Green 


(2) f f (2a + m2) 48 + f f 24°z dS = S. 202 /in. ds — Í. z0z/ðn ds, 


où ds et dS représentent respectivement l’élément d’arc et l’élément d’aire, 
et où z/n désigne la normale extérieure. Les intégrales curvilignes’ sont 
prises le long des courbes de niveau limitant intérieurement et extérieurement 
le domaine d'intégration. 

Si dn est la distance normale entre les courbes voisines z et z + dz, nous 
aurons évidemment 


(3)  ds/d= È dn/dzds= f ds/ (tg? ta om f ds/| grade |. 


D’autre part, en appelant I l’intégrale 


(4) I ff (22° + 2,7) dS = SS | grad z |? aS; 
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étendue au domaine limité par z = z; et z = z, nous pourrons évidemment 
écrire 


(5) I -ff | grad z |? dn/dz ds dz, 
et par conséquent 
(6) ijira f | grad z | ds. 

z 


En appliquant maintenant au produit (dS/dz)(dI/dz)Vinégalité de 
Schwarz, il vient 


(7) (d8/de) (at/dz) = | f ds |*= 20), 


où L(z) est la somme des longueurs des courbes fermées partielles constituant 
la courbe de niveau z (s, y) — z complète. Si nous tenons compte de Pinégalité 
isopérimétrique L? = 4r8, (7) a pour conséquence 


(8) (dS/dz) (dI/dz) = 4r8 (2). 


Mais nous pouvons d’autre part calculer directement la valeur de d//dz. 
La relation (2), dérivée par rapport à z, donne en effet 


(9) dl /ds = — d( J. “ah% dS) /da + a( Í 202 /ôn ds) /de. 


La première de ces deux intégrales a pour valeur — zA°z dS/dz. Pour calculer 
la seconde, remarquons que 


(10) Í 202/0n ds = z fa dS +z À 02/0n ds, 
z 2 zi R 


t 
d’où il résulte que 


(11) dI/de =— 24%: dS/de + die S A dS +2 f 92/9n ds]/dz 
= À°z dS + f ðz/ðn ds. 


zi 
Remplaçons maintenant, dans (8), d//dz par sa valeur. (11) ci-dessus et 
prenons, au lieu de z, § comme variable indépendante. Ceci peut se faire 
sans ambiguité puisque, comme nous l’avons vu, entre z; et Ze 9 est une- 
fonction toujours croissante de z. Donc dS/dz sera toujours positif, et nous 
pourrons écrire 
8 
(12) f A°z dS Z 4nS (dz/dS) — f d2/On ds, 
`. Si ži 
d’où 


(13) J, F(a) dS > 4r8 (de/d8) — if: ðz/ðn ds, 
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et enfin 
8 
(14) dz/dS = (1/4r8) [ f f(z) dS + f 0z/0n ds], 
Si at 
ce qui constitue l’inégalité fondamentale que nous désirions établir. 


Si l’ensemble des courbes C; se réduit à une série de points, nous aurons 
évidemment $ = 0 pour z = z; On voit facilement que, dans ce cas, l’inégalité 
fondamentale devient 


"Ss 
(18) dz/49 € (1/48) - f f(2)45, 
0 
et par conséquent, en particulier, puisque f(z) est une fonction continue 


bornée 
(16) lim de/dS = (1/4r) - f(2). 


Nous avons admis jusqwici que la fonction f(z) était une fonction 
positive de z. Si f(z) est une fonction négative, nous pourrons écrire 


(17) A*(—2) =—f(—(—2)), 


de sorte que l’inégalité (14) s’appliquera à la fonction —z. Par conséquent 


(18) — de/a8 S—(1/408) LS f(2) + f z/n ds], 
d’où à 
(19) da/d8 > (1/48) [ Í. toaa f 92/ön ds], 


c’est-à-dire que le signe de l'inégalité devra être inversé. 

Nous allons maintenant rechercher dans quel cas l’inégalité fondamentale 
devient une égalité. Pour que l’inégalité de Schwarz soit une égalité, il faut 
que |gradz | soit constant, c’est-à-dire que les courbes z= const. soient 
parallèles, Pour que l’inégalité isopérimétrique soit une égalité, il faut que 
ces mêmes courbes soient des cercles. La condition nécessaire et suffisante 
pour que l’inégalité fondamentale devienne une égalité est donc que les 
courbes de niveau z = const. constituent un système de cercles concentriques. 
On aura dans ce cas 


(20) dz/dS = (1/4rS)[ J. F(a) a8 + f d2/ön ds]. 


Multiplions les deux membres par 4S, puis dérivons par rapport à S. Il 
vient | - É 

(21) drd (S dz/dS) /dS = f(z). 

Prenons comme variable indépendante le rayon r du cercle d’aire 5, c'est-à- 
dire posons 8 == #1”. Ceci donnera à Véquation (21) la forme suivante 
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(22) 1/1: d(r dz/dr)/dr = f(z), 


ce qui est, comme on pouvait s’y attendre, l’équation (1) écrite en coor- 
données polaires et en supposant que z ne dépend que du rayon r. 

Passons maintenant au cas de l’espace à trois dimensions. Nous 
considérerons un domaine (D) limité intérieurement par n surfaces fermées 
extérieures les unes aux autres Si, Sir, * *, Sin, et extérieurement par 
une surface fermée S, entourant complètement les surfaces S; et n’ayant 
pas de points communs avec elles. 

Les surfaces S; et Se seront constituées par un nombre fini de portions 
régulières. La surface Se pourra, en particulier, être située entièrement à 
Vinfini. 

Nous considérerons ensuite une solution u(z,y,2) de l’équation diffé- 
rentielle 


(23) Une -F Uyy + Ur = Au = f (u) 


finie et continue dans (D), qui prend la valeur constante w; sur les surfaces 
S: et la valeur constante u, > u; sur la surface Se. Nous admettrons que, 
lorsque wu: SuS te, f(u) est une fonction analytique positive, bornée et 
continue de u. 

La fonction u(x, y, z) sera une fonction analytique dans tout le domaine 
(D), sauf peut-être sur les frontières 8; et Se. Les surfaces de niveau 
u(«, y, z) = const. contenues à Pintérieur de (D) seront donc constituées 
par un certain nombre de surfaces fermées, nombre que dépendra de la valeur 
particulière de u. Les dérivées partielles Us, uy et u, restant toujours finies, 
les surfaces de niveau n’auront jamais de points communs. D'autre part, 
comme, par hypothèse, f(u) est toujours positif, la fonction u(x,y,z) ue 
pourra avoir de maximum à l’intérieur de (D). 

Nous admettrons que, si u, et ua sont deux valeurs voisines de u, avec 
Ua > U, chacune des surfaces fermées partielles constituant la surface de 
niveau w==%, entoure complètement la surface fermée correspondante de 
u = u, vers laquelle elle tend lorsque t, tend vers u. 

Ceci exige que la fonction u(a,y,2) prenne, sur les surfaces Si, une 
valeur inférieure à celle qu’elle prend sur les surfaces de niveau voisines 
intérieures à (D). Il en résulte donc que u(z,y,2) sera toujours compris 
entre wu; et ue En particulier, si Se est située entièrement à l’infini, les 
surfaces de niveau u(x, y, 2) = const. < Ue auront tous leurs points à distance 
finie. 

Lorsque (d) se réduit au volume limité extérieurement par une surface 
fermée. régulière, les surfaces S; sont constituées par le point ou les points 
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où u(x, y,z) prend sa valeur minimum. On vérifie alors immédiatement que 
la condition d’enveloppement est toujours satisfaite. 

Ii résulte de ce qui précède que, lorsque u croît de u; à we, les surfaces 
u(x, y,%) = u balayent le domaine (D) d’une- manière continue et toujours 
dans le même sens. Si nous appelons V(w) le volume total limité extérieure- 
ment par la surface de niveau w(x,y,2) =u, V sera done une fonction 
continue croissante de u. 

L’inégalité fondamentale s’établira à peu près exactement comme dans 
le cas de deux dimensions. La première formule de Green, appliquée à la 
région comprise entre (v, y, 2) = u; et u(x,y,2) = u = const., donnera tout 
d’abord 


(24) SS (wa? + Uy? tte?) BV + SSS uA?u dV 
= SS. uôu/ôn dS — SS. udu/on aS, 


ot dV et dS représentent respectivement élément de volume et Pélément de 

surface, et où du/dnedésigne la dérivée normale extérieure. Les intégrales 

doubles sont prises leong des surfaces de niveau limitant intérieurement et 

extérieurement le domaine d’integration. $ 
En appelant J Pintögrale 


(25) I= SS S artutea, 


étendue à la même région, ‘on démontrera ensuite que, en vertu de Vinégalité 
de Schwarz i 
(26) (dV /du) (dI/du) = S°(u), 


où S(w) représente la somme des aires des surfaces fermées constituant la 
surface de niveau u(x,7,2) —u. Si l’on applique maintenant l'inégalité 
isopérimétrique S(u) = [367 V?(u)1%#, il vient . 


(27) (dV /du) (dI/du) = [36rV2]%. 


On établira d’autre part que 


y 
28) dI/du = f Au dV + f f du/an aS, 
Va Si 


et par conséquent, enfin, que 
Vv 

(29) [36r V?]#du/dV = f f(u) do + SS du/ön aS, 
Vi Si 


12 
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ce qui constitue l’inégalité fondamentale que nous voulions démontrer, dans 
le cas de trois dimensions. 

On voit immédiatement que des inégalités analogues pourraient être 
obtenues de la même manière dans le cas d’un nombre supérieur de dimensions. 

On démontrera comme plus haut que, pour que l'inégalité fondamentale 
devienne une égalité, il est nécessaire et suffisant que les surfaces u(x, y, 2) 
= const. constituent un système de sphères concentriques. Nous aurons done, 
dans ce dernier cas 


| y | a 
(30) [3671 *]#%du/dT -Í f(wd¥ + f f éu/On aS. 

vi. Sı 
Posons V = 4/3rr?, puis dérivons les deux membres par rapport à r. Il vient 
(31) 1/12 - d(r?du/dr) /dr = f (u), 


ce qui west autre que Péquation (23) écrite en coordonnées polaires et en 
admettant que u est seulement fonction de r. 

Si la surface S; se réduit à une série de points, on aura évidemment 
F = 0 pour u = u; L’inégalité (29) prend alors la forme 


v 
(32) [36x V2] %du/dV < f F(u) dV, 

0 
d’où l’on déduit que 
(33) lim Védu/dV S (36r) Pf (1). 

V=0 
On démontrera enfin facilement que si f(w), au lieu d’étre une fonction 

positive, est une fonction toujours négative, il faudra changer le sens de 
Vinégalité fondamentale qui deviendra ainsi 


(34) (36r V?) #du/aV = f roar + f fau/on as. f 
JV: 8 Bt 


3. Interpretation géométrique de l’inégalité fondamentale. L’inégalité 
fondamentale est susceptible d’une interprétation géométrique intéressante. 

Admettons que, dans le cas de deux dimensions, f(z) est une fonction 
croissante de z et que, pour z = z;, Paire S(2;) des courbes Ci et Vintégrale 


f (dz/0n)ds étendue à ces mêmes courbes aient une valeur fixe, indépen- 
Re 


dante du systéme particulier de courbes C; considéré. 
La courbe z = 2(S) passera alors toujours par le point fixe z = z, S = Sj, 
et aura son coefficient angulaire, en tout point, inférieur à la quantité 


(48) [ f Tiii [i/o as]. 
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Appelons Z(S) la solution de l'équation (20) qui passe également par le 
point z; Si Nous aurons alors 


S 
(35) dZ/dS — dz/48 > S. (F(Z) —F(2)) as. 


Or, aux environs immédiats du point z,, Sa on a évidemment d(Z — z)/dS = 0, 
d'où Zz et f(Z) =f(z). En raisonnant de proche en proche, on voit 
qu’on aura toujours d(Z —z)/dS = 0 et Z= z. Tl en résulte que la courbe 
Z(S) sera toujours située au dessus de la courbe z(8) et que l'écart entre 
ces deux courbes augmentera en même temps que S. 

La courbe Z(S) fournit donc, pour chaque valeur de z, une limite 
inférieure pour Paire limitée par la courbe de niveau z(x,y) = 2. 

Dans le cas de trois dimensions, on peut établir une propriété analogue. 

Nous admettrons encore une fois que f(u} est une fonction toujours 
positive et croissante de u, et que le volume V; limité par les surfaces $; 


ainsi que Vintégrale ff êu/ôn dS ont une valeur fixe, indépendante du 
: Si 


système particulier de surfaces S; Pour u=u, on aura done toujours 
Y = V; Appelons U(V) la solution de l’équation (30) passant également 
par le point u = u;, V = Vi. On aura évidemment 


(36) dU/AV — di/dV > (367 V°)-# f CU) — f(u))dV, 


et par conséquent la courbe U(V) se trouvera toujours au dessus de la courbe 
u(V). La courbe U(V) permettra done, pour toutes les valeurs de u, obtenir 
une limite inférieure du volume V limité par la surface u(x, y, z) == u. 

Nous allons maintenant appliquer les inégalités fondamentales (14) et 
(29) à une série de cas particuliers correspondant à différentes formes de la 
fonction f. 


4. Condensateur électrostatique de capacité minimum. Considérons 
un condensateur constitué par deux surfaces conductrices fermées, telles que 
la surface extérieure S, entoure complètement, sans la toucher, la surface 
intérieure S; Ces deux surfaces sont portées respectivement aux potentiels 
Ue et Ui, AVEC Ue > Ur. 

Dans le domaine compris entre les deux surfaces, le potentiel u(x, y, 2) 


vérifie Péquation de Laplace Au = 0, et Vintégrale f du/dn dS prise sur 
Pune quelconque des surfaces équipotentielles comprises entre S; et Se a une 


valeur constante et égale à drQ, où Q est la charge de l’armature intérieure. 
On voit immédiatement que les conditions d’application de V’inégalité 
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(28) sont remplies, et celle-ci devient, dans le cas actuel, en posant V = 4718/3, 
Pinégalité r°du/dr = Q. Divisons les deux membres de cette inégalité par 
r? et intégrons ensuite entre r; et r, avec bien entendu, V; = 4rr;?/3. En tenant 
compte de ce que, pour u = w, on a r= r; il vient u S u + Q(1l/n —1/r}), 
et en particulier, sur l’armature extérieure, où r = fe, Ue = uj + Q(1/r: — 1/re). 
En appelant C la capacité du condensateur, ceci peut encore s’écrire 


O = Q/ (te — u) 2 1/(1/ri— 1 /re) = (8/47) 4/ (Vr — Ve”), 
c’est-à-dire que: 


Parmi tous les condensateurs &lectrostatiques tels que les armatures 
extérieures et intérieures entourent des volumes donnés, celui constitué par 
deux sphères concentriques a la plus petite capacité. 

On peut évidemment faire un raisonnement analogue dans le cas 
dun condensateur électrostatique constitué par deux armatures cylindriques 
parallèles telles que Pune entoure complètement l’autre et dont les sections 
droites ont des aires données. La capacité par unité de longueur minimum 
correspond alors au condensateur constitué par deux cylindres circulaires 
coaxiaux. 

Dans le cas du condensateur de capacité minimum, notre méthode est 
évidemment identique à celle utilisée par G. Szegô dans le travail déja men- 
tionné plus haut. 


5. Application à la théorie des membranes. La déformation normale 
d’une membrane plane uniforme et uniformément tendue soumise à une 
pression constante est donnée par l’équation A?z =— p/T, où T est la 
tension et p la pression par unité de surface. 

Supposons la membrane limitée par un contour fermé sans points 
multiples. Sur ce contour on devra avoir z=0. Les courbes de niveau 
z = const. seront également des courbes fermées qui entourent le point ou 
les points où z est maximum. Prenons ces points pour origine des 8 et 
posons 2 == 247 — #1, OU 2x représente la valeur maximum de z. 

La quantité z, vérifiera l’équation A°z, = p/T, et on voit sans peine 
que l’inégalité fondamentale pourra être appliquée au système des courbes 
zı = const. Dans le cas présent, (14) devient simplement d2,/dS = p/4rT, 
d’où, en intégrant entre z, = 0 et 2: = Zir, Zm SS pSe/4aT, c’est-à-dire que: 

Parmi toutes les membranes de même aire, soumises à la même tension, 
et supportant la même pression uniforme, la membrane circulaire présente 
la plus grande déformation normale maximum. 
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6. Application à la théorie de la torsion des prismes. L’étude de la 
torsion d’un prisme droit de section quelconque se ramène, comme on le sait, à 
la détermination de la solution de l’&quation A*z = — 2, qui s’annule sur le 
contour de la section droite. Nous supposerons celle-ci limitée par une courbe 
fermée sans points multiples. Nous pourrons appliquer les résultats du 
paragraphe précédent et, en posant encore une fois z = Zm — 2,, écrire 


(37) dz,/dS < 1/2. 


L’angle de rotation du prisme, par unité de longueur, a pour valeur J == A/C, 
où M est le couple de torsion ef C le module de torsion donné par 


(= 2G f z dS, G étant le module de glissement et l’intégrale étant étendue 


` 


à Paire de la section droite. On vérifie aisément qu’on a également 


C= ag f S dz,, et par conséquent, en vertu de (87) 


Se 
(38) C = 2G fs de, <20 f S dS/Ar = GS8,?/2n, 
o 


Se étant ici Paire de la section droite. Ceci montre que: 

Parmi tous les prismes de même nature et dont la section droite a la 
même aire, le prisme de section circulaire possède le module de torsion lv 
plus élevé. 


7. Application à l’hydrodynamique des liquides visqueux. On démon- 
tre aisément, par un calcul identique à celui qui précède, que le débit d’un 
liquide visqueux s’écoulant en régime laminaire dans un tube cylindrique de 
section So est soumis à l’inégalité suivante: OS (Pp/8ruL)S?, où Q est 
le débit, P la différence de pression aux extrémités du tube, p la densité, a le 
coefficient de viscosité. L’égalité n’a lieu que pour une section circulaire. 

Donc, si l’on fait écouler, en régime laminaire et sous l'influence d’une 
même différence de pression par unité de longueur, un même liquide visqueux 
dans des tubes cylindriques de même longueur, on obtiendra le débit maximum 
avec un tube de section circulaire. 


8. Problème de Rayleigh. La fonction caractéristique fondamentale de 
Pequation des membranes vibrantes 


(39) Ar + kz =0, 


relativement à une courbe fermée (C) sans points multiples est la solution 
g(x,y) de cette équation, toujours positive, nulle sur le contour. La valeur 
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correspondante de % est, à un facteur constant près, la fréquence fondamentale. 
D’après les propriétés de l’équation (39), la fonction z(x,y) ne peut pas 

posséder de minimum à Pintérieur de la courbe (C), mais elle peut posséder 
plusieurs maxima distincts. Appelons zx la plus grande valeur de z(z,¥) 

dans (C), cette valeur pouvant être atteinte en plusieurs points distincts. 

Les courbes de niveau z= const., lorsque z varie entre 0 et za, forment un 

systéme de courbes fermées analytiques sans points communs s’enveloppant 
mutuellement. Posons zı, = Zy — z. La fonction 2,(x,y) vérifiera l’équation : 
Az == k? (zy —2,), dont le second membre sera toujours positif. Nous 
pourrons donc appliquer V’inégalité fondamentale (15) qui deviendra dans 
le cas actuel | 


(40) du/dS < (k°/4r8) f as 


Si So représente Paire de la membrane, lorsque $ variera entre § et So, 21 
sera une fonction croissante de S et dz,/dS sera positif. En multipliant les 
deux membres de (40) par S dz,/dS et en intégrant entre 0 et So, on aura 
done 


[3 (an/a8)°a8 s (k?/&r) [das LS Cu 2948 | ds. 


Le second membre peut étre intégré par parties et devient 


[as ERCE a1)48 |as — [a OES RO 


So 
= f (zx — 2,)”dS de sorte que, en revenant à la variable z, on obtient 
0 


So So 
f $ (de/d8)2d8 < (1?/Ar) f 248. : 
0 ð 


Posons maintenant § — 71°. Il vient 


(41) f it) 2p dr < ke f Ar, ir, 
2 o 


avec So = mro. Or 2(r) est une fonction continue et dérivable de r, pour 
0S rS 7, qui annule pour r= r, On pourra donc la développer en série 
convergente et dérivable de fonctions de Bessel Jo (An), où les constantes À, 
sont définies par la condition 


(42) Jo(Anto) = 0. 


On aura done z= 3,AnJo(Anr), où les À, sont des constantes. En intro- 
duisant cette valeur de z dans l’inégalité (41), celle-ci devient 


t 
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f (d2/dr)*rar SA: Í. TJ (dat) dr 
0 0 


f Zrdr 3A, f TI (Ant) dr 
0 0 


Les quantités À, forment une suite de nombres croissant indéfiniment. En 
appelant Agr) la plus petite des racines de (42), on aura donc k? = AQ? 
= (2,405 - - -}27/S6 (Aoro = 2,405 - : -) c’est-à-dire que la fréquence fonda- 
mentale d’une membrane non circulaire sera toujours supérieure à la fréquence 
fondamentale de la membrane circulaire de même aire. 








On peut démontrer de la même manière la propriété correspondante 
dans le cas de trois dimensions. 


9. Problème de Liapounoff. Considérons une masse fluide incompres- 
sible, immobile, de volume Vo, en équilibre sous l’infiuence de son attraction 
newtonienne propre. On sait que, dans ces conditions, la surface extérieure 
sera une surface équipotentielle. 

Nous devrons considérer séparément le potentiel newtonien w; à Pin- 
térieur de la masse et le potentiel w à l’extérieur de celle-ci. Ces deux 
fonctions vérifient les équations suivantes Au; = — Arkp, A?ue = 0, où p est 
la densité (constante) du fluide et k% la constante de gravitation. A la surface 
même du liquide, on devra évidemment avoir uj = te = Uo. 

On voit immédiatement que, à l'extérieur de la masse fluide, l’inégalité 
fondamentale (33) pourra être appliquée aux surfaces équipotentielles we 
= const. Par conséquent 


2 (36r V?) #du./dV = f Oue/On dS = — ArkpV o. 


En posant V = 4rr?/3, ceci peut encore s’écrire du,/drt- Vikp/r? = 0. 
Intégrons le premier membre de cette inégalité entre + et Pinfini. Pour V 
trés grand, les surfaces équipotentielles différent trés peu de sphéres, de sorte 
que, dans ce cas Ue — Vokp/r + termes en r7, r-,: + + et par conséquent 
Ue — Vokp/r s’annule pour r—c. Il reste alors — (ue — Vokp/r) 20, ou 
bien 


(43) Ue Vokp/r. 


Considérons ensuite le potentiel u; à l’intérieur de la masse fluide. Celui- 
ci prendra évidemment une valeur maximum en un ou plusieurs points, mais 
ne possèdera certainement pas de minimum. Les surfaces équipotentielles, 
coincidant avec les-surfaces d’égale pression, s’enveloppent mutuellement et 
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‚nous pourrons appliquer l’inégalité fondamentale (33) en prenant pour origine 
V=0 le point ou les points où w est maximum. Nous obtenons ainsi 
(86r V°) 4du;/dV = — 4rkpV, ce qui peut encore s’écrire du;/dr + 4/8 - rkpr 
= 0, en posant comme plus haut, V —4rr?/3. Intégrons cette inégalité entre 
ret. Il vient 


tto — Ui + 2/3 - akpr — 2/3- akpr? =0 


d’où 
Ui = Uo + 2/8 ` rkpr? — 2/3 + rkpr?, 


et, en tenant compte de (43), u S ?rkpro? — 2/3 - rkpr?. Or énergie poten- 
tielle de la masse a pour valeur 


“Vo re 
= 4 f ud V = Rrp f ur?dr, 
0 0 


et par conséquent, enfin 
E S 16/15 - r°kp°r0° = 16/15 - n°kp°(8Vo/4m)5/5. 


Si donc il existe une forme d’équilibre non sphérique, son énergie 
potentielle gravitationnelle sera inférieure à celle de la forme sphérique d’équi- 
libre de même volume. 

Il en résulte donc que la sphère constitue la forme d’équilibre stable d’une 
masse fluide incompressible immobile. 

Considérons maintenant une masse fluide constituée par des volumes V, 
et V, de deux liquides immiscibles différents, de densités constantes p, et pe, 
avec pı > pr A l’état d'équilibre, on sait que les surfaces équipotentielles 
coincident avec les surfaces d’égale pression et les surfaces d’égale densité. 
D'autre part, pour que Véquilibre soit stable, il faut évidemment que la 
pression augmente au fur et à mesure que l’on s’éloigne de la surface extérieure, 
Nous ne considérerons que les formes d'équilibre où le liquide le moins dense 
entoure complètement le liquide le plus dense. La surface de séparation, 
de méme que la surface extérieure, seront des surfaces &quipotentielles. 

Le potentiel newtonien de la masse totale sera une fonction continue et 
à dérivées partielles continues des coordonnées. Ce sera donc aussi une 
fonction continue et à dérivée continue du volume V limité par la surface 
équipotentielle u(x, y, z) = const. On aura de plus: 

Pour V > V, + Vo, Au = 0; pour F, + Ve > V > Vi, Au = — Ankos; 

et pour V, > V, Au = — Arkpı. 
En introduisant ces valeurs dans l'inégalité fondamentale et en procédant 
comme ci-dessus, on démontrera aisément qu’une configuration d’équilibre 
éventuelle, différente de celle constituée par une sphère.de densité p, et de 
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volume V; entourée d’une couche sphérique concentrique de densité po et de 
volume V, possédera une énergie potentielle inférieure à celle de la con- 
figuration sphérique concentrique. Celle-ci constituera donc certainement la 
forme d’équilibre stable de la masse. 

Nous pourrons étudier de la même manière la forme d’équilibre d’une 


masse hétérogène constituée par des volumes V:, Va: © +, Vn de n fluides 
incompressibles immiscibles de densités p1,p2,° * *,pn. Si nous supposons 
que pı > pe’ * * > pn, NOUS pourrons, en utilisant toujours le même procédé, 


démontrer que la configuration d'équilibre stable sera constituée par une 
sphère de volume V, et de densité pı, entourée d’une série de couches sphériques 
concentriques de densités décroissantes ayant respectivement les volumes 
Vat + +, Vn et les densités ps,‘ © ©, pn. 

Ce dernier résultat peut aisément être généralisé au cas d’une variation 
continue de la densité. 

Les résultats qui précèdent ont été obtenus d’une manière entièrement 
différente par L. Lichtenstein [11]. 


10. Inégalités relatives à la fonction de Green. Considérons, dans le 
plan, un contour fermé sans points multiples (C) et soit P(a,b) un point 
intérieur quelconque fixe. La fonction de Green correspondante G (a, b, x,y) 
== @(P,Q) s’annulera sur le contour et aura la forme suivante: G(a,b,x, y) 
= log ' rpo + H (a, b, £, y), où rpo est la distance entre les points P (a, b) et 
Q(x, y), et H est une fonction harmonique de x et de y. La fonction G(P, Q) 
vérifie évidemment l’équation A?G = 0, lorsque Q 4 P. Les courbes G(P, Q) 
= const. — ( sont des courbes analytiques, (sauf peut-être pour G = 0) 
fermées s’enveloppant mutuellement. Pour G==—oo, la courbe se réduit au 
point P, tandis que pour G = 0, elle coincide avec (C). L'intégrale curviligne: 
f 9G/dnds prise le long d’une des courbes fermées G = const. > —c a 
une valeur constante et égale à 27. It est donc possible d’appliquer 
l'inégalité fondamentale au système des courbes G — const. et on obtient ainsi 
dG/dS < 1/28. Comme G croît en même temps que S, la dérivée sera 
positive et nous pourrons intégrer les deux membres de l’inégalité entre S 
et So, So étant Paire limitée par la courbe (C). Puisque, pour G = 0, on a 
S = So, on obtient ainsi — G < 4 log S/S, ce qu’on peut encore écrire 
SE S, exp 2G. f 

L’aire limitée par la courbe G(s, y) = const. sera donc inférieure 4 
So exp. 2G, sauf évidemment si (C) est un cercle dont P est le centre. 

Dans le cas de trois dimensions, nous aurons à considérer le domaine 
limité par une surface régulière fermée (S). La fonction de Green aura la 
forme G(P, Q) = —1/rro + H (P,Q), où rpo est la distance du point fixe 
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P(a,b) au point variable Q(x, y) et H une fonction harmonique, et s’annulera 
sur la surface (S). L'intégrale de surface f f(9G/ôn)dS prise sur l’une 
quelconque des surfaces fermées analytiques G = const. > — oo, aura la valeur 
constante 4r. 

Il sera de nouveau possible d’appliquer l'inégalité fondamentale qui 
donnera maintenant d@/dV S 4r(36rV°)-#. En intégrant entre V et Vo, 
où V, est le volume limité par la surface (8), il viendra G = (4r/3)% 
(Vo — V-#%), puisque V = V, pour G—0. L’inégalité ne devient une 
égalité que lorsque (S) est une sphère de centre P (sauf bien entendu pour 
les valeurs exceptionnelles G—0 et G——«). 

D’autres inégalités relatives à la fonction de Green dans le plan peuvent 
être obtenues par simple changement de forme des résultats donnés plus haut, 

On vérifie facilement que la solution de l’équation A’z — — 1 régulière 
à l’intérieur du contour (C) et s’annulant sur celui-ci est donnée par 


z(2,y) = 1/27 f f G(x, Y É, n) dé dn, 
de sorte que l’inégalité zy S pS./4rT’, trouvée à la fin du $ 5, peut s'écrire 


(44) SS G(T, Y, &, n) dé dy Æ yo. 
De même, Vinégalité (38) peut se mettre sous la forme suivante Ù 


S S SS Gla, y, é n)drdydtän < 48. 

Dans ses travaux relatifs à la résolution du problème de Dirichlet pour 
les équations de la forme A?u = c(z, y)u et Au = F (x, y, u), E. Picard [12] 
a rencontré Pinégalité suivante 

1/2r f f G(x, y, é n) déd Sa, >» 

et a démontré que À tendait vers zéro en même temps que Paire limitée par 
le contour. Notre formule (44) donne pour À la valeur exacte So/4r. Il n’y 
a aucune difficulté à obtenir des résultats analogues dans le cas de trois 
dimensions. On trouve ainsi 


SSS G (z, Y, 2, É, % £) dédndé S 1/6: (3Vo/4r) 3/5, 
SSSI SS OCE, y, 2 & n E) dudydadédnde SS 44/45 - (8Vo/4r)°". 
Encore une fois, ces inégalités ne deviennent des égalités que lorsque la 


frontière est un cercle ou une sphère. 


Note additionelle. Un examinateur nous a indiqué une démonstration 
de l'inégalité (12) beaucoup plus simple que celle donnée plus haut. En 
utilisant la même notation que dans le paragraphe 2, on voit aisément que 


1 Received April 28, 1950. 
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f ôz/ðn ds X f ds/(d/an) > [ f ds]? = L? (2) > 408 (2). 
g 2 


Mais f ds/(8z/ðn) = d8/dz, de sorte que f 0z/0n ds X dS/dz = 4x8 (2), 
de 2 P 


ou, en prenant © comme variable indépendante, f ĝz/ðn ds Z 4m .dz/d8. 
g 


Si maintenant nous faisons usage de la formule de Green 


f f Az dS — f. (d2/dn) ds — Í 0z/0n ds, 


nous obtenons finalement Vinégalité (12), 


Í f A?z dS + Í de/im ds > 4r 8 dz/d8. 
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ON DENUMERABLY INDEPENDENT FAMILIES OF BOREL 
FIELDS.* 


By $. SHERMAN. 


In a posthumous paper [B] Banach showed that if one has a denumerably 
independent family of Borel fields (each with a measure) of subsets of a 
set Q, then there exists a common extension of the measures to the Borel 
field generated by the Borel fields of the family such that the fields are 
stochastically independent. Since his proof is quite long we give a shorter 
proof which has the advantage that it displays the relation between a denu- 
merably independent family of Borel fields and an isomorphic family of Borel 
fields in a product space. As a consequence of this the existence (and unique- 
ness) of Banach’s extension measure is equivalent to the existence (and 
uniqueness) of an independent product measure, a solved problem.t? 

Let © be a set and let BY = {BY} be a Borel field of subsets of Q for 
each yer. Let X—{BY|yer}. We say that E[H] is a X-rectangle 
[M-block] if E[H] = N BY, where all except a finite [countable] collection 


of the BY are equal to Q. In the sequel H (with or without subscripts) 
denotes an W-block. Let © [B] be the [Borel] field generated by the 
rectangles. We note that i) if Ae€ then A is a finite disjoint union of 
rectangles, ii) if Ẹ is an N-rectangle then Z is an W-block, and iii) 8 is the 
smallest Borel field containing each BY e A. 


LEMMA. If Ae, then 
*) peA= for some HC A, peH, 
#*) peA = for some HC A’, pe Ë. 
(Note: A’ means the complement of A.) 


Proof. Trivial since both A and A’ are disjoint unions of 2-rectangles. 


* Received October 24, 1949; revised January 20, 1950. 

+See [K] where a recent proof as well as references to the literature are given. See 
also [SJ]. 

2 According to Mr. Henry Helson another (different) proof by Saks of Banach’s 
theorem is to appear in a Polish Journal. 
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THEOREM. If de®, then * and **, 


Proof. T£ À satisfies * and **, then A’ satisfies * and **. Let À = N Ba, 
azl 


where for each q, 
pe Ba= for some Ha C Ba, pe Ha, 


peB'a= for some HaC B'a pe Ag. 


If ge À, then gef) Ha, which is an Y-block. If qe À’, then for some 3, 
ast 


pe Hg. which is an N-block. Thus A satisfies * and **. We have shown 
that the sets satisfying * and ** form a Borel field including €. Since B 
is included in any Borel field including €, every set in ® satisfies * and **. 


COROLLARY. If Be, then B is the union (possibly non-countable) of 
W-blocks in B. 


We now introduce some notation associated with product spaces, 
largely following Kakutani [K]. Let Q*— the set of all T-sequences, 
oë = {oY | yer} with wYeQ for each yer. Let B*Y= {w* | we BY}, 
37 — {BY}, U* = {B*Y | yer}. Note: W* is a denumerably independent 
family of Borel fields of subsets of Q*. Let E*[H*] represent an W*-recetangle 
[block] and let Œ*[S*] represent the [Borel] field generated by the W*- 
rectangles. The previous lemma, theorem, and corollary apply to family 9%. 

Tf with each $*7 we have mY a countably additive measure (all measures 
are countably additive in the sequel), where mY(Q*) — 1, then it is known, 
(e. g. [K]) that there is a unique measure m* on 8* such that for each W*- 
block H* = [] BY, m*(H*) = JJ m” (BY). We are now in a position to 
prove the 


THEOREM (Banacx). Jf U is a denumerably independent family 
{BY | yeT} of Borel fields of subsets of Q and for each BY, yeT, there is a 
measure MY such that mY(Q) = 1, then there is a unique measure m on B 
the Borel field generated by X such that 


| Ac BY = m(A) = m7(A), 


(stochastic independence) N-block H = {| BY => mH = [| m (B7). 
Y Y 


Proof. Let be the transformation from © into Q* defined by 
p(o) = {o| yeT} where oY =w for every y; let D* be the range of ¢. 
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Banach’s theorem can be proved by writing mp*(A*) = m*A*—all that 

needs proof is that ¢+ (which is obviously a o-homomorphism from #* 

onto 8) is an isomorphism. For this in turn it is sufficient to prove that 

if A*eB* and AN) D* =A then A* =A. If A” is an W* block, 

A = [] B#Y, B*Y = {o* | oY e BY}, then #1(4*) =) BY and the desired 
Y Y 


conclusion follows from the assumed denumerable independence; the general 
case is now a consequence of the corollary.” Note that the o-isomorphism 
between B* and B is a set-theoretical proposition independent of measure 
assumptions. 


INSTITUTE FOR ADVANCED STUDY. 
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CERTAIN CLASSES OF SERIES TO SERIES TRANSFORMATION 
MATRICES.* 


By P. VERMES. 


1. In a recent paper * there were described series to series transforma- 
tion matrices having the property that the corresponding sequence to sequence 
transformation matrix was a scalar multiple of the same matrix or of the 
same matrix without its first row or column. In the present paper the most 
general matrices are found which have this property, in each case as a solution 
of a partial difference equation. 

In matrix notation, if A = (aux) (n,k—=0,1,: +) is a series to series 
transformation matrix, the corresponding series to sequence transformation 
matrix G is given by gne = los + ir -> + Gum, and the corresponding 
sequence to sequence transformation matrix F by fur == Jnr — Inu, [ST 
(2.4), (2.15)]. 

If E, R and $ are the matrices 


0, 0,0, : -: 1,0,0,0,- >- l, 0, 0,0,- °° 
1,0,0,- 1,1,0,0, yay 2050684 
(1.1) MIR R=1,1,1,0,::-:, S= 0, — 1, 10e 75 
0,0, 55° 1,1,1,1, +- 0; 012": 
so that | 
12) o Bal tE Ip Beloa RS—SEB=I, 


the correspondence between the matrices A and F can be expressed in the 
form 


(1.3) 0 7% = (RA)S = R(AS) = RAS, 


since each element of the product matrix is the sum of a finite number of 
elements. 








* Received August 29, 1949. 
+“ Series to series transformations and analytic continuation by matrix methods,” 
American Journal of Mathematics: vol. 71 (1949), pp. 541-562. This paper will be 
referred to as [ST]. 
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If Æ’ is the transpose of F, the matrix product AF is the matrix A. 
without its first column, and the product W'A is the matrix. A without its 
first row. In what follows we shall find all solutions of the matrix equations 


RXS =pr, RXS—pXE, RXS—pEX, RXS—pEXH, 


where p is an arbitrary fixed number, and R, S, E have the meanings given 
‚above. In every case the solution is a matrix A(p) depending on the 
number p multiplied by a matrix, the elements of which are arbitrary to a 
certain degree. The ihatrices A(p) are in the various cases equal or simply 
related to the series to series transformation matrices of the Taylor series 
and Laurent series continuation and of the Euler summation matrix, [ST 
Sections 3, 4, 5]. 


2. The equation RXS = pX. Since R and S are row-finite, we have 
for every X S(RXS) = (SR)(XS)=XS, and R(SX) = (RS)\X =Z, 
hence equation 2 implies and is implied by a 


(2.1) Fr XSL per. 


It follows from (2.1) that the elements x, satisfy 
(2. 2) Zn ke == (1— p)tnr + pina kb k=0, 1,- +, n=l, 2,- +, 
(2. 3) i To ket = (1 — p) Tor | k — 0, a rg 


Equation (2.2) is the partial difference equation to be solved, and (2.3) 
represents incomplete boundary conditions leaving the elements Sno of the 
first column arbitrary. Taking Zoo = 1, and all other arbitrary elements 
zero, we obtain step by step all elements of a matrix A which we regard as 
the fundamental solution 


Anz: (Fra — p)” for k= n; ann = 0 for k<n. 


Taking £yo = 1, and all other arbitrary elements zero, where N is a. positive 
integer, the same matrix results with N rows of zeros added. The funda- 
mental solution is the matrix A(p) of the Taylor series continuation [ST 
(3.14)], and the matrix with N rows of zeros added can be expressed as 
ENA(p), where E is the diagonal vector defined in (1.1). Hence giving 
arbitrary values d, to the elements of the first column, the other elements 
ean be found from (2.2) and (2.3) step by step, each of the d, contributing 
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linearly a matrix d„E*A(p). The general solution is therefore the sum of 
all the contributions 


@4 | X— DA(p), 
Peis | 
(2.5) DD ae aaa kes? 
do; 0,0 pet 
mad bots 


ds, dı, dos ri 


The matrix D, being a power series in E, commutes with every power series 
in F, in particular with À and S. Hence RDS = RSD == D, i.e. the corre- 

“sponding sequence to sequence transformation matrix is the same matrix D. 
Regarded as a sequence to sequence transformation matrix, it is a “ modified 
Nörlund matrix.”? It is regular if and only if 3 | 4 | is convergent and 
Xdą= 1. In this case it is regular both as a series to series or as a sequence 
to sequence transformation matrix. 

The properties of the matrix A(p) have been discussed in [ST 3]. It 
is regular if and only if 0<p<1. Another property follows easily from 
(2.1): Since (Ap), A(q), S are column-finite, A(p).4(q)S = qA(p)8A(q) 
= qp: SA(p)A(q), so that A(p)A(g) is the fundamental solution of the 
equation YS = pqSX, i.e. A(p)A(q) =A(pg), as proved by direct caleu- 
lation in [ST 3. V.]. 


3. The equation RXS—=pXE. As shown in Section 2, this equation 
is equivalent to 
(3.1) XS = pSXE, 
which requires Vak Un ker = P (— Tn-1 k+l + En x); and Tor — Lo k == PU) kot 
for k—=0;1,2,.--; m=1,2,---. . 


Excluding p = — 1, and putting 1/(1 + p) =t, we obtain 
(3.2) ` En nat = lan + (1— t) tna mu, for n = 1,2,- +, 
and 
(3. 3) Lo ku == iTo- = 


2G. Piranian, “Nôrlund transformations with a bounded base,” Office of Naval 
Research, Project M786, 1949. 
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The elements of the first column can be chosen arbitrarily, and then all other 
elements are determinate, and can be found step by step. Taking zo = 1, 
and all other arbitrary elements zero, we obtain the fundamental solution 


m= (* t37) (1 =- t) etk, 


n 


which is the matrix A(¢) of the Laurent series continuation [ST (5. 3)]. 
The general solution is then obtained, as in Section 2, 


(3. 4) X= DA (t). 
When p = — 1, we obtain Zur = 11 and Vor = 0, which gives the zero 
matrix, already included. in (3. 4). 

4 The equation RYS =ph’X. This equation is equivalent to 
(4.1) AS = pSE'X, 


which requires, Cay — Zn p = P (Ensi r — Uns), aNd Lor — To rn = Pti for 
k= 0,1,2, i; n=l 2o. 
Excluding p = 0, and putting — 1/p =q, we obtain 


(4. 2) Can = (1 — q) tnk + Gin +15 n = 1, 2, ra 
and 
(4. 3) Tir = Q (To hat — Tor). 


Here the elements of the first row cau be chosen arbitrarily, and the other 
elements then determined step by step. Taking ao, = 1, for a fixed k, and 
all other elements of the first row zero, (4.3) determines the values in the 
second row dix = — 9, G1 x-ı = Q, all the other elements zero. The elemehts 
in the other rows are then obtained easily by considering separately the values 
contributed by a: and aı z- A short calculation shows that the matrix thus 
obtained can be expressed as the matrix product B(q)SC;, where B(g) is 
the bordered Euler series to series summation matrix €(q): [ST(4. 2)] 


L 0 , 0 „0 
o q , 0 , 0 „0, 
0,q{—g), @¢ > 0 
APR gO, °° 
0, (1 — 9), 8q°(1 — g)°, 8q°(1 — 9), 94° 


co 


(4. 4) B(q) = 
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S is defined in (1.2), and C;, is the cross-diagonal vector 


05-0, = +020: 21/0: 0% << 
0,0,---,0,1,0,0,0,--- 
0,0,---,1,0,0,0,0,-- - 

(4. 5) Opin) Shigeo ae eet ca} 
0,1,- + +,0,0,0,0,0,-- > 
1,0, - °,0,0,0,0,0,°-- 


=] forn i= k, 
= () otherwise. 


The general solution is therefore 


Coy C1, Co," * 
z Cis C2, Cas * * 
(4. 6) X = B(q)8C, where C= 
Cay Cay Cas” * * 
=) 
Co) C` © * being arbitrary numbers. When p—0, we obtain Tn: = Zu p for 


every n and k, which is ‘satisfied by any matrix with all its columns equal. 
This is not included in (4. 6). 


5. The equation RXS = pH’XL. This is equivalent to 
(5. 1) XS = pSWXE, 


which requires, Uns — tn ter = P (nsr ker — Un war), ANA Vor — Vo rer = PU krt 
for e A a a e ::. 
Excluding p = 0, and putting 1/p = q, we obtain 


(5. 2) Enyi ke = (1— q) Xn kerb G®nk, n== 1,2,- °°, 
and l 
(5. 3) LA ket = q (Tor — Lo ket) 


These equations leave the elements of the first row and first column arbitrary. 
Taking Too = 1, all the other arbitrary elements zero, we obtain as funda- 
mental solution the matrix B(q) defined in (4.4). If, for a fixed n, no = 1, 
the other arbitrary elements being zero, we obtain, as in Section 2, the. 
matrix E"B(g), so that the contribution of all the elements of the first 
column is the matrix DB(q), D being defined in (2.5). If the only non- 
zero arbitrary element is vo = 1, for a fixed X = 1, we obtain, as in Section 4, 
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the matrix B(g) SE". Hence the contribution of arbitrary elements to = hi, 
to = he, + - is a matrix H: 


0, hi, he, ha, RE 
0,0¢h,, ha: - 
(5. 4) Heh + hob”? +++ -s20,0,0,h,-°°. 
00,0, 050% 
The general solution, for p 5£ 0, is therefore 
(5. 5) X = DB(q) + B(q) SH. 


When p = 0, we obtain the same matrix as in Section 4. 
In the special case, when we take 


da = g{1—q)", n=0,1,2,---, | hy==0, k= 1,2,---, 


so that X — DB (q), we obtain the matrix €(q) of the Euler series to series 
transformation. 
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SUMMABILITY METHODS WEAKER THAN CONVERGENCE.* 
By J. D. Hitt. 


Consider the Banach space (c) of all real convergent sequences # == {sx} 
with | e ||== sup] sz |. Every linear functional f(x) defined in (c) is of 


the form [1, p. 65] f(x) = Clim; sx + > Cys; with || f | =| C| + > | Ce |. 
kzl kel 


A sequence 


(1) fala) = UC, lims s SO (n=1, 2, 3,° + +) 
k=1 


of such functionals, in which we shall suppose that not all of the Cy are zero, 
defines a method of summability by means of which a sequence œ is said 
to be summable to the value f(x) if lim, f,(æ) exists and equals f(s). We 
shall refer to such a method as a W-method. If f(x) is defined for every 
æ in (c) then W is called conservative. It is a trivial extension of a standard 
theorem for Silverman-Toeplitz methods, and may be proved very simply by 
operational means [see 1, pp. 90-91], that W will be conservative if and only 
if the following conditions hold: 


(2) lim Orr Lx exists, (k = 1, 2,3,- + °), 
nro 
(3) lim {Cr + > Curl = L exists, 
n> k=1 
(4) sup {| Ca ] + È | Cas I} <e. 


On the other hand, if lim, fa (x) exists and equals lim; sx for every æ in (ce), 
then W is regular. The conditions (2), (3), and (4) with all Ly == 0 and 
L == 1 are necessary and sufficient for regularity. . 

A transformation of the type W differs from the more familiar Silverman- 
Toeplitz matrix method in that the existence of lim; Sy is required. Hence 
the convergence-field of W (i.e., the set of all W-summable sequences) is a 
subset of (c). Such a method is said to be not stronger than convergence. 
If the convergence-field is a proper subset of (c) then the method is weaker 
than convergence. The Cesiro methods (C,a) for —1<a<0 are well 
known examples of Silverman-Toeplitz methods having this property [see 3, 
p. 17, Theorem IT]. | 

The following question arises. What properties must be possessed by a 
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proper subset G of (c) in order that there exist a W-method whose conver- 
gence-field is precisely G? It is first of all necessary that @ be linear and 
Borel measurable [1, p. 18, Theorem 9] and consequently of the first category 
[1, p. 86, Theorem 1]. Closer to the heart of the matter is the fact that G 
must be a set of type Fos [1, p. 18, Theorem 9], namely, a denumerable 
product of sets each of which is a denumerable sum of closed sets. It is 
known [1, p. 235] that if G is not closed then it cannot be a set of type Fo 
(a denumerable sum of closed sets). The object of this note is to point out 
that every linear closed set is a set G. Whether every linear Fos is a set G 
is a more diffieult question which we propose to make the subject of a later 
paper. It will be observed from the proof that the following theorem can 
be rephrased to hold for sequences of linear functionals defined over any 
separable Banach space. For the present purposes, however, we prefer the 
form given. j 


THEOREM. Let G be a linear proper subset of (c). Then in order that 
‚there exist a W-method whose convergence-field is precisely G it is sufficient 
(but not necessary) that G be closed. 


Proof. To see first that the condition is not necessary, let X = {8,*} 
and X, = {8,"} for n—1,2,8,: - +, where 8,” is the Kronecker symbol. 
Let E denote the (proper) subset of (c) composed of all finite linear com- 
binations of X and the X,, and consider the W-transformation 


(5) fale) = Flim, sx + (2 log DER” (—1)**s,/(n— k + 1) 
Í (n= 1,2, 8, °°). 


The method (5) satisfies conditions (2) and (3) but not (4). Hence’the 
convergence-field G of (5) contains Æ but is a proper subset of (c). It 
follows that @ is not closed since the closure of Ẹ is (c) itself [1, p. 65, 83], 
and G contains F. 

Now let @ denote any closed linear proper subset of (c) and G* its 
complement with respect to (c). Since (c) is a separable space, its subset 
G* is likewise separable [8, p. 31], and we designate by 9, Yo, Ma, : a 
dense enumerable subset of G*. Inasmuch as @ is closed, the distance d(y) 
from G to y is greater than zero for each y in G*. In particular we have 
d(9,) > 0 for all n. Hence [1, p. 57, Lemma] for each n = 1,2,8, - - 
there exist linear functionals F,(x) defined in (c) such that (i) F,(%) = 1; 
Gi) F,(~)=0 for all z in G; and (iii) | F, | = 1/d(9,). Let Q,(x) 
=F,(z)/| Fa || so that | Qn | —1 (7 —1,2,3,-- -) and let {¥*,} denote 
the sequence 
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(6) Qi; — Qu — G23 Qu da Q33 — Qu, — Ga, — Vs, — Vas > 


in which the k-th group, set off by semicolons, contains the first kof the Qn 
with the sign of (— 1). 

It is first of all evident from (ii) that the sequence (6) applied to 
each to in G yields a sequence composed wholly of zeros. We show next that 
the sequence (6) applied to each y in G* yields a divergent sequence 
bounded by || yo |. The boundedness follows directly from the fact that 
| Qn || ==1 for all n. To establish the divergence we recall that d(y.) > 0 
and hence that we can fix a point 9, of the dense enumerable subset of G* 
so that || yo — 9, | < 4d(yo). It is immediate then that d(9,) = 2d(y). 
Consider the equation F*, (yo) = F#,(%o — Dp) + F*n(Qp). From (6), (i), 
(iii), and the definition of Q,(«), there exists a sequence of indices ny f oo 
for which we have F*,,(9,) = (—1)*Qp(M») = (— 1)"d (Yp) ; consequently 
Fal Yo) = F*n,(Yo— Yo) + (—1)*d(Mp). The first term on the right 
does not exceed 4d(yo) in absolute value while the second alternates in sign 
and is never numerically less than $d(yo). This establishes the divergence 
of the sequence {F*„(yo)} for every yo in @*. e 


Suppose now that F*,(a) = CH, lim; 8x + S C*nxs, and that faie), 
kel 


given by (1), defines an arbitrary conservative (or regular) W-method such 
that not all of the numbers C*, + Cn are zero. We set 


(7) ml) =F* (2) + fa(z) for æ in (e), (n=1,2,3, °°). 


It is apparent from what precedes that (7) defines a method W* which is 
effective (or regularly effective) in G and definitely ineffective in G*. This 
completes the proof. 

It may be observed incidentally that the norm condition (4) is satisfied 
by the method (7). However, there exist W-methods having the required 
property and for which (4) is not satisfied; for example, the method defined 
by h,(x) = Anf" (x) + fn(z) where mn —w. 
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624. | ERRATA. 


‘ ERRATA. 


W. L. Chow, “On compact complex analytic varieties,” this JOURNAL, 
vol. 71, pp. 893-914. 


Page 894, line 8 fromthe bottom, “ The set IV,...” should read “ The 
set W,.. .” : 

Page 894, line 5 from the bottom, “The set W,— W, of.. .” should 
read “ The set W,— W, of...” 

Page 895, line 8, “analytic elements... .” should read “ regular analytic 
elements .. .” + 

Philip Hartman and Aurel Wintner, “On linear difference equations of 
second order,” this JOURNAL, vol. 72, pp. 124-128." 

à | 
Page 124, in formula (3), replace the second sign “>” by “<.” 


ce 


Page 125, line 14, replace “ non-decreasing ? by “non-increasing.” 


Page 125, in the first formula line, replace “2p,” by “ 2.” 


W. L. Chow, “Algebraic systems of positive cycles in an aaa ¥ ariety,” 
this JOURNAL, vol. 72, pp. 247- 2837 # 


Page 251, line 18, “Let K be...” should read “let X be Se 4 # 


Page 251, line 20, “. . . over K is called the extensión U/K of U/K 


over K.” should read “. . . over K is called the extension U/K of U/K over K.” 
Page 251, line 25, “. .-. an extension W/K over...” should read “.-. . 

an extension W/K over . . .” 

Page 281, line 16, “ . . in this case the m-adic ring . . .” should read 


“ ,. in this case the (L X o*)m-adie ring . . .” 


` 
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FREE SUMS OF GROUPS AND THE 


“> Cr K 


N ALA ' + 
IR GENERALIZATIONS IL* 


By ReınHotLv BAER. ` 


Recently we have shown that the appropriate framework for a discussion 
of the existence of free sums with amalgamations is provided by the concept 
of add and that one has to determine those adds which are amalgams of their 
subgroups and satisfy the strong associative law. Since the latter law is 
stated in terms of vectors over the add, the problem arises of giving an 
intrinsic characterization; and this problem we are going to solve in the. 
present investigation [Section 4]. An application of this result is then 
given in Section 5. 

For our purposes [and also for later applications] it proves convenient 
- to analyze the concept of amalgam of subgroups and to break it down into 
formal laws concerning the addition of elements. These formal laws are 
the “postulates ” of Section 1; and in Sections 2 and 3 we show that they 
really characterize amalgams of subgroups. In order to obtain these results 
we have to solve the problem [of interest in itself] to characterize those 
subsets of an add which are contained in a subgroup of the add [Section 2]. 


1. The postulates. An add is a set A of elements subject to a 
composition which we -call addition and which meets only the following 
 requirement : | 

The sum of the elements a and b in A is either undefined or else it is 
a uniquely determined element a + b in À. 


. We note the possibility that the sum a + b is defined while the sum 
b + a is undefined. 
The adds we shall be interested in will always be of a more special type. 
We shall therefore enumerate a number of formal requirements. These 
postulates will not be independent. But we shall require at various stages 
of our investigation the validity of various sets of these postulates; and thus 
this abundance will prove a convenience. 


POSTULATES OF INVERSION. 
I. There exists an element 0 in A such that &+0—0+x— for 
every element x in A. 


It is clear that 0 is uniquely determined by Postulate I. 
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II. To every x in A there exists y in A such that x + y —0. 
II. s+ y=0 and +2 —0 imply y =z.. 


Ii I, II and III are satisfied by A, then there exists to every element x 
. in A one and only one element — x in A such that & + (— x) —0. This 
symbol — x will be used whenever we are assured of the validity of Postulates 
I, II, III; and then we shall write z — y instead of x + (— y) etc. 


IV. 2-+y=0 implies y+a==0. 


Postulates I to IV imply —(— x) =æ. Adds which meet these four 
requirements have been termed elsewhere self-reflexive [Baer (1), Section 4]. 


V. æ+ (y+z) —0 if, and only if, (x + y) +2—0. 


This is in reality a rather elaborate statement. It asserts that the 
existence of the sums y -+ z and œ -+ (y + z) and the validity of the equation 
“z+ (y+z)=0 are equivalent to the existence of the sums æ +7 and 
(£x +y) +2 together with (e+y)-+z==0. The following proposition 
will be useful. 


(0) If Postulates I and IV are satisfied, then the following PATES 
of the add À are equivalent. 


(i) Postulate V. 
(li) w+ (y +z) =0 implies (x + y) +2=0. 
(iii) (ety) +z2=0 implies £ + (y +2) —0. 
Proof. It clearly suffices to show that (ii) implies (iii). Hence assume 


the validity of (ii) and suppose that (x + y) +z—0. Then we deduce 
from IV and (ii) successively the validity of the following equations: 


z+ (e+y)=0, (+s) +y=0, y+ (2+2)—0, (y+2) +z—0, 
g + (y +2) — 0, so that (iii) is true. 


POSTULATES OF ASSOCIATIVITY. 


VI If the sums & + y, yt, (ety) +e, t (y +2) exist in A, then 
(+y) +z=r + (y +2). 

VII. If the sums z-+y and y4- z exist in A, then the existence of | 

(x + y) + z is necessary and sufficient for the existence of æ + (y + 2). 


It is worth noting that the antecedents of the postulates V, VI, VIT 
require the existence of 2, 4, 3 sums respectively. We note the validity of 
the following important rule. 3 
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(1) Assume validity of I, VI, VII and existence of r+s. Then 
q + r= 0 implies q + (r + 8) =s and s + t= 0 implies (r +s) +é—r. 

This is an immediate consequence of s = (q + r) + s and r =r + (s +). 

It follows from (1) that adds satisfying Postulates I to VII are self- 
reflexive in the strict sense [Baer (1), Section 4]. 


(2) If Postulates I, V, VI, VII are satisfied by À, if s + y exists in 
A, and if s+ = y+ y =0, then y+’ exisis in A and satisfies 
(+y) + (y +7) =0. | 

Proof. We infer from (1) that s= (x—+y)+y. Consequently 
0 = [f(x + y) +y] +2’; and our contention is a consequence of V. 


(3) Postulates III, IV are consequences of I, II, VI. 


Proof. Assume æ+ y==0. There exists by II an element z such that 
y+z=0. It follows from I that z = s + (y +2), z= (x + y) +2; and 
consequently we may infer from VI that «=a + (y + 2) = (£ +y) + 2 =z. 
Thus IV is a consequence of I, II, VI. 

If z + y= x 4+ z= 0, then we infer from IV that z +2=0; and it 
follows as before that y = (2 +2) + y =z + (x +y) =z. Hence III isa 
consequence of I, IV, VI and therefore of I, II, VI. 


(4) Postulate V is a consequence of I, IL, VI, VII. 


Proof. Assume that s + (y + 2) —0. There exists by II an element w 
in À such that z + w—0. Hence it follows from (1) that y = (y + 2) + w; 
and we have by I that w = [x + (y +2)] +w. Now it follows from VE, 
VII that 


w= fot (9 +2)]+w=s+ [y +2) +ul=e+y. 
From IV and z -+ w = 0 we infer now that 0 = w + z = (x +y) +2. Thus 
we have shown that s + (y +z) =0 implies (£ + y) +z=0. 

From this fact and IV we deduce successively: if (r+ s) Li—0, 
then ¢-+ (r +s) —0, (t+r)+s=0, s+ (t +r) =0, (s +14) +r=0, 
r+ (s +t) = 0; and this completes the proof of the validity of V. 

We notice that all the postulates I to VII are valid whenever we are 
assured of the validity of I, IL, VI, VII. We shall make much use of this 
fact. | 


POSTULATES OF EXISTENCE. 


VIII. The existence of the sums x + y, y + 2, © + x implies the existence 
of (a+ y) +z. 


In conjunction with VIT this implies also the existence of + (y + 2). 
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(5) If Postulates I, V, VI, VII, VIII are satisfied by A, if the sums 
c+2,249,y+y exist in A, and if there exist elements wv’, y such that 
ga =g + t= y -+y =y +y=0, then the sum x+y and y-+z 
exist in A. 


Proof. We infer from (2) the existence of y + y and from. (1) the 
validity of c= (x + y) +y. From VIII and the existence of the sums 
(£ + y) + y, y + y, (ety) + y we infer the existence of 


[e +y) +y] +y =y. 


From s + a’ = y + y = 0 and the existence of s + y, just established, 
we infer by (2) the existence of y +g’. But then it follows from our 
hypotheses and the result of the first paragraph that y + x exists too, as we 
desired to show. 


IX, The sum x + y exists in A if, and only if, y + x exists in A. 
X. The sum v+- x exists for every x in À. 


(6) Postulate IX is a consequence of Postulates I, II, VL, VII, VIII 
and X. 


This is a fairly immediate consequence of (3), (4), (5). 

We shall show in the next section that these last three postulates assure 
the existence of sufficiently many subgroups of the add A; and this is the 
reason for terming these postulates the Postulates of Existence. We note that 
these last three postulates have considerably more depth than the preceding 
ones. It is for this reason that we shall try to avoid using them as much as 
possible. 


2. The subgroups of an add. Throughout this section we shall con- 
sider adds satisfying Postulate I, so that we may speak always of the zero 
element in A. Every subset of the add A may be considered as a subadd 
of A. Ifa subadd of A contains 0 and is a group with respect to the addition 
defined in A, then we shall term it a subgroup of A. Our main problem in 
this section is the determination of those subsets of A which are contained 
in subgroups of A. With this in mind we state 


DEFINITION 1. The subset S of the add A is a C-set, if 
(C.1) the sum x + y exists in A, whenever x and y are in S; and 


(C.2) to every s in S there exists an element s’ in S such that s + s = 0. 
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Proposition 1. If Postulates I, VI, VII, VIII are satisfied by the add 
A, then every C-set is contained in a subgroup of A. 


Proof. Suppose that S is a C-set in the add A. Denote by S(0) the 
subset of A which consists of 0 and the elements in S. Clearly S(0) is a 
C-set too. We define now inductively subsets $(i) of A by the following rule: 


(0) S(t +1) —8(i) + S(i) consists of all the sums s + y for a, y 
in §(t) which exist in A. 


We prove now inductively: 
(1) S=<S(0) = S(1) <=: -SISÜ)SSCHI)S- e 
(2) Every S(i) is a C-set. | 


_ The assertion (1) is an immediate consequence of the fact that 
T<T-+T, provided 0 is in T. To prove (2) we note first that S(0) 
is a C-set. Hence we may make the inductive hypothesis that $(i) is a C-set. 
If x and y are elements in S(t), then their sum g + y exists in A [by (C.1)] | 
and belongs to S(i+1). We infer from (C.2) the existence of elements 
x’, y in S(t) such that z +2 =y +y =0. It follows from (0.1) that 
the sum y + x’ of the elements y’ and =’ in S(i) exists in A and belongs 
to S{i+1). We infer from $1, (1) that s= (z-+y) +3. Hence 
O—[(z+7y) +y] +z. Now we infer from the existence of y ++ in A 
` and from Postulates VI, VII that i 


o= [e +y) +y] = (ety) + H); 


and this shows the validity of (C. 2) in S(i +1). If x, y, z are elements 
in 8(1), then we infer from (C.1) the existence of the sums s + y, y +2, 
&+z in A; and now we may infer from Postulate VIII the existence of 
(ec+y)+2 in A. If a, b, c, d are elements in S(t), then we infer 
from the preceding remark and from (C.1) the existence of the sums 
(a+ b).+c¢, c+d, (a+ b) + d in A; and consequently we may deduce 
from Postulate VIII the existence of [(a +b) + c] + d. But c + d exists 
in À [by (C.1)]; and now we infer from Postulate VIT the existence of the 
sum (a+b) + (c+ d) in A. This shows the validity of (C. 1) in S{i + 1). 
Hence S(i + 1) is a C-set too; and this completes the inductive proof of (2). 

Denote by G the set-theoretical join of the sets S(i). It follows from 
(1) that SSG. If x and y are elements in G, then there exists by (1) 
an integer m such that x and y are both in S(m). It follows from (2) 
that S(m) is a C-set so that the sum æ + y exists in A. Hence x + y is in 
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S(m +1) by (0): and consequently æ + y is in G. Thus we see that the 
sum of elements in G is a uniquely determined element in G; and it follows 
from Postulate VI that addition in @ is associative. From S(0) = G we 
infer that 0 is in G. If finally + belongs to G, then x belongs to some S (k); 
and it follows from (2) that S (kX) contains an element 2’ such that «+ a’ = 0. 
Hence there exists to every v in G an element + in G such that «+ x’ = 0; 
and now it is easily verified that @ is a subgroup of the add A which contains 
$, as we intended to prove. 


PROPOSITION 2. If the Postulates I, V, VI, VII, VIII are satisfied by 
the add A, then the following conditions are necessary and sufficient for the 
subset S of A to be part of a subgroup of the add A. 


(a) If x and y are in K, then the sum x + y exists in A. 


(b) To every x in S there exists an element =’ in A such that 
tte =a’ + r=. 


Proof. The necessity of the conditions (a) and (b) is obvious. Assume 
now that the subset S of A satisfies the conditions (a) and (b). Then 
we may select to every element s m § some element s’ in A such that 
s -+ 7 =s +s—0; and we may form the set T of all the elements s and s’ 
for sin 8. It is clear that Condition (C.2) is satisfied by T. If x and y 
are elements in S, then we infer from Condition (a) the existence of the 
sums ¢-+a2,¢+y,y+y,y-+2 in A. Hence we may deduce from §1, (2) 
and §1, (5) the existence of the sums t +g, y + x, y + y, y +x and 
z+y’,y +r. This proves the validity of (C. 1) in T. Hence T is a C-set; 
and it follows from Proposition 1 that T is contained in a subgroup of the 
add A. But § is part of T; and so 8 itself is part of a subgroup of the add A. 


COROLLARY 1. Assume the validity of the postulates I, II, VI, VII, 
VIII in the add A. Then 


(a) the subset S of A is part of a subgroup of A if, and only if, x + y 
exists in A whenever x and y are in 8. 
(b) Every subgroup of A is part of a maximal subgroup of A. 


(c) If M is a maximal subgroup of A, if w is an element in A, but not 
in M such that w + w exists in A, then there exists an element v in M such 
that at least one of the sums w + v and v + w does not exist in A. 


Proof. We infer from $1, (3) and $1, (4) the validity of all the postu- 
lates I to VIII in A. Now (a) is an immediate consequence of Proposition 2: 


FREE SUMS OF GROUPS II. 631 


The contention (b) is verified by the customary set-theoretical arguments 
[Maximum Principle]. Suppose now that @ is a subgroup of the add-A, 
and that w is an element in A such that the sums w + w, w + g, g + w exist 
for every g in G. If g is the set composed of w and the elements in G, then 
the sum x + y exists in A whenever x and y are in 8. It follows from (a) 
that § is part of a subgroup of A. If G were in particular a maximal sub- 
group of A, then this would imply that w is an element in G; and this 
proves (c). 


DEFINITION 2. The add A is the amalgam of its subgroups [in the 
strict sense], if 


(A.1) every element in A is contained in a subgroup of A; 
{A.2) cross cuts of subgroups of A are subgroups of A; 


{A.3) the existence of the sums x + y, y-+2, 2+x in A implies the 
existence of a subgroup of A which contains v, y, 2. 


Amalgams in the weak sense will be defined in the next section. [See 
also Baer (1), $6.] 


COROLLARY 2. If the Postulates I, IL, VI, VII, VIII are satisfied by 
the add A, and if the subadd E — (A) consists of all the elements e in 
A such that the sum e + e exists in A, then E(A) has the following properties. 


(a) If x is in F, and if x’ is an element in A such that x + a’ =0, 
then x’ belongs to E. 


(b) If x and y are in E, and if the sum x + y exists in A, then & + y 
belongs to E. 


(c) Every subgroup of A is part of E. 
(d) E is the amalgam of its subgroups [in the strict sense]. 


Proof. We note first that [by §1, (3) and §1, (4)] all Postulates I to 
VIII are satisfied by A. If æ + exists in A, and if s + z’ =—0, then it 
follows from §1, (2) that 2’ +2’ exists in A; and this proves (a). If s- r,- 
z+y, y + y exist in A, then we infer from §1, (5) the existence of the sum 
y+ in A. It follows from Corollary 1, (a) that there exists a subgroup 
of A which contains x and y; and this implies in particular the existence of 
the sum (@+y)+(e¢+y). This proves (b). (e) is trivial. It is a 
consequence of Corollary 1, (a) that the element v in A belongs to a sub- 
group of À if, and only if, & + x exists in A. Hence (A.1) is satisfied by Æ. 
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That (A.2) is satisfied by # is a consequence of the fact that the equation 
a -+ s= 0 possesses for every a in A one and only one solution ~ in A. 
Consider finally elements v, y, z in E such that the sums æ + y, y+2,2+2 
exist in A. Then it follows from §1, (5) that the sums y + x, 2 + y, 2 +2 
exist in A; and the sums x + z, y + y, z+ 2 exist in À, since x, y, 2 are 
in E. Hence it follows from Corollary 1, (a) that there exists a subgroup 
8 of A which contains x, y, z; and that S S F, is obvious [and has been 
pointed out before]. Thus # is the amalgam of its subgroups, as we claimed. 


THEOREM. The add A is the amalgam of its subgroups [in the strict 
sense] if, and only if, Postulates I, IL, VI, VII, VIII, X are satisfied by A. 


Proof. It is a consequence of Corollary 2, (d) that A is an amalgam, 
if Postulates I, II, VI, VII, VIII, X are satisfied by A, since X; implies 
A==E(4A). Assume conversely that A is the amalgam of its subgroups 
[in the strict sense]. It is a consequence of (A. 2) that all subgroups of A 
have the same null-element; and now we deduce Postulate I from (A.1). 
Postulates II and X are likewise consequences of (A.1). If the sum gs + y 
exists in A, then we infer from (A. 3) and the existence of the sums 0 + x, 
æ + y, y + 0 that 0, x, y are contained in some subgroup of A. Thus we 
have verified : i 


(A. 8*) The sum x + y exists in A if, and only if, x and y are contained 


in some subgroup of À. 


If now the sums & + y, y + zx, 2 + exist in A, then it follows from 
(A.3*) that the sum æ + 2 exists likewise. It follows from (A.3) that 
æ, y, z are contained in some subgroup of A; and thus (x + y) + z exists 
in A. This shows the validity of VIII. ° 

If the sums æ -+ y, y +2, (x + y) + z exist in A, then it follows from 
(A. 8*) that x, y belong to one subgroup and that y, z belong to some sub- 
group of A. Thus we are assured of the existence of the sums y + (s + y), 


‘(a+ y) +2, 2-+-y; and we infer from (A.3) the existence of a subgroup 


8 of A which contains y, x + y, 2. But it is clear that x, y, z belong to the 
subgroup § of A. Now one sees readily the validity of the following property. 


(A. 3**) The following properties of the elements x, y, z in the amalgam A 
are equivalent, 


{i) There exisis a subgroup of A which contains x, y, z. 


(ii) The sums à + y, y +2, 2+ exist in A. . 
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(iii) The sums x + y, y+2, (x + y) +2 exist in A. 
(iv) The sums x+y, y +2, & + (y +2) exist in A. 


From (A.3**) one deduces readily the validity of Postulates VI and 
VII. This completes the proof. 


Remark. It is a consequence of $1, (3), (4), (6) that all Postulates 
Ito X are satisfied by amalgams. 4 

3. Amalgams satisfying the strong associative law. The characteriza- 
tion of amalgams which we obtained in the preceding section can be simplified 

considerably, if we assume that the add under consideration satisfies the strong 
“associative law. In order to state this law in the form best suited for our 
purposes some concepts have to be recalled. 

I a'>, an 0 <n, are elements in the add A, then we term the 
ordered n-tuplet (a,---,a,) a vector of length n over A [and sometimes 
it will simplify notations to make use of the vector of length 0 too which is 
the empty set]. If (a,: > -,@,) is a vector a over A, and if the sum a; + Gin 
exists in A, then we term the vector (a,' © `, Gin Gi + Gist, Que, * © +) Un) 
of length n— 1 a contraction of the vector a of length n. If the vector b 
arises from the vector a by a sequence of contractions, then b is termed a 
reduction of a [note that every vector is its own reduction too]. Finally we 
say that the vectors u and v are similar [w~v], if there exist vectors 
w(0),- + -,w(i),- ++, w(2k) such that u = u(0), w(2k) =v and such that 
w(2t) and w(?i +2) are reductions of w(2i +1). [For a discussion of the 
significance of these concepts see Baer (1); but note that we have slightly 
changed the terminology. | 


SIMILARITY Crirerion. If Postulates I to VII are satisfied by the 
add A, then similarity of the vectors u and v is a necessary and sufficient 
condition for the existence of a vector w such that u and v are reductions of w, 


For a proof see Baer (1), §4, Corollary 1, where for Postulates I to VII 
the slightly weaker hypothesis has been substituted that A be strictly act 
reflexive. 


Tur STRONG Associative Law holds in the add A, if 
(8.1) (a) ~ (b) implies a = b one 


(S.2) similarity of the irreducible vector v A a vn of length 1 implies 
that v too be of length 1. 
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Here we term a vector irreducible, if it does not possess any reductions. 
It has been shown [Baer (1), $3, Theorem 1] that this formulation of the 
strong associative law is equivalent with the one originally proposed [see 
Baer (1) for a discussion of the importance of this law.] 


Lemma 1. The strong associative law implies Postulates VI and VII. 


Proof. If the sums 2 + y, y + z and (x + y) + 2 exist in A, then we 
have the vector similarities 


((@ + y) +z) = (z +y,z) ~ (2, Y2) ~ (2, y +2). 
Now it follows from (S.2) that the last vector is reducible. Hence there 
exists the sum s + (y +z) in A. Consequently the vectors ((æ + y) + 2) 
and (x -+ (y + 2)) are similar over 4; and we infer (x + y) -+ 2 =£ + (y + 2) 
from (8.1). If the sums s + y, y + z and æ + (y + z) exist in A, then we 


show similarly the existence of (x + y) +2 and the equality s + (y +2) 
= (x+y) +2 This shows the validity of VI and VII. 


DEFINITION. The add A is the amalgam of its subgroups [in the weak 
sense], if 


(B.1) every element in À belongs to some subgroup of A; 
(B.2) crass cuts of subgroups of A are subgroups of A; 


(B.3) the existence of the sum x + y in A implies the existence of a sub- 
group of A which contains both x and y. 


Lemma 2. The add A is an amalgam in the strict sense if, and only if, 


(a) À is an amalgam in the weak sense and 


(b) to any given subgroups X, Y, Z of A there exists a subgroup 8 
of A which contains the cross cuts Xa F, Y aZ, ZX, 


Proof. Assume that A is an amalgam in the striet sense. Then it is 
easily seen that A is an amalgam in the weak sense too [we have verified 
this in §2, when we deduced (A.8*)]. Consider now subgroups X,Y,Z 
of the add A and element r,s which belong to the joiu of YoY, YZ and 
ZaX. Then r and s belong to one of the subgroups X, Y, Z; and thus their 
sum vs exists in A. Since in A all Postulates I to X are satisfied 
[§2, Theorem], we may apply §2, Corollary 1, (a); and this proves the 
existence of a subgroup S of A which contains X2 Y, Y ^ Z, Ze X. Thus 
the conditions (a) and (b) are necessary. If conversely the conditions (a) 
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and (b) are satisfied by A, then A certainly satisfies (A.1), (A.2). If 
x, Y, Z are elements such that the sums s + y, y + 2, z+. exist in A, then 
we infer from (a) and (B.3) the existence of subgroups X, Y, Z of A such 
that æ, y belongs to X, y, z to Y and 3,2 to Z. But then y is in XY, 
zin YaZandzinZaX. It follows from (b) that there exists a subgroup 
S of A which contains these cross cuts and which therefore contains the 
elements z,y,z. Thus.(A.3) is satisfied by A too; and this completes the 
proof. | 

On the basis of this lemma it is easy to construct amalgams in the weak 
sense which are not amalgams in the strict sense. 


THEOREM. If the strong associative law is satisfied by the add A, then 
the following properties of A are equivalent. 
(i) A is an amalgam in the strict sense. 
(ii) A is an amalgam in the weak sense. 
(iii) Postulates I, IT, IX, X are satisfied by A. 
(iv) Postulates I, II, VIII, X are satisfied by A. 


Proof. We have mentioned before [Lemma 2] that (i) implies (ii): 
and that amalgams in the weak sense satisfy Postulates I, II, IX, X, is easily 
deduced from the definition. 


Assume now the validity of Postulates I, II, IX, X. We “infer from 
Lemma I [and the strong associative law] the validity of Postulates VI, 
VII so that we may deduce from $1, (3), (4) the validity of Postulates ITI, 
IV, V. Thus we may use the symbol — + in the usual fashion. We prove 
first: 


IX* The existence of x + y implies the existence of © — y. 

If & + y exists in A, then there exist the sams y +2, —y—y, x + x. 
Consequently the following vector similarities are true: | 

(£ + Y — y — yy + r) ~ (2 Y —Y,— yY B) ~ (cc) ~ (s +). 


This implies by (8.2) the reducibility of the first of these vectors; 
and consequently at least one of the sums (s +y) + (—y—y) and 
(—y—y) + (y + x) exists in A. From $1, (1) we infer x = (s + y) —y 
and s=— y+ (y+); and now we deduce from VI, VII the 
existence of (s +y) + (—y—y) =[(2 +4) —y]=y=2—y or of 
(~y—y + (u +e) =—y + iy t ¥t2)]=—y+e. But it 
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follows from IX that x — y exists if, and only if, — y + x exists; and this 
completes the proof of IX*. 

` Now we are ready to verify VIII. Assume the existence of the sums 
' +y, y+z,c-+z2in A. This implies [by IX*] the existence of s—y, 
y-—2, 2—2. Consequently we have the vector similarities: 


BB y, y, —2) ~ (2, —2) ~ (€ —2); 
and we infer from the strong associative law that 


(e—y) + (y—2) =2—2. 


Thus it follows from IX that the sums (y — z) + (e—y) and —z+2 
exist in A; and this implies the validity of the following vector similarities : 


((y—2) a- (z —y)) io (Y, — 2,7, — Y) as (gs — 2 + T, —y). 
Hence it follows from (8.2) that the last of these vectors is reducible; and 
consequently at least one of the sums y + (—z +s) and (—2+x) —y 
exists in A; and it follows from IX and IX* that both these sums exist in A. 
Using the equation —(— t) =t one deduces now successively from VII, 
IX, IX* the existence of the sums 


et) ++ (e +y), (@+9) — a (ot) +2 
Thus VIII is satisfied by the add A; and we have shown that (iv) is a 
consequence of (iii). 
If Postulates I, II, VIII, X are satisfied by À, then we see as before 
that Postulates VI, VII are satisfied too; and it follows from 82, Theorem 
that A is an amalgam in the strict sense. This completes the proof. 


4, Intrinsic characterization of the strong associative law. It is our 
objective in this section to characterize by inner properties the adds which 
satisfy the strong associative law. We precede this characterization by the 
proof of a couple of useful lemmas. 


Lemma 1. Assume that Postulates I and V are satisfied by the add A. 
(a) If (0) is a reduction of the vector (v:,: ` `, Un), and if 2<n, then 
there exists an integer i with the following properties: 

O<Li<n—1, the sum u + Vvu exists in A and (0) is a reduction of 


the contracted vector (01,° © >, Via, Vi + Vier, Vino, ©, Un). 
(b) (0) is a reduction of the vector (vı, ` -, n) with 1 <n if, and only 
if, there exists a reduction (a) of (vı: ` +, Un-1) such that a + v,=0. 
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Proof, If (0) is a reduction of the vector (a, b,c) of length 3, then 
either (a + b) +c=0ora+ (b-+c)==0. Itis a consequence of Postulate 
V that these two equations are equivalent conditions on the elements a, b, c. 
Consequently the sum a + b exists in A; and (0) is a reduction of (a + b, c). 
Thus Proposition (a) has been verified for n— 3. Assume now that 3<n 
and that Proposition (a) has been verified for n— 1. If (0) is a reduction 
of the vector (v,,: * *, Vn), then there exists certainly an integer k with the 
following properties. f 

0 < k <n, the sum vy a vr exists in A, and (0) is a reduction of the 
contracted vector w = (+ ` +, Uns, Ua + Usa, Una" ° *). 

If k happens to be less than n— 1, then k is the desired integer; and 
if k= n— 1, then (0) is a reduction of the vector w whose length n—1 
is at least 3. Thus we may apply the inductive hypothesis on 


w = (V, * * 5 Und, Un-ı + Un). 


Hence there exists an integer à with the following properties: 
0<i<n—2, the sum v; + Vin exists in A, and (0) is a reduction of 
the [twice contracted] vector 


t= (vi, Lee » Via, Vi + Visis View? °° 2 Un-25 Vn-1 + Un) . 


But then (0) js a reduction of the vector 
s == (v1, vr ‚u, + Yan tan", Un) 


of which ¢ is a [simple] contraction. Thus we have found a suitable integer 
iin either case. This completes the induction and the proof of (a). (b) is 
readily deduced from (a) by complete induction. , 


Remark. By interchanging right and left in Lemma 1 another pair of 
correct assertions is obtained. 


Lemma 2. If Postulates I, TV and V are satisfied by the add A, and if 
(0) is a reduction of the vector (U1,° * *, n) with 1 < n, then (0) is also 
a reduction of the vector (Vi,° © +, Un, U," + * , Wa). 


Proof. Clearly it suffices to prove that (0) isa reduction of (Vn, 01, - © ‘ , Un-1) 
whenever (0) is a reduction of (1,:--+,0,). But if (0) is a reduction of 
(V7 ',9n), then there exists, by Lemma 1, (b), a reduction (w) of 
(%1,° © *>Un1) such that w-++-2v,—0. It follows from Postulate IV that 
O==v,-+ w. Hence (0) is a reduction of (vn w) and this vector is clearly 
a reduction of (Vm, 1," * `, Un-1) so that (0) is also a reduction of this latter « 
vector, as we desired to prove. 
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THEOREM. If Postulates I and II are satisfied by the add A, then the 
following properties of A are equivalent. 


(i) The strong associative law. ; 
(ii) Postulate VI and Property (8.2). 
(ili) Postulates VI, VII together with the following property: 


(S) If the sums Ti — Do, * `, En- — Tm In-—%, exist in À, 3 <N, 
then the sum 2; — Ti exists in A for some i such that 1< i< n. 


(iv) Postulates III, IV, V together with the following property: 


(8.0) If (0) is a reduction of the vector (w,,- ++, Un) with 1 < n, and if 
the difference vn-ı + Un exists in A, then (0) is also a reduction of 
the contracted vector (1,° + ` , Yn-2, Un-ı + Un). 


We note that the Postulates III, IV, V are consequences of the Postu- 
lates I, IL, VI, VII [see Section 1] and that it is therefore possible to use 
in Condition (iii. S) the symbol — v. 


Proof. It is an immediate consequence of $3, Lemma 1 that (i) implies 
(ii). Assume next the validity of (ii). Suppose that the sums a + b, b+c 
exist in A, and that at least one of the sums (a +b) +c and a +(b +c) 
exists in A. If, for instance, a + (b -+ c) exists in A, theh we have the 
vector similarities : 


(a+ (b+¢)) ~ (a,b,c) ~ (a + b, 0). 
Since the first of these vectors has length 1 and the last one length 2, we 
infer from (8.2) reducibility of the last of these vectors. Hence the sum 
(a + 6) + c exists in A; and this proves the validity of VII. Thus, I, IL, 
VI, VII are satisfied by A; and it follows as usual that III, IV, V hold too. 


Hence we may use the symbol —t. Suppose now that the sums 7,—a,° °°, 
En-ı — Gn, Tn — L, exist in A. Then we infer from §1, (2) the existence of 
— (En — 1) = — (— 21) — Tn = tı — Un; and consequently we have the 


following vector similarities : 
(2 — Lost" " ; Tri — En) ous (21, TT Les Lo, — Un," * y En — Ln) 
BE (21, Ln) cmd. (21 = Ln) . 
The first of these vectors has length n— 1 and the last one length 1. Thus 
we infer from 2 < n and (8.2) the reducibility of the first of these vectors. 
Consequently there exists an integer i such that 0 < i < n— 1 and such that 


the sum (u — 21) + (Tia — Ving) exists in A. This implies the validity of 
the following vector similarities : 
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( (ti — inn) + (Tin — Ti) ) a (ti, —— Fir, Dan, — Tisa) 
~ (Ti, — Tuz). 
But then (S.2) implies the reducibility of the last of these vectors; and 
this shows the existence of the sum 2;— tu: Thus we have verified (S); 
and this shows that (iii) is a consequence of (ii). 

Assume now the validity of (iii). Then we see as usual the validity of 
all the Posulates I to VII. Property (8.0) is certainly satisfied by vectors 
of length 2; and it is equivalent with V for vectors of length 3; and thus 
we may make the inductive hypothesis that (S.0) is satisfied by all vectors 
whose length is less than n and that 3 < n. Suppose now that (0) is a 
reduction of the vector (v1,° > +, Un) and that the sum 1, + Vn exists in A. 
We distinguish two possibilities. 

Case 1. There exists an integer à with the following properties: 


0<i<n—2, the sum vi + vi exists in A, and (0) is a reduction 
of the contracted vector (V1,* © +, Via, Vi F Vint Yan," © + Un). 

Since this contracted vector has length n — 1, we may apply the inductive 
hypothesis. Since à + 1 < n—1, this implies that (0) is a reduction of 
the twice contracted vector 

(is © y Vins Vi F Viss Van‘ © * 5 Unes Un-ı + Un). 
But then it is clear that (0) is likewise a reduction of the [once contracted | 
vector (U1,° ` +, Uno, Una + Un), as we claimed. 

Case 2. If 0< i< n—2, and if the sum v; + vi exists in A, then 
(0) is not a reduction of the contracted vector 

(v1, je re g Vi-1y Vi + Viris Urs, oy, Pl Un) . 


[Incidentally this can only happen for n > 4.] 


In this case we deduce from Lemma 1, (a) inductively the existence of 


elements Wy1,° * +, W, with the following properties: 

(a) the vector (w;) is a reduction of the vector (Vi, Yan,‘ °°, Un-1) 3 
(b) Wis = Vin + Wi; | 

(c) (0) is a reduction of the vector (v1, * +, Vii, Wi, Vn). 


We note first two immediate consequences : 
(a) Wna = Vri; 


(a) (9° * +, Via, Wi Un) is a reduction of the vector (V1, - *, Un). 
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From §1, (1) and from (b) we deduce vi = (u + wi) — Wi = Win — Wi; 
and thus we have by §1, (2): 
(b’) the sum w— Wi exists in A for 1<i<n. 


From (c) we deduce that (0) is a reduction of (w, vn). Hence 
0 = W + v, or 


(C) wi = — Vn ; 


Finally we deduce from the existence of v,1-+ 1, the existence of 








— (Vna F Un) = — Vn — Vni = Wi — Wn by $1, (2) and by (ec), (a’). 
Thus we have shown that the following sums exist in A: 

Wy Wn-ı1, Wn-ı —Wn-2,' * * » Wa — Wi. 
It follows now from Condition (S) that either the sum w, —#w,, or one of 
the sums Wim — ia with 1<i<n—1 exists in A. [This is trivial, if 
n = 4.] 

We show next that the second possibility cannot arise. For otherwise 
some sum Wir — Wi With 1 <i < n—1 would exist in A; and we would 
infer from §1, (2) that Wi-ı — wi, exists in A. It follows from (b) that 

Wia — Win = (Vier + Wi) — Win- 
But it follows from (b) [and §1, (1)] that v: = wi— win; and now we 
deduce from Postulates VI, VII that 

Va = (Win — Wir) + Wins = [ (Vir + wi) — Wir] + win 
= [ti + (w; — Win) | + Win = (vin + v) + Wi. 
Now we deduce from (c) that (0) is a reduction of the vector 
(vu + +) Von, Win, Un) = (V © + u, (Via F Vi) + Mis Un) 5 

and this vector is a contraction of the vector 

(Us © ©, Via, Via + Vis Wir, Un) - 
But it follows from (a) that the last vector is a reduction of 

(v, or, Vin, di-ı + Vis Viris © ` 3 Vus Un)» 


so that (0) has been shown to be a reduction of this vector contrary to the 
hypothesis of Case 2. 

Thus we have shown the existence of the sum w, — Wn» Consequently 
we may deduce from (c’) the existence of the sum 
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— (Wi — Wn-2) = Wn-2 — Wy = Wn-2 + Vn. 


Since the sum vr + vn exists in A, we may now deduce from (b), (a’) and 
the Postulates VI, VII that 


Wn-2 + Un = (Unes + Wn-ı) + Un = (Une + Una) + Un 
= Un-2 + (Una + Un). 
It follows from (c) that (0) is a reduction of the vector 
(V1,° © *, Un-sy Wn-2) Un) 


whose length is n— 1. Since the sum Wn-2 + Vn exists in A, it follows from 
the inductive hypothesis that (0) is likewise a reduction of the vector 


(is ©, Una, Wn-2 + Un) = (19° * 3 Unes; Un-2 + (Una + Un) ). 


But this vector is a contraction of (01,° * +5 Un-3, Un-2) Un-1 + Un) so that (0) 
is a reduction of this last vector, as we desired to show. This completes the 
inductive proof of (8.0); and thus we have shown that (iv) is a consequence 
of (iii). 

Assume now the validity of (iv). Then we prove first: 

(iv.1) If (0) is a reduction of the vector v = (v,,' : *, Un), then (0) 
is a reduction of every contraction of v. 


If the sum v; + Vi exists in A, 0 < i< n, then we deduce first from 
Lemma 2 that (0) is a reduction of the vector 


V = (Visas © a Un Vis © Vip Visa) 5 
and we deduce from Condition (8.0) that (0) is a reduction of the contraction 
V” = (vu, Un Vis © ©, Vici Vi F Vin); 


and consequently it follows from Lemma 2 again that (0) is a reduction of 
the contraction (01,° * *, Via, Vi + Yun, Cu‘ °°, Un) Of v, as we desired to 
show. 


(iv.2) Suppose that v — w. Then (0) is a reduction of v if, and only 
if, (0) is a reduction of w. 


To prove this we note first the following immediate consequence of (iv. 1) : 
If the vector r is a contraction of the vector s, then (0) is a reduction of r if, 
and only if, (0) is a reduction of s; and from this fact the proposition (iv. 2) 
follows by complete induction. 


2 
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Suppose now that (a,::-,a) is an irreducible vector over A ol 
positive length n; and that a is an element in A such that 


(as: "+, an) ~ (a). 


Since the Postulates I to V are satisfied by A, we may make use of the 
operation —t. Consequently we find that 


(0) ~ (a — a) ~ (t * +, Any — a) = 0. 


It follows from (iv.2) that (0) is a reduction of the vector v; and now it 
follows from Lemma 1, (b) and the irreducibility of the vector (a1,- : -, an) 
that n = 1 and a, — a = 0. But this implies [because of Postulates I to V] 
that a =a. Thus we have shown the validity of the strong associative law; 
and this completes the proof. 


COROLLARY 1. The add A is an amalgam satisfying the strong associative 
law if, and only if, À satisfies Postulates I, IL, VI, VII and 

(S*) the existence of the sums x, + Do, ` `, Ena + En En + T, with 
3 <n implies the existence of a sum vis + tin With L<i<n. 


Proof. If A is an amalgam satisfying the strong associative law, then 
A satisfies Postulates I, II, VI, VII [§3, Lemma 1]; and the existence of 
a + b implies clearly the existence of a— b. Thus the existence of the 
sums Tı + La, © `, En-1 + n,n + Tı implies the existence of the differences 
a= Dos" +) En-1 — Un, En — Cı; and it follows from the preceding Theorem 
that at least one of the differences &;_ı — Ti exists in A. But this implies 
the existence of the sum %; + ti in the amalgam A. Thus we have shown 
the necessity of our conditions. 

Assume conversely the validity of Postulates I, II, VI, VII and (S*). 
If a + exists in A, then we are assured of the existence of the following 
sums: a+b, b—b[—0], —b—a[—— (a+ 6)], —a+a; and it 
follows from (S*) that at least one of the sums a — b and b —a exists in A. 
But the existence of b — a implies the existence of — (b— a) =a—b; and 
thus we have shown that the existence of a + b implies the existence of a — b. 
This Property IX* implies together with (S*) the property (S) of the pre- 
ceding Theorem, so that the strong associative law holds in A. One deduces 
furthermore from IX* as usual the Postulates IX and X; and now it follows 
from §8, Theorem that A is an amalgam in the strict sense satisfying the 
strong associative law. | 


COROLLARY 2. The amalgam A [in the weak sense] satisfies the strong 
associative law, if 
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(a) to any three distinct maximal subgroups X, Y, Z of A there exists 
a subgroup S of A such that XaY, Y oZ, ZaX are all part of 8; and 


(b) to any n>3 maximal subgroups Xa’ ` +, Xn- Xn = Xo of A 
there exists a subgroup T of A and an integer i with 0 <i<n—1 such 
that Xi © X, and Xim’ Xia are both part of T. 


Proof. It is a consequence of (a) and $3, Lemma 2 that A is an amalgam 
in the strict sense; and we deduce from (b) that Corollary 1, (S*) is satisfied 
by A. Thus the validity of the strong associative law may be inferred from 
Corollary 1. 


Remark 1. It is an open question whether Condition (b) is necessary, 
though certain parts of (b) may be shown to be necessary. It is easy, how- 
ever, to construct examples which show that it does not suffice to require the 
validity of (b) for bounded n only. 


Remark 2. Most of the known criteria for the validity of the strong 
associative law are easily seen to be special cases of Corollary 2;.se2 in 
particular Baer (1) §8, Theorem 1 and Corollary 1. 


5. Generalization of H. Neumann’s reduction theorem. We suppose 
throughout this section that the add A satisfies Postulates I to V. Then A 
possesses a uniquely determined null element, the operation —x is well 
defined, and cross cuts of subgroups are subgroups of A. 

If M is a maximal subgroup of A, then we form the subgroup C(M) 
of M which is generated by all the subgroups M à X, where X ranges over 
all the maximal subgroups, not M, of A. The join D(A) of all these sub- 
groups O (M) is a subadd of A with a number of important properties: 


C(M) =Ma D(A) for every maximal subgroup M of A. 


Consequently D(A) contains — x, whenever it contains 2; and it con- 

tains v -+ y, whenever æ + y- exists in A and æ and y belong to D(A). 
Hence D(A) is an amalgam [in the weak sense]; and it is an amalgam in 
the strict sense whenever A has this property [see also Baer (1), §8, Lemma 3]. 
It can also be shown that the strong associative law is satisfied by the amalgam 
A if, and only if, it is satisfied by D(A) [Baer (1), §8, Theorem 2; Neumann 
(1), 5.0. Theorem p. 599]; and it is our objective to prove an analogous 
property for the iterates of D(A) which includes the result just mentioned 
as a special case. 

We define the iterates of the operation D in the following obvious fashion: ¢ 


A=D,(A), 


644 REINHOLD BAER. 


Dva (A) = D[Dr(4)], 
Do(A( = intersection of all the D,(A) with v < © in case o is a limit 
ordinal. 


One proves easily by complete [transfinite] induction that the D,(4) 
form a descending chain of subadds of A with the closure property: 


D(A) contains — x whenever it contains x; and it contains s -+ y 
whenever it contains x and y and the sum v + y exists in A. 


The Dy(A) with 0 < v are all amalgams of their subgroups; and if A 
is an amalgam in the strict sense, then all the D,(4) are amalgams in the 
strict sense. ` | 

Finally we note the existence of an ordinal r such that D, (4A) = Drm (4) 
= D[D,(A)]. It is of interest to note that there exist [easily constructed]. 
amalgams A in the strict sense where this ordinal r cannot be finite. 


THEOREM. If A is an amalgam in the strict sense, then the following 
properties of A are equivalent. K 


(i) The strong associative law is satisfied by A. 
(ii) The strong associative law is satisfied by every Dy(A). 


(iii) The strong associative law is satisfied by at least one D,(4). 


Proof. We note first that every Dy(A) is an amalgam in the strict 
sense. Assume now the validity of the strong associative law in A; and 
consider elements @,:::,41 in Dp(A) with the property: the sums 
di + Go + ‘; Ana + Ans An + a, exist in Dp(A) and 3<n. Since the 
elements a; and their sums are in A, and since the strong associative law 
holds in 4, we may deduce from $4, Corollary 1, (S*) the existence of one 
of the sums &ı + @ with 1<i<n in A. But Dp(A) is closed in A 
with respect to addition; and so this sum exists in Dp(A). Consequently 
Condition (S*) is satisfied by Dp(A); and we deduce from §4, Corollary 1 
the validity of the strong associative law in Dp(A). Thus we have shown 
that (ii) is a consequence of (i); and (iii) is just a special case of (ii). 

Assume now the validity of (iii). Then we want to show the validity 
of Condition (S*) of §4, Corollary 1 in A. If this were not true, then there 
would exist a minimal integer m > 8 with the following properties: 

(T.m) there exist elements w,,---+,W», in A such that the sums 
Wy + We, © +, Wma F Wm, Wm + W, exist in A, whereas none of the sums 

* Wia -t Win With 1 <i < m exists in À 
We show next that these elements w; satisfying (T: m), belong to every 
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D(A). This is certainly true for v„=0; and thus we may make the 
inductive hypothesis: : 


0 < v and the w; belong to every Do(A) with o < v. 


If v happens to be a limit ordinal, then Dy(A) is the intersection of all 
the Do(A) with o < v so that the w; belong to Dy(A) too [because of the 
inductive hypothesis]. If »— 9 + 1 is not a limit-ordinal, then it follows 
from the inductive hypothesis that the w, belong to Dp(A). Since Dp(A) 
is closed in A with respect to addition, it follows from (T.m) that all the 
SUMS W, + Woy * +, Wm-1 + Wm, Wm + W, belong to Dp(A). Since Dp(A) is 
an amalgam of its subgroups, there exist maximal subgroups 8; of D,(A) 
such that wi, Win are in 8; for 0 <i < m and such that wm, w, belong to Sn. 
If 8; = Si. for some positive i < m —- 1, then wi, Winx, Wiz Would be in the 
same subgroup of A so that the sum w; + wu. would exist contrary to (T. m). 
Hence 

Si Æ Six for 0 < i < m— i. 


Next we show that Sm-1 € Sn $ı. To do this we distinguish two cases. 


Case 1. m= 4. If S; = Sa then Ws, ws, w, would be in the same 
subgroup of A so that the sum w, + wz would exist in A, contrary to (T. 4); 
and if 84 = Sı, then W4, wi, w, would belong to the same subgroup of A so 
‘that the sum w. + w, would exist in A, contrary. to (T.4). Hence 
Ss F S454 Si, as we claimed. 


Case 2. A<m. If Sm-ı = m, then Wm- Wm, Wı belong to the same 
subgroup of A so that the sum wy», + w, exists in A; and the elements 
Wi’ ° °, Wma Satisfy (T.m—1). If Sm= Sı, then Wm, Wi, W belong to 
some subgroup of A so that the sum Wm + we exists in A; and the elements 
We,” ` `, Wm Satisfy (T. m— 1). Either way we are led to a contradiction 
with our minimal choice of m. Hence Sm-1 Æ Sm > Si, as we claimed. 

Since the S; are maximal subgroups of the amalgam Dp(A), the operation 
C(S:) is well defined with respect to Dp(A). The element w, belongs to the 
cross cut 8,08, of two distinct maximal subgroups of Dp(A). Hence w, 
is in C($,) and therefore in D[Dp(A)]. Likewise w; with 1 < i< m belongs 
to the cross cut Sn S; of two distinct maximal subgroups of D,(A) and 
hence to D[.D,(A)]. Thus we have shown that every w; belongs to 
D[Dp(A)] = Dp1(4) = Dy(A); and this completes our inductive proof. 

We have shown now that Condition (S*) of §4, Corollary 1 is not 
satisfied by any D,(A), if it is not satisfied by A. But it follows from (iii) 
and §4, Corollary 1 that this Condition (S*) is satisfied by at least one 
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D,(4). Hence it is satisfied by A too; and this implies the validity of the 
strong associative law in A. Hence (i) is a consequence of (iii); and this 
completes the proof. 


Remark 1. If any two distinct maximal subgroups of the amalgam A 
meet in the same subgroup U, then D(A) =U; and it follows from the 
preceding theorem that the strong associative law is satisfied by A. Thus 
one sees that Schreier’s Theorem is a special case of the preceding theorem. 
On the other hand it does not seem likely that a criterion like §4, Corollary 2 
could be deduced from our result. 


Remark 2. If A is an amalgam in the strict sense, then there exists 
some ordinal r such that the amalgam D,(A) =B is an amalgam in the 
strict sense which satisfies B= D(B). It follows from our theorem that 
the strong associative law holds in A if, and only if, it holds in B. Thus it 
suffices to find criteria for the validity of the strong associative law in amal- 
gams B [in the strict sense] which satisfy in addition the condition B = D(B). 
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FREE SUMS OF GROUPS AND. THEIR GENERALIZATIONS IIL* 


By REINHOLD BAER. 


In the first communication of this series we have shown that the appro- 
priate framework for an investigation of free sums of groups with amalgamated 
subgroups is provided by the concept of add [= system with an incomplete 
addition]. In particular we have stressed the central importance of what we 
called the strong associative law. This may be restated in a form appropriate 
for the purposes of this introduction as follows: similar irreducible vectors 
are equal, if one of them has length 1. The connection of such a requirement 
with the so-called word [or identity] problem is obvious, since it requires 
a trivial solution in a special case. It is our objective in the present inves- 
tigation to characterize adds meeting the following still stronger requirements : 
(a) the class of adds where similar irreducible vectors are equal [Section 2]; 
(b) the class of adds where similar irreducible vectors have equal length 
and where similar vectors of length 1 are equal [Section 1]. In adds of class 
(a) the word problem has a trivial solution, and in adds of class (b) a simple 
* solution of the word problem exists [Section 3]. In Section 4 we establish 
finally a striking and surprising relation between the word problem and the 
transformation problem. 

Results and concepts of our second communication are used freely in 
the present investigation. References to this paper are indicated by the prefix 
II [like II, §4, Lemma 1]. The postulates I to X which we enumerated in 
II, §1 are used so often that we refer to them just by their roman numeral 
without any further reference. 


1. Invariance of length of irreducible reductions. The principal ob- 
jective of this section is the proof of the equivalence of three properties of 
adds. Before enunciating this theorem it will be convenient to discuss some 
of the concepts and properties occurring in this theorem. 


Tue Assocrative Law (T) consists of the Property (8.1) of the strong 
associative law [or associative law (S) as we shall term it in the future] and 
of the following invariance property: 
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(L) Similar irreducible vectors have the same length. 


It is clear that the Property (8.2) is a special case of (L), since it 
requires the validity of (L), if at least one of the vectors has length 1. Thus 
the associative law (S) is a consequence of the associative law (T). 

. The property (L) is easily seen to be equivalent to the apparently weaker 


property 
(L’) Ifv and u” are irreducible reductions of the vector v, then v and v” 
have the same length. 


Proof of the equivalence of Properties (L) and (L’): if v’ and v” are 
reductions of v, then they are similar vectors; and thus (L’) is a consequence 
of (L). Suppose conversely the validity of (L’) and the similarity of the 
irreducible vectors u and w. Then there exist vectors v(i) such that u = v (0), 
w = v(2n) and v(Ri), v(Ri + 2) are reductions of v(2i +1) for OSi<n. 
[Note that some of these vectors may be equal.] Since u and w are irreducible 
vectors, and since every vector possesses an irreducible reduction, we may 
assume without loss in generality that the vectors v(27) are irreducible. But. 
then it follows from (L’) that v(i) and v(i + 2) for 0 = i< n have the 
same length; and thus u and w have the same length. Hence (L) is a con- 
sequence of (L/). 

We note finally that Property (8.1) is not a consequence of Property ` 
(L). as may be seen from the example of any system with a unique, but non- 
associative, addition where all irreducible vectors have length 1. That (8.1) 
does not imply (8.2) nor (L) is likewise easily seen. 


THE PosTULATE XI consists of three parts: 


(a) If the sums a+b, b+c, c + d exist in A, then at least one of 
the sums a + (b + c) and (b + c) + d exists in A. 


(b) If the sums b + c, c + d and a + (b +c) exist in A, then at least 
one of the sums a+ b and (b + c) + d exists in A. 


(c) If the sums a + b, b + cand (b + c) + d exist in A, then at least 
one of the sums a + (b + c) and c + d exists in A. 


In certain instances it is possible to deduce the properties (b), (c) from 
(a) ; but whether or not this is true in general, the author does not know. 


CONNECTED CONTRACTIONS. This concept is not of as great an intrinsic 
interest as the preceding ones; but it will prove very helpful in several proofs. 
We define it as follows: 
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If v(1),: >- v(m) are contractions of the vector v, and if v(t) and 
v(t +1) possess, for O<i<m, a common contraction, then v(1) and 
v(m) are connected contractions of v. 


We shall utilize this concept for m—=2,3 only. The reason for this 
is contained in the following useful proposition. 


Lemma. If there exist contractions of the vector v which are not con- 
nected, then v satisfies one of the following two (exclusive) properties: 


(a) v=v + (a,b,c) +0” where v+ (a) and (c) +v” are irre- 
ducible vectors and where the sums a+b, b+ c exist in A, though the 
existence of the sums a + (b + c) and (a + b) + c would imply a +- (b + cì 
# (a+b) +e. 


(b) v=w + (p,q r,s) +w” where w + (p) and (s) +w” are 
irreducible vectors and where the sums p + q, g + r, r + s exist in A, though 
the existence of the sums p+ (q+r) and (p-+g)-+r would imply 
p+ (a+r) (p + q) +r and the existence of the sums q + (r + s) and 
(+r) +s would imply q+ (r +8) (4 +r) +s. 


Proof. Our arguments are based on the following obvious constructions : 


(A) If v—a-+ (a,b) +y+ (c,d) +2, and if the sums a + b and 
c+ d exist in A, then s+ (a+ b) + y + (c+ d) +2 is a common con- 
traction of the contractions x + (a+b) +y+i(c, d) +2 and 
s+ (ab) + y + (ce +d) +z of the vector v. 


(B) Ifv—«-+ (a, b,c) + y, if the sums a+b, b+c, a+ (b+c), 
(a+b) +c exist in A, and if a+ (b+c)—(a+b) +c—s, then 
z+ (s) + y is a common contraction of the contractions s + (a+ b, c) +y 
and c + (a,b +c) + y of the vector v. 

If the vector v= (%:,: - -,v,) possesses contractions which are not 
connected, then v possesses at least two contractions. Consequently there 
exists an integer k such that 1 < k <n and integers f(1),- - -,f(k) such 
that O< f(1) <--> << fq) <f(j +1) <---> <f(k) <n with the fol- 
lowing properties: i 


the sum v; + Vin exists in A if, and only if, i=f(j) for some j with 
1<j<k. 


If we denote now by v(j) the vector which arises from v by substituting for 
Urns Uta their sum, then the vectors v(1),: - :,v(k) constitute all the e 
contractions of v. 
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It follows from (A) that p(i) and v(j) have a common contraction 
whenever fi) +1<f(j). This implies in particular that v(1) and v(t) 
possess a common contraction for 2 <i and that v(j) and v(k) possess a 
common contraction for 7<k—1. Consequently any two contractions 
of v are connected if 3<k; or if k=3, but f(1) +2 <f(3). . The 
existence of unconnected contractions of v implies therefore that k —2 or 8, 
f(R) =f(1) +1 and, in case k=3, then f(3) =f(2) +1—f(1) +2. 


The validity of our lemma is now readily deduced from (B). 
THEOREM 1. The following properties of the add A are equivalent. 
(i) The associative law (T). 
(ii) The postulates VI, VII, XI. 


(iii) If the contractions v and v” of the vector v are not both irre- 
ducible, then they are connected contractions of v. 


Proof. Assume first the validity of the associative law (T). This 
implies the associative law (S) of which VI, VII are consequences [II, §3, 
Lemma 1]. If the sums a+b, b+c, c + d exist in A, then we have the 
vector similarities : 


(a+b,c+d) — (a, b, c, d) ~ (a, b + c, d). 


Hence it follows from the invariance rule (L) that the last of these vectors 
is reducible; and this proves the existence of at least one of the sums 
a+ (b+c) and (b+c) + d; i.e. the validity of XI, (a). If next the 
sums a+b,b-+c, (b+c)+d exist in A, then we obtain the vector 
similarities : 


(a, (b + c) +4) ~ (a,b, 0, d) ~ (a + b, c, d). 


As before we deduce from (L) the reducibility of the last of these vectors and 
therefore the existence of at least one of the sums (a +b) +cande+din |. 
A so that the validity of XI, (c) has been established; and XI, (b) is verified 
similarly. Thus we have shown that (ii) is a consequence of (i). 

Assume now the validity of (ii). Then we prove (iii) in the following 
slightly stricter form: 


(iii*) If the vector v possesses contractions which are not connected, 
then all its contractions are irreducible. 


If the vector v possesses contractions which are not connected, then it 
follows from Lemma 1 that v possess either two or three contractions. If v 
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possesses just two contractions, then we infer from Lemma 1, (a) and Postu- 
lates VI, VIT, that v has the following form: 


v =v + (a,b,c) +v” where v + (a) and (c) +v” are irreducible 
vectors and where the sums a + b, b + c exist in A, though none of the sums 


a+ (b+c), (a+b) +c exists in À. 


If v + (a+ b,c) + v” were reducible, then we would have” = w + (t) 
where t+ (a + b) would exist in A. But from the existence of the sums 
a+b, b + ce and t+ (a + b) in A we infer by XI, (b) the existence of at 
least one of the sums ¢ + a and (a + b) + c, which is impossible. Thus the 
contraction w + (a + b,c) +” of v is irreducible; and the irreducibility 
of the other contraction w + (a,b + c) +v” of v is derived similarly from 
XI, (e). 

If v possesses just three contractions, then we infer from Lemma 1, (b) 
and Postulates VI, VII that v has the following form: 


v =w + (p, q,r, S) + w” where w + (p) and (s) + w” are irreducible 
vectors and where the sums p + q, q +r, r+ s exist in A, though none of 
the sums p + (q4 +r). (+4) +r, (+7) +s, q + (r +s) exists in A. 


This clearly contradicts XI, (a). 

Thus we have verified the validity of (iii*) and shown that (iii) is a 
consequence of (ii). | 

Assume finally the validity of (iii). We first verify (L), and to do this 
it suffices to prove (L’). This we do by complete induction with respect to 
the length n of the vector v. It is trivially true, if v has length 1; and thus 
we may assume that 1 < n and that (L’) is true for all vectors whose length 
is less than n. If the vector v of length n is irreducible, then our contention 
is again trivially true. Thus we assume finally that v is reducible and that 
v and v” are irreducible reductions of v. Consequently there exist con- 
tractions w and w” such that v is a reduction of w and v” is a reduction 
of w”. If w and w” are both irreducible, then v= w’ and v” = w” are both 
of length n — 1, as we wanted to show. If w and w” are not both irreducible, 
then they are, by (iii), connected; and there exist consequently contractions 
w(0),:-:,w(k) of v such that w = w(0), w” = w(k) and such that w(t) 
and w(i- 1) possess for 0 < i < k a common contraction u(i). Since w(i) 
has length n— 1, it follows from the inductive hypothesis that all the irre- 
ducible reductions of w(t) have the same length m(i). But u(t) has an 
irreducuible reduction which is necessarily a reduction of both w(t) and of 
w(t+1). Consequently m(i) =m(i + 1) for every 1, so that in particular 
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m(0) = m(k). But m(0) is the length of v’, and m(k) is the length of v”. 
Hence v’ and v” have the same length, as we wanted to show. This completes 
the inductive proof of (1/). Hence (L) too is satisfied in A. 

Next we prove: 


(S.1’) If (a) is a reduction of the vector v, then (a) is the only irreducible 
reduction of v. 


This is trivially true, if v is of length 1. Thus we may assume that v 
be of length n > 1 and that we have verified (S. 1’) for vectors whose length 
is less than 1.. It follows from (L) that all irreducible reductions of v have 
length n. .Suppose therefore that (b) is some irreducible reduction of v. 
Then there exist contractions u and w of v such that (a) is a reduction of u 
and (b) is a reduction of v. If u and w are irreducible, then v = (r,s) is of 
length 2 and (a) = (r + s) = (b) so that a =r + s =b too. If u and w 
are not irreducible, then we infer from (iii) the existence of contractions 
w(i) of v such that u — w(0), w = w(k) and such that w(i) and w(i +1) 
possess a common contraction u(t). Since the w(t) are of length n— 1, 
and since all their irreducible reduction have length 1 [as reductions of v], 
it follows that w(i) has one and only one irreducible reduction (a;). But 
(a;) is a reduction of u(i), as is (ai1) ; and so it follows that a; == au. This 
implies in particular the equality of a — a, and ax = b, so that the inductive 
proof of (S. 1’) has been completed. From (S. 1’) one deduces readily (S. 1) ; 
and thus we have shown that (i) is a consequence of (iii). This completes 
the proof of our theorem. 


COROLLARY. If Postulates I and IT are satisfied by the add A, then the 
associative law (T) is a necessary and sufficient condition for the validity of 
Postulates VI, VIL and 


XI. If a— b, b— cand c—d exist in A, then a — c or b— d exists in À. 


Proof. If (T) is satisfied by A, then we deduce the validity of VI, VII 
from Theorem 1. If furthermore a— b, b— c, c— d exist in A, then we 
have 

(a— b, b — c, c — d) ~ (a, — b, b, —¢, ¢, — d) ~ (a,—d). 


Since the first of the vectors has length 3 and the last one has length 2, it 
follows froin (T) [invariance of length] that at least one of the sums 
(a— b) + (b — c) and (b—c) + (c—d) exists in A. But (a—b) +5 
=a by VI, VII; and thus it follows from VI, VII that (a— b) + (b—c) 
== @— ¢, İf it exists; and similarly one sees that (b — c) + (c — d) = b — d, 
if it exists. Hence XI- is a consequence of (T). | 


FREE SUMS OF GROUPS III. 653 


Assume conversely the validity of VI, VII and XI-. Then we are assured 
of the validity of Postulates I to V [IL, §1]. Ifthe sumsa+b,b+¢,¢+d 
exist in A, then it follows from I to VII that the differences (a + b) —b, 
b— (—c), —c—[—(c+d)] exist in A; and it follows from XI- 
that (a + b) — (— c) = (a+b) +e—a+ (b +c) or b—[—(c+d)] 
=b + (c + d) = (b + c) + d exists in A. Thus XI, (a) is true. If the 
sums a + b, b + cand (b + c) + d exist in A, then we infer from Postulates 
I to VII the existence of the differences a— (—b), — b — [— (b + c)], 
— (b + c) — [— ((b+c)+d)]; and it follows from XI- that at least 
one of the differences a — [— (b + c)] =a + (b + c) or —b— [—((b + o) 
+d)]=—b+[(b+c)+d]=c+d [because of —b+(b+c)=ec] 
exists in A. Thus XI, (c) is true too; and the validity of XI, (b) is verified 
likewise. Hence VI, VII, XI are true; and (T) is a consequence of 
Theorem 1. 


THEOREM 2. The following properties of the add A are equivalent. 


(i) A is the amalgam of its. subgroups and satisfies the associative 
law (T). 


(ii) A is the amalgam of its subgroups and satisfies the following 
condition : 


(D) If X,Y,Z are maximal subgroups of A, then XaY SYaZ or 
ZoY=<YaZ. | 


(ii) A satisfies Postulates I, IT, VI, VII and 


XI*, If the sum a + b, b+c, c + d exist in A, then at least one of the 
sums a +c and b + d exists in À. 


Proof. Assume first the validity of (i). Then À is an amalgam which 
satisfies the strong associative law; and À is consequently an amalgam in 
the strict sense [II, §8, Theorem]. Suppose now that X, Y,Z are maximal 
subgroups of A; and that X-YEY*rZ and Z-Y=ET«X. Then there 
exists an element a in XY, but notin YZ, Since a is not in the maximal 
subgroup Z of A, there exists [II, §2, Corollary 1, (c)] an element e in Z 
such that the sum a + c does not exist in A. Likewise there exists an element 
bin Zo Y and an element din X such that the sum b + d does not exist in A. 
Since d, a are in X, a,b in Y and b,c in Z, we are assured of the existence 
of the sums d + a, a + 6, b+c. Then it follows from Postulate XI, (a) 
[which is true because of (T) and Theorem 1] that at least one of the sums 
d+ (a+b) and (a+ b) + c exists in A. : If the first of these sums exists 
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in A, then we are assured of the existence of the sums a + d, d+ (a +b), 
(a+b) + a in the amalgam A in the strict sense; and hence it follows 
[IT, §2, Definition 2, (A.3)] that a,d,a-+b are contained in some sub- 
group of A. But this subgroup would contain d and b too, which is impossible. 
If the sum (a + b) + c would exist in A, then we would show likewise that 
a and c belong to the same subgroup of A, which is impossible too. Thus we 
are led to a contradiction which proves the validity of Condition (D). Hence 
(ii) is a consequence of (i). 

Assume now the validity of (ii). If X,Y,Z are maximal subgroups of 
A, then it follows from (D) that the cross cuts X 4 Y, YZ, Zo X are all 
contained in one of the subgroups X, Y, Z. Hence A is an amalgam in the 
strict sense [II, §8, Lemma 2]. Consequently the Postulates I to X are 
satisfied by A [II, 82]. Assume now the existence of the sums a + b, b + c, 
c+din A. Then there exist maximal subgroups X, Y,Z of A such that 
a,b are in X, b,c in Y and c,d in Z. Hence b belongs to XrY and c to 
YaZ I XrYsYaZ, then b is in Z, as are c and d so that the sum 
b + d exist m A. If XaY HY AZ, then it follows from (D) that 
ZaY=YaX. Hence c belongs to X, as do a and b, so that the sum a+ c 
exists in A. Thus we have verified the validity of XI*; and we have shown 
that (iii) is a consequence of (ii). 

Assume finally the validity of (iii). Then we are assured of the validity 
of Postulates I to VII and may use the operation —x as usual [II,$1]. 
We show first the validity of 


IX* The existence of a + b implies the existence of a— b. 


If a + b exists in A, then we are assured of the existence of the sums 
a+b, b—b [= 0], —b—a[—— (a+ b)] in A. This implies by XI* 
the existence of at least one of the sums a—b and b—a. But — (b—a) 
= — (—a) — b = a — b, so that a— b exists in either case. 

If the sums 2, — Ta, ` * Ty — In Tr — T, exist in A, and if 8 < n, 
then we infer from IX* the existence of the sums 2, + £o, % + Us, Us + La 
It follows from XI* that at least one of the sums a, + 2, and £a + a4 exists 
in A; and hence it follows from IX* that zı — x; or te — x, exists in A. 
Thus we have verified the validity of II, §4, Theorem, (iii) and this shows 
the validity of the strong associative law. 

From the existence of a— a [= 0] and IX* we infer the existence of 
a—(—a)=—a-+a. Thus X is satisfied by A. If a + b exists in A, then 
we deduce from IX* successively the existence of a — b, — (a—b) = b — a, 
b—- (—a) = b + a, so that IX is valid in A. Now it is a consequence of 
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II, §8, Theorem that A is an amalgam in the strict sense; and this implies 
in particular the validity of the postulates I to X [II, §2]. 

If the sums a+ b, b + c, c + d exist in A, then we infer from XI* that 
at least one of the sums a + c and b + d exists m A. If a- c exists in A, 
then we are assured of the existence of the sums a + b, b+c, a + c; and 
it follows from VIII that (a + b) +c—a+ (b+c) [by VI, VII] exists 
in A; and if b-bd exists in A, then we see likewise the existence of 
(b-+c¢c) +d. Thus XI, (a) holds in A. 

If the sums a+ b, b+c and (b + c) + d exist in A, then we infer 
from the properties of amalgams the existence of the sums 


a+b, b+ (bte), (b+c) 44. 


Hence it follows from XI* that at least one of the sums a + (b+ c) and 
b-+-d exists in A. In the latter case we are assured of the existence of the 
sums d + b, b+ (b+c), (b + c) +d; and it follows from the properties 
of amalgams in the strict sense [(A.3)] that d,b,b + c belong to some 
subgroup of A. This subgroup contains necessarily d, b,c so that the sum 
c-+ d exists in A. Thus we have verified the validity of XI, (c); and the 
validity of XI, (b) is shown likewise. Hence XI is true; and it follows 
from Theorem 1 that (T) is satisfied by 4. We have shown therefore that 
(i) is a consequence of (iii); and this completes the proof. 


Remark. We note that adds A which satisfy the conditions of Theorem ? 
satisfy the strong associative law and are amalgams in the strict sense, as 
was shown during the proof. Thus they belong to a class of adds, investigated 
in I, §6. 


Example. Form the direct sum H @ J @ K @ L of groups H, J, K, L 
all different from 0. Form the subadd A of H @ J @ K @ L which consists 
of the elements in H Q J, J K, KAL. It is a consequence of II, $4, 
Corollary 2 that A is an amalgam in the strict sense which satisfies the strong 
associative law. But it follows from Theorem 2 that the associative law (T) 
is not satisfied, since Condition (D) does not hold in A. 


2. The similarity problem. A solution of the similarity problem con- 
sists in devising a definite method for deciding in a finite number of steps 
whether two given vectors are similar or not. This problem is often referred 
to as the identity problem, since similar vectors represent the same element 
in the derived manifold [Baer (1), §2], and also as the word problem, since 
the term “word” is often used instead of our “ vector.” 

Every vector possesses irreducible reductions. If the vector v has 
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length n, then one may obtain each of its irreducible reductions in less than 
n steps. The procedure may be normalized, if we care to do so, by requiring 
to make always that contraction which is “ farthest left.” Likewise it would 
be possible to obtain all irreducible reductions of v in less than $n (n — 1) 
steps. Since a vector and its reductions are similar vectors, it follows that 
it suffices to solve the similarity problem for irreducible vectors. We are 
going to offer here a solution of this problem for adds which satisfy Postulates : 
I, II and the associative law (T). This solution is essentially contained. in 
the following proposition. 


THEOREM. If Postulates I, II and the associative law (T) are satisfied 
by the add A, then the following conditions are necessary and suficient for 
similarity of the irreducible vectors (a1, * *, am) and (bi, ++, br). 

(a) m—n. 
(b’) If 1= m =n, then a, =b. 


(b”) If 1< m= n, then there exist elements ¢2,++-+,¢, in A such that 


Co = — D; + ty 
G == — bi: + (Cia + 1) = (— bia + Ci1) + Gis for ILIS N, 
Cn = bn — Oy. 
Proof. It is a consequence of §1, Theorem 1 that Postulates VI, VII. 
are satisfied by A. Consequently Postulates I to VII are satisfied by A; 
and we may use the operation — x [IL $1]. 
Assume now the validity of our conditions. If m = n ==1, then our 


vectors are equal [and consequently similar]. If 1 < m= n, then it follows 
from our conditions [and y==—«#-+ (s + y)] that f 


dy = by F Co, Cia + lia = bis + Gi for 2 < iS n, by = Cn + an. 
This implies 
(a, ET Am) oe (ar — 62, Ca, Un, „din — Ĉi; Ĉi, Qi, "tty Cn, Cay Ay) 
~ (Gy, — Co, Co F Bay" * +s Cia Gia, — Cis Ci + ist © 3 — Cn, Cn F Gn) 
= (b: + Cas Ga, bs + €3,° "fy ba + Ci, — Cay b; + Cisis? © "371 Cm ba) 
m (bi C2, 7e Co, ba, Cas erg bi, Ci en ©, bi Ĉi+i; DRE Re ns bn) 
~ (bu + +5 bn); 


and thus we have shown the sufficiency of our conditions. 








Suppose conversely the similarity of the irreducible vectors (a1,° * * , 4x) 
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and (b:,::-,b,). Then m = n is a consequence of the invariance property 
(L). If 1—m—n, then it follows from (8.1) that a =b,. Thus we 
have shown the necessity of our condition (b) in case the similar irreducible 
vectors are of length 1. Hence we asume now that the irreducible similar 
vectors are of equal length n > 1 and that the validity of (b) has been verified 
for similar irreducible vectors of length less than n. From the similarity 
‘of (Gi, ",ün) and (bı, - +, br) we deduce now that 


(1, RP ad üni) i (a, tt 5 On, ny —— itn) == (&, Ur An) + (— An) 
ee (Ds, er bn) + (— an) = (bi, a or by, — ar). 


Since the first of these vectors has length n — 1 and the last one has length 
n + 1, it follows from (L) that the last vector is reducible. Since (b:,--:,b») 
is irreducible, this shows the existence of 


Cn = bn TT ln. : 
Hence (@, * +; @n1) ~ (botte Bais Cn) ; and it follows as before that the 
sum by; + ¢, exists in A. Consequently we have 
(ti, DNS Gn) ox (bi; © t t, Ones Du-ı + Cn). 


The first of these vectors of length n— 1 is irreducible by hypothesis and 
thus we may deduce the irreducibility of the second vector from the invariance 
rule (L). Upon these similar irreducible vectors of length n— 1 the 
inductive hypothesis may be applied. Consequently either n— 1 =1 and 
ay = bi + Ca or Co = — b, + (bi + e2) =— b, + m, or else 1<n—1 and 
there exist elements Ca,’ * `, Cr- in A such that cs = — b, + a, 


. G= — bia + (Gi + 1) = (— Dia + Cia) + Gir for 2 <i <n, 


Cn-1 = (bu F Cn) — Ana. From the last of these equations we deduce first 
that 


Baa Cn = [ (bni + Cn) — an1] + ani = En-ı + An, 
Cn = — br- F (Ona F Cn) = — Daa + (Cn + An). 
We have furthermore 
(brs + +5 bna) ~ (ba: +, Dna, Cns — Cn) 
(arret a) (=) 
~ (a, è sana) + (— Cn). = (a, in — Cn) ; 


and now we deduce as usual from (L) the existence of 1 — cn This 


3 
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implies the existence of — (a1 — Cn) = Cn—@n; and consequently st 
follows from Posulates VI, VII that 


Cn-1 = (On + Cn) — Gna = ba-1 + (Cn — Un), 
Cn — An- = — bp-i + [ons + (On — an) | = — bn + On, 
Cn = (Cn — n1) + Ana = (— On + Cnt) + un; 
and this clearly completes the inductive proof of (b). 
Remark 1. This theorem contains a solution of the similarity problem, 
since it gives a definite procedure for finding elements c,,° > >, ¢,—if they 


cannot be determined in this fashion, then the vectors are not similar—and 
since it subjects the last element c, to a further test. 


Remark 2. In case À happens to be an amalgam satisfying (T), then 
one may prove easily the following fact: If C is a class of irreducible similar 
vectors over A, then all the vectors in C have the same length n(C); and 
there exists a subgroup S(z) of A which contains all the 1-th coordinates of 
vectors in C. 


3. Equality of similar irreducible vectors. If similar irreducible vec- 
tors are necessarily equal, then the similarity problem, discussed in §2, has 
a trivial solution. We are going to characterize these adds. 


THEOREM 1. The following properties of the add A are equivalent. 
(i) Similar irreducible vectors are equal. 
(ii) A satisfies Postulates VI and 
XII. If the sums a + b, b + c exist in A, though at least one of the sums 


a+ (b+c) and (a+b) +c does not exist, then a=a-+b and 
c=b +o. 


(iii) All contractions of the vector v are connected. 
Proof. Assume first that similar irreducible vectors are equal. If the 
sums a + b and b + exist in A, then we have 
(a + b, c) EI (a, b, c) De (a, b af c). 


Since the first and last of these vectors are of length 2, it follows that they 
are either both reducible or both irreducible. If they are both reducible, 
then we have ((a-+ b) + c) ~ (a + (b + c)) ; and this implies (a +b) + ce 
—a+(b<+c). If they are both irreducible, then they are equal, and hence 
a +b =a, c—b+c. This shows that (ii) is a consequence of (i). 


u 
+ 
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Assume next the validity of (ii), Then one deduces readily the validity 
of Postulates VI, VII, XI; and it follows from §1, Theorem 1 that the con- 
tractions vo’ and v” of the vector v are both irreducible, if they are not 
connected. It follows then from $1, Lemma that 


v=u+ (a,b,c) +, v =u+ (a+ 0,6) +w, v'=u+ (a,b+c) +4, | 


where neither of the sums (a + b) + c and a + (b + c) exists in A. Apply 
XII to show that a =a + b, c= b + c and that therefore v =v’. This 
is a contradiction, since we assumed that v’ and v” are not connected. Hence 
we have shown that (iii) is a consequence of (ii). 

Assume finally the validity of (iii). Then we are going to show first 
that 


(E) every vector possesses one and only one irreducible reduction. 


This is certainly true for vectors v of length 1. Hence we assume that v 
is a vector of length n > 1; and that vectors of length less than n possess 
one and only one irreducible reduction. There is nothing to prove, if v 
is irreducible. Hence assume that v be a reducible vector of length n; and 
that w’, w” are irreducible reductions of v. Then there exist contractions v’ 
and v” of v such that w and w” are reductions of v’ and v” respectively. 
Then either v’ = v”, or there exist contractions w(1),: : -,w(k) of v such 
that v = v(1), v(k) = v” and such that v(t) and v(i + 1) possess a common 
contraction. It follows from the inductive hypothesis that v’, v” and the 
v(i)—as vectors of length n — 1—possess one and only one irreducible reduc- 
tion. This implies w — w” in case v = v”; and if v s4¥v”, then v(i) and 
v(i+ 1) have the same irreducible reduction, since they possess a common 
contraction and therefore a common irreducible reduction. Hence it follows 
also in the later case that v’==v(1) and v’==v(k) possess the same irre- 
ducible reduction, namely w == w”. This completes the inductive proof of 
(E’); and from (E’) we deduce (i) by the customary arguments. This 
completes the proof. 


THEOREM 2. The following properties of the add A are equivalent. 
(i) A is an amalgam such that similar irreducible vectors are equal. 
(ii) A satisfies Postulates I, IL, VI, VII and . 


XIL* If the sums a+b, b+ c exist in A, and if b 40, then the sum 
a + c exists in A. 


(ii) A is an amalgam such that distinct maximal subgroups of A have 
only 0 in common. ` 
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Proof. If (i) is true, then the strong associative law is satisfied by A. 
Consequently A is an amalgam in the strict sense and satisfies Postulates I 
to X [II, §8, Theorem & II, 82]. If the sums a+ b, b + c exist in A, and 
if b>£0, then the non-existence of one of the sums a+ (b+ c) and 
(a + b) + c would imply [by Theorem 1, XII] that a =a + b and c=b + c; 
and this would imply b = 0, since a and b as well as b and c belong to some 
subgroup of A. Consequently the sums a+ (b + c), (a+b) +6 exist in 
A; and this implies as usual that a,b,c belong to some subgroup of A. 
Hence a + c exists in A. Thus (ii) is a consequence of (i). 

If (ii) is true, then one verifies readily the validity of Postulates I, IJ, 
VI, VII and XI*; and it follows from §1, Theorem 2 that A is an amalgam 
in the strict sense which satisfies the associative law (T). If X and Y are 
distinct maximal subgroups of A, then there exists an element æ in X and 
and an element y in Y such that the sum © -+ y does not exist in A [II, 82, 
Corollary 1, (c)]. If z belong to the cross cut of X and Y, then the sums 
a-+2,2+y exist in A, though x + y does not exist in A. Hence we deduce 
from XII* that 2—0 or Yo Y=0. This shows the validity of (iii) so 
that (iii) is a consequence of (ii). 

If finally (iii) is satisfied, and if the sums a+ b, D + c exist in A, 
though the sums a+ (b+c) and (a+ b) + c do not both exist in A, 
then there does not exist a subgroup of A which contains a, b,c. Consequently 
there are distinct maximal subgroups X, Y such that a,b are in X and 
b,c in Y. Then b is in X^ Y =Q so that b—0. This shows the validity 
of Postulate XII; and we deduce from Theorem 1 that similar irreducible 
vectors are equal. Hence (i) is a consequence of (iii). This completes the 
proof. 


Remark. This theorem shows that the free sums of groups are charac- 
terized among the free sums with amalgamations by the property that similar 
irreducible vectors are equal. 


4, The transformation problem. Throughout this section we shall be 
assured of the validity of the Postulates I to V; as a matter of fact we shall 
mostly, though not always, assume that the adds under consideration are 
amalgams in the strict sense [so that all the Postulates I to X are valid]. 
Thus there exists to every element v in the add A a uniquely determined 
element — x such that 2 — t = — v -+ z = 0; and we shall use the notation: 
— (V On) = (und). 


DEFINITION 1. The vectors v and w over A are equivalent, if there 
exists a vector t over À such that t--v~w+t. 3 


p. : 
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Since the defining similarity may also be written in the form 
y~—t-+w-+t, this amounts to saying that equivalent vectors are “ trans- 
forms” of each other. Noting this, it follows that similarity implies 
equivalence, and that equivalence is symmetric, reflexive, transitive and is 
in agreement with generally accepted terminology. 

One proves easily that the vectors v and w are equivalent if, and only if, 
there exists a vector u such that v~ u and w arises from u by a cyclic 
permutation of the coordinates. Thus we are led to the following concepts. 


DEFINITION 2. The vector v is a cyclic reduction of the vector w, if 
ther exist vectors t(0),---+,t(k) such that w=t(0), t(k) =v, and such 
that t(i +1) is either a reduction of t(i) or else is obtained from t(i) by a 
cyclic permutation of the coordinates of t(i). 


It is clear that every reduction is also a cyclic reduction and that cyclic 
reductions of v are equivalent to v. 


DEFINITION 3. If all the vectors arising from v by cyclic permutation 
_ of coordinates are irreducible, then v is cyclically irreducible. 


Thus (v: ° +, V») is cyclically irreducible, if either n = 1 or else none 
of the sums vi + vu. for 0 < i< n nor the sum Vy, + v, exists in A. 

It is easy to see that every vector possesses cyclic reductions which are 
cyclically irreducible; and that cyclically irreducible vectors do not possess 
“ proper ” cyclic reductions. 


DEFINITION 4. The elements a and b are equivalent over A, if there 
exists a vector v of non-negative length such that v and —v are irreducible 
vectors and such that (a) is a reduction of v + (b) —v. 


If the strong associative law holds in A, then this concept of equivalence 
is clearly symmetric, reflexive, and transitive. Whether the strong associative 
law is needed for the validity of this statement, is an open question. ` 

If we substitute in our various “associative laws” equivalence for 
similarity of vectors and equivalence for equality of elements, cyclic reduc- 
tion for reduction and cyclical irreducibility for irreducibility, then we obtain 
a new kind of associative laws. It is our object to prove the rather surprising 
fact that, at least for amalgams, these new associative laws are equivalent to 
the original laws they arose from. 

If we apply the procedure just outlined to the strong associative law, 
then we obtain the following property. 


Tue Associative Law (S+) consists of the following two properties: 
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(S.1)- If the vectors (a) and (b) are equivalent, then the elements a and b 
are equivalent over À. 


(St 2) If the cyclically irreducible vectors v and w are equivalent, and if 
one of them has length 1, then both have length 1. 


The second property will usually be used in the following form: If (a) 
and v are equivalent, and if the length of v is greater than 1, then v is 
cyclically reducible. 


THEOREM 1. The strong associative law and the associative law (St) 
are equivalent properties of amalgams. 5 


This theorem will be a consequence of two slightly stronger propositions. 


THEOREM la. The associative law (St) is a consequence of the strong 
associative law and the Postulates I, II, IX. 


Proof. It is a consequence of the strong associative law and Postulates 
I, II that Postulates I to V are satisfied by A [see II, §4, Theorem]. If (a) 
and (b) are equivalent vectors over A, then there exists a vector v of shortest 
length such that (a) ——v<+ (b) +4. It is clear that v and — are 
irreducible vectors; and it follows from the strong associative law that (a) 
is a reduction of —v + (b) +v. Hence a and b are equivalent elements 
over A. [Definition 4]; and thus (S+. 1) is satisfied by A. 

Suppose now that the vector v = (v,,' : *, Um) is cyclically irreducible, 
has length m greater than 1, and is equivalent to a vector of length 1. Then 
there exists a vector w of minimal length n such that w + v — w is similar 
to a vector of length 1. One verifies readily that w and — w are irreducible 
vectors; and one deduces from the strong associative law that w + v —w 
possesses a reduction of the form (a). It is now easy to show that 
w + v — w = p + q where the vectors p and q possess reductions (b) and 
(c) respectively such that a =b + c. If thé length of p would not exceed n, 
then we would have w = p + p’. Since w is irreducible, so is p. But (b) 
is a reduction of p so that p = (b). From the existence of the sum b + c = 4 
‘and Postulate IX we infer the existence of the sum c -+ b =d. Hence (d) 
is a reduction of q + p. Now we see that 


(d)—q+p=p+o—p—p+p-p+v—p; 


and this is impossible, since p’ has length at most n— 1, and since w was 
selected as a vector of minimal length transforming v into a vector of length 1. 
Thus we have shown that the length of p is greater than n; and one verifies 
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likewise that the length of q is greater than n. Consequently there exists an 
integer i such that 


0<i<m, p=u+ (v: mh q= (Viris : Um) — W. 


From the existence of the sum a =b + c and Postulate IX we infer again 
the existence of the sum c+ b= d. Since (b) and (c) are reductions of 
p and q respectively, we find that (d) is a reduction of g + p. Consequently 
we have ; 


(d) ~q + p= (van “ t, Um) — w+ w + (v: f 0) 
us (oi, * ts Um Vas > Vi =v. 


It follows from the strong associative law that (d) is a reduction of v’. But 
v’ arises from v by cyclic permutation of coordinates; and this contradicts 
the assumed cyclical irreducibility of v. Thus we have been led to a contra- 
diction which proves the validity of (S+. 2). This completes the proof. 


Remark. It appears probable that Postulate IX is not necessary for the 
validity of (S+), though it may be indispensable. 


THEOREM 1b. The strong associative law is a consequence of the asso- 
ciative law (S+) and the Postulates I to V. 


Proof. It is a consequence of II, §4, Theorem that it suffices to prove 
the validity of the following proposition : 


(*) If (0) ~ 4, then (0) is a reduction of v. 


This we prove by complete induction with respect to the length n of 
the vector v. If firstly v == (a) is of length 1, then we infer from (0) ~ (a) 
the equivalence of (0) and (a); and we infer from Property (S+. 1) the 
equivalence of the elements 0 and a in A. Hence there exists a vector ¢ 
such that ¢ and —¢ are irreducible vectors and such that (0) is a reduction 
of t- (a)—t. It follows from IT, $4, Lemma 2 that (0) is likewise a 
reduction of —t+t-+ (a). We infer from II, 4, Lemma 1, (b} the 
existence of a reduction (b) of —¢-+¢ such that b + a = 0. But ¢ and — t 
are irreducible vectors; and thus (0) is the only reduction of — t -+ 7%. Hence 
b = 0, and consequently a=0. This proves (*) for vectors v of length 1. 

Now we assume that (0) ~w, that w is a vector of length n + 1 with 
0 <n, and that we have verified (*) for all vectors v whose length does 
not exceed n. Similarity implies equivalence; ‘and it follows from Property 
(St. 2) that w is cyclically reducible. We distinguish two cases. 


Case 1. w is reducible. Then there exists a contraction w’ of w. Since 
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clearly (0) ~w ~ w’, and since w has length n, we may apply the inductive 
hypothesis which assures us that (0) is a reduction of w’ and hence of w. 


Case 2. w is irreducible. Then it follows from the cyclic reducibility 
of w that w = (r) + s + (t) and that the sum t+ r exists in A. We have 
(t,7) +s— (t) +w— (t)~ (0). Since (é,r) + s is reducible, it follows , 
from Case 1 that (0) is a reduction of (t,r) +s. But then it follows from 
II, $4, Lemma 2 that (0) is likewise a reduction of the vector w which 
arises from (¢,7) + s by a cyclic permutation of coordinates. This completes 
the induction, the proof of (*) and of Theorem 1b, as has been pointed out 
before. 


That Theorem 1 is an immediate consequence of Theorems la and Ib, 
is fairly obvious, since Postulates I to V and IX are satisfied by all amalgams. 


Tue Associative Law (Tt) consists of the Property (S+. 1) and of the 
following invariance property: 


(Lx) Equivalent cyclically irreducible vectors have the same length. 
It is clear that (Lt) implies (S+. 2). Hence (St) is a consequence of 


(T,). I£, furthermore, Postulates I to V are satisfied, then it follows from 
Theorem 1b that the strong associative law is likewise satisfied by A. 


The following notation will prove convenient, since we are going to 
restrict our discussion to amalgams. 


DEFINITION 5. The subset S of the add A is co-group, if there exists 
a subgroup T of A such that SST. 


Co-group subsets are clearly contained in maximal subgroups, since 
every subgroup is contained in a maximal subgroup. 


THEOREM 2. The associative law (T) and the associative law (Tr) are 
equivalent properties of amalgams. 


Proof. We have noted before that the strong associative law is always 
a consequence of (T); and that in the presence of Postulates I to V [which 
are satisfied in all amalgams] the strong associative law is likewise a conse- 
quence of (T,). Thus we may assume throughout the proof that the strong 
associative law is satisfied-by the amalgam A; and that therefore A is an 
amalgam in the strict sense of the word [II, §8, Theorem]. Thus all the 
postulates I to X are satisfied by A [IX, §2] and also the property: 

The elements x, y, z are co-group if, and only if, the sums x + y, y +2, 
z -+ x exist in A. 
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We note furthermore the equivalence of the following three properties 
of elements a,b in À: i 


a, b are co-group; & + b exists in A; a— b exists in A. 


A. Assume the validity of (T+). Consider elements a, b, c, d in A whose 
differences a—b, b—c, c—d exist in A. Then we have the following 
vector similarities: 


(a —b, b — c, c — d) ~ (a,—}b, b, —¢,¢,—d) ~ (a, —d). 


Thus we have shown the similarity, and hence the equivalence, of a vector 
of length 3 and a vector of length 2. It follows from (Le) that the vector 
of length 3 is not cyclically irreducible. Hence at least one of the sums 
(a— b) + (b— c), (b— c) + (c— d) and (c — d) + (a— b) exists in A. 


Case 1. (a—b) + (b—c) exists in A. Then we have the vector 
similarities : 


ee) 


and we infer from the strong associative law the existence of the difference 
a— c. 


Case 2, (b—c) + (c—d) exists in A. Then one deduces [as in 
Case 1] the existence of b — d. 


Case 3. (c—d) + (a—b) exists in A. ‘Then there exists 
(«—b) + (c— d) and we have 


: ((a— db) + (¢—d)) ~ (a, — b, co — d) ~ (a, —b + c, — d). 


[Note that the existence of — b + c is a consequence of the existence of c —b.] 
It follows from the strong associative law that at least one of the sums 
a+ (—b +c) and (—b + c)— d exists in A. If a + (—b +c) exists 
in A, then the pairs a,— b + c and — b + c,—b and ,—b are pairs of 
co-group elements in A. But A is an amalgam in the strict sense so that 
a, — b + c, — b are co-group. Hence a, b,c are co-group so that a — c exists 
in A. If (—b + c) — d exists in A, then we show likewise the existence of 
b— d in À. 

‘ Thus we have shown that in every case at least one of the differences 
a—c, b—d exists in A. The validity of (T) is therefore a consequence of 
$1, Corollary. 
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B. Assume conversely the validity of (T). Then one infers immediately 
from §1, Theorem 2, (iii) and the fact that A is an amalgam in’ the strict 
sense the validity of the following proposition. 


(B.1) If a,b and b,c and c,d are three pairs of co-group elements in A, 
then at least one the triplets a,b,c and b, c, d is co-group. 


Next we prove the following fundamental proposition. 


(B.2) Suppose that v and w are similar irreducible vectors. Then v is 
cyclically irreducible if, and only if, w is cyclically irreducible. 


It is a consequence of the invariance of length that v and w are vectors 
of equal length n. Because of the symmetry of our hypotheses it suffices to 
‚show that cyclical reducibility of w implies cyclical reducibility of v. The 
irreducible, eycliçally reducible vector w has the form w == (W1, + - ,w,), 
where none of the sums w; + wi, with 0 <i < n exists in A, whereas the 
sum Wr + w, exists in A, so that in particular 2 < n. Let v == (v,,: ++, Un). 
Then we infer from v —w and §2, Theorem the existence of C == Wy — Un, 
d == W, — v, and the fact that c, w.-ı, Un+ and d, we, Va are co-group triplets. 
We have furthermore the following vector similarities: 


(Wn + Wi, Wa, © ©, Wa-2y Wn-ı + C) ~ (Wa, Wis * * ; Waa, €) 


~ (Wr) + wt (Ur) ~ (Wa) + 0 + (— m) (Way Dis ©, Une). 


Since the first of these vectors has length »—1, whereas the length of the 
last one is n, it follows from the invariance of length that the last of these 
vectors is reducible; and this implies because of the irreducibility of v. the 
existence of the sum w, + v,. Thus we have seen that the three pairs Wn, v, 
and Vi, W, and Wi, Wna are co-group. But A is an amalgam in the strict sense; 
and thus it follows that Wn, Wi, vı are co-group. Interchanging 1 and n it 
follows that wı, Wn, Vn are co-group too. Hence there exist maximal sub- 
groups X, Y,Z of A such that Vn, Wn, W, are in X, Vi, Wi, Wn in F and d, wz, Va 
-inZ. X<Y S YZ, then w, w, would be in Z. But w, is in Z and wis 
irreducible. Hence Yo Y Æ Y aZ; and it follows from §1, Theorem 2 that 
ZeY=YoX. But d=w,— », belongs to Z^ F and hence to X. Hence 
Wi — Vis du, W, are in X; and this implies the existence of va -+ v, so that v 
is cyclically reducible too, as we claimed. | 
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(B.3) If wis a cyclically irreducible vector of length m > 1, if z = (21,5 >>, Za) 
is an irreducible vector of positive length, and if z + w — 2 is similar 
to a cyclically irreducible vector, then (Zn) + w— (Zn) is similar to 
a cyclically irreducible vector of length m. 


As a matter of fact we are going to prove slightly more, namely that 
(Za) + w+ (— 2%.) possesses a cyclically irreducible reduction of length m. 
The proof of this fundamental proposition will be effected in a number of 
steps. 


(a) If the sums a + b, (a+b) +c, [(e + b) +c] + d exist in A, 
then at least one of the triplets a,b,c and a + b, c, d is co-group. 


It follows from our hypotheses that the pairs a4, a +b and a-+b, 
(a+b) +c and (a+b) +0,d are co-group; and hence it follows from 
(B.1) that at least one of the triplets a, a+b, (a+b) +c and a+b, 
(a + 6) + c, d is.co-group. In the first case a, b, c are co-group; and in the 
second case a+ b, c, d are co-group. 


(b) Suppose that w = ai * +°, Un) ts a cyclically irreducible vector 
and that 1< n. 


(b.1) If the sums z +w, (2+ w) + we exist in A, then 
(E2 + w] + we, Wa,’ © t, Wn, —2) 18 @ cyclically irreducible vector. 


(b.2) If the sums w, — 2, Wry + (Wa n 2) exist in A, then 
(2, Wi,* * Wn-os Wn-1 + [Wn — 2]) is a cyclically irreducible vector. 


(b.3) If the sums z + wi, w, —2 exist in A, then 
(2 + Wi, Wa © +, Was, Wn — 2) is a cyclically irreducible vector. 


If the sums z+ w, (z+ 1) +w, exist in A, then the sum 
[Ce + wi) + we] +w cannot exist in A [this is vacuous, if n = 2], since 
it would otherwise follow from (a) that one of the triplets 2, w,,w, and 
2 + Wi, We, Wg is co-group, which would contradict the irreducibility of w. 
Furthermore neither — z + [(2 + w:) + we] nor [(2 + w) + we] — 2 can 
exist in A, since otherwise both these sums would exist in A, and since this 
would imply by (a) that at least one of the triplets z, w,, Wa and z -+ w , we, — 2 
is co-group. But in either case w + we would exist, which is impossible. This 
` proves already (b.1) in case n = 2. To finish the proof of (b. 1) we have to 
show that w, — z cannot exist in case 2 < n. But if w, —z existed in A, then 
the pairs Wn zand z, 2 + w, and z + w,, ws would be co-group. This would 
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imply by (B.1) that at least one of the triplets Wn, z, z + W, and z, z + w,, We 
would be co-group. In the first case w, + w, would exist in A; and in the 
second case w, + Ws. But this contradicts the cyclical irreducibility of w. 
This completes the proof of (b.1); and the validity of (b. 2) is shown like- 
wise [or may be inferred by reasons of symmetry]. 

To prove (b.3) assume the existence of z + w, and w,—-z. Then it 
follows from (b.1) that (2+ w,) + we does not exist in A; and it follows 
from (b.2) that w, + (w,—z) does not exist in A. The existence of 
(Wr — z2) + (z+ 1) would imply finally that z, w,, Wn are co-group, which 
is impossible, since w is cyclically irreducible; and this completes the proof 
of (b). | 

Now we are ready to prove (B.3). Since z is a vector of positive 
length, z + w — z is not cyclically irreducible. But by hypothesis z + w — z 
is similar to a cyclically irreducible vector. Hence it follows from (B. 2) 
that z + w— z is reducible. Since w and z, and consequently also — z, are 
irreducible vectors, it follows that at least one of the sums z+ w, and 


Wm — Zn exists in A. [Here we assume that w = (w,,' * -,wm).] If both 
Zn + W, and w,— 2, exist in A, then it follows from (b.3) that (2, + W, 
Wo,’ "Um, Wm— Zn) is a cyclically irreducible reduction of (2,) + w 


+ (— 2). If exactly one of the two sums exists in A, then we may assume 
wtihout loss in generality that 2, + wı exists in A, whereas Wm — x, does 
not exist in A. If (Za + w,) + ws exists in A, then it follows from (b.1) 
that (Lan + ws] + we, Wz’ ` * 3 Wm, — Zn) is à cyclically irreducible reduction 
of (Zn) + w + (— Zz). Thus our proof of (B.3) will be complete, once 
we have shown that it is impossible to assume that 2, + w, exists in A, 
whereas neither (2, + w1) + Ws nor w,, — 2, exists in A. If these FR 
tions were satisfied, then the vector 


= (Zn + Wy, Wa,‘ * * 5 Wm Bm ~~ Zn- "5 —2) 
would be irreducible, since w and — z are irreducible vectors. We note the 


similarity 


z + w—2—(l2," y ean) +t 
so that both these vectors are similar to a cyclically irreducible vector. 


If n = 1, then we infer from (B. 2) that ¢ is cyclically irreducible which 
contradicts, however, the fact that — z, and z, + w, are co-group. 

If n= 2, then it is clear that (z,) + 7% is not cyclically irreducible. 
Since this vector is similar to a cyclically irreducible vector, it follows from 
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(B. 2) that (2,) + ¢ is reducible. Hence we may infer from the irreducibility 
of ¢ the existence of 2, + (2 + wı). Consequently 


E = (2 + (22 + w1), Wa ©, Wm — 2, — 21) (41) Himz+Ww—z 


is similar to a cyclically irreducible vector, though it is clear that # itself 
is not cyclically irreducible, since — z, and 2, + (Z:+ wı) are co-group. 
It follows from (B.2) that ¢° is reducible; and this implies that w, and 
21 + (224 wi) are co-group, since ¢ is irreducible. If we interchange right 
and left in (a)—as we may—then this implies that at least one of the triplets 
Wa, 21, Z2 + Wı and 24, Z2, W, is co-group. But this is impossible, since we 
assumed the irreducibility of z and the non-existence of the sum (2, + w,) + We. 

Thus we may assume finally that 2 < n. Then we see exactly as in 
the preceding paragraph of the proof that 2,41-+ (2 + w,) exists in A. 
Consequently 


U = (21° > + Bn- 2n- + (Zn + wi), Wa, + + ,Wm) —2 ~ g + w—z 


is similar to a cyclically irreducible vector, though ¥ is clearly not cyclically 
irreducible itself. Hence it follows from (B. 2) that ? is reducible; and it 
follows from the irreducibility of z and w that at least one of the sums 


Zn-2 + [Zn + (2n + wx) ] and [ana + (Zn + w,)] + We 


exists in A. As before, we may now deduce from (a) that at least one of 
the following three triplets is co-group: 


2n-25 Zn-1) 2n + Wa and Zn-15 Zn; Wy and We, 21-1, Zn + Wi 


and this contradicts the assumed irréducibility of the vectors z and ¢. Thus 
we have been led to contradictions in all cases; and this completes the proof 
of (B. 3). 

We are now ready to deduce the associative law (Tr) from (T). We 
note first that (T) implies the strong associative law; and this implies 
[by Theorem 1] the associative law (S+). Thus Property (S+. 1) is satisfied 
by A. It follows furthermore from (S;.2) that if one of two equivalent, 
cyclically irreducible vectors has length 1, then both have length 1. Suppose 
now that v and w are equivalent and cyclically irreducible vectors neither of 
which has length 1. Then there exists an irreducible vector z of length n 
such that z+w—z-~v. If z has length 0, then w and v are similar 
irreducible vectors; and the equality of their length is a consequence of (T). 
If z has positive length, then z = 2 + (s); and it follows from (B.3) that 
(s) + w— (s) is similar to a cyclically irreducible vector w” whose length 
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equals the length of w. But then v~z + w’ — 2’ where 2’ is an irreducible 
vector of length n— 1; and where w’ is a cyclically irreducible vector of the 
same length m as w. By an obvious induction one proves now that v, w 
and w have the same length m. Thus (Ly) is true; and this completes the 
proof of Theorem 2. 


Remark. The lemma (b) which we deduced during the proof of the 
preceding theorem contains a sort of procedure for deriving equivalent 
cyclically irreducible vectors from a given cyclically irreducible vector; but 
it does not seem possible to derive from it a straightforward method which 
could be used to determine whether or not two given cyclically irreducible 
vectors are equivalent. 


THEOREM 3. Similarity of irreducible vectors over the amalgam A 
implies their equality if, and only if, A has the following properties: 


(1) Equivalence of vectors (a) and (b) implies that a and b are con- 
jugate elements in some subgroup of A. 


(2) Equivalence of the cyclically irreducible vectors v and w which 
are not both of length 1 implies that v arises from w by a cyclic permutation 
of the coordinates. 


The proof of this theorem will be omitted, since it is not very difficult. 
It is best based on 83, Theorem 2, (iii). 
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GENERALIZED FREE SUMS OF CYCLICAL GROUPS.* 


By Hanna NEUMANN. 


1. Introduction. The well-known clover knot group (i.e. the funda- 
mental group of the residual space in S, of the clover knot) is generated by 
two elements a and b satisfying the relation a? == 6°. More generally, any 
torus knot group is generated by two elements a and b with the defining 
relation a” == 6". In such a group both a and b are of infinite order, and 
the intersection of the two cycles generated by a and b respectively is exactly - 
the cycle generated by the common power a” == b”, no more. Thus, in 
Schreier’s terminology, the torus knot group is the free product of two 
infinite cycles with one amalgamated subgroup. 

We consider the following generalization: A group is generated by 


elements ti, 4, * *, finite or infinite in number, with the defining relations 
1.1. apr = 1 (i =], 2,° r SF 
1.2. aU ae (iii, °°). 


This group may, or may not, have the following property: 


1.3. AU generators a, are of exact order mu, and any two generators a 
and a; have exactly the power a," = aj in common, no more. 


Examples of such groups not having this property are easily made. 
In fact there are some fairly obvious conditions for the numbers e which 
are necessary for the group to satisfy 1.3. They merely express the fact 
that the relations 1.2 are ‘compatible’ (in a sense to be precisely defined 
in 2) with the relations 1.1 and with each other. 

It is the main result of this note that these conditions are also sufficient. 

In fact, we shall show more: The compatibility conditions ensure that 
the group has property 1. 3 even if the further relations a;4; = aja; are added 
to 1.1 and 1.2, i.e. if the group is made abelian. 

Although the theorem is stronger, its proof is easier: it consists in the 
. explicit construction of a group with the required properties. 

In 2 we discuss the problem in a more general context. It arises out of 
questions on the existence of the ‘ generalized free product with amalgamated 


* Received April 1, 1949. 
1 An element of order zero is understood to generate an infinite cycle. 
Gri 
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subgroups dealt with in an earlier paper (cf. [4]*), and closely related to 
this, R. Baer’s investigations on the imbeddability of a certain type of incom- 
plete group called ‘amalgam’ in a group (cf. [1]). In the terminology of 
[4] our result proves the existence of the generalized free product of cyclical 
groups, thus filling a gap left at that time (ef. [4], 10, p. 624). 

In 3 the general question is reduced to the simpler case of a finite 
number of generators a; These may then be assumed to be all of finite, or 
all of infinite order. The next two paragraphs deal separately with these 
cases: The compatibility conditions are given in arithmetical form: this 
allows one to deal with the case of cycles of finite order; the case of infinite 
cycles is then reduced to the former. 

Finally, in 6, the result is extended to prove the existence of the 
generalized free sum of locally cyclic groups. — 

I wish to thank Professor Baer and my husband for many helpful 
remarks, and in particular the referee for a suggestion which led to a sub- 
stantial simplification of the proof. 


2. The context. We recall briefly the definition of a generalized free 
product with amalgamated subgroups. 

Groups ©, are given (finite or infinite in number), with subgroups 
Us C Ga such that Uag and Ug. are isomorphic. Denote by Iag a fixed 
isomorphism mapping Uag on Uga, and by Ze its inverse. If 48 is any element 
of Mag, denote the corresponding element of Uga by tga, 


Uba = Laguag and Uap == I, BaUlißa: 


Introduce in the free product of the groups @ all relations tag = uga. If 
in the resulting group the groups G, remain ‘intact,’ i.e. isomorphically 
represented, such that moreover the intersection of &, and Gg is exactly 
Uag = Uga, then this group is called the generalized free product ®.of the 
groups ©, with amalgamated subgroups Uag. 

Clearly, for this construction to be successful, the subgroups Uag and 
the isomorphisms Iag must fit together; more precisely: 


2.1. For the existence of the generalized free product it is necessary 
that the three groups 


Vag N Vay = Uagy in Gas 

Usy N Uga = Usya in Gp, 

Uya N Uyg = Uyag in Gy 
* are isomorphic, such that, moreover, 


2 Numbers in square brackets refer to the list of references at the end of the paper. 
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2.2. Ipy(Lagtapy) = Iaylapy for every element Uapy of Vagy 


These conditions are in general not sufficient for the existence of & 
(ef. [4], 3.0 and 3.2, pp. 595, 596). 

We return to the group defined in 1. Property 1.3 is equivalent with 
the existence of the generalized free product of the cyclical groups (a;) of 
order m; with amalgamated subgroups (af). The necessary conditions 2. 1 
and 2.2 obviously become arithmetical conditions for the numbers m; and 
ethe ‘compatibility conditions’ mentioned in the introduction—which in 
this case will be shown to be also sufficient for the existence of the generalized 
free product. The explicit arithmetical form of these conditions does not 
concern us until later (4, 5). Instead we consider the conditions 2.1 and 
2.2 from a different angle. 

` A system $ of elements is called an incomplete group if a multiplication 
is defined such that any ordered pair of elements has at most one product, 
right-division and left-division each have at most one solution, and as far 
as multiplication is defined it is associative. 

Let § consist in particular of all the elements of all the groups ®,, with 
amalgamations tag = ug, carried out, and with multiplication defined as in 
the individual groups for any two elements which belong to one and the 
same group @,, and undefined otherwise. This system S is an incomplete 
group if, and only if, the conditions 2.1 and 2.2 are satisfied (cf. [4], 4, 
p. 597). 

This type of incomplete group we call, with R. Baer, an ‘amalgam’ 
(ef: [1], 6, p. 728). The groups ©, we call its ‘ constituents.’ 


Remark. One and the same amalgam may be representable as an amalgam 
of groups in different ways, even involving a finite number of groups one way, 
but infinitely many the other way. We are, however, interested not in the 
amalgam as abstract algebraic system, but in given groups formed into an 
amalgam by virtue of given amalgamations. 

The generalized free product of the groups @, may now be described 
as the group ‘freely generated’ by the amalgam of these groups. It exists 
if, and only if, the amalgam is imbeddable in a group (cf. [4], 4.0, p. 598). 

As mentioned already, not every amalgam is imbeddable. R. Baer even 
gives an example of an amalgam of four abelian groups which is not 
imbeddable (cf. [1], p. 728). Our result will show that every amalgam of 
cyclical groups is imbeddable. | 

Grace E. Bates has generalized the above concepts as follows (cf. [2], 
Appendix, for more precise definitions) : Let all the groups in the amalgam 
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have property P. The generalized P-free product—if it exists—is the group 
with property P which contains and is generated by the amalgam, and is 
such that every other group with the same properties is a homomorphic image 
of it. If, in particular, property P is taken as “being abelian,’ we are led 
to the generalized free sum A of the abelian groups Mae. Again, X exists if, 
and only if, the amalgam A of the groups Ma is imbeddable in an abelian 
group. 

Clearly, the existence of the generalized free sum implies the existence 
of the generalized free product. Whether the converse is true in general, 
is an unsolved problem.” In our special case however it is true: As we are 
going to imbed any given amalgam of cyclical groups in an abelian group, 
we prove the existence of the generalized-free sum, as well as that of the 
generalized free product, of cyclical groups. 


” 


3. Preliminaries. In an amalgam of given groups any subsystem of 
these groups forms a subamalgam. R. Baer shows that: 

An amalgam of an infinite number of groups is imbeddable if every 
subamalgam formed by a finite number of its constituents is imbeddable. In 
other words: 

Imbeddability of an amalgam is a “property of finite character.’ 

It follows similarly: 


3.0. Imbeddability of an amalgam of abelian groups in an abelian 
group is a property of finite character. 


The proof is immediate and is omitted.’ 


DEFINITION. The amalgam A with constituent groups Ga is called 
reducible if there exist in A two proper subamalgams A, and A, with the 
following properties: 


(i) neither A, nor À: consists of the unit element only; 
(ii) every constituent G, of A belongs to either A, or As, but not to both; 
(iii) every Ga in A, has unit meet with every Gg in Ao. 


A is called irreducible if no such subamalgams exist in A. An amalgam 
consisting of one group only is trivially irreducible. 


#8 [Added in proof, September 1950.] This question has now been settled: I have 
constructed an amalgam of five abelian groups, imbeddable in a group, but not im- 
beddable in an abelian group. (To appear elsewhere.) - 

®Let X be a finite set of identical relations. Then one proves equally easily: 
Imbeddability of an amalgam of groups whose elements satisfy the relations of & in 
another such group is a property of finite character. °. 
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Remark. Redueibility of an amalgam A is actually seen to be independent 
of the particular way in which A is represented as amalgam of constituent 
groups. We shall, however, not make use of this fact. 


8.11. Let A be a reducible amalgam of a finite number of abelian con- 
stituents, and let A, and A, be subamalgams satisfying the conditions (i)-(iïi) 
above. If A, and As are imbeddable in abelian groups A, and À, respectively, 
then A is imbeddable in an abelian group, viz. the direct sum X of A, and Ma. 


The proof is obvious. It now follows immediately: 


3.12. A reducible amalgam of a finite number of abelian constituents 
is imbeddable in an abelian group if this is trwe for every wreducible 
subamalgam. 


Applied to our original problem, 3.0 and 3.12 show that we may 
restrict ourselves to irreducible amalgams formed by a finite number of cycles. 
But then clearly, either all cycles in the amalgam are of finite order, or they 
are all of infinite order. 


3.2. Let A be an amalgam of a finite number of cycles which are either 
all infinite, or all finite and their orders powers of one and the same prime. 
If A is irreducible, any two cycles in A have non-trwial meet. 


Proof. Under the assumptions of 3.2 every constituent group of A has 
the property that any two non-trivial subgroups have non-trivial meet. Hence 
3.2 follows from the definition of irreducibility in conjunction with 2.1. 


Remark. It follows from a result by R. Baer (cf. [1], 9, p. 742) that 
an amalgam of cycles whose orders are all powers of one and the same prime is 
imbeddable. The case of an amalgam of cycles of arbitrary finite orders can be 
reduced to this case by splitting up each cycle into a direct sum of cycles of 
prime power orders. As we wish to prove imbeddability in an abelian group, 
and besides are interested also in the conditions for given amalgamations 1. 2 
to define an amalgam, we shall not rely on Baer’s result. 

To provide a basis for induction, we note: 


3.31. Every amalgam of two abelian constituents is imbeddable in an 
abelian group. 


In fact, more can easily be shown; in obvious terminology (cf. [3], 2): 


3.32. The direct product of two groups with one amalgamated subgroup 
exists provided only the amalgamated subgroup belongs to the centre of ` 
each group. 
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We are now ready to prove the existence of an abelian group containing 
a given irreducible amalgam of a finite number of cycles. As we shall now 
be dealing with abelian groups only, we shall write the groups additively. 


DEFINITION. The system of numbers ey (i,j—1,::-,n) is called 
compatible with elements of order m, (i—1,:::,n), if the relations 
ey; = Cpt; and ma, = 0 for all i and j 7% define an amalgam of the n cycles 
(a;) of orders mi. 


3.4. The system of numbers ej is compatible with elements of order 
m; if, and only if, the subgroups and amalgamations defined by tt satisfy 
2.1 and 2. 2. 


The general pattern of the subsequent proofs is as follows: From the 
compatibility of the system ey with elements of order m; we derive arith- 
metical conditions satisfied by the numbers ey and m; These necessary 
conditions for compatibility are then shown to imply the existence of an 
abelian group containing the given amalgam. In this way the arithmetical 
conditions are shown to be also sufficient, and simultaneously the imbeddability 
of the amalgam is established. 


4. Amalgams of finite cycles. We deal with this case in three steps: 
first we assume the cycles to be of equal prime power order p”. ‘Then the 
case of n cycles of arbitrary prime power orders p” (t= 1,: - - ,n) is reduced 
to the previous case; finally the case of n cycles of arbitrary finite orders m; 
is reduced to the case of cycles of prime power orders. 

Throughout the rest of the paper we write r V's for the positive greatest 
common divisor of two integers r and s. Also, if p is any prime, p* the 
highest power of p dividing the integer r, we call A(r) the p-contents of 
ie r= pr, where rı Vp=1. (No ambiguity will arise from the fact 
that this notation A(r) does not indicate the particular prime p under 
consideration). 

Given are n elements a; with pla; = 0 and ea; = ejaj. We put 


4, 01. A ei) = éij, 1. e. lij = dyp with dij Vp=t1. 


Since only irreducible amalgams need be considered, we shall assume through- 
out (because of 3.2): | 
4. 02. a; < a for all pairs 4, 7. 


4.1. Lemma. If the system of numbers tij = aap is compatible with 
n elements of order pt, then 


GENERALIZED FREE SUMS OF CYCLICAL GROUPS. 677 
4.10. «ij = sj; for all pairs t, f; 


4.11. of any three exponents ej, ex, «x; two are equal, the third not greater 
than these two; 


4,12. for any three sufixes i, j, k 
did indy = djidrjdin mod pe where «= Max (ei, Ejks eri) . 


Proof. Since the relations eya; = epay define an amalgam of the cycles | 
(a;) of order pë, the amalgamated subgroups are isomorphic, which implies 
4.10. 

To prove 4. 11, we use the fact that the amalgamations satisfy 2.1. If 
for a fixed triplet 4, j, % the three exponents e;,, ex, and ex; are not equal, assume 
without loss of generality that «; > «x. Thus the amalgamated subgroup 
(eya) of (a) is contained in (ex), and their intersection, i.e. the inter- 
section of (a:), (aj), and (ax), is (eym) of order petu. But this same 
intersection, formed in (az), is the intersection of (emar) and (erjas). For 
this to have the same order pi, necessarily ex; = 43, because of 4.10. This 
proves 4, 11. 


To prove 4.12, we note that the amalgamations satisfy 2. 2, ie. are 

consistent with each other. Assume 4; = «x, and consider the element 
| ps dizdindrats of (a). Repeated application of the given relations (noting 
pdy == bij ete.) gives: PY dijdidrnti = p dndjirdkitj which is PUdidr;duax 
(as ej = ex), OF Pdidrdint; (as eij = en); hence these two multiples of 4: 
represent the same element of (a;), and 4.12 follows. 


4.2. Lemma. If the system of numbers ey and pe satisfies the con- 
ditions 4. 10-4. 12, then there exists an abelian group U generated by elements 
Qu’ * "3 Gn of orders pë such that in À the intersection of (m) and (a;) is 
generated by the element eit; = ena; for all à and j. 


Proof. If n= 2, the lemma is true by 3.3. We shall, therefore, prove 
it by induction with respect to n. 


Assume that M, is an abelian group generated by elements m,° * -, ani 
of orders p*, such that in M 
4.20. (u) N (aj) (ea = epa) for 4,7 —1,: - -,n—1. 


We construct an abelian group W containing the given amalgam of n 
cycles as free sum of X, and a cycle (an) of order pë with a suitable * 
amalgamation. | ! | 
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Amongst the intersections (a,) is to have with the cycles (ai) (= n — 1), 
there is a maximal one which may be assumed to be its intersection with 
(a1), i.e. the subgroup of order p*® generated by Eman The numbers ei 
satisfy the conditions 4. 10-4. 12; because of the first of these, the subgroup 
(einda) of (a), i.e. of W, is isomorphic with (e:.4,). Therefore the free 
sum À of M, and (an) with the amalgamation ea, = énit, exists. We prove 

. that M has the desired properties. l 

Since X, is isomorphically contained in A, the intersection of any two 
of the first n— 1 cycles (a;) is given by 4.20 also in 2. All we have to 
prove therefore is that also the intersection of (a) and (an) is the group 
generated by end = Enid, for t—1,:-+:,n—1. For i=1 this follows 
from the construction of À, for à >.1 we deduce it from 4.1. 

First we show that (a:)(1 (an) is the subgroup of order pe-e» of (ay), 
(2SiSn—}). 


Now M N (an) == (eint = Enin) and (a) CAM. Hence 


(ai) N (an) = (a4) N (ent) N (an) = (ai) N (eins), 
so that 


4. 21. (u) N (an) = (ai) Na), i£ (u) N (a1) C (em), 
4. 22. (a) N (an) = (em), if (4) (ar) 2 (ent). 


But (a) N (a1) is of order pr“, (einai) is of order pr“, Hence, in the 
first case (4. 21), en > en, So that by 4. 11 ein = en ; in the second case (4. 22), 
en Zen, hence, by 4.11, en = en. Thus in both cases (a:i) f (an) has the 
desired order. 

It remains to prove that the correct multiples end: = dpa; amd 
Cnidn = dmi p "An of pera; and pa, respectively are equal in Y. 

In the following lines, dj; denotes the unique inverse mod p# of dij. 


In the first case (4.21), (a:)N (an) is the subgroup (pa) of (a), 
which, because of en = en, is also generated by 


Ein; = inp "a; = Cindi da peas = dindir *dispeay. 
Also, as ein > ein, 
Eniln = And, = Anny * dns Denn = Anidn1 dnp "a, > 
o therefore by 4.12: Cinli = Enilin- 


In the second case (4.22) the proof is similar and will be omitted. 


` 
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Next we turn to the case of n elements a; of orders pët, and lijt; = ex. 
The p-contents of ey is denoted by &; as. before. 


4.3. Lemma. If the system of numbers e; = dips is compatible with 
n elements of orders p*t, and if 


4. 30. p = Max Hi and di == ey + RP 
then 
4. 81. Gi = bj for all pairs à, f; 


4.32. of any three numbers 81, dr, dm two are equal, the third not greater 
than these two; 


4.33. for any three suffixes i, j, k: 
dij jxdns = djidrjdix mod pre where § == Max (èi; dti) r 


4.4. Lemma. If the system ‘of numbers ey and pr: satisfies the con- 
ditions 4. 80-4. 33, then there exists an abelian group X generated by elements 
a; of orders pr (i= 1,: > -,n), such that in À the intersection (a) (a;) 
is generated by the element ea = eja;, for all i and 7. 


Proof of 4.3. Consider n elements 6,,---,0, of equal order p#, and 
in each cycle (b:) the element a; = peb; (i==1,: >+, n). Since a is of 
order p#i, the relations ei; == ea; define an amalgam of the a; = prb, 
i.e. the relations eyp"#!- by = exp") - b, define an amalgam of the cycles b;. 
Thus the system of numbers e,p"#: is compatible with n elements of equal 
order p”, and 4.3 follows from 4.1. 


Proof of 4.4. With the same notation, as in the proof of 4. 3, we have: 
under the assumption of 4.4, the system of numbers pette; and pë satisfies 
the conditions which, by 4.2, are sufficient for the existence of an abelian 
group 8 generated by n elements b; of equal order p” such that (b:) N (b;) 
is generated by e,,;pr#:b; = exp" “1b; But then clearly the elements a; == prib; 
of B and the subgroup N of B generated by them satisfy the requirements 
of the lemma. 

Finally, let &,: - `, a, be elements of arbitrary orders ma,’ ` +, Mn, and 
let again eyt; = ejaj. For any prime p let A,(m;) denote the p-contents of nu. 


4.5. LEMMA. The system of numbers ey is compatible with n elements 
of orders m; if, and only if, it is compatible with n elements of orders promo 
for every prime p. 


4.6. THEOREM. Every irreducible amalgam of a finite number of cycles * 
of finite order is imbeddable in an abelian group. 
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Proof of 4.5 and 4.6. Clearly 4.5 is void for any p which does not 
divide any of the numbers m; Let p,,° ' -,p, be all the, primes dividing 
at least one of the m;. The cycle (a;) of order m; is the direct sum of r cycles 
(bip) of order mip, Where mip = poe, and p = 1, - -,r: 


ti = Dy + bet: + by with Mipdip = 0, 


for i==-1,---,n. The amalgamations eya; = ea; induce the same amal- 
gamations &;dip — ejbjp for each fixed value of p. If the cycles (a) form 
an amalgam A by means of the given amalgamations, then clearly the cycles 
(bip) (for i=1,::-,n) form an amalgam Bp by means of the same 
amalgamations, and conversely. Also, the amalgams Bp may be imbedded ia 
abelian groups Bp, by 4.3 and 4.4. But then A is imbeddable in the direct 
sum Y of the abelian groups Bp. 


5. Amalgams of infinite cycles. Again we begin by deriving necessary 
conditions for the numbers ey to be compatible with n elements of infinite 
order. 

Given are n elements of infinite order, @,---,@, With ea; = ey. 
Only irreducible amalgams need be considered, hence we shall assume through- 
out this paragraph (because of 3.2). 


5. 0. ej Æ 0 for all 4, j. 


If the given relations define an amalgam of the n cycles, the subgroups 
and amalgamations defined by them satisfy 2.1 and 2.2. The former gives 
nothing new in this case; from the latter we deduce 


5.1. Lemma. If the system of numbers ey is compatible with n elements 
of infinite order, then for any three suffixes i,j, k: š 
5. 10. | ei | (ers V eri) = | ex; | (iz V eix) ; 
5. 11. C10 nO == Cjilrjeir. 

Proof. 5.10, written in the form | e;|/(e;V ein) =| ex5|/(ex;\ eri), simply 
expresses the fact that the index of the three-suffix meet (a) N (a) N (ax) 


under the intersection (a;)(] (ar) may be calculated in (a;) or in (ap) with 
the same result. Thus 5.10 holds in an amalgam. 


5.11 follows again by repeated application of the given amalgamations 
„to the element eijejreriti: 


eizezneril; = Cpl Opis = Eenjeniln == Cakil; 


. 
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thus these two multiples of a; are the same element of the amalgam, and 
therefore identical, as a; is of infinite order. 

The following form of the compatibility condition derived from 5.1 will 
allow us to reduce the present problem to that of imbedding an amalgam 
of finite cycles. 

We denote the greatest common divisor of e; and ep by ry, so that for 
all pairs îi, j 


5. 20. Cig == Ci? iz, ei = Cpl ij, Ti = Tji 
and 
5.21. . Cy V Ca == 1. 


5.3. Lemma. If the system of numbers e; is compatible with n elements 
of infinite order, then 


5.30 there exist n non-zero integers 1, + +,%, with greatest common 
divisor unity, such that cy = x;/ (xiy zj) for all pairs 4,7; 


5.31 the numbers ey are also compatible with n elements of finite orders 
m= rh, where r is the least common multiple of all numbers ris, 
and h; is the least common multiple of the n—1 numbers Ci 


G=1,---,t—Lt+1,---,n). 


Proof of 5.30. We consider the n(n —1)/2 linear equations 
Citi — 850; = 0 (j=: nij). 


The matrix of coefficients of this system we denote by F. E has n(n — 1)/2 
zdws and n columns; the order in which the rows are taken, is of course 
irrelevant. Each row contains exactly two non-zero elements, &; and — eji; 
their column is given by their first suffix. We prove: | 


5.4 The matrix E has rank n— 1. 


Proof. By means of 5.11 taken for the suffixes 1,4, j, the equation 
(i, j)—in obvious notation—follows from the two equations (1,7) and (1,5). 
Hence all equations follow from the n—-1 equations eut, — ent; 0 
(i= 2,:--+,n), and these are clearly independent. 


_ Thus the equations have essentially one non-trivial solution, and neces- 
sarily all q4 0 by 5.0. Now let ©, - -, 2 denote the solution consisting 
of integers without common divisor hace but for a common change of 
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sign). Since with em — ext; — 0 also 0,8: — cut; — 0, these numbers 2; 
satisfy the requirements of 5.30 because of 5.21. 

Proof of 5.31. We bring this proof in three steps. 

1. By 4.5, it is sufficient to prove that the numbers e: are compatible 
with n elements of orders pA) for any prime p. From now on let p be an 
arbitrary fixed prime. Put 

A(eyj) = eg Am)=m, Max p= pe 
Applying Lemmas 4.3 and 4.4 we see that we need only prove that the 
conditions 4.31 and 4.32 are satisfied by the numbers êy = ey + a — pi 
The third condition, 4.33, is then trivially satisfied since we even have 
Eijejneni == Enerjeik- 


2. We first calculate the numbers ey and à. Let 


5. 50. A(G) = % (i= 1,: - -n;m defined by 5.30). 
We assume without loss of generality 

5. 51. = OS aS Sm, 

5. 52. Hence A(cij) == %j— a, ifi < j; AG) == 0, if a > 7. 


Put A(z) = pij and Max pij = p- 
Then we obtain for the p-contents of the numbers ey: 


5. 53. eij = a — Ai + py, 18 1< j ej = pig i> 7; 
thus for m= (mi) from the definition of m; and u = Max m: 
5. 54. pi = Max; (a; — ao) + p == On — up 
and p = Maxi pi = an — 4 + p = An + p. 
Hence finally: 
5. 55. Sy = a + pi if i<j, and Bi = a; + py, if o> 7. 
Thus 8; = ð; follows immediately. 
3. To prove 4.32 we need information on the numbers pj. We assume. 
without loss of generality that t < f < k. Then 
5. 56. by = Hj + py, Bie = Ar F Pio Šri = a + pri- 


To find the relation between the numbers pij, pjk) pri, we use the relations. 
"3.10. for the triplets (i, j, k) and (j,i, k) of suffixes. By their nature they 
imply the corresponding conditions for the p-contents of the numbers ej, viz.: 
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Eij + Min (exÿs eki) == €xj -+ Min (ej, cix) 
and 
€ji + Min (ex, eri) == Ei + Min (ex, er) . 


To save writing, we put for the moment pi; = ß, pje = y, pri == 8. 
Then we have, because of 5.53 andi < j <k: 


5. 57. a; — % -+ B -+ Min(y, 8) = y + Min(a;— ai + B, ax — a + 8) 


and 


B + Min(y, 8) = 8 + Min (£, ar — a; -+ y) ; i 


hence, subtracting a; — æ; from both sides of the first relation, 
5.58. 8+ Min(y, 8) = y + Min(B, ar — aj + 8) = 8 + Min(B, ar — aj +7). 
We show | 


5. 59. If y— 56, then 8 S ax — a; +8; 
if y < ô, then 8 = an — a; +6; 
if y > 8, then 8 = ap — a; + y. 


Proof. The first possibility is obvious. Otherwise, let y < 8; then the 
first of the three expressions 5.58 equals 8 + y; for the last to have this 
value, 4 —a;+y< 8 is necessary and then ar — a; + y+i=ß-y 
follows, and satisfies 5.58. The last possibility follows by interchange of y 
and 8: 5.58 is symmetrical in y and ô. 

But the relations 5.59 for the numbers py, pjr, pri together with 5. 56 
and aS a; a, prove 4.82 for di, dr, and êri 


Now we obtain easily: 


5.6. THEOREM. An irreducible amalgam of a finite number of infinite 
cycles is imbeddable in an abelian group. 


Proof. If the relations eja; = ea; define an amalgam, the numbers esy 
satisfy the conditions of 5.3. By 5.32 and 4.5, there exists an abelian 
group B generated by n elements b;, such that in B the intersection of (b;) 
and (b;) is generated by the element ejbj== ejb; Since ry == ey \ ej 
divides the orders of both b; and b,, the element ejb; — eb; of B has the 
exact order tij. 

We now form the direct sum % of B with one infinite cycle (a). Let 
2%, * `, Zn be integers as defined in 5.30; the elements m; = m;a + bi of A 
(=1,- - -,n) are of infinite order. Also because of the infinite component 
©; of a; the intersection (a;)) (aj) is generated by a multiple rea; = repay 
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of cya; and cya; Because of the properties of b; and b; in 8, r= ry. Thus 
the intersection of (a) and (aj) is generated by the element ea: = eja; 
This completes the proof. 

We add a remark on the nature of the generalized free sum in the case 
considered in this paragraph: 


5.7. THEOREM. The generalized free sum of n infinite cycles, no two 
of which have zero meet, is the direct sum of one infinite cycle and at most 
n— 1 finite cycles. It is cyclical if, and only if, the amalgamations ea; = ena; 
satisfy. ey V ex = 1 for all pairs à, j. 


Proof. Consider again the matrix Z defined as the matrix of coefficients 
of the system of linear equations 4; —eyx;—0. This is clearly the 
characteristic matrix associated with the abelian group generated by a1,- © -, dn_ 
with relations eya; = eja;, i.e. with the generalized free sum in question. 
It was shown to have rank n— 1 (cf. 5.4) which proves the first part of the 
theorem. 


Also, if ey ep = ry 1, for some pair i, j, then the element 0,0 — cya; 
is of order ry Æ 1, and the generalized free sum is certainly not an infinite 
cycle. 

To prove that the group is cyclical if eye == 1, i.e. ej cy in the 
notation used in Lemma 5. 3, it is sufficient to show that the greatest common 
divisor of all determinants of order n—1 which can be formed from Ẹ is 
unity; or again: 

If p is any prime, there is at least one determinant of order n — 1 in E 
which is not divisible by p. 

By 5. 30 the non-zero elements of E are of the form cy —v;/(a;Væ;). We 
put again A(z;) == a, and may assume m4 == 0 S a S: -S dn. Now con- 
sider the n— 1 rows of E containing the elements ca and — cje (j =1, 3, 

-,n; the first suffix indicates the column). One of the non-zero deter- 
minants which can be formed from these rows equals, but for the sign, 


Ly Lot? 


Ta V T2 ` (2V Ts) ` © © (Ge VE) 





C2132 ° ° * ng == 


As p is prime to 2, and the p-content of zs V z; (1= 8) is the same as that 
of x,, this determinant is prime to p. 


6. Amalgams of locally cyclic groups. Let A be an amalgam of 
groups ©, and ¢, any set of subgroups of Ga. By virtue of being subgroups 
of a group, the groups of the set ġa naturally form an amalgam. Also, all the 
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groups of all the sets ġa form an amalgam by virtue of the given amalga- 
mations between the groups &, in the amalgam A.* 

If, in particular, we take as & the set of all cyclical subgroups of Gq, 
we thus obtain the amalgam of all cyclical subgroups of A. We denote it 
by A*. It follows from our previous results that A* is imbeddable in an 
abelian group.” In general, of course, this does not imply imbeddability of 
A: A and A* consist of the same elements; also, two elements whose product 
is defined in A*, also have a product in A (and then, of course, the same as 
in A*) but, in general, the converse is not true. 

We consider the extreme case that A and A* are identical. This is true 
if, and only if, any two elements whose product is defined in A, also have a 
product in A*, i.e. if, and only if, any two elements belonging to the same 
group ©, belong to, and therefore generate, a cyclical subgroup of Ga. But 
this just means that every group ©, is locally cyclic. Thus we have proved: 


6.0.: Lemma. An amalgam of groups Ga and the amalgam of all its 
cyclical subgroups are identical if, and only if, all groups ©. are locally cyclic. 


6.1. THEOREM. An amalgam of locally cyclic groups is imbeddable in 
an abelian group. 
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GENERALIZED EUCLIDEAN SPACE IN TERMS OF A 
QUASI INNER PRODUCT * 


By Leonard M. BLUMENTHAL. 


1. Introduction. Necessary and sufficient conditions of various kinds 
have been obtained in order that an inner product may be defined in a 
normed linear space, with the norm and inner product related in the cus- 
tomary manner. Such conditions have been expressed as norm or distance 
relations by Fréchet [4], Jordan and von Neumann [5], and Aronszajn [1], 
while other writers have formulated the conditions in terms of orthogonality, 
etc., for spaces of more than two dimensions. 

In a normed linear space S, three operations (subjected to eleven con- 
ditions) are assumed as primitive; namely, addition (on SS to 9), scalar 
multiplication (on RS to 8), and norm (on 8 to R, the set of real numbers). 
If an additional condition is placed on these operations (for example, the 
condition | s +y l? + | c—y |?—2(| 2 |?+ iyl) of Jordan and von 
Neumann), then a fourth operation, inner product (on SS to R), may be 
defined in S, satisfying five relations connecting the inner product with the 
three primitive operations of the space. 

We solve in this paper the inverse problem. An abstract set 3 is con- 
sidered in which just one primitive operation, on 33 to R (quasi inner 
product), is asumed to satisfy three conditions. It is proved that if 3 is 
rich enough in elements to satisfy three existence postulates, then three 
additional properties of the quasi inner product are necessary and sufficient 
to permit defining in & addition, scalar multiplication, and norm so that 
the resulting space is a normed linear space with an inner product connected 
with the norm in the usual way. The concluding section of the paper is 
concerned with the congruent imbedding and vectorial application of $ onto 
euclidean and Hilbert spaces, yielding, incidentally, a new set of postulates 
for Hilbert space (in terms of a single operation). 

It is emphasized that our postulates and fundamental definitions are 
all expressed wholly and explicitly in terms of the quasi inner products of 
those and only those elements of 3 directly concerned. We shall advert to 


* Received March 30, 1950. Presented to the American Mathematical Society, 
December 27, 1949. 
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this feature in the concluding section of the paper when its significance can 
be more readily made clear. 

The first sections of the paper may be considered as giving a foundation 
of vector algebra in terms of one operation (quasi inner product). From 
that point of view our work is related to a brief sketch (without proofs) 
of a foundation for vector algebra given by Menger [6]. 


2. The postulates. All of the postulates to be imposed are listed in 
this section, although they will be introduced later only as needed. 


POSTULATES FOR A QUASI INNER PRODUCT. 


To each pair of elements x, y of an abstract set 3 there is attached a 
real number (s, y), called a quasi inner product, in conformity with the 
following agreements: 


Qı (Symmetry). If z,ye2, then (x,y) = (y, £). 

Q- (Definiteness). For each element w of 3, (x, x) 20. 

Q: (Identification). If syes and (x,x) = (2,y) = (y,y), then 
B= Y. 

(To avoid misunderstanding, it is pointed out that Q, is not a defirition 
of equality of elements of 3 which, as a set, is already supplied with a criterion 
for equality of its elements. As its listing indicates, Q, is an assumption 
connecting the set-equality of elements x,y with the three numbers (a, x), 
(x, y), (y, y) attached to the two elements as quasi inner products. On the 


other hand, we shall show later that Qs does, in the presence of Qi, Qe, Se, By 
(see below) actually define an equivalence relation in 2.) 


The set & may then be referred to as a quasi inner product space. 


SCHWARZ POSTULATES. 

If 21,22," + ©, Cn E Z, denote by G(z,,%%,° - : ,a,) the Gram determinant 
las a)l, (j= 1,2,° °°, 0). 

Si, If 2&,22€2, then G(a1,%) Z 0. 

So. If £i, 2%, 83 EX and Gi, te) = 0, then G (21, 22,235) Z 0. 

So. If &1, To, vs, 2, e X and G (21, Ta, Ta) = 0, then G(a1, ta, ta, ta) Z 0. 

It is observed that S, and S; are conditional Schwarz inequalities, while 


Sı applies to every pair of elements of 3. The existence postulates that. 
follow merely insure that % has enough elements for our purpose. 
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EXISTENCE POSTULATES. 

If 21, @2,° © +, En E 3, denote by B (£1, £2,' - - ,«,) the symmetric deter- 
minant obtained by bordering G (£1, %,- * - ,#,) with a row and column of 
l’s with intersection element 0. 

E.. There exists at least one element 6 of Z such that (0,2) —0 for 
each element x of 2. 

E.. For each element x of 2 and each real number à there exists at least 
one element y of X such that G(x, y) —0 and (z,y) — À: (8,2). 

E,. If 2,223 and G(x,2) 0, there exists at least one element y of 3 
such that B(x, y, 2) = G(x, y,z) =0 and G(a,y) = G(y,2). | 


If scalar multiplication and addition are defined in a set, we recall that . 
a real function ((x,y)) defined over the set of all pairs of elements is a 
(real) inner product provided: (a) ((#,y)) = ((y,2)), œ) ((#,2)) 20, 
(c) ((z,2)) — 0 if and only if v is the element of the space that is neutra. 
with respect to addition, (d) ((A-#,y)) =à; ((x,y)), and (e) ((« + y,2)) 
= ((2,2)) + (9). 


The reader is referred to [2] for the definition of a normed linear space. 


DEFINITION 2.1. A normed linear space in which an inner product is 
defined so that for each element x, the norm'|| x || and inner product are 
connected by the relation | æ || = ((2,x))}, is called a generalized euclidean 
space. | 


3. Development of the system {2%: Q,,Q., Qs, Sa E1}. We assume 
throughout this section that & is subjected to just the five postulates listed 
in the heading. 


THEOREM 3.1. There is exactly one element 6 of X with (0,2) —0 
for each element x of 2. . 


Proof. If 6, 6’ are two such elements then (8, 8) — (0,0) = (6. 6’) = 0, 
and so 0 = 0 by Qs. The theorem now follows from E,. ‘ 


THEOREM 3.2. The quasi inner product (x,x) vanishes if and only 
if c =0. | 

Proof. By E, (8, 0) = 0, and if (x, £) = 0 then (x, x) = (0,2) = (9,0), 
which implies v = 9 by Qs. 


. THEOREM 3.3. Corresponding to each element x of Z (x 546), and each 
real number A, there is at most one element y of % such that (x, y) =à: (x, 2) 
and G(s, y) = 0. 
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Proof. If y, y” eX satisfying those two relations, then from the second 
one we get (y, y) = (y*,y*) =à": (2,2). By computation 
G(x, y,y*) =— (2,2) [X (2,2) — (3, IF SO, 


by Q: and Theorem 8.2. Use of S, gives (y, y*) =à” (x, x), and hence 
(1,4) = (y, y*) = (y*, y*), from which y = y* follows by Qa. 


Remark. Qs defines an equivalence relation in {2: Qi, Q2, 52, Mi}. For 
if c=-y and y=z by Qs, then z=z is established by applying S. to 
G(a.y,2) and using Theorems 3.1, 3.2 in case (x, s) —0. The symmetric 
and reflexive properties are obvious. 


DEFINITION 3.1. If we 3, (xv 0), and À is a real number, an element 
y of % is called a scalar multiple of x by À provided (x,y) =à: (x, x) and 
(zx, y) =0. We write y—Xx If c=, pul X°x— 06, for every À. 


THEOREM 8.4, For each x and each real X, Z contains at most one 
element cg. 


Remark. For each element x of.3, 0 - x = 0. 
THEOREM 8.5. If æ, ts, yed, (Acs, y) = à; (x,y). 
Proof. The theorem being obvious if s = 6, suppose the contrary. Now 
a(z, à 0y) =— (52): [a3 y) — à: (ey) PSO, 
and using S, gives (A-s, y) — À: (x,y). 
THEOREM 8.6. Ifv, 1: sez, then 1: =g, 


Proof. Use of Theorem 3.5 gives (12,12) = (1: s,s) = (#, 2%) and 
s= 1- by Qz. 


THEOREM 3.7. If 2, Mtt, Mlata), Od) te Sy, rz real), then 
À S (Az x €) = (AiAz) T. 


Proof. The proof follows immediately from Q, Theorem 3.5, and Q;. 


Tasorem 3.8. If «, yes (x90), then y is a scalar multiple of « if 
and only if G(x, y) = 0. 


Proof. I£ y == à- x, then G (g, y) = 0 by Definition 3.1. If G(s, y) — 0, 
put (x,y)/(x x) =A. Then (x,y)—ÀA-(x,x) which, together with ~ 
G(x, y) = 0, gives y =À‘ T. 


5 
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THEOREM 3.9. If z, y, zei, (y 40), and G(x,y) = G(y,2) —0, 
then G(x,2) =. 


Proof. The theorem is trivial if s == 6. In the contrary case, y == At 
and z= 2° by Theorem 3.8. Then Theorem 8.7 gives z=A,(Aı '®) 
== (MA) x, and G(2,2) = 0. 


4. Introduction of a distance in (=: Q1, Qo, Qa, Si, S2, E1}. Attach to 
each two elements x, y of 3 the number 


(*) ay = [ (2,2) + (y,y) —2 (x, y) F? 


as distance. Clearly vy = yx and #5 —0. Now 


(t) (2) + (yy) — 8 (x y) 
= [ (x, £)? — (y, YF + 2[ (2, £)? (y, 9)? — (2, y)] Z 0, 


by Sı, and so zy is real and non-negative. Moreover, if sy == 0 then each 
summand in the right-hand member of (+) vanishes. This gives (s,s) 
== (z,y) = (y, y) and consequently v==y. Thus the distance sy defined 
by (*) makes 3 a semimetric space. 

We note that 6c = (x, ~)? and (x, y) = 4 (0r? + dy? — ay’), 


Derintrion 4.1. A distance space is metric about one of its elements t 
provided t, u,v are congruent with three points of the euclidean plane for 
every pair of elements u,v of the space. 


THEOREM 4.1. The space X is.metric about 0. 


Proof. Since X is semimetric, it suffices to show that the determinant 
D(6,2,y) is negative or zero for every z, yeX. (See [3, p. 56] for the 
definition of the Cayley-Menger determinant D(p,, po,- * `, px) of a k-tuple 
of elements Pı, po,- * * , px of a semimetric space). 

An easy computation shows that D(6,x,y) = — 4G (x,y), and hence 
D(6, v, y) = 0 by Si. 


Remark. The space 3 is not necessarily metric. For if X consists of 
the quadruple 6, 71, v2, x; with (0,0) = 0, (0, £1) == (2,0) = 0, (m, ti) = 16, 
(i == 1, 2,3), and (a, 22) = (23, Ta) = (Ta, T3) = (T3, 1) = (81)/2, (22) 3) 
== (T, T2) = (23)/2, then Postulates Q1, Qo, Qs, 81, S2, E, are satisfied. But 
Tate = 003 = l, Ley == 8, and consequently the space is not metric. 


- DEFINITION 4.2. Three elements x, y,2 of 3 are algebraically linear 
provided B(x, y, 2) = G (s, y, z) —0. 


GENERALIZED EUCLIDEAN SPACE. 691 


Remark. Since B(x, y, 2) = +: D(z, y, 2), elements z, y, z are metrically 
linear (that is, the sum of two of the distances «y, yz, xz equals the third) 
if and only if B(x,y,z) —0. This, however, does not imply that 
G(x, y, 2) — 0, and so algebraic linearity implies metric ‘linearity, but not 
conversely. 


5. Algebraic middle elements in{Æ: Q,, 0, Qs, Si, Sa Ex}. 


DEFINITION 5.1. Ifz,2e3 (x2), an element y of X is an algebraic 
middle element of x and z provided 


(a). G(x, 2) #0, x,y,z are algebraically linear and G(s, y) = G (y, 2), 
or 


(b). 62,2) —0 and y= [(1 +A)/2] -2, 


where z= à: w (with the roles of x and z reversed in the two immediately 
preceding equalities in case x = 6). 


THEOREM 5.1. If y is an algebraic middle clement of z,z then y is a 
metric middle element of x and z. 

Proof. From D(z,y,2) = 4B(x,y,2) = 0, it follows that £, Y, Z are 
metrically linear. It remains to show that zy = yz. 

Case 1. G(z,2) 0. Since G(x, y, 2) = 0, the easily established rela- 
tion D(6,2, y,2) —8:G(x,y,z) gives D(8,x,y,2) —0, with 4,2,9,2 a 
metric quadruple (due to Theorem 4.1 and the metric linearity of x, y, z). 
Hence points 6’, 2’, y’, 2’ of the euclidean plane exist such that the congruence 
(*) 0,2, 9,22 0,2’, yz, 
holds and +’, y’, z’ lie on a straight line [3, p. 56]. Now 

G(x, y) =— 4D (6, z, y) =— 4D (0, z, y’) = 4A? (6, v, y) 


and, similarly, G (y, z) =44?(0, y’, 2’), where A( ) denotes the area of the 
triangle whose vertices appear within the parentheses. | 

Then A(6’, 2’, y’) = A(@,y’, 2’), which follows from (x, y) = G (y, 2), 
gives (using the linearity of 2’, y’, Z) wy! =y# and so cy = yz from con- 
gruence (*). 


Case 2. G(x,2) =0. If a8, then y—[(1+A)/2]-@ and 
ay = {x,x) + [(1+A)/2]?- (2) — (+1): (ar) }; 


that is, sy = 4 | 1—A |: (2,2)! A similar computation shows that yz has 


692 LEONARD M. BLUMENTHAL. 


the same value. If, finally, s==0, then y= (1/2) 'z and we get 
sy = by = (1/2) : (2,2)? = yz. 


Though the determinant D formed for a finite subset of 3 is evidently 
a congruence invariant, the Gram determinants @ do not have this property. 


If, however, Lı, 22,° * * ,Æn and Yi, Ya," °°, Yn are two n-tuples of & such 
that 21, de, © an © Yn Yoo’ > Yn and Ori Oyi, (6 —1,2,- c n), then 
G (a1, Ba, © 3 En) = G (Y Ya’ ` *, Yn), Since each is equal to 


(— 1)" 5 2D (0, Ti; Lo, Deuts Ln). 
Lemma 5.1. If y is an algebraic middle element of x and z then 
Oy = (1/2) [2 (0x? + 02°) — xa? li. 


Proof. Developing D(6, 2, y, 2) = 8G (a, y, z) —0, and using zy = yz 
== (1/2)zz (Theorem 5.1) the expression for #y given in the lemma is 
obtained. 


6. The system (2: Q; Q-, Q;, S;, Sy Sy Eı}. Adjoining the third 
Schwarz postulate to the preceding system, we prove the following theorem. 


THEOREM 6.1. There is at most one algebraic middle element of two 
elements of 2. 


Proof. If y, y* are algebraic middle elements of æ and z, Theorem 5.1 
and Lemma 5.1 give 
cy = yz = (1/2) = ay = y*2, by = Oy*. 
Case 1. G(x,2) 520. From F 
l D(8, x, y, 2, y*) = — 16G (a, y, 2, y*) S0 


we readily obtain — D (0, x, z) (yy*)?S0. But G(x, 2) #0 gives D (0, 2, z) 
= — 4G (x, 2) < 0, and it follows that yy* = 0. Since X is semimetrie, this 
implies y = y*, and the theorem is proved in this case. 


Case 2. G(s, 2) = 0. If x 80 then y = [(1 + d)/2] x, where z = à £, 
and the uniqueness of y follows from Theorem 3.4. A similar argument is 
employed in case « = 4 (and consequently z 40), and the proof is complete. 


DEFINITION 6.1. Let x, z be elements of Z with algebraic middle element 
“y. An element 2-y is called a sum of x and z (written 2 y =x +z). If 
gt = z, pul s+ z=: z. 
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If 2-y=a-+2 then (1/2)(2-y) = (1/2) (x +2) or (Theorem 3.7) 
y= (x +2). 


Tunorem 6.2. Two éléments &, x of Z have at most one sum x + z. 
Lemma 6.1. If x, y, x + y are elements of 3, then 
_ (@ tyg) = (se) + (ty), (+y +y) = (xx) + (y) +(e y). 
Proof. Writing 2 w =g + y, we have 

(£ +y,z) = (2-w, s) = 2+ (w, c) = bw? + bn? — zu. 


Since cw? = (1/4)xy? and (Lemma 5.1) bw? = }(62? + 0y?) — (1/4) ay’, 
substitution yields 


(© + y, ©) = Ga? + (1/2) (Ox? + by? — ay?) = (2,2) + (x, y). 
Also, 
(z +y ety) = (2:0, 2-w) = 4: (w, w) = 4: Ow? = 2 (0r? + by?) — ry? 
— 2 (0a? + By?) — (02? + 0y? — 2 (a, y) ) = Ba? + Oy? + 2: (2,9) 
= (z,2) + (yy) +2: (x y). 
THEOREM 6.2. If æ, y, x +y, ze3, then (x +y,z) = (2,2) + (y, 2). 
Proof. Suppose, first, that G(x, y) 40. Since 
G(s, y +y) = 4: G(x,y, z(e +y)) = 0, 
S3 yields G (z, y, s + y, 2) Z 0. 
| Use of Lemma 6. 1 gives 
Ga, ya + y,2) =— le + 9,2) — (a, 2) — (3,2): E(w, y) S0. 
Consequently G(s, y, + y,2) =0 and (t+%,2) = (2,2) + (y,2). 
If G(x,2) —0, then (assuming #346), (s +y) =[(1+A)/2]-¢ 
with y =À- x, and so s + y = (1 +A)-x (Theorem 3.7). Whence 
(t+ y,2) = ((1 +A) - 2,2) = (1 +A): (2,2) 
= (2,2) + (A+ a, 2) = (a, 2) + (92). 
The desired result is obtained in a similar manner in case æ = 9 (and 
consequently y 54 9). 


694 LEONARD M. BLUMENTHAL. 


7. The system {Æ: Qi, G2, Qs, Si, S2, Sa, Ei, E2, E3}. We adjoin now 


the two existence postulates F, and #, to our system. 7 


THEOREM 7.1. For each element x of Z and each real number à, 3 
contains exactly one element À x. If x,ye% there is exactly one element 


e+ y of S. 


Proof. The proof of the first statement of the theorem is an immediate ° 
consequence of Postulate E», Definition 3.1, and Theorem 3.4, while the 
proof of the second statement follows from the first one and Theorem 6. 1, 
when it is shown that at least one algebraic middle element exists for every 
pair of distinct elements of 3. (If rz, 2 +z=?2'xr exists by the first 
part of the theorem). 

If z,ze3 (sz), Postulate F, insures the existence of at least one 
middle element of x, z whenever G(x,2) #0. If x, ze2, (x42) with 
G(a, z) = 0, then z = à’ x (assuming © ~ 6) and the element [(1 + A)/2] x 
which exists by the first part of the theorem, is the desired algebraic middle 
element of x and z. If, finally, s =ð then the element (1/2)-2 is an 
algebraic middle element of x and z. 


THEOREM 7.2. Addition and scalar multiplication in 3 have the 
following properties: 


(i) s+y—y+a, 
i) o sta) (ty) ts, 
(iii) £+ y =z + z implies y =z, 
(iv) (ety) =s, 
(v) (Ar + Ac) E= M T H AT. 


Proof. Properties (i), (ii), (iv), (vy follow at once from Postülates 
Qı, Qs, and Theorems 3.5, 6.2. To establish (iji), we have æg + y =z + 2 
implies (s +y, y) = (2 -+2,y), and consequently (y, y) = (y,2). Also, 
(a +y,z) = (£x + z,z) and so (y, z) = (2,2). Hence y=z by Qs. 


THEOREM 7.3. Distances 0x, ze, have the following properties: 
(a) 0x = (2, s)? 0, 


(b) 0x = 0 if and only if « = 6, 
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(e) dist. [, A- z] = | À |: 62, 
(d) dist. [6,2 + y] S 6x + Oy. 


Proof. The relation 6c = (x, 2)? is given in the second paragraph of 
Section 4, and (b) follows from Q, and Theorem 3. 2. 


Since 
dist. [, àA- s] = [(6, 6) + (A-s, à s) —2 (0, à- £) P 
= (A g, A T)? = | à |- (z, 2)? = | à | 62, 
property (c) is proved. 
To establish (d) we have from G(s, y) = 0, 
Cas) + (yy)??? = (@, 2) + my) +2] (sy), 


or 
Cy. 3 bx + 0y = (z +y, s + y)? = dist. [6,2 + y]. 


We are justified by Theorem 7.3 in defining the norm |||] of an 
element x of 3 as the distance Oz. Noting that 


(t—y,e—y)*—= (2 + (—1)y et (~ 1)y)’ 
| =[(2,) + (yy) —2 (z, y) F = ay, 


or wy = || y — x || = dist. [0, y — x], it follows that for each three elements 
sz, y, 2 of à : 


dist. [y — z, 2—a] = | (e—2z) — (y — £) | = |lz—y ] = yz. 
Remark. The space X is metric. 


THEOREM 7.4. The space {%: Qi, Qe, Qs, 81, 82, Sa, E, He, Es} is a 
generalized euclidean space. 


Proof. Postulates Qi, Q2 and Theorems 3.2, 3.5, 6.2 prove that the 
quasi inner product (a, y) has the properties (a)-(e) of an inner product 
(Section 2), and Theorems 3. 6, 3.7, 7.2) establish that 3 is a linear space 
with respect to the addition æ + y and the scalar multiplication A =. 

By Theorem 7.3 the space 3 is normed by taking || x | — 6x, and since 
0x = (x, z)*, 3 satisfies all the requirements of Definition 2. 1 for a generalized 
euclidean space. 
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8. Some further properties of =. We understand now by 3 a set 
subjected to all nine of the postulates in Section 2; that is, 3 is a generalized 
euclidean space (Theorem 7.4). It is well-known that if such a space is 
separable and complete, it is congruent with a euclidean space or with Hilbert 
space according as its dimension is finite or infinite, respectively. It might 
be of interest in this concluding section to give another proof of this important 
theorem on the basis of the theory we have been developing. 


THEOREM 8.1. Metric linearity and algebraic linearity are equivalent 
in à. 

Proof. By the Remark following Definition 4.2, algebraic linearity 
implies metrie linearity. To prove the converse it suflices to show that if 
©, y, ze X, then B(z,y,2) — 0 implies G(x,y,2) —0. This is obvious in 
case the elements are not pairwise distinct, or if one of the elements is 6. 
Suppose neither alternative holds. 

By the concluding remarks of Section 7, it is easily seen that a, y,z 
= 6,y—2x,z—x, and so the metric linearity of x,y,z implies that of 
6,y—12,2— x. Consequently G(y—«,z—-2) = — (1/4)D(0, y — qt, z — x) 
== 0, and application of Theorem 3.8 gives 


Z2—U=A-(Y—#); z= (l—A) st Hity, 
from which G(s, y, z) = 0 follows by computation. 


. DEFINITION 8.1. A space has the weak euclidean four-point property 
provided each quadruple of its points containing a linear triple is congruent 
with four points of the euclidean plane. 


THEOREM 8.2. The space & has the weak euclidean four-point property. 


Proof. Let x, y,2,w be any four points of 3 (pair-wise distinct) with 
x, y, z metrically linear. Since x, y, 2, w = £ — Ww, y— W, 2 — w, 6, it suffices 
to prove the latter quadruple imbeddable congruently in the plane. The space 
X being metric, this follows upon showing D(6,x—w, y —w,2—w) = 0, 
[8]. 

Now the metric linearity of x, y, z implies that of g — w, y — w, z — w, 
and hence (Theorem 8.1) this triple is algebraically linear; that is 
G(2 —w,y— we —w)=0. But ; 





D(6,2—w,y — w, z — w) = 8- G(s — w, y — w,z—w) =0, 


and the proof is complete. 
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Since for each two of its distinct elements x, z the space 3 contains an 
` algebraic (and hence metric) middle element, 3 is metrically conves. It, 
moreover, x, y e X the element z = 2y — x is such that y is the middle element 
of x and z, and so 3 is externally conves. 


DEFINITION 8.2. An element x of X is a limit of an infinite sequence 
{zu} of elements of 2 provided lim(a, €n) = lim (Zu tn) = (z, T). 


Remark. Writing (2,2) + (an, tn) — 2 (£, £n) as in (+) of Section 4, 
it is seen that lim x, = if and only if lim wz, = 0. 

Cauchy sequences and separability are now easily defined in terms of 
inner product, and we have the following theorems. 


THEOREM 8.3. The space S is congruent with Hilbert space provided 
it is separable, complete, and for each positive integer k a subset ti, %2,° ` >, Ep 
of 3 exists with G (T1, tr," + +, 2p) Æ 0. 


THEOREM 8.4. The space $ is congruent with the n-dimensional 
euclidean space En provided it is complete, and n is the smallest positive 
integer such that each n + 1 elements of X have a vanishing determinant G. 


Since 3 is metrically convex, externally convex, and has the weak euclidean 
four-point property, these theorems are immediate consequences of metric 
characterization theorems of Hilbert and euclidean spaces (with respect to 
the class of all semimetric spaces), respectively [3, p. 70], observing (as noted 
in Section 5) that for each positive integer k, 


D(O, £a, ay © $, Bp) = (— 1) RG (ay, To, + + Lx). 


It is observed that a congruence of X with E, or with Hilbert space 
preserves inner products if and only if the element 6’ corresponding to @ in 
the congruence is the origin (or null vector) of the space. Since this can 
always be brought about by a translation, Theorems 8.3 and 8.4 can be 
restated in terms of a vectorial application of the vector space 3 onto the 
euclidean or Hilbert vector spaces. 

In conclusion, we wish to point again to the fact that we have avoided 
the obvious and ad hoc procedure that, for example, defines an element c as a 
sum of elements a, b provided (c,2) = (a,x) + (b,x) for every element 
x of 2. Such a device places a condition on the inner products of a, b, c 
with every element of the space in order to ascertain if one of the three 
elements is a sum of the other two! This question is answered, according 
to the procedure of the paper, merely by examining the inner products 
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attached to a, b, and c, the three elements concerned. The linearity of inner 
product clearly partakes more of the nature of a theorem than a postulate, 
and much of the paper is concerned with establishing that property from 
our (a priori) milder assumptions, 


Tar UNIVERSITY oF MISSOURI. 
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ON THE SPECTRUM OF HILBERT’S MATRIX.* + 


By WILHELM Maenvs. 


1. Introduction and summary. It has been shown by Hilbert that the 
infinite matrix 


(1.1) (Anm), where m = (n + m +1)"; n,m==0,1,2,° °°, 
is bounded, and Hilbert’s inequality, 


(1.2) 053 Iaam/(ntm+1)SrIor, 


for real £m has been proved in many different ways; for references cf. Hardy, 
Littlewood and Pölya [2]. The finite segments of (1.1) have been investi- 
gated by H. Frazer [1] and O. Taussky [6]. The matrix (1.1) is associated 
with Legendre’s polynomials (cf. Szegö [4]), and the quadratic form in (1.2) 
has been used by Szegö [5] for a normalization of Hankel forms. 

Hilbert’s original proof of (1.2) (ef. H. Weyl [7], I. Schur [5]) 
suggests that the spectrum of (1.1) is purely continuous. We shall obtain 
the following result: ? 


THEOREM 1. The spectrum of Hilberts matrix (1.1) is purely con- 
tinuous. Every real value of À for which 0 SAS x belongs to the spectrum. 


. & An integral equation. We shall prove 


THEOREM 2. If the real numbers gn, hn, (n = 0,1,2,-- +) satisfy 
(2. 1) Im—-M<o, Sh,—N <o 
0 o 


* Received January 25, 1950. | 

2 Work sponsored by the Office of Naval Research. 

2] am indebted to. Professor Wintner for calling my attention to the fact that 
the second statement of Theorem 1 can be derived from Carleman’s work (Sur les 
équations intégrales singulières à noyau réel et symmétrique, Uppsala, 1923, pp. 169) 
on the integral analogue of Hilbert’s matrix. Carleman shows that the kernel 
(s +t), 058, t< ©, has the purely continuous spectrum [0,7]; from this, from 
Hilbert’s original proof of. (1.2), and from a result due to H. Weyl (Rendiconti del 
Circolo Matematico di Palermo, vol. 27 (1909), pp. 373-392), it follows that every 
point of [0,7] belongs té the spectrum of (1.1). 
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(which implies that the power series 


(2.2) Inn, h(a) = Ltr 


converge for |z| <1), and if À denotes a real number such that 0 SASE r, 
then neither of the integral equations 


(2.3) J 10/4 ta) dt =at), 


1: 
(2.4) . f h/a mare) +1 
0 
has a solution, except for the solution g(2) ==0 of (2.8). 


This is equivalent to Theorem 1. We can show this by expanding 
(1 —tz)"1 in a series of ascending powers of zt, introducing this expansion 
into (2.3) and (2.4), and observing that, because of (2.1), term by term 
integration is permitted. 

To prove Theorem 2, we deduce first from (2.1) and from Schwarz’s 
inequality that, for |z| <1, 
(2. 5) [sa SM IAE [RGIEMII-A |. 


This shows that we can iterate (2.3) and (2.4) which gives 
(2.6) S {g(t)/(t 2) Jlog{(1—2)/(1—1) at 
=a d*9(z), 
er) f (()/(t—2) Ylog((1—2)/(A— 8) at 
= Vh(z) + à — z> log(1—z). 
We now introduce 
(2.8) 1—t=07, 1—z=e%, g(t)=y(7), h(t) =n(r). 


Multiplying (2.6) and (2.7) by e?! and integrating with respect to £ from 
0 to œ, we find 


(2.9) x f eo ertdk 
= f Gerra Í etoj (1 — e7) do 


AN f rsG-Dodo/(1 — Er) — f ‘ye-eg/(1— 6) do}. 
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The exchanging of the integrations is permitted if Re p > 4, where Re denotes 
the real part. 

` The integrals from 0 to « with respect to o in (2.9) can be evaluated 
explicitly, and the integral from r to © can be evaluated by an expansion 
of {1 — exp (— c) }* into a sum of terms exp (— no), provided that Rep < 1. 
The result is 


(2.10) {(r/sin mp)? — a} f ety (Cae 
=È (Gp +k) + ae(1—p + m"), 


where 4 < Rep < 1 and 
` © 1 
(2.11) ca f oye trede— f g0 a Nah, 


(2. 12) bem fret — f g(t) (11) *og(1— Hat. 


But since the integral on the left-hand side of (2.9) is an analytic function 
of p if Rep > 4, the latter condition is the only restriction for the validity 
of (2.10), the right hand side being regular in p except for poles at p = k + i 
(k=0,1,2,° +). Since the left-hand side in (2.10) vanishes at 


(2.13) p=4 +n =ù, (= m {log (r + (r? —X?)?) — log A}), 
where n == 1,2,-- +, the same must hold for the right-hand side of (2.10). 


We can deduce from (2.1) that an application of the inversion formula 
of the Laplace transform 


(2.14) frox 


must give y(£). If we compute (2.14) from (2.10), this supplies a repre- 
sentation of y(£) by an integral taken over a parallel to the imaginary axis 
of the p-plane, which then can be evaluted by an application of the formula 
of residues. To prove this, we deduce from (2.5) that 


(2.15) || SMHI, [de] S MAK +4) 
which shows that the series on the right-hand side of (2.10) tends to zero 


if Rep < 1 and |p|. Going back from £ to z, the result is, for 
O<A< 2, 


(2.16) (2) = PE — AE S (1—2) qu (1 — Hm, 
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where 6 is defined by (2.13) and ga by 


GT) gqa=— iÑ (0S F m tr) (h H m +). 


Tn a similar way, we find from (2.7) that 


(2.18) h(2) = $a? (r? — 12) > (1 — 4) {rm (1 — 2) + Fy, (1 — 2) 4}, 


where 
(2.19) tm A(— M + 0)? LES (d +E—m + i)? 
10 | 
= iS (d+ m hi) + BE tm EN), 


(2.20) ar == Í "WOU — Heat, bB: = — f “h(t)(1 — #)* log(1 — td. 
Finally, it follows from (2.3), by Stieltjes’ inversion formula, that, 

if w > 1, 

(2.21) lim {g(w + ie) —g(w — i) } — ri (w/A)g (W); 

where g(w +ie) denotes the analytic ab of g(z) into the neighbor- 


hood of the upper and lower side of the real axis. (2.21) is also satisfied 
if we substitute A(z) for g(2). Combined with (2.16), this gives 


(2.22) w3 (—1)™(w—1)"4qn(w— 1) + mw) 


e > (1 — wt)” qu (1 — w)- 4 a (1 — wt) 9}, 


From this we see, by letting w — 1, that if go = 0, then g,==-0. But go 
must be zero, because 


(2.88) Sara —Sgngn(n tm +1) Se Sou 


is finite, according to (1.2) and (2.1). On the other hand, it follows from 
(2.16) that the integral on the left in (2.23) is infinite unless 9, = 0. 
Hence, if g(z) satisfies (2.1) and (2.3), and if O<A<m, then 


(2. 24) 91) =/SA=90, [rQ] SM, 
where W’ is a constant and 021. Similarly, we find 


(2. 25) AA) =h(1)=0, |K] SN. 
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Differentiating (2.3) and (2.4) with respect to z, we have from (2. 24), 
(2.25) 


(2.26) ag’(z) = f am) tig )a 
rn S aag + gd 


and (2.26) is also valid if we substitute h(z) for g(z). 


If we combine (2.26) and (2.8), we obtain 
Meg’ (2) + 9(2)}—= S, at 


1 

Since |g’(t)| SM’, this gives A(n +1)| gn SM fiat, which shows 
0 

that 


(2.27) En + Lg} <o. 


We can replace the second equation in (2.26) by an infinite system of 
linear equations, viz., . | i 


È (m+ Dga tm + 1) = — ang (n=0, 1,3: °). 


Putting (m + 1)gm = 8m, we find 


(2. 28) = 2 œntm/ (N +m+1) = À Zn/(n +1)22. 
Because of (2.27), we can apply (1.2), obtaining a contradiction unless 
ı=%='''—0. Hence we see from (2.28) that also 7-0, and 
therefore g(z) =0. The proof for A(z) ==0 (i.e., for the non-existence of 
h(z)) is precisely the same. This proves Theorem 2 for 0 <A < 7. 

To complete the proof of Theorem 2, it will be sufficient to show that 
g(z) =0 if A=0 or à= r, since the spectrum is a closed set. Therefore 
we have to exclude only the possibility that À — 0 or A== ~ belongs to the 
point spectrum of (1.1). The case A=0 can easily be excluded by intro- 


ducing G(z) = E gaz" (n +1)". This is a continuous function of z for 
9 


0=2=1, and from (2.3) we have in the case À = 0 


foore —n face 0 
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for n= 0,1,2,» <. For n= 0, this gives G(1) = 0, and for n—1,2,: > 
we find that all the moments of G (t) vanish, i. e, G(t) ==0., The case à = r 
can be dealt with in the same way as the general case if we modify (2. 16) 
according to the fact that the evaluation of y(£) from (2.10) requires the 
computation of residues at poles of the second order of the integrand. The 
analogue of (2.16) then involes a term with log(1 — z). 


- CALIFORNIA INSTITUTE OF TECHNOLOGY. 
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THE EXPANSION THEOREM FOR SIGMA-MONOGENIC 
FUNCTIONS.* 


By Lipman Burs. 


1. Introduction. .A 3-monogenie function f(z) is a complex-valued 
function f = u + iv whose real and imaginary part satisfy the partial differ- 
ential equations 


(1.1) any, 02 () ty = — re (Y) Vis 


-[1,2,3].: In this note we assume that the functions o,, 71; 0, Ta are of class 
C” and positive, and we say that f is &-monogenic only if u and v are of class 
O”. Without essential loss of generality we may assume that the functions 
o,r are defined for all real values of their arguments. If u and v are of 
class ©” and satisfy instead of (1.1) the system 


(1.1) Up /o2(%) = 11(Y) Vy, uy/o(2) = — T2 (Y) Va 
we say that f = u + iv is X’-monogenie.? 


The J-integral, of a continuous function f == u + iv is defined by the 
relation 


(1.2) Sfdsz = fuorde — vredy + à f (0/01) dx + (u/rı)dy. 


It is path-indépendent if f(z) is X-monogenic and is in this case a 3’-mono- 
genic function of the upper (variable) limit of integration. The 3-derivative ® 
of a &-monogenie function f(z) is defined by 


(1.3) dsf/dse = fll (2) = ote + iva/o, = Ty — Wuy/ra. 


The real and imaginary parts of fl! satisfy (1.1’), so that if they are of 
class C”, fl] is 3’-monogenic. The higher 3, 3’-derivatives of the 3-mono- 
genic function f(z), provided they exist, are defined by the recurrence 
formulae fll — f, fl] = dy fll/dyz, fla) — dy fl?) /dyz. 

A significant class of S-monogenic and ¥’-monogenic functions are the 


* Received January 6, 1950; revised March 30, 1950. “Presented to the Society on 
August 30, 1949. The research leading to this paper was supported by the ONR (Con- 
tract N6-onr-248). 

* Numbers in brackets refer to the references at the end of the paper. á 

2 The letters Z, 2’ denote the coefficient-arrays of the systems (1.1), =. 1’). Note 
that 2” = J. . ph 

5 S-integration and È- differentiation are inverse processes. 
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“formal powers” defined (for any constant values of a and zo) by the 
recurrence formulae * i te à 


a ZO (232) = a-Z (2532) =a, 
a- Zm (20; 2) =n fa Z (493 é) dot, 
20 


a: Z) (2932) nf 0-20 (20; £)dsé. 

The following facts are immediate consequences of this definition. For 
a real À and complex a, b 
(1.4) Ma: 20 (zo; 2)} = (da) 20 (zo; 2), 
(1.5) | a Z (4932) +b- Z (2932) = (a+b) - ZW (2932). 
A “formal polynomial ” | 
(1.6) P(2) = Io ZN (232) 
is a 3-monogenic function possessing 3%, %/-derivatives of all orders. In 
particular, 
(1. 7) PUl(2,) = rlan v=0,1,-°°,N; PW (2)=0, p >N. 
The formal powers satisfy the inequality 
(1. 8) Ja-Z (29; 2)| S| a| {C(| 2 | +] 2!)| z—20 |}, 


where C(r) is a positive continuous function depending upon the functions 
o,r [1, p. 76]. This implies that if | ay |” = O (1), v 0, then the “ formal 
power series ” 


(1.9) f(z) = av: 20 (252) 


converges uniformly and absolutely in some neighborhood @ of 2, and so do 
all series obtained from it by 3, 3’-differentiation. Hence f(z) is 3-mono- 
genic in G, possesses 3, 3’-derivatives of all orders, and 


(1. 10) FPT (20) = v lav, r—0,1,;"::. 


Now let f(z) be a given 3-monogenie function defined in the neighbor- 
hood of z. Can it be expanded in a formal power series of the form (1.9)? 
„An affirmative answer was given (by A. Gelbart and the author) under the 


* Note that a - Z™ is one symbol. In general, aZ™ ~a-Z™, 
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hypothesis that the coefficients o, + are analytic functions [1, p. 83]. In this 
note we prove the same expansion theorem under the much weaker assumption 
that the coefficients oi, 02, 71, r2 are twice continuously differentiable. 


2. The expansion theorem. Consequences. Our aim is to prove the 
following theorem. | 


EXPANSION THEOREM. Let f(z) be 2-monogenic in a domain D. In the 
neighborhood of every point 2, of D, f(z) admits a unique (uniformly and 
absolutely convergent) expansion of the form (1.9). If | f(z)| < M in D, 
then 


(2.1) | a| < £M, 


where A is a constant depending only on D, the functions ci, t; and the 
distance from z, to the boundary of D. 


With the aid of this theorem many results obtained previously for the 
` case of analytic o, r can be reëstablished without the analyticity hypothesis. 
This applies in particular to the analogue of Morera’s theorem [1, Theorem 
3.6] and to the theorem on the quasi-analytic character of %-monogenic 
functions [1, p. 84]. The inequality (2. 1) in conjunction with (1. 10) implies 
the analogue of Weierstrass’ convergence theorem. 

The expansion theorem implies that a 3-monogenie function possesses 
3, 3 derivatives of all orders. Noting that the real part of a 3-monogenic 
function is a solution of the equation 


(22) {mo(e)/n(y)}e+ {ttyoe (2) /x2(y) }y = 0, 


We obtain very precise information about the way in which differentiability 
properties of the coefficients of the elliptic equation (2.2) are reflected in 
the differentiability properties of solutions. We mention explicitly only an 
extreme case. 

For 


(2.3) o, = 0 = 1, n=n=expfa(ly)dy, 


equation (2.2) becomes 
(2.4) Au = a (Y) Uy. 


On the other hand (2.3) implies that a-Z™ (zo © + iyo) = a (£ — To)". 
Thus we obtain the following theorem: if (y) is of class C’, every solution 
of (2.4) is analytic in z. 
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3. Lemmas. In this section we shall prove several lemmas which are 


needed for the proof of the expansion theorem. 


Lemma 1. Let D, be a bounded domain, D a subdomain of Do, Zo & 
point of D, r, the distance from 2, to the boundary of D. Let p(a,y) be a 
bounded continuous function defined in Do, P a bound for | p(x, y)|, (2, y) 
a bounded function of class C” defined in D and satisfying the equation. 


(3.1) Ad = pd. 


There exists a constant A depending only on D, and P such that the inequality 


(3. 2) sy) SM in D, 
implies that 
(3.3) | be (to, Yo)| » | by (os Yo) | S AM/ro. 


Proof Set p(s, y; é, n) = (4m) logl (z — é)? + (y—n)?] and 
oley) = f Sa 95 6 n) DCE n)o(En) dé 
There exists a constant B depending only upon D, such that in D 


(3.4) | o(x, y)|, | we(2, y)|, | oy (2, y)| S BPM. 


We have, for instance, 


| w(æ, y)| = Puf p(z, Y; é, n)! d£dn = Pu ff, p(T, 936 n)| d£dn, 


and the last integral has a finite maximum on the closure of Do. 


On the other hand, (x, y) = $(2,y) — o(#,y) is harmonie in D, and 
since, by (3.2) and (3.4), | h | S (1+ BP)M, it follows © that 


(3. 5) | Ra (to; Yo) |, | hy (To, Yo)| S2(1 + BP) M/1. 


From (3.4) and (3.5) the assertion follows. 
Consider now a 3-monogenic function f =u -+ w. The function w is 
a solution of (2.2). Set 


g Y 
Li = f [e2 (2) /oı (t) E dt, nf, [r2(t) /rı (t) J]? dé, 
and a = [oi(t)o2(t)/r1(y)r2(y)] 4, p = au. Then ¢ considered as a function of 


e “The lemma is hardly new. The proof is sketched since the author knows of no 
reference. 


5 See [5], p. 321 where the analogous inequality is proved for three dimensions. 
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x, and y, satisfies the equation 0°¢/0z,? + Pb/dyı? = (@a/dx,? + 0a/0y,")p/a, 
so that Lemmas 1 may be applied to d&. A similar reasoning holds for Y- 
monogenic functions. Noting the definition of 3-derivatives, we obtain the 
following result: 


Lemma 2. Let D be a domain situated within the rectangle a S x =, 
b = y<b", z a point in D, ro the distance from z, to the boundary of D. ` 
Let f(z) be S-monogenic (or Y=monogenic) in D. If in D, | Ref(z)!| < M, 
then | f1(20)| < AM/r, where A is a constant depending only on the rect- 
angle and on the behaviour of the functions o, r in the intervals [a, a’], [b, b], 
respectively.” 


The following is an immediate consequence of Lemma 2: 


Lemma 3. If faul), n—1,2,: °°, and f(z) are 3-monogenic in a 
domain D, if Ref„— Ref uniformly in D, and if, at some point à of D, 
fn(20) > f (20), then fn — f uniformly in every closed subdomain of D. 


As another application of Lemma 2 we shall prove the inequality (2.1) 
of the expansion theorem for the case of a formal polynomial. 


Lemma 4. Let D be a bounded domain containing the point 2, P(z) 
a formal polynomial of the form (1.6), and M an upper bound for | P(z)| 
in D. Then 


(3. 6) | av | SAM, v=0,1,-°°,N, 
where A is a constant of the kind described in the expansion theorem, 


Proof. For v=0 (8.6) holds for every A= 1. Now let v be a fixed 
integer (O<v= N). Let D, denote the dise | z— zo | S (1—~p/v)1o where 
ro is the distance from 2, to the boundary of D, and m—0,1,: : :,y—1. 
Finally, let My denote the maximum of | PW(z)| in Dy, and let A’ be the 
constant from Lemma 2. By repeated application of this lemma we obtain 
the inequalities M, S (vA’/ro)Mo, MS (vA’/10) Mi S (v4’/r0o)* Mo: >, 
and finally | PI (20) | : = (4’/ro)'w M. Since MS M and a, is given Pe 
(1.7), we have | a | S (A’/ro)”(v’/v!)M, and since by Stirling’s formula 
v/v! ~ e” (my) À, the assertion follows. 

The proof of the expansion theorem will be based on Lemma 4 and on 
the following lemma which establishes the possibility of expanding a 3-mono- 
genic function in a series of formal polynomials. 


7 An analysis of the argument will show that the maxima of the second derivatives 
of o, 7 enter in A. 
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Lemma 5. Let f(z) be S-monogenic in the closed rectangle R:a Sr a 
b<y=b. Then there exists a sequence of formal polynomials P,(z) of 
the form (1.6) which converges to f(z) uniformly in every closed subdomain 
of the open rectangle R: a <x<w, b<y<b. (The point z is not 
required to belong to À). 


Proof. By subtracting from f(z) a formal polynomial of the fourth 
degree, we may obtain a function which vanishes at the vertices è of R. We 
may assume, therefore, that 


Fla +ib) — f(a’ + ib) = fla + ib) = f(a’ +) =O. 
Since the Dirichlet problem is always solvable for equation (2.2), we may 
represent u = Re f(z) in R as a sum of four solutions of (2.2), each of 
which vanishes on all but one side of R. It will be sufficient to consider one 
such function. Thus we assume now that u(x, y) —Ref(z) satisfies the 
boundary conditions: 
way) =u(a,y) =0, bSySv’; u(z,b’)=0, a SıSh, 
uz,b)=d(2)el”, ars, La)=d(f)-=0. 


A function 


(3.7) Ua) = 4 ()4 (9) 

will be a solution of (2.2) if 

(3.8) [os (x) 4" (2) + Aoa(2)$(2) = 0, 
(3. 9) Ve) — A4 (y)/n (y) = 0. 


The characteristic values of (3.8) for the boundary conditions #(a) = p(a’) 
= 0 are simple and positive. Let us denote them by Aÿ, 7—1,2,---, and 
let &;(x) be the corresponding (normalized) characteristic functions. Since 
A,” is certainly not a characteristic value of (3.9) for the boundary conditions 
y(b) = y(b’) = 0, there exists a solution ¥;(y) of (3.9) for À — A; which 
satisfies the conditions ¥;(b) =1, ¥,;(b’) = 0. It is well known that ©(z) 


admits the uniformly and absolutely convergent expansion (x) — 5 ajp;(@), 
gat 


a£zx£a. The series > a;p;(x)y;(y) converges to u(x, y) uniformly on 
gal 


the boundary of R. The same must be true throughout R since solutions of 
(2.2) are known to obey the maximum-minimum principle. 


8 See the interpolation theorem in [1], p. 89. This theorem js proved without using 
analytieity of the functions eo, 7. 
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Now we determine 3-monogenie functions f;(z) such that 
(3. 10) Re f(z) = aps) ¥s(y)s PSL Bre 
(3. 11) Im fı (41) == Re f (24), Im f;(4:) = 0, J = 2,3,-°°, 
where z, is some fixed point in R. By Lemma 3 we conclude that 
f(z) = Efe) , the series being uniformly convergent in every closed sub- 


domain of R. 

The assertion of Lemma 5 would be proved if we could find for avery 
positive e and for every j a formal polynomial of the form (1.6) which in 
R differs from f;(z) by less than e. That this can be done, however, follows 
from the fact that every 3-monogenic function satisfying (3.10) can be 
expanded in a formal power series of the form (1.9) which converges 
uniformly in every bounded domain.? 


4. Proof of the expansion theorem.'? Let f(z) be S-monogenic in the 
domain D containing %, and let | f(z)| not exceed M in D. According to 
Lemma 5 there exists a sequence of formal polynomials, 


Nn 
“Pa(2z) = > av™ + Z (2952), 
v-0 
such that 
(4.1) | f(z) = lim P,(2), 
uniformly in the closure of some neighborhood Gy of 2. We set a = 0 


for v œ> Nn. Let A’ denote the constant of Lemma 4 for the domain Ge and 
the point z. Then, by (4.1) and Lemma 4, 


(4. 2) ja |SA”(M+e); lime, —0. 
—> © 
The limit: : 
(4. 3) lim ay = ay 
exists for y—0,1,---. In fact, we have that 
(4. 4) | av) —ay™ | = A” - max! Py(z) — Pa (2) | (2 £ Go). 


From (4.2) we conclude that 
(4.5) | æ | S A”M, 


? See [1], Theorem 10.2. The proof of this theorem uses no analyticity assumptiong? 
39 I am indebted to Professor Hermann Weyl for suggesting a simplification af the 
argument, 
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so that the formal power series 


(4.6) : Ÿ av: ZO (203 2) 


pad 
converges uniformly and absolutely in some neighborhood G, of 2. Let r be 
a positive number such that the dise @:|2— zo | < r is contained in G, and 
rA’C(2 | zo | +7) <1, where C is the function in inequality > 8). For 
mo, (4.4) yields 


| — a" | = A” max | Pa(z) —f(2)| = Am, 10. 
Using this inequality, we see from (1.5) and (1.8) that, for z in G, 


` 


| S av Z™ (252) — P,(@)| = > | (av — avt) -Z (20: 2)| 
ss ps0 


S m/{1 — A/C (2 | zo| + 7)}, so that, by (4.1), f(z) = Zu -Z0 (2032). 
The uniqueness of this expansion follows at once from Lemma 4. 

It remains to prove inequality (2.1). (Note that it is not implied by 
(4.5) since A’ depends upon Go). We observe first that since f(z) may be 
expanded in a formal power series in the neighborhood of every point of D, 
all 3, 3’ derivatives of f exist. Next we repeat verbatim the proof of Lemma 
4, replacing P by f and using (1.10) instead of (1.7). 

The proof of the expansion theorem is now complete. The method used 
to establish this result ought to suffice to free the expansion theorems obtained 
by Diaz [4] and Protter [6] for their generalizations of X-monogenic func- 
tions from unnecessary analyticity conditions. It remains an open question, 
however, whether the conditions imposed by us on the functions o, 7 can be 
substantially weakened. 
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ON THE SPECTRUM OF A BOUNDARY VALUE PROBLEM 
WITH TWO SINGULAR ENDPOINTS.* 


By Kennern G. WoLrsox. 


1. Let a positive p(t) and a real-valued q(t), where —oœ < t < œ, be 
continuous functions with the property that the differential equation 


(1) (px) + (g + A)z — 0 


is of the “ Grenzpunkt ” type for both t = — m and t= Fœ. Thus (1) 
determines a boundary value problem in the Hilbert space L?(—00, + oo); 
that is, L(z) = — (pzy) — qz is a self-adjoint operator defined on the set 
of functions z(¢) for which z, pz’ are absolutely continuous; and z, L(z) are 
of class 2? (~o, &). Let the spectrum of this operator be denoted by 5 
and the set of its cluster points by S’. The assumptions above also imply 
that (1) and a-fixed homogeneous boundary condition, 


(2) æ(c) cosa + z’ (c) sin a == 0, 


where —œ < c <% and 0 Sa < x, determine two boundary value problems, 
one in each of the Hilbert spaces L?(—c,c) and L*(c,o), Let Se, 
denote the spectra of the respective problems. The derived sets S°”’, Sea are 
independent of c and a ([8], p. 251) and may be denoted by S*, Si 
respectively. | 
The object of this paper will be to determine the relationship between 
the sets S’, S*, Sa and those between the set S and the spectra Se? of the 
Sturm-Liouville problems belonging to (1) and the boundary conditions 


(3) | s(a) =0 and æ(b) —0, 


where — 00 <a <b < co. | 

The second part of the problem is analogous to the corresponding problem 
concerning S treated in [2]. The results below will be dependent on those 
of [2]. 

For À <A, and a < b, let N (a, b, Ax, À) be the number of points of Sa? 
in the closed interval [Aa Ag]. Put n(k,k)=liminfN(a, b, Ay, Ae), where 
a—->—o and b—>-+o. The following theorems will be proved: 


e 
* Received March 29, 1950. Presented to the American Mathematical Society. 
April 28, 1950. | 
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(I) À necessary and sufficient condition for À — À, to be in S ts that 

(4) R(Ao— €, Ao te) = 1 for every « > 0. 
(II) A necessary and sufficient condition for À = À to be in S as that 

(5) R(Ao — €, Ao + e) = for every « > 0. 


Let (ào) denote the number (0, 1 or 2) of the half lines (—o, 0], 
[0, ©) on which (1) is oscillatory for A near, but exceeding, À. Put 
mA ke) = lim sup N (a, b, As, Àz), where a—>—o and bo. It turns 
out that condition (4) is equivalent to 


(4) m (Ao — 6, Ao + €) Z 8(Ao) +1 for every e > 0. > 


It may be pointed out that, in (I), the boundary conditions (3) cannot 
be replaced by arbitrary homogeneous boundary conditions, say 


(6) æ(a)cos B + +’ (a)sin B = 0, æ(b)cos 8 + z’(b)sin 8 = 0. 


Corresponding to the differential equation =” + Ax —0 and the boundary 


conditions (6) determined by 8 = 7/4, the number À = — 1 is an eigenvalue 
for every choice of a,b; but the set S is the half-line 0 & À <œ, and does 
not contain the point À = — 1. 


It will be clear that the proof of (I) can be modified so as to imply the 
following theorem. This theorem is the analogue of one concerning Sea, 
which was proved first in [8], pp. 252-257, with restrictions on q(t) and ds, 
and without restrictions in [2], p. 917. , | 


(III) If n(M, Ae) <œ, put N(A) = nu, A) for À LA < AL Then 
(i) N(A) is a non-decreasing (integral valued) step-function; (ii) N(A) ts 
continuous from the left; (iii) every jump (if any) of N(A) has the value 1; 
finally, (iv) the discontinuity points of N(X) on M <A < M are in the point 
spectrum and no other À values of the open interval (M, à) are in the 
spectrum § of (1). 


The following theorem will also be proved: 


(IV) S =S + 8*, where the addition is set-theoretic. 


The set 8” can be decomposed into the cluster points of the point spectrum 
and the continuous spectrum C. According to Weyl. ([9], p. 450), each A 
in C is at most of double multiplicity, as defined by Hellinger [5]. If p=1, 
‘while q is even and periodic, then it is known [10] that the sets S, and S* 
are identical and consist entirely of continuous spectra., Furthermore every 
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point A of $,—=5S* is also in C with multiplicity two; cf. the spectral 
resolution given in [6], p. 934 Thus suggests the possibility that, ir the 
general case, (IV) has some interpretation as regards the multiplieities of 
points of the continuous spectrum C. This will remain an open question. 

As a consequence of (IV), results on the set S* can be carried over to 
the set S.. For example, by the use of the theorem (*) of [3] we have: 

If there exists a number y such that for À < y every solution of (1) has 
only a finite number of zeros for -—œ < t < %, but has infinitely many zeros 
when A > a, then p is the least point of S’. If such a number p fails to 
exist, then 8 clusters at À=-— 00. 


2. Proof of the necessity of (4) in (I). If lim inf N(a, b, M, àa) = k, 
where a—>—c and b— +, then the open interval (A, A.) contains at 
most & points of 8. | 

This can be established as follows: Let Kay denote the bounded integral 
operator whose kernel on the rectangle as, tSS b is the Green function 
determined by (1) for A=i and boundary conditions (3). This operator 
determines the spectrum 8,5. Let K denote the corresponding integral 
operator for the interval (—o,0); so that K = (L — il), where I is the 
identity operator. For convenience, suppose that the domain of Ka» is not 
L?(a,b) but L?(—oo,-+o); and that, for any element g of this Hilbert 
space, Kaag is 0 outside the interval [a,b]. From the form of the Green 
functions and from the definition of “ Grenzpunkt” ([8], p. 226), it can be 
verified that Ka» converges to K, as a—>—c and b — +, in the sense of 
strong convergence of bounded operators on the Hilbert space L?(— 0,0); 
cf. the derivation of the spectral resolution of L as given by Titchmarsh [7], > 
pp. 56-57. The statement at the beginning of this section follows from 
known properties of strongly convergent bounded operators.’ 

` This assures the necessity of (4). 


3. Proof of sufficiency of (4) in (I). The proof will be divided into 
three parts (i), (ii), (iii) corresponding to the cases (ào) = 0,1,2 
respectively. 

(i) JTfn(h—e, ào + €) 21 for a given e > 0, then there exist numbers 
Ae, Be such that, for all a= A, and b = Be the set Sa? has at least one point 
in the interval [A> — €, ào + el. By Theorem (I) in [2], the set St, where 
S? = SW, contains at least one point in [Ay —« Ao + €] for every b= Be 
By the Lemma in 3 of [1], there exist solutions of (1) of class L?(— o, b)s 
corresponding to the values A lying in the interval [Ao —« A+] for 
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sufficiently small e > 0. Since (1) is of the Grenzpunkt type at t = —», 
these solutions are unique up to constant factors. Denote by x(t,A) a 
solution of (1) which is L?(—00,b). Since 8(A,) == 0, the solution «(#, À) 
has only a finite number of zeros on —o<t<w. The proof can be com- 
pleted by adapting the method used in [1] for the analogous problem 
concerning the sets Sea? and Seq, for fixed c. That method is based on, the 
following: If æ*(#, À) denotes a solution of (1) and (2), then the n-th 
largest zero of x* on c < t <œ is a continuous decreasing function of A, and 
the Wronskian of a*(#, A+) and 2*(t, À?) is zero at = c. In the present case 
of the function x(t, À), the point £ == —œ replaces the point == c. The n-th 
largest zero of s(t, À) on —œ < t<% is a continuous decreasing function 
of À Also, the Wronskian of (t, At) and z(t, À?) satisfies 


(7) POE (i 02) a(t, 4) — a(t, RN) (t A)] 90 as t>o; 


[8], p. 242; cf. formula (19) in [4]. 


The details of the proof for case (i) will not be. given as they follow 
closely those of [1]. 


(ii) In the case 8(A,) = 1, it can be assumed that (1) is non-oscillatory 
on the half axis —o < 40. Suppose, if possible, that (4) holds but that À 
is not in S. Then there exists an e > 0 such that the interval [Ao — €, Ao + €] 
is free of points of S. Since n(Ao — €, Ao + €) = 1, there exist numbers Ae Be 
with the property that, whenever a = A, b Z Be the set Sa? has at least one 
point in [Ap-- «A» +€]. Theorem (I) in [2] implies that, for every b = Be, 
the set S® has at least one point in the interval [Ap —e, ào + e]. It will be 
. shown that there exist values of b corresponding to which S® has at least 
two points in that interval. Let {w,(b)} denote the set of eigenvalues in S? 
which are less than the least point of 8% == S*. The continuity and monotony 
of the n-th zero of æ(t, À), mentioned above, and the fact that the number 
of zeros on (—c,b) of eigenfunctions corresponding to successive elements 
of the sequence {u(b)} differ by one, allow an adaptation of the arguments 
of [2], p. 916, as follows: | ‘ 

Let x(t, À) have the same meaning as in (i). Consider a value b’ > b 
satisfying (b, Aa — €) = 0; so that A»>—«—p,(b’) for some value of h. 
Then pan(b’) S ào -+e For if this were not.the case, it would follow that 
pn(b”) < Ao — e, while pps (57) > Ao + € for b” near, but exceeding, b’. This 
contradicts the fact that for every b>-B. the set S¥ contains at least one 
element in [Ay —<«,A» +]. Hence, for some arbitrarily large b, S® has at 
least two points in [Ao — €, Ao + €]. 
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To complete the proof, it will be shown that the assumption that no point 
of § is in the interval [As —«, Ao + €] leads to a contradiction. 

Since the addition of a constant: À, to g(t) simultaneously translates the 
sets 8°, S by — ào, it can be assumed that À = 0. Thus, for some choice 
of b and h, the numbers a,(b), unı(b) lie in the interval [—e,e], but this 
interval contains no points of 8. Let a(t), tas. (t) be eigenfunctions corre- 
sponding to pa, An respectively. Put 


(8) a(t) = Gt (t) + Coty (t) or z(t) — 0 


according as —o<tÆb or b <t<o, where CC, are chosen so that 
z'(b— 0) =0 (and z(t) £0). Then z, pz’ are absolutely continuous, and z, 
L(z2) are of class L?(—o, œ). Hence z(t) belongs to the domain of the 
self-adjoint operator L(z). From (1) and (8) 


D(z) = Cyan (4) + Contr (É) or L(z) = 0, 


according as —o<t<borb<t<w. Since |ar| | am | Se, it follows 
from (8) that 


(9) Sf Touseef ra, 


since 2, Zu are orthogonal on (—œ, b). Since [— «e, e] is free of points of 
S, the spectral resolution of the operator L(z) implies 


(10) f L?(2)dt > è f dt. 
This inequality contradicts (9) and completes the proof of the case (ii). 


. (iii) Assume that 5(A) = 2, that (4) holds and that, if possible, Ao 
is not in S. Then there is an interval [Ao — €, À + €] free of points of 8; 
and there exist numbers Ae Be such that for all a= A, and b = Ba the 
interval [Ao — €, Ao + €] contains at least one point of Sa. The theorem (I) 
in [2] implies that [Ao —«, Ao + €] contains at least one point À == À, of S%, 
and at least one point A = Àa of Sy. Let 2, = s(t), te= T(t) denote 
corresponding eigenfunctions. Let d < a be a zero of +, and e > b be a zero 
of zə. These zeros exist in view of the assumption 8(A)) = 2. Let 73; = @3(t) 
denote an eigenfunction corresponding to a point A==A, of 84° lying in 
the interval [Ao — e, ào + el. Finally, let z(t) = cx: (t), s(t), C2£2(t) for 
—aoctiSsd,d<tSe, ande<t<o, respectively, where cr, Cs are chesen 
so as to make z’(¢) continuous. Since Ly, V2, Ta satisfy (1) for A == Aj, Ae: Aa, 
respectively, it follows that (pzy ==0, for t= d,e. Hence (pz’)’ is con- 
tinuous; so that z, pz’ are absolutely continuous on —o < <œ. Thus 
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z(t) is in the domain of the operator L(z). By a procedure analogous to 
that used in (ii), one obtains a contradiction to the fact that [As —«, A» + €] 
is free of points of 8. This completes the proof of case (iii). 


4. Proof of (II). The necessity of (5) follows from 2. The proof of 
(I) can be modified so as to imply that if n(Ax, À) =%, then there are k 
points of Sin [A1,As]; cf. (III). This shows the sufficiency of (5). 


5. Proof of (IV). Assume that À, is in S,. Theorem (I) of [2] 
implies that if c is fixed, —o<¢<oo, then there exist corresponding sets 
Sè having arbitrarily many points in [Ao — €, Ao + €] for every e > 0. Hence 
n (Ào — €, Ao + €) == for every e > 0, and so A, is in 8° by (II). Similarly, 
if Ay is in S*, it is in S. . 

Assume that À, is in 8°. It remains to verify that A, is in either S* 
or 84. Suppose, if possible, that this is not the case. If c is a fixed number, 
there exists an interval [Ao — €, À + €] which contains at most one point of 
each of the sets 8°, Se. Then no set S,° or S for any a < c < b can have 
more than two points in the interval [ào — «€, ào +€}. But then Sturm’s 
comparison theorem shows that N (a, b, Xo — €, ào + €) Æ 5 for all a < c< b, 
which is contradictory to the fact that À is assumed to be in S’, and so 
n (Xo — 6, Ao + €) == 00. 


6. Proof of equivalence of conditions (4) and (4). The proof will 
again be divided into three parts (i), (ii), (iii) corresponding to 8(Ao) 
= 0, 1, 2 respectively. 


(i) In this case it is only necessary to show that if, for some e > 0, 
the limit superior m (Ao — €, Ao + €) Æ 1, then n(ào— €, ào + €e) = 1, for the 
converse is obvious. The assumption m (Ao — e, Ao + €) = 1 implies that -there 
exists a sequence of intervals (a,, 01), (@s, b2), © + + such that a, > ars > —00 
and bg < br >œ, as kw, and that Sa’, where (a,b) = (ax, bx), has at 
least one point A = Àz in the closed interval [Ao — €, ào + €]. Let px denote 
the number of zeros in (a;, Oz) of the eigenfunction corresponding to A = Ar. 
Since $(A,) = 0, the sequence pı, p2,° * is bounded. Hence it can be 
supposed that p; = p is independent of k; otherwise the sequence (a, b1), 
(as, b2),* > + is replaced by a subsequence. If x,(a, b) denotes that point 
of Sa’, which corresponds to an eigenfunction having exactly p zeros on (a, b), 
Sturm’s comparison theorem shows that 4,(0, b’) < (a, bD) whenever a’ < a 

eand b > b. Since Ax = [Gr br), it follows that À > À Se > Ao — €. 
The assertion to be proved is an obvious consequence. | 
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(ii) The proof used in (ii) of 3 shows that if n(às— e6, ào + ©) = 1, 
then m(Ao— €, Ao + €) = 2; cf. [2], p. 916. The converse statement follows 
from Sturm’s comparison theorem. 


(iii) The equivalence of (4) and (4’) in this case can be shown by 
proving that m(Ao— €, A» + €) = 8 is necessary and sufficient for A, to be 
in S. The sufficiency follows from an obvious modification of the construction 
‘used in part (iii) of 3. To show the necessity, assume that À, is in S. Then 
it belongs to both S° and S., where ¢ — c is a zero of an eigenfunction corre- 
sponding to À Thus, for any e > 0, there exist arbitrarily large numbers 
— a, b such that S,° and 8,? each have at least two points in [Ay — €, Ao + €]; 
cf. [2], p. 918. Then Se’ has at least three points in [As — e, ào + €] by 
Sturm’s comparison theorem. This completes the proof. 


THE JOHNS HOPKINS UNIVERSITY. 


REFERENCES. 





[1] P. Hartman, “ Differential equations with non-oseillatory eigenfunctions,” Duke 
Mathematical Journal, vol. 15 (1948), pp. 697-709. 











[2] , “A characterization of the spectra of one dimensional wave equations,” 
American Journal of Mathematics, vol. 71 (1949), pp. 915-920. 
. [31 and C. R. Putnam, “ The least cluster point of the spectrum of boundary 
i value problems,” ibid., vol. 70 (1948), pp. 849-855. 
[4] and A. Wintner, “A separation theorem for continuous spectra,” ibid., 


vol. 71 (1949), pp. 650-662. 

[5] E. Hellinger, Die Orthogonalinvarianten quadratischer Formen von unendlichen 
Variablen (Inaugural-Dissertation), Göttingen 1907. 

16] K. Kodaira, “The eigenvalue problem for ordinary differential equations of the 
second order and Heisenberg’s theory of S-matrices,” American Journal 
of Mathematics, vol. 71 (1949), pp. 921-945. 

[7] E. C. Titchmarsh, Higenfunction expansions associated with second or der differen- 

- tial equations, Oxford (1946). 

[8] H. Weyl, “Ueber gewöhnliche Differentialgleichungen mit Singularitäten und 
die zugehörigen Entwicklungen willkürlicher Funktionen,” Mathematische ` 
Annalen, vol. 68 (1910), pp. 220-269. 

, “Ueber gewöhnliche Differentialgleichungen mit singulären Stellen und 
ihre Eigenfunktionen,” Göttinger Nachrichten (1910), pp. 442-467. $ 

[10] A..Wintner, “ Stability and spectrum in the wave mechanics of lattices,” Physical 

Review, vol. 72 (1947), pp. 81-82. 


[9] 





ON CUBE-COVERINGS OF n-SPACE.* 


By L. G. PECK. 


It was shown by Hajos* in 1941 that in every covering of Buclidean 
n-space by unit cubes whose edges are parallel to the coordinate axes and 
whose centers form a lattice (modul) there is a pair of cubes with a complete 
(n — 1)-dimensional face in common. The present note contains the results 
of an attempt to generalize the above theorem by omitting the condition that 
the centers of the cubes form a lattice. 

R, will denote the n-dimensional vector space over the real field; small 
German letters will be used for elements of An, and the corresponding 
Latin letters with subscripts for their components (e. g. £ == (@1,° ' ',in)> 
Qi == (@11,° ``, @m)). The unit vectors, e:,:::,e., are defined by the 
equation &; == 0 or 1, according as i £ j or i = j. There will also be occasion 
to use the set A, of n-tuples è = (8,,- - -, ôn), where & = + 1(i—1,:::,n). 
Note that A, contains 2” elements. 

The following definition is introduced to make precise the notion of a 
cube-covering of n-space: A subset A of Ry will be called an n-grill of, for 
every TER, there exists a unique aeX such that OS a,—a, <1, 
(is=1,---,n). 

It is clear how one can associate a cube-covering with every n-grill, and 
an n-grill with every cube-covering. Notice that the defining property of a 
grill is unaltered by translation, so that there is no loss of generality in 
assuming that a particular point of the grill is the origin o = (0,- - -, 0). 

A property (P) of grills, which will be used repeatedly in the sequel, 
is as follows: 


If A is an n-grill, if a,c’ eM, and if | a — af | <1, @=1,---,n), 
` then a =Q. 


Proof. Let 2; = max(ai, ai) for i= 1,: : ',n, and apply the definition 
of N. | 


* Received February 9, 1950. 

1 Georg Hajos, “Über einfache und mehrfache Bedeckung des #-dimensionalen 
„Raumes mit einem: Würfelgitter,” Mathematische Zeitschrift, vol. 47 (1941). The 
reader should also consult papers by Keller, Journal für die Reine und Angewandte 
Mathematik, vol. 163 (1930), and Perron, Mathematische Zeitsehrift, vol. 46 (1940). 
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It is now possible to prove a lemma, which, interpreted geometrieally, 
states that the fundamental half-open cube which is used in the covering may 
be constructed from a closed cube by omitting from it any set of 2-1 non- 
parallel (n—1)-dimensional faces. (The difficulty of making this last 
statement clearer without departing from geometrical terminology accounts 
for the introduction of the concept of a grill.) 


Lemma. Let A be an n-grill, ye Rn, and SeA,. Then there exists a 
unique ae such that OS zi + Bu < 1; (i=1,: n). 


Proof. The uniqueness of a follows from (P). For the existence, we 
can find (by definition) elements, a, Ge, a3,- * -, of X which satisfy 


0S di — ar < 1 if = — 1 


een Hrki (k =1,2,: +>). 


Since | an — au | <2 (t=1,---,; k,l = 1,2, +), it follows from (P) 
that there is only a finite number of distinct elements in the sequence 
Q üa * *. Also, if a= a =b, and k <1, we have 0 Su bi<1 if 
à = — 1, and 1/k S (—a;— 1) — b; < 1+ (1/1) if & = +1 Therefore, 
if k<m<l, we have |bi—am| <1, (i—1,:-:,n), and an—b by 
virtue of (P). Thus, for a suitably large K, ax = ügrn =: ' `= 0, say. 
This a clearly satisfies the conditions of the lemma. 

With the above preparation, it will now be shown that in any cube 
covering of the type under consideration each cube has a vertex in common 
with some other cube. This statement, it should be remarked, is no longer 
true if the word “ vertex” is replaced by the word “edge,” trivial counter- 
examples being available in three dimensions.” 


THEOREM. Let X be an n-grill and peA. Then there exist numbers, 
eu, not all zero, such that «—=0 or 1 (i—1,:--,n) and 


p + ae +: $ - -F enen e À. 


Proof. Without loss of generality, take p= 9. Denote by U, the set 
of ae Y which satisfy 0 £a S1 (t=1,---,n). I£ 8e An the preceding 
lemma assures the unique existence of a(ô) eM satisfying 0= (1—8)/2 
-+ sals) <1; (il, --,n), 4e, 0S u8) <1 when &= +1, and 


? Consider the 3-grill whose elements are triples of integers (©,y,2) with the 
following exceptions: when œ = 0, y= + 1, take the third component of the form 
24 4, z integral; when y = 0, z— + 1, take the first component of the form æ + 3, 
æ integral; when z= 0, œ= + l, take the second component of the form y + 4, 
y integral. (0,0,0) is an element of this grill, but the associated cube has no edge 
in common with any other cube of the covering. 
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0 < a;,(8) S1 when &——1. The function a(d) thus maps each element ` 
of A, onto an elements of Wo. Consider the inverse mapping. If be, we 

will have b=a(8) on condition that 0=0,<1 when §—-+1, and 

0 < b = 1 when À = — 1. 

In other words, = +1 when b;—0, &——1 when b—1, and 
finally &, = + 1 when 0 < b; < 1. Consequently, if £(b) denotes the number 
of components, bi, of b which satisfy 0 < b; < 1, then the inverse of the 
mapping a(S) maps each element be, onto 25) elements of An. Thus, 
220 — 2", where the summation runs over every be QW. Since £(0) = 0, 
this means that 3/25) — 23» —1 where the ’ refers to the omission of b = o. 
Consequently 3/25) ig odd and so £(b) — 0 for some be WM, bo. This 
completes the proof. 
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ON THE LOCAL UNIQUENESS OF GEODESICS.* 


By PHILIP HARTMAN. 


1. Statement of the theorems. Let E(u, v), F(u,v), G(u,v) be 
defined in a neighborhood of (u, v) = (0,0) in such a way that 


(1) ds? == Hdu? + 2Fdudv + Adv? 


is a positive-definite element of arc-length. If F, F, G are of class Ot, then 
the Christoffel symbols Tê; exist and are continuous functions of (u,v) and 
so the differential equations 


(2) 2 ui + Ti zu = 0 for i = 1, 2, (th, uz) == (u, v) 


are meaningful and define the geodesics associated with (1). Professor 
Wintner has raised the question of whether or not geodesics are uniquely 
determined (locally) by (2) and by a set of initial conditions (even though 
the coefficient functions l'y are not subject to a “ uniqueness” restriction, 
say of the Lipschitz type). It turns out that the answer to this question is 
of a very surprising nature. 

On the one hand, if it is only assumed, as above, that E, F, G are of 
class C*, then the solutions of (2) are not in general uniquely determined by 
initial conditions. On the other hand, if (1) is the first fundamental form 
of a (2-dimensional) surface of class C? in a 3-dimensional Euclidean space, 
then the solutions of (2) are unique. This last statement can be reworded . 
in the.following manner: 


THEOREM 1. On a surface of class O°, every geodesic is uniquely deter- 
mined (locally) by its initial conditions. 


The proof of Theorem 1 will depend on the circumstance, pointed out 
by Weyl [5], pp. 42-44 (cf. also van Kampen [4], p. 135), that the theorem 
of Gauss-Bonnet and/or the Theorema Egregium (in a suitable form) holds 
on surfaces of class C2. 

Let X denote the vector (x,y,z) and let X = X (u,v) be of class 
C”, where nÆ1, on a (u,v) domain and such that the vector product 
(Xu Xo) 40. Then X == X (u,v) is called a surface of class 0”. 

The proof of Theorem 1 can be refined to show that it is possible to 
introduce geodesic polar coordinates (r,6) at any point on a surface of class 


* Received December 28, 1949. 
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C? and that the resulting transformation (r, 6)'— (u,v) is of class C*. In 
the standard textbooks on differential geometry, it is assumed that the surface 
X = X (u, v) is of class C? in order to introduce geodesic polar coordinates. 
Their result, under that assumption, is merely that the transformation 
(r, 6) > (u,v) is of class C+. The proof below will show that if the surface 
is of class O”, where n = 2, then the mapping (r,$) — (u, v) is of class Ort. 


THEOREM 2. To every point P on a surface. X = X (u,v) of class Cr, 
where n = 2, there corresponds a neighborhood N of P with the property that, 
for any point QsÆP in N, there exists one and only one geodesic (in N) 
joining P and Q. Let u—u(r,$), v=v(r,6) be the point reached at a 
distance r from P along a geodesic determined by the angle p from some fixed 
direction. Then u—u(r,p), v=v(r,p) are of class Om! on some circle 
0ZTr< To OS > < 2m (and have a non-vanishing Jacobian if r= 0.). 


Texorem 2". The element of arc-length in the (r, $) -coordinates is 
(3) ds? = dr? + gd’, 


where g = g(r, p) is of class ©”? (and such that g(0, p) ==0, while g(r, +) 
exists and satisfies g,(0, p) ==0 even if n= 2). 


Similar theorems hold for geodesic parallel coordinates. 


2. An example of non-uniqueness. It will first be shown that the 
solutions of (2) need not be unique. To this end, let h(v) be a positive 
function of class CT (for sufficiently small | v |). Choose E(u, v) = G (u, v) 
= h(v) and F(u, v) =0, so that (1) becomes ds? = h(du? + dv?). If u is 
the independent variable, then the system of equations (2) reduces to the 
single equation 


(4) 2d*v/du? = (1 + (dv/du)?)H,, where H = log h, . 


(the subscript v denotes differentiation with respect to v); cf., e. g., the last 
equation on p. 403 in Darboux [1]. It will be shown that the function h(v) 
can be chosen so that both v==0 and v — u? are solutions of (4). 

In order that v==0 be a solution, it is sufficient to choose A(v) so as to 
satisfy H,(0) —0 (i. e., hy(0) =0). On the other hand, if (4) is multiplied 
by dv/du, a quadrature shows that H(v) =log(1- vx’) or h(v) = 1 -+ w”. 
If v = us, then vy, = 8u? = 8075, In order that v = u? be a solution of (4), 
it is sufficient to choose h(v) == 1 + 9v*¥*. This function (v) also satisfies 
hy(0) = 0, and so both u — 0 and u = v? are solutions of (4). 


e 3. Proof of Theorem 1. Let X —X(u,v) be a surface of class C? 
defined in a neighborhood of (u, v) = (0,0). It will be shown that the initial 
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data (u, v) = (0,0), (w, v’) = (1,0) determine a unique geodesic. Suppose, 
if possible, that there are two distinct geodesics. satisfying these initial con- 
ditions. On both of them, the variable u can be used as parameter. Let 
.them be given by v= v,(u) and v==v2(u), respectively, for small |u|. 
Since u can be replaced, if necessary, by — u, it can be supposed that 
0,(u) s£v2(u) for some small positive u. It can also be supposed that 

(5) (0,0) = G@(0,0)==-1, F(0,0) —0. 

If p > 0 is sufficiently small, consider the closed curve § == Sp which 
goes from (0,0) to (x, vı(a)) along the first geodesic (v = v, (u) ), then to 
(x, 02(u)) along the parameter curve u— p, then back to (0,0) along the 
second geodesic (v==v2(w)). Although S need not be a simple closed curve, 
it is clear that one can define the interior T == Ty. of S, and that Green’s 
theorem is applicable. Hence, the theorem of Gauss-Bonnet gives 


f xds+ ff Edot at pm 
8 T 


where K=K(u,v) is the Gaussian curvature of the surface at (u,v); 
« denotes the geodesic curvature along S; ds is the element of arc-length 
along S; do == (EG — F*)4du dv is the element of area on T; finally r, a, 8 
are the oriented exterior angles at the respective vertices (0,0), (m, v1(»)), 
(tty va(u)) of S. Cf. the proof of the Gauss-Bonnet theorem given by ` 
van Kampen [4]. 

| Since the geodesic curvature along geodesics is 0, the last equation 
reduces to 


: ve (u) u v2 (u) 
(6) af ff K(BG —F*)tdv du. 
Put vi (a) i o w(u) 
() m(n) = f | v2(u) —v (u) hu, 
. 9 


Then m(p) 0 for small p and mu) = |ve(u) —w(u)| for SuSa. 
It is clear that the integrands in (6) are continuous (hence bounded) fune-" 
tions of m, u, v near (y, u,v) = (0, 0,0); consequently 


(8) (1—8) —a— O(m(u)). 


Since v’,(0) =w2(0) —0, both a = a(x) and m—8B—7— Bu) tend 
to the angle between the parameter curves at (0,0). This angle is + Ir, 
since P(0,0)—0." By interchanging, if necessary, the numeration of v, 
and va it can be supposed that this angle is -+ fr. Hence, 
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(9) %— (m — ß) ~ cos (m — B) — cos œ as p> 0. 


Since « is the angle between the vector Xu (a, vı(u)) + olu, v1(u))v’s(p) 
and Xy(p, v1(u)), it is seen that 


(10) cosa = (F + Gv’,) {E + 2Fv’, + Gw? yG, 


where the arguments of E, F, G are (ps vi(u)) and that of v^, is m. It is 
also seen that cos(r — £) is given by a similar expression, in which v(a), 
vı(p) are replaced by w(u), v’2(u), respectively. 

For a moment, consider a, vı (x), v’1(u) as independent variables in the 
expression on the right of (10). The partial derivative of this function 
with respect to v’, at (m, v1, 1) = (0,0,0) is 1, by (4). Furthermore, since- 
E, F, G are of class C*, the expression (10) possesses a continuous (hence 
bounded) partial derivative with respect to v, = v, (u). Hence, as y — 0, 


(11) cos(r — £) —cosa 

= (1+o(1))Wrla) —vi(u)) + O (v2 (u) — v: (#)). 
Then (7), (8), (9) imply that vou) —v'i(u) = O(m(u)). By (7), this 
means that m (u) —O(m(u)). But this contains a contradiction, since 
mu) Æ0 and m(0) —0. The contradiction establishes Theorem 1.. 


4. Proof of Theorem 2. As above, let tne surface X = X (u, v) be of 
class C? in a vicinity of (u, v) = (0,0) and let P be the point (0,0). Assume 
the normalization (5) for E, F, G. According to Theorem 1, there is a 
unique geodesic u = u(r, p), v—v(r,p) satisfying the initial conditions 
(u(0, $), (0, $)) = (0,0) and (u,(0,6), (0, $)) = (cos 6, sin 6), where 
r denotes arc-length on the geodesic. The functions u = u(r, 6), v =v (r, ¢) 
possess continuous derivatives of second order with respect to r, on some 
circle OS r < rto and 0 = $ < 2z, since they are solutions of (2) and the 
solutions of (2) are uniquely determined ‘by their initial conditions. It will 
first be shown that u,v and ur, v, are of class C* on some circle OS r < To 
0S ¢ < Pr. 

Let 0 < ê< $r, then there exists a positive number uo = uo(8) such. 
that, if |¢|S8, the equation v=u(r,$) has a solution for r—r(u, œ) 
‘whenever |w|Su. Let v—v(u;p) denote the result of substituting 
r=r(u,p) into v=v(r,6); so that, for fixed ¢, the arc v—=v(u;$) is 
the geodesic determined by the initial conditions v(0; p) =0 and v,(0; ¢) 
—tand. The proof of Theorem 1 will be modified to show that vx(u; p) 
(hence v(u;¢)) has a continuous partial derivative with respect to & for 
lb | S8 and |u| <w(when w > 0, 8 > 0 are sufficiently small). The 
arc-length, r—r(u, 6), on a geodesic is given by : 
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1) r=r(ué)= f (+ BF ou us 6) + Gout (us $) Pan, 


where the arguments of E, F, G are (uw v(u;d)), and accordingly is of 
class C1, 

Since u—=wu(r,¢) is determined by the equation r=r(u, $) and since 
v—v(r,p) is obtained by substituting u = u(r,) into v(u;¢), it will 
follow that u(r, 6), v(7,¢) and u,(r,¢), v.(r,6) are of class C1 on some 
domain 0Æ r <r, and |¢|8. A similar procedure can then be applied 
on domains 0Ær< rı(po) and | ¢—- 40 |S 8(po), where ¢o is arbitrary. 
Finally, an application of the Heine-Borel theorem shows that u,(r,b), 
v-(r,p) are of class CT on some circle OS r < ro and 0 Sọ < ?r. 

Let 9 be fixed in such a way that |¢|8, and let Ag satisfy 
|[p+Ap|Æ<8 and |u| =. In order to use the notation of the last 
section, put v,(u) =v(u;¢) and v(u) =v(u;p-+ Ap). Consider the 
closed curve $ which goes from (0,0) to (m,vı(a)) along the geodesic 
v =v, (u), then to (u, v2(u)) along the parameter curve u = p, then back 
to (0,0) along the geodesic v = v2(u). Let T denote the “ interior ” of this 
curve. As above, the theorem of Gauss-Bonnet is applicable. The equation 
corresponding to (6) is 


Va (u) u ve(u) ; 
(13) Rast f iw ff K(EG— F*)*do du, 
v (u) o vlu) | l 


since the exterior angle at the vertex (0,0) is r— Ad, instead of r as above. 

The quantity x occurring in the first integral on the right of (13) is the 
geodesic curvature of the parameter curve u = y at the point (u,v). By a 
standard formula, x = det( X.G, (X,@),63, N), where N is the unit normal 
to the surface. Hence, «G? is p(p,v), where p(u, v) = G> det (Xv, Zu, N) 
is a continuous function of (u,v). Let g(wv) =K(E@—F?2)% Then 
(13) implies that (x — 8) — « equals 


(14) — Ag + au(x) {plu n) HD) + S Avoa, v) + o(D}du, 


where Av = va (u) —v(u) = v(u; p + Ad) —v(u;4), and the o(1)-terms. 
tend to 0 uniformly with respect to u (for |u| < u) as A$ — 0. 
On the other hand, the left side of (18) can be treated as follows: 
First, (9) can be replaced by +. 


a— (r—B) = {cos(x — B) — cos a} {sin « + o(1)}*. 
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The o(1)-term refers to Ap—>0 and is uniform with respect to w for 
| u| Su; also sin a = det (Xn + Levy, Xv, N)/| Xu + Xow | | Xo |. Thus 
sin a == (EG — FP){E + Foy, + Gviu?}?@%, where the arguments of F, F, 
Gare (u, v1(u)). 

Next, (11) can be replaced by 


cos(r — B) — cos g = (a+ o(1)) Avu + (b+ 0(1))Av 


where a = a (p, Va (a), Viulu) ), bD = b (u, v(x), Viu(u)) are the partial deriva- 
tives of the expression on the right of (10) with respect to v, and v, 
respectively, at (m, 01, V1) = (p, 0:(#), Vula) ). Consequently, (r — 8) — « 
equals 


(15) — {sin a(w) + o(1)}{(a + 0(1)) Avu + (b + 0(1))40). 


It is clear that neither sin « nor the function a vanishes if the numbers tio, 8 
are sufficiently small. 

On interchanging the roles of » and u, the equality of (14) and (15) 
can be expressed as 


Avy/Ag = A + Bau/ag + O È D(u)a0/A6du + o(1), 
0 


an integro-differential equation for Av/Ad, where A, B, O, D are continuous 
functions of u,v(u:p) and w(u;$) and, for fixed ¢, are considered as 
functions of u. (Actually, A = sin a/a; B=—(psina+b)/ 0 =— 4; 
D=q.) It follows by a slight modification of the arguments -occurring in 
the theory of differential equation (cf., e. g, [3], pp. 145-146 or 155-158), 
that the partial derivative ve (u, $) exists, is a continuous function and satisfies 
the integro-differential equation i 


(16) J—A+By+0 f Diw)y(u)dy, ("= d/äu), 


provided that (16) has a unique solution satisfying y(0) =0. On the other 
hand, it is easy to show (for example, by the method of successive approxi- 
mations) that if A, B, O, D are continuous functions of u for | u | = u, then 
the linear integro-differential equation (16) possesses, for | u | = uo, a unique 
solution y = y(u) satisfying an arbitrary initial condition. 

Hence vg (u; $) exists, is continuous and satisfies (16). But (16) implies 
that vgu(u, >) exists and is continuous. Consequently, vu(u;¢) is of class 
Ot for |u| Sum, |p| Ss (if to are sufficiently small). This completes 
the proof of the statement that u = u(r, 6), v=v(r,$) and their partial 
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derivatives of first order with respect to r are of class C? on some circle 
0Z<r< rx, 0 SH < ?r. 

The proof also shows that if the surface X (u,v) is of class C”, where 
n = 2, then u(r, pb), v(r,&) (and their partial derivatives with respect to r) 
are of class 07-1, 

Theorem 1 and the standard arguments (cf. [1], p. 408) show that 
u= u(r, p), v= v(r, b) are functions of the normal coordinates == r cos 4, 
n=rsind, say u=U(&n), v— V(É y). It is easily verified that U,V 
are of class C* on the circle £ 4-7? ro. For example, if & + 7? 30, then 
Te (é, n) = (é/r) ur — (4/77) ug; while u, = cos p + O(r) and ug = — r ain ġ 
+ o(r), uniformly in 6, as r—0. Hence, U; exists, is continuous at (é, y) 
= (0,0) and has the value 1 there. Similarly, Un(0, 0) — 0; Vr(0,0) =0; 
Vn(0,0) —1. Consequently, the Jacobian 0(U,V)/0(é& 7) is 1 at (0,0). 
This proves Theorem 2. | 


5. Proof of Theorem 2*. Let X= Y(1r,¢) denote the result of sub- 
stituting u= u(r, 6), v=v(r,d) into X=X(u,v). Clearly, the scalar 
product F,: Y, is identically 1, since r is arc-length along the geocesic, 
p = const. 

It will be shown that Y,:Y4=—=0. Under standard restrictions, this is 
merely the theorem of Gauss concerning orthogonal trajectories to the geodesics 
issuing from a point. In order to prove it under the assumptions at hand, 
‘the standard arguments (cf. [1], p. 410) will be suitably modified. 

First, F,r, Y,ọ exist and are continuous, and so (Y,-Y6), == Yr: Yọ 
+Y,-Y, exists. But Yu Ye=0, since Y,,, the principal normal to the 
geodesic & == const., is parallel to the surface normal N ‘and therefore ortho- 
gonal to Yẹ. Also, Y,: Y,==1 implies Y,- Y,¢=0. Hence, (Y,-¥s)-=0, 
so that Y,-Y¢ is independent of r. On the other hand, the identity 
¥9(0, 6) ==0 implies Y,- Yọ =0. 

Hence, in terms of dr and de, the element of arc-length has the form 
(3), where g= Yo Clearly, g(0,¢)==0. Also, g.(r,b) exists and 
equals 2Y4:Y,6; so that g-(0,¢) ==0. Since g(r,#) has the smoothness 
asserted, the Theorem 2* is proved. | ` 


6. Remark. Using the notation of Section 5, let the surface X = X (u, v) 
be of class 0? in a vicinity of (u,v) = (0,0), and let X = Y (r, $) denote 
the parametrization of the surface in geodesic polar coordinates (at (u,v) 
== (0,0)). As mentioned above (Section 1), the Theorema Egregium # 
valid on surfaces of, class C?. It follows that if 8 is any (smooth) Jordan 
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curve in the circle 0 & r < ro such that its interior T does not contain the 
point r==0, then 


} f 0dr+ (G/p)dp——f f gar ag. 
S T 


(This equation is merely an “ integrated ” form of the Frobenius formula for 
the Gaussian curvature when (3) holds; this formula is valid on surfaces 
of class C?, as can be seen by approximating X = X (u, v) suitably by smooth 
functions; cf. [2], Section 7.) 

Consider curves § which are the boundaries of regions of the type 
(0<)nSrsn pS pAg If the last formula line is divided by 
(Ta — 71) (¢2 —¢1), and if ¢1,¢2—> 4, finally, r,rz>r (540), then it is 
seen that grr(r,&). exists and is continuous if r #4 0, and that @°g4/dr? + Kg? 
=0 if r0. 

Although g(r, ¢) is smoother, as a function of r, than is to be expected, 
it remains an open question as to whether or not g(r, ) possesses a partial 
derivative with respect to ¢ (which is to be expected and hoped for; other- 
wise, in terms of r,&, it is impossible to consider the usual equations for 
geodesics). It is easily verified that the orthogonal trajectory 7 = const. has 
a parametric representation of class C? in terms of its arc-length; however, 
it is not clear that its parametric representation in terms of ¢ is just as smooth. 
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ON THE HÖLDER RESTRICTIONS IN THE THEORY OF PARTIAL 
DIFFERENTIAL EQUATIONS.* 


By AUREL WINTNER. 


1. In the following considerations, which deal with solutions u, on an 
(x, y)-set D, of the partial differential equation 


(1) Au + f(z, y)u= 0, 
(AU = Uss + Uyy), everything will depend on a precise definition of “a 
solution u on D,” as follows: 


(I) The (x, y)-set D will be required to be open (and connected or, 
for that matter, simply-connected; either of the latter restrictions will be 
immaterial, since there will no loss in generality in assuming that D is 
“small”). The open set D will be referred to as a domain if it is not the 
empty set. 


(II) The coefficient function, f, of (1) will be assumed to be (real- 
valued and) continuous on a given D. 


(III) A function u, defined on D, will be called a solution, on D, of 
a differential equation if and only if all those derivatives of u which occur 
in differential equation exist, and satisfy the differential equation, at every 
point of D. 


Remark. In the sequel it will be essential that the notion of “a u which 
satisfies the differential equation almost everywhere on D,” a notion first 
used by Lichtenstein and further developed by Schauder, Leray, and others, 
is entirely ruled out by.(I) and (III). In fact, the ejection of an unspeci- 
fied zero set (or, for that matter, of an enumerable set) replaces the domain 
D by a set which, instead of being again a domain, can fail to contain any 
domain as a subset. Correspondingly, the question is not an issue just in a 
Hilbert space (such as the u-space gradwCL? on D). 


2. If (III) is applied to (1), all that follows for the smoothness of u 
is the existence of the derivatives Uss, uyy (but not that of wey and Uys, and 
still less their equality) at every point of D. This implies the existence of 
u, and Uy, but it fails to imply the existence of a complete differential du; 
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as a matter of fact, not even the continuity of w(x, y) can be concluded. In 
fact, solutions of (1) which are discontinuous on a dense set are compatible 
with (III) even in the case, f == 0, of Laplace’s equation. This can be seen 
as follows: 


Define on the (z,y)-plane a function u(a,y) by placing u(0,0) = 0, 
and u(2,y) ——?xy/(x° + 7)? if (s, y) (0,0). Then, since u(z, 0) 
and u(0, y) vanish identically, use and Uyy exist and vanish, hence they satisfy 
Au==0, at the point (s, y) = (0,0). Except for this point, u(#,y) is a 
regular harmonic function, since it is the imaginary part of 1/(x + ww)? 
Consequently, u(x, y) is a solution of Au = 0 on D in the sense of (III), 
where D is the entire (x, y)-plane, although u(#, y) is discontinuous at (0,0), 
since it is unbounded near (0,0). In order-to- “condense” this isolated 
“singularity,” it is sufficient to put (2,4) == U(E — En Y — Yn) and 
u* (x, y) =X anun (z, y), where \.21 Y1), (£2 Y2),* * * is a sequence of points 
which is dense on the (x, y)-plane, and 4, @&,: > : is a sequence of constants, 
where it is understood that the elements of these two sequences must be chosen 
by an appropriate induction. What then results is a function w* which, in 
the sense of (III), is a solution of Laplace’s equation on D (with D the 
entire (x, y)-plane), but which is such as to be discontinuous at every point 
of a set of second category (in fact, u*(z,y) can be unbounded on every 
circle (£ — 8n)? + (y — y)? <e where n —1,2,: + +). 

In order to avoid pathological solutions of this type, only those solutions 
of (1) will be considered which, besides being solutions in the sense of (T)- 
(III), are continuous functions. This additional restriction of thé smooth- 
ness required by (III) is the more natural as every continuous solution u of 
Au = 0 on D is of class O” (hence, a regular harmonic function) on D; 
cf. [8] or [5]. 


8. It is known (for references, ef. [3], pp. 1294-1295) that if D is 
small enough and if J is a sufficiently smooth Jordan curve contained in D, 
then, with reference to every smooth continuous function assigned on J, the 
first boundary-value problem for the interior of J (with a u(z,y) which is 
continuous within and on J) is solvable for (1), provided that the coefficient 
function satisfies a Hölder condition, 


| fa, y) — Fa”, y’)| S const.{ (2 — a”)? + (y — y"), 
(0<6<1). 


ft will be shown that the situation becomes entirely different if this proviso 
is omitted (in this regard, ef. [4]) and just the continuity of the coefficient 
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functions is required. In fact, there will be constructed a (real-valued) f(x, y) 
having the following property: 


(*) Although f(z,y) is continuous on the entire (z,y)-plane, 
there does not exist any domain D (or, equivalently, any circle D: 
(2 — To)? + (y—y5)? < r°, with some (zo, Ya) and some r > 0) on which 
D the differential equation (1) possesses some continuous solution, u(a, y), 
distinct from the trivial solutions, u(x, y) == 0. 

Accordingly, every boundary value problem belonging to (1) becomes 
unsolvable for every Jordan curve J, except when the boundary condition on 
J is such as to be solved by u(x, y) =0 (within J, hence on J). In addition, 
it is possible to choose a continuous f(x, y) as follows: 


(**) The boundary-value problem 
(2) u + {A+ f(x,y) }u=0, u==0 on J, 


becomes meaningless for every circle J: (a®— so)? + (y— yo)? = 17°, since 
it is possible that (2) has, for no value of the parameter A, and on no (x. y)- 
domain, any continuous solution distinct from u(z,y)==0, even though 
f(#,y) is continuous throughout. | 

This refinement, (**), of (*) will follow from the proof (*). 


4. Quite another consideration, one based simply on the equation, 


(a) = — f(x y), (= d/de), 


of the characteristic curves, y == y(«), of 
(b) | Ue + f(z, Y) Uy = 0, 


shows that similar possibilities can occur for linear, homogeneous, partial 
differential equations of first order also. For the inhomogeneous extension, 
Ux + (2, ¥) Uy = 9 (x, y}, of the homogeneous equation, (b), the construction 
of a counter-example is more straightforward, since, aceording to Perron [6], 
p. 550, it can be made to depend on the choice of the continuous function 
g(x,y), whilst f(x, y) =1, and this would not do in (b). 

Only solutions of class C’ will be considered for (b). Then what 
corresponds to the assertions of Section 3 is as follows: 


(+) There exist on the (x, y)-plane real-valued, continuous functioris 
f(x,y) having the following property: There does not exist any domain D 
on which D the differential equation (4) possesses some solution of class O’, 
say u = u(x, y), distinct from the trivial solutions, u(z, y) = const. . 

First, if f(z, y),is unspecified, and. if y= y(x) is any solution curve of 
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(a), it is clear that du(z,y(x))/dx vanishes, identically in x, whenever 
- u(x, y) has a complete differential (e. g., bounded partial derivatives Us, uy) 
-and is a solution of (b) (on an (a, y)-domain, D, which contains the curve 
y—y(x)). Hence, if a point (£o, yo) of D issues more than one characteristic, 
say Ki: y=yılz) and K,: y= y(x), where, without loss of generality, 
yi(t) < ye(v) holds for small positive «—s, then u(z,y) has the same 
value, u (£o, Yo), at every point of K, + K. But it is well-known (Osgood) 
that if («*, y*) is any point, close enough to (To, Yo), which is contained in 
the “horn” bordered by K, and K», then (a) possesses at least one solution 
path, K: y = y(x), which joins (2*, y*) with (£o, yo). Consequently, u(x, y) 
is constant on the entire domain of the “ horn.” 

Choose the real-valued, continuous f(x,y) in such a way that every 
point of the (z,y)-plane becomes a point (To, Yo); that is, a point of non- 
uniqueness, of (a) (such functions f exist; cf. [1]). Then every point (a, y) 
will be a boundary point of some domain D = Dzy (viz., the open set supplied 
by a “horn ”) on which domain the function w(x, y) is constant; so that 
Ug = 0 = wy on D = Dry. Hence, if u(z,y) of class C’, then us = 0 = ty 
holds throughout. This proves (ł). 


4bis. Clearly, the coefficient function, f(x, y), of the example, (b), 
proving (+) cannot vanish identically on any (x,y)-domain. Hence, f(x, y) 
will not vanish at some point and therefore, by continuity, on some (z, y)- 
square. It can therefore be assumed that f(x, y) is positive (or, equivalently, 
that f(x, y) is negative) throughout. the square (|¢|<1,|y|1). This 
leads to the following corollary of (+): 


(tbis) There exist on the square (|æ | £ 1, | y | & 1) continuous func- 
tions f(s, y) > 0, g(x,y) <0 having the property that the binary linear 
homogeneous system - | 

Ug = f (L,Y) ty + O° Vy, Va = Q - Uy + g (T, Y) Vy 
(which, in view of f(x, y) =Æ g (z, y), is a hyperbolic system) has on no open 
set contained in (|e] 5&1, |y|& 1) any solution of class C” distinct from 
the trivial solution: u(x, y) = const., v(x, y) = Const. 

In fact, the system in the last formula line splits into an equation for 


u alone and one for v alone in such a way that ({) is applicable to each of 
them. 


5. The proof of (*) will depend on certain facts concerning the solutions 
of Poisson’s equation, 


(3) Au = g(x, y); 
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and its formal solutions, 


(4) way) = (En) | f 9(& n)log r dear 
D 


where 7? == (£— x)? + (y„—y)?. ‘The first of these facts is as follows: 


(i) If g(#,y) is continuous and bounded on a bounded. domain D, 
then (3) cannot have any continuous solution. on D unless the function (4) 
represents a solution of (3) on D. 

In order to ascertain (i), let A*v == A*u (z, y) denote, for any point 
(x, y) and for any function v defined in a vicinity of (x,y), the limit of 


Rue +h, y) +(e y +h) + o(e—h,y) + ole, y—h) —40(x,y)} 


as À — 0, provided that this limit exists. It is known (cf. [8], p. 147) that 
if a function v(x,y) is continuous on a domain D and is such that Av 
exists and vanishes‘ at every point (z,y) of D, then v(z,y) is a regular 
harmonic function on D. Furthermore, it is readily seen (cf. [8], p. 149) 
that if v(z,y) is a function for which Av exists at a point (£o, Yo) (in the 
sense that both Uss(To, Yo) and Uyy(Tos yo) exist, implying that wo(2, yo), 
Uy (Lo, Y) exist for small | £ — x |, | y—- yo |, respectively), then Av exists, 
and equals Av, at (£o, yo). Finally, Zaremba [8] has shown that if g(a, y) is 
continuous on a bounded domain D, then the function (4) satisfies, at every 
point of D, the following variant of (3): 


(3 bis) a A*up(z, y) = g (x, y) 


(the existence of A*up at every point of D is the essential part of the 
statement). 

Clearly, these three facts imply the truth of (i), simply because the 
logarithmic potential (4) is a continuous function on D. As a matter of fact, 
(4) always is a function of class 0” on D. Hence, the three facts leading to 
(i) also lead to the following lemma (ef. [8]): 


(ii) If g(x,y) is continuous on a domain D, and if (3) has on Da 
continuous solution u(x, y), then w(x, y) is of class C’ on D. 


In fact, it is clear from the proof of (i) that the situation is as follows: 


(iii) If g(x,y) is continuous on a bounded domain D, then (3) either 
does not have any continuous solution w(x,y) on D or, if it has such a 
solution, its most general such solution is given by u = un + v, where up is 
defined by (4) and v denotes an arbitrary function which is (regular) 
harmonie on D. 
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6. The following analogue of (*) will now be proved: 


($) It is possible to choose, on the (x, y)-plane, a continuous function, 
g9(z,y), and a dense set, S, of points in such a way that, if D is any bounded 
domain, the function (4) fails to have a second derivative H?up/da? at every 
point of the common part of D and 8. 

It follows from (i) that (§) actually is an analogue of (*), with (1) 
replaced by (8). 

In the proof of (§), on which that of (*) will depend, the following 
criterion of Petrini [7], pp. 132-133, will be needed: If (a, b) is a point of 
D, and if H(e; a, b) denotes the circle r S €, where 1? == (£— a)? + (y— bY’, 
then the existence of the limit 


(5) lim ff g (& 7) 0? log r/dé dédy 


D-E(e;a,b) 


is necessary and suffieient in order that the funetion (4), where g is continuous, 
be such as to possess a second derivative 0?un/dr? at the point (a,b) (a 
similar criterion holds for the existence of the other second derivatives of un). 


Since 7? = (£— a)? + („—b5)?, it is clear that 


(6) SS | 9? log r/0& | dein >», as e— 0, 


D-E(6;a,b) ‘ 


holds for every (a,b). But the integral (6) is the “Lebesgue constant” 
which, in the “singular integral” occurring in (5), belongs to a fixed e > 0. 
It follows therefore from (6), by. Lebesgue’s classical construction (cf. [2], 
pp. 60-63), that there exists a continuous function f(e, y) = fas(æ, y) for 
which the limit (5) fails to exist. But it is well-known that Lebesgue’s 
construction can be carried out for a sequence of points simultaneously, if 
the “Lebesgue constants ” (belonging to the parameter, which is the above e) 
are unbounded (as e—> 0) at each of the points belonging to the sequence.! 
Consequently, there exists a continuous function g(s, y) having the property 
that the limit (5) fails to exist at each of the points (a,b) = (a,, bı), 


(@.b2),‘ ++, where (an bn) is any point of D. Hence the assertion of 
(8) follows by choosing’ the dense set, occurring in (8), as follows: 


(7) 8: (Zn Yn)» (n= 1, 2,° . ), 


_ In fact, if the case of a single point, say P, is replaced by that of a sequence, 
Ps Pa Pas + +, it is sufficient to replace the sequence P,P,P,..., which occurs in 
Lebesgue’s construction, by the sequence Py; Pa Pa; Po Pa Ps; Boe 
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where (1u Y1), (Z2, Y2),° * > denote those points of the (v, y)-plane for which 
both æ and y are rational. 


7. Besides ($), the following criterion of comparison will be needed 
in the proof of (*): i 


(88) Let g'(x, y), g°(x, y) be two continuous, bounded functions on a 
bounded domain D containing the point (a,b), and let up (x, y), up? (z, y) 
denote the corresponding functions (4). Suppose that g! = Gg?, where 
G(x, y) is a function satisfying G (a, b) =Æ 0 and having a complete differential 
dG (x,y) at (a,b) (e. g., continuous derivatives Gs, G,). Then either both 
or neither of the functions u = upt, u = un? has a second derivative 0?u/dx? 
at (x,y) = (a, b). 

In fact, if r? = (£— a)? + (n— b)? — 0, the existence of dG at (a,b) | 
means that 


G(é, n) = G (a, b) + const.(£ — a) + Const.(y—b) + o(r), 
and implies therefore that G (é, n) = c + O (r), where c= G (a, b). It follows 
therefore from g' = Gg’, where g?(é,7) = O (1), that 
(8) g> (E n) = cg? (én) + O(r), where c 0, 


since G (a,b) >£0. In addition, (8) remains true if g? and g? are inter- 
changed and c is replaced by 1/c. But the existence of the limit (&) is 
necessary and sufficient for the existence of the 6?/éx?-derivative of (4) at 
(x, y) = (a,b). It follows therefore from (8) that the assertion of (§§) 
will be proved if it is ascertained that 


Sf O(1r)@? log r/0& dédn — 0, as «> 0. | 


D-E(e;a,b) 


Büt this is sure to be true if - 


SS + | 0 log 1r/0& | dédn < œ, 


rel 
and the convergence of the last integral is seen by placing é= a + r cos ¢, 
„=b + rsin à. 


8. In order to prove (*), choose a function g satisfying the requirements 
of (8) with regard to (3), and put f = — g (or, for that matter, f = g). It 
will be shown that this f satisfies the requirements of (*) with regard to (1). 
This will also prove that the same f satisfies the requirements of (**) with 


8 
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regard to (2) and to every À = const. ; simply because an additive constant 
has no bearing on the construction leading to the g(x, y) of (8). 

For the given f——9, let u be a continuous solution of (1) on à 
bounded D. The assertion is that u=0 on D. 

First, if (1) is written in the form (3), where g represents the product 
of the two continuous functions — f, u, it follows from (i)-(iü) that the 
given continuous solution, u(z,y), of (1) must be of class C’ on D, and 
that the logarithmic potential (4) belonging to g = — fu must have a second 
derivative @un/0x° at every point (s, y) of D. It follows therefore from 
(88) that, if vp = vn(x, y) denotes the logarithmic potential (4) belonging 
to g=—f, and if (a*,y*) is in D, then either. #?vp/d2 exists at (x*, y*) 
or u(x*,y*) ==0. But g was chosen in accordance with (§). Hence, 

` @*vp/d2? fails to exist at every point of an (x, y)-set, (8), which is dense on D. 
Consequently, u must be 0 at every point of some dense subset of D. It 
follows therefore from the continuity of D that w==0 on D. 


THE JOHNS HOPKINS UNIVERSITY. 
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ON THE ZETA-FUNCTIONS OF ALGEBRAIC NUMBER FIELDS II.* 


By RICHARD BRAUER. 


1. It was shown in the first paper? that if & is an algebraic number 
field of a fixed degree n over the field P of rational numbers, then the 
discriminant d of k, the regulator R of k, and the number A of classes of 
ideals in k are connected by the asymptotic relation 


(1) log (Rh) ~ log V|d.| 


for | d|—>c. In this note, fields & will be considered whose degree x over 
P is no longer fixed. It will be shown that (1) holds for every sequence | 
of fields k normal over P for which n/log | d | tends to zero.” If k is an 
arbitrary algebraic number field and if n* is the degree of the minimal 
normal field k* over P which contains k, the set of values 


( log (Rh) —1) 1 
log V |d| n* 
(for all kz£P). is bounded and has zero as its only limit point. Since 
n* <S n!, this result implies (1) for fields of fixed degree n. 

The procedure is similar to that of I. In particular, the method used 
in 4 is an extension of a method of C. L. Siegel.’ Except for the proof of 
the Lemma on p. 244 of I, the present paper is independent of I. 





2. We shall denote by p(k) the residue at s—=1 of the zeta-function 
£(s,k) of the algebraic number field k. 


LEMMA. There exists an absolute constant c, such that the inequality 
(2) p(k) S er + ya ey 
holds for all algebraic number fields k and ally 214 . 


"* Received February 7, 1950; presented to the American Mathematical Society, 
November 25, 1949. 

* American Journal of Mathematics, vol. 69 (1947), pp. 243-250. We shall quote 
this paper by I. 

2 As was shown by Minkowski, this quotient n/log | d | lies below a fixed constant 
for all algebraic number fields k = P. 

°C. L. Siegel, Acta Arithmetica, vol. 1 (1935), pp. 83-86. \ rt 

“We shall use the notation c, c». - . for positive constants which do not depend 
on the ‚field %. Similarly &(e) will denote a positive constant which depends on-a 
parameter e but is independent of k. 
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For the proof, compare Landau, Nachrichten von der K oeniglichen Gesell- 
schaft der Wissenschaften zu Göttingen, Mathematisch-Physikalische Klasse 
1918, pp. 478-488, proof of Lemma 1. If a is the number of real conjugates 
of k, and 2b the number of non-real conjugates, n — a + 2b, then the 
expression 


| di |22 Ver RT (s/2)°T (s)? (8, k) — p(k) | d | (2r) =?/s(s —1) 
is positive for all real s. This follows from Hecke’s representation of the 
expression as an integral.’ The lemma is obtained by setting s=-1-+-y"* 
and using the inequality 

EL +R) Solty Ss (+ 

where £(s) == {(s,P) is Riemann’s zeta-function. 

The value of the residue p(k) is given by 
-(3) p(k) = 2% Rh/wy | d | 
where w is twice the number of roots of unity in k if b > 0, and w==2 if 
b=0. We need the following rough estimate of w: 


(4) w S cm’. 


For the proof of (4) we may assume w > 2, which implies b > 0. Since k 
contains the roots of unity of order w/2, we have n = #(w/2) where & denotes 
` the Euler function. Suppose now that w > ?n?. Then w/2 > n° Z o(w/2)?. 
Since $(q)/q'/? > for q—>œ," it follows that w must lie below a certain 
constant. This provo (4).7 

Combination of (2), (3), and (4) shows that 
(8) log (Bh) —logV| d| Snlog(a(1+y)) + (logv| 4|)/y 

‘ + 2 log n + log c. | : 
Since n/log | d| lies below a fixed constant (cf. footnote 2), it follows. for 
y = 1 that there exists a constant c, with 
(6) log (Rh) /logV|d! Se, (for kP). 
If k ranges over a sequence of fields for which n/log | d | tends to zero, then 
(5) implies that 
Tim log (Rh) /logV|d{}S1+y7%. 


5 See, for instance, Siegel, loc. cit.?, equation (5). 

* See, for instance, Hardy and Wright, An Introduction to the Theory of Numbers, 
Oxford 1945, Theorem 327, p. 265. 

7If we use Landau’s inequality ¢(q¢) = c q/log logg (c a positive constant, q > 1), 
(5) can be improved to w S c'n loglogn + o” (c’, ce” positive constants, k x P). 
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Ey», it follows that 
(7) Tim log (Rh) fog V| d|S1 (for n/log | d|— 0). 


Finally, if k ranges over an infinite sequence of distinct fields, then | d | >» 
and (5) yields 
iim (log Eh ite 
(8) _ . En (RE D 1)-=0 (for |d|—o). 
3. We now prove 


THÉOREM 1. Let k be an algebraic field and let K be a normal extension 
field of k. Denote by d the discriminant of k and by D the discriminant of K. 
Set [k:P]=n and [K:P] =N. There exists a constant c, such that 


(9) p(K)/e(k) SaN "(1 +y] D |/| a |) 
for al y 21. 


Proof. Let © be the Galois group of K with regard to k. It was shown 
in I that if 9 is the character of the regular representation of G and if yo 
is the 1-character of ©, we have an equation of the form ® 


(10) 0 — xo = VAI) Ys 

where each y; is an irreducible character different from the 1-character of 
a cyclic subgroup M; of Œ, y*; denotes the character of © induced by the 
character y; of W, and the A(7) are positive rational coefficients. 

Let the subgroup Y; of the Galois group © correspond to the field 
Z15;kC2, CK. Then K is cyclic over Z; and hence it is class field to a 
certain group 9; of ideals in Z; On account of the fundamental results of 
Artin,’ (10) implies : 


(11) EG K)/£ (SE) = TEL (s, oy K/k) 6; 

moreover L(s, 4", E /k) is equal to an abelian L-series : 

(12) L(s y*n K/k) = L(s, 93), 

where y; on the right is considered as a character of the group of ideal 


classes (mod $;) in Z;. It follows from (11) and (12) for s— 1 that 


® See the Lemma on p. 244 of I. Cf. also Aramata, Proceedings of the Imperial 
Academy of Japan, vol. 9 (1933), pp. 31-34. 

3 Abhandlungen aus dem Mathematischen Seminar Hamburg, vol. 3 (1924), PP. 
89-108; vol. 8 (1931), pp. 292-306. 
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(13) p(K)/p(k) = T/L, Wy) PO, 


The factors on the right are finite since y; is different from the 1-character. 

We now need an upper estimate for the factors | L(1,y;)|. Let n(j) 
be the degree of Z; over P; let a(j) denote the number of real conjugates of 
Z; and let 2b(7) denote the number of non-real conjugates. If f; is the 
conductor of yj and if d; is the discriminant of Z;, we set x; — | dy |#9(fi)* 
where R(f;) denotes the norm taken in Z; with respect to P. Finally, we set 


T (s, Y4) =P((s + 1)/2) 0 (8/2) Par (s)? 
where q is the number of infinite primes of 2; appearing in f; Then, for 
every s > 1, the inequality holds !° 
KRIDE, Yj) | ECL ys) 
S 2 (KPan) T (s, yi) E(8, Z3). 
Set s = 1 +y” with y21. Since 
1 YZ) SLL Fy S (14y), 


we obtain an inequality of the form | L(1, ¥j)| Se (1 + y) ” Px Y with 
a positive constant c}. Now, (13) yields 


(14) o(K)/p(k) STI ca DND (1 + y)" AK; AMD, 


In order to evaluate the product on the right, we compare the number 
of zeros of the functions appearing in (11) in the rectangle 


(15) OSR) <1, OC Xs) St 
(for 4 > 0). If M; denotes the number of zeros of L(s, p;) in this rectangle, 
then, by the analogue of the Riemann-von Mangoldt theorem, á 


rM; = n(j)tlog t+ (2 log x; —n(j) —n(j) log 2r)t + O(log t). 


The same formula holds for the number of zeros of £(s, K) in the rectangle, 
if we take for n(j) here the degree N of K and for x; the value | D |%. 
Similarly, in the case of £(s,k), we must take n(j) =n and = | d |%. 


1° This is shown by the method used by Landau, Mathematische Zeitschrift, vol. 4 
(1919), pp. 152-162, in the proof of Theorem 4. If we set 


(2m DR) T's, ps) L(s, $y) = O(s), 


then according to Hecke, $(s) can be written as a sum of two integrals ¥,(s) and 
Yes). It follows from the form of these integrals that 809] is at most equal to 
the value obtained from ®(s) by replacing L(s,%,) by £(s,2,) and taking s > 1. 

11 See Landau, Mathematische Zeitschrift, vol. 2 (1918), pp. 52-154, Theorem LXXI. 
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Move the factor £(s,k) in (11) to the right and raise the equation to the !-th 
power where Z is the least common denominator of all.A(j). Then, on 
comparing the number of zeros of both sides in the rectangle (15), we find 
INi log t + (log | D | — N — N log 2r)t + O (log t) 
== Int log t + I(log | d | —n—n log 2x)t 
+ Dé log t n(j)IA(j) + (2 log xj — n(j) — n(j)log 2x)IA(j)t}, 
‘ ; 


This yields ** 


(16) ' N—n+2n(GaG); 
aH. Tog | D[ Hog | a | +2 ZA) log ns 
Hence 


Tor PO (1 ey) MAD = ON EN LEE 
j f 
I KA = (| D ya |) 
j 


If these values are substituted in (14), the inequality (9) is obtained and 
Theorem 1 is proved. 


Remark 1. In the case that K is normal over k, the lemma in 2 may be 
corsidered as a special case of Theorem 1. 


Remark 2. “If K 4k and we choose y = log(| D |/| d |) in Theorem 1, 
we obtain 
p(K)/p(k) S e" log (| D |/| d|); 


with a constant cs. 


4. We now have to find a lower estimate for p(k). 


THEOREM 2. Let «>0 be a positive real number. There exists a 
constant Cg(e) depending only on e such that for all fields k normal over the 
field P of rational numbers the inequality holds 


(18) p(k) = ce)" | df. 
(n= [k:P], d the discriminant of k). 


Proof.‘ We may assume «1/2. 


13 Instead of using the number of zeros of L(s,y,) in the rectangle (15), we may 
also compare the functional equations of both sides of (11). It is also possible to 
obtain (16) and (17) without analytical tools. In the case of (16), one has to use 
the explicit value of the \(j) as given in I. The formula (17) can be deduced from 
Artin’s conductor formula, Journal für die reine und angewandte Mathematik, vol. 164 
(1931), pp. 1-11. 
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' Case 12% For all fields k normal over P the function &(s,k) does not 
vanish for real s with L—e/fn<s<1. 


Then &(1—e/n,k) <0 and a result of C. L. Siegel + (Lemma 1 of I) 
shows that | 
p(k) Z (1—e/n)(e/n)2 te Tr | d |-e/2n, 


It’is evident that an inequality (18) holds in this case. 


Case IT. There exists a normal field ko of degree no over P such that 
f(s, ko) = 0 for a real s with 1—e/no < s < 1. 


We may consider 1%, s, and the discriminant d, of ko as depending only 
on e Let K be the compositum kk, of the normal fields k and ko. Then K 
is normal over ko, and (11) for k, instead of & implies that £(s, K) = 0 for 
our fixed s, since the right hand side of (11) remains finite-for this s. 
Again, Siegel’s result '* can be applied and yields 


(19) p(K) Zs(1— s)2NeN | D em, 
where N = [K:P] and where D is the discriminant of K; 
(20) | N S non; | D| S|] d || d |”. 
Hence 


|D Fer [2m > | d |-/? | do |-n€/2n0, 


and since S, Ro; do depend on e but not on k, (19) can be written in the form 
(21) p(K) Zar(e)* | d |7, 


where c,(e) depends only on «. 
On the other hand, K is normal over k and Theorem 1 can be applied. 
If we choose y = no/e and take (20) into account, we obtain an inequality 


(22) p(k) Z p(K)es(e)™ | d |”, 
where cs(e) also depends only on e. Combination of (21) and (22) yields 
(18) with cg(e) = ¢7(e)es(e), and Theorem 2 is established. 
It follows from (18) and (3) that an inequality of the type 
(23) log (Rh) —logV |d | > — ncs (e) — 2elogvV | d | 
holds. 


18 In particular, we have Case I, if Riemann’s conjecture is true for {(s,k). 
Tf £(s, k) does not vanish on the real line between 1 — e/log | d| and 1, the same method 
yields the better estimate p(k) > c(e) "(log | d|)~ with a positive c(e) depending only 
one. This result is due to Hecke. 
4 Loc. eit.?, Lemma 2 on p. 85. ` 
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Since n/log | d | is bounded for all algebraic number fields k 4 P, we see 
that log (Rh)/log V | d | is bounded below. This together with (6) yields: 


THEOREM 3. There exists an absolute constant cy. such that | log(Æh)| 
S cology | d| for all fields k normal over P. | 


Further, if k ranges over ‘a sequence of fields normal over % for which 
nflog|d|—>0, then (23) implies that lim log (Rh) /logV |d| > 1— 2e. 
Since e > 0 is arbitrary, the limit inferior is at least 1. By (7), the corre- 
sponding limit superior is at most 1. Hence we have 


THEOREM 4. If k ranges over a sequence of fields normal over P for 
which n/log | d | —> 0, then log (Rh) ~ logy |d]. 


5. We now consider arbitrary algebraic number fields k. If & == P(a), 
and if a, @,: * +, @n are the conjugates of a, set 


k* — Ras, Go" 4 an). . 


Then k* is the minimal normal field over P which contains k. The degree n* 
of. k* over P. satisfies the condition n&n*"<n!. We need an estimate for 
the discriminant d* of k* in terms of the discriminant d of k. Let 6, denote 
the isomorphism of k = P(a;) on P(a;) which maps a, on a. Let ey denote 
the greatest common divisor of all 0 —w% with integral wsk; (i,j fixed; 
t<j). If we set Li = Po, %,- ` +, i), Lo = P, the different of Li —Li (a) 
relative to Lin divides 15 | 


Ile 
i>i 
(i= 1,2,: + -,2—1), and hence the different d*of k* = L,., relative to P 
divides 
. ni 
II I ey 
ii 354 


However, the square of this double product is the discriminant d of k. Thus, 





ò |d. Taking the norm in &* relative to P, we obtain d*? | d”* and this 
implies ` 
(24) | | S | d |77. 


Apply Theorem 1 to the field & and the normal extension field k”. If 
y = 1/2, e < 1/2, we find the inequality 


(ab); ” p(B) = p(k*)au(e)" | a |= 


15 See Hilbert, “ Zahibericht,” Jahresbericht der Deutschen Mathematiker-Vereini- 
gung, vol. 4 (1897), pp. 177-546; Chapter V. 


746 RICHARD BRAUER. 


with a suitable c1(e). On the other hand, Theorem 2 applied to X*- yields 
(26) : p(k*) > cofe)" | d* j. 
On combining (3), (25), and (26), we obtain 
(2r)"Rh/V |d| = p(k) = (cole) er ())™ | d* [= 
Hence, for a suitable ci2(e), | 
log (Rh) — log V | d | = —n*ese(e) —2e log | d' | 


and, by (24), | 
log (2h) Is Cı2(e) 
(20) (eo n® =—Toevl a], 
Excluding a finite number of fields, we have cıs(e)/logV|d| Se. Thus, 
.the left hand side of (27) is bounded below and does not possess any negative 


limit points, if we let k range over all algebraic number fields different from P. 
This, together with (8) yields 





THEOREM 5. If k ranges over all algebraic number fields different from 
P and if n* denotes the degree over P of the minimal normal field k* over P 
containing k, the set of all values . 


log (2h) 1 
GET d | —1) 36 


is bounded and possesses 0 as its only limit point. 


UNIVERSITY OF MICHIGAN. 


ON COMPLETENESS IN THE SENSE OF ARCHIMEDES.* 


By L. W. Conen and CASPER GOFFMAN. 


An.archimedean extension of an ordered abelian group @ is a group 
H DG such that if h > 6, the identity, in H, then there are g > 6 in G and 
an integer m such that mg 2A and mh = g. The group G is called com- 
plete in the sense of Archimedes or a-complete if it has no proper archimedean 
extension. | | 

Topological or ¢-completeness may be defined for G in the manner of 
Cantor or, equivalently, in the manner of Dedekind [1,2]. It has been 
shown [2] that if G is a-complete it is ¢-complete but that the converse is 
not true. The principal result of this paper is that @ is a-complete if and . 
only. if, for every proper isolated subgroup IC G, the ordered factor group 
@/I is t-complete and non-discrete. 

A group G is called non-diserete if to g > 6 in G there is a g'e G such 
that g >g’ >60. A subgroup IC G is called isolated [3] if |g|Sg’el 
implies gel. The subgroup consisting of @ alone is isolated and, in 
order to avoid confusion J = [6] shall be referred to as degenerate when it 
occurs in the discussion. It is easy to see that if J is isolated the cosets 
I, =I +g = [g +g |g £I] are segments of G and that the factor group 
@/T is ordered by the condtion J, = I, if g = 6 in G. The topology of a 
group G is determined by a limiting ordinal é* — é*(@) with the property 
that if & < é for y < y* < & then sup[& | 7 < y*] < & and a strictly 
decreasing sequence ge | 0, é< £*, in G. The neighborhoods in G are sets 
Velg) = [g lly —g| < g], E< &, gee. 


LEMMA 1. If G is non-discrete and t-complete, then the neighborhoods 
U:(6) of the identity are equivalent to (a) a sequence Ig, £< &*, of isolated 
subgroups of G, or (b) the segments Sn = [g | | g| < ynl n< w, of an 
isolated subgroup IC G which is isomorphic to the additive group of real 
numbers. 


Proof. Consider the sequence gg} 8 in G. Then either (x) for each 
é < & there is a gn, such that for all integers m, mgn ¿ < 98 OF (8) there is 
a é< é* such that for all gn, ES y < &, there is an integer mn such that 
maga = gè . 


* Received September 17, 1949. í r 
1 Numbers in square brackets refer to the bibliography at the end of the paper. 
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Suppose (a) holds. Let I: be the set of g such that for some gup’ -, 
Gn Un (8) and integers m, - +, mn, |9| = Š mg: Then |g|=<g'ele 
4-1 


implies ge Iz, and g’, g” e Iz implies g + g” e Ig Hence Je is an isolated 
subgroup of G. Further, Un, (6) C Je C Ux(8), £< é. Since ge Un, (6) 
implies | g | e Un (8), the first inclusion holds. Now suppose gel Then 


|9 | 5 È mgp € Mg, where M=} |m], Jo = max [] ga |, © ts | 9al] 


€ Un, (0). From (a) it follows that Mgoe U3(@). Hence ge Ue(@) and the 
second inclusion follows. Hence (œ) implies (a). Suppose (8) holds. Let 
yo = gt Since 29n | 8, there is an w-subsequence yn of gn, ES y < &*, such 
that Zyn < Yn- Now o-lim yn = 0. If not, there is a gg é< ¢< &, such 
that gg < ynn Low. Then for each m, Mge < Mym < 2”ym < Yo = gt This 
contradicts (8). Hence &*(G) — and lim yn = 0. From (8) it follows that 
for each n < there is an integer m, = 1 such that muyn < Yn-ı < (Mpy + 1)yn. 


Now consider all g such that 8 & g < yo For each n there is a unique integer 


- n na 
ing) such that 0S ja Em and Zj Sg< yt Bie Since 
x =1 = 
n n 
9=9— 2 hr < Yn; lim 2 jon =g. Now let t—1, tn==2y1/ (Mn +1), 


n<o. Then $ jus Š Tu <2. It is easy to show that s = z (9) = X jti 
: del 1 Ka 
is a homeomorphism between the set [g | 69 < ge]C Q and the set of 
real numbers [x | 8 Se < F z] since G is ¢-complete. Let I be the isolated 
4=1 


subgroup generated by [g |O=9< gel. The mapping æ—x(g) may be 
extended additively to / and this extension is an isomorphism between I and 
the additive group of real numbers. The segments Sn = [g | | g| < ya] 
are equivalent to the neighborhoods of 4 in G, Hence (8) implies (b). 


Lemma 2. If G is a non-discrete group and H is an archimedean exten- 
sion of G then H is non-discrete, &*(H) = &*(G@) and, if Ve(h) is a neigh- 
borhood system for H, Us(g) = Ve(g) N G is a neighborhood system for G. 


Proof. H is non-discrete. If not, there is a smallest positive he H and 
A< gs < &(G@). Since H is an archimedean extension of G, there is a 
g > 6 in G such that g = mh for some integer m. Then 8 < gS mh < mgg, 
E< & (G) contrary to lim mg =ô in G. 


Now consider An 4 0, 7 <é (H), in H. For each hy there is & 9, = hy. 
Because of the property of é*(G) mentioned above and the decreasing 
‚character of the gz, the ge, can be chosen so that y, < a2 <E*(H) implies 
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Jing SS hm < Jim SS lim. Hence &*(H) — lim gz, = 0 in G as well as in H. 
By the minimal property of é*(H) and é*(@) ([2], p. 311), &*(H) =&*(@). 
The remainder of the lemma follows at once. 
Lemma 3. If @ is a-complete and I is a proper isolated subgroup of G, 
then G/I is a-complete. 


Proof. Assume that G/I is not a-complete. Then there is a proper 
archimedean extension K DG/I. Let H be the set of pairs (4,7), ke K, 
jel, We define addition by (hi, 71) + (ko, jo) == (kı + ko, jx + je). Since 
I is the identity in K, and 9 is the identity in IC G, (1,8) is the identity 
for this addition. We define order in H by the relation (k,5) > (1,6) if 
k>Tin Kork=Iandj>@inJI. With these definitions, H is an ordered. 
abelian group. The subgroup H’ = [(J,,j)| geG,jeI]C H is isomorphic 
with @. For: G being a-complete, mx = g has a solution in @ for all ge G 
and integers m =U ([4], p. 197). Since I is an isolated subgroup of @, 
mI = I for all integers m £0. From a known theorem? ([5], p. 766) it. 
follows that J is a summand bf G. Hence W ~G. 

There is a ko € K — G/I and so the pair (ko, 0) e H — H’. Now consider 
(k,5) > (1,6) in H. I k=], then (k,j)eH’—G. Ifk > I, then since 
K is an archimedean extension of @/I, there is an I, > I such that for some 
integer m, ml, > k and mk > I, Now m(Iq,7) = (mIg, mj) > (k,j) and. 
m(k, j) = (mk, mj) > (Is, j). Hence H is a proper archimedean extension 
of H’ ~ G, contrary to the hypothesis. 


Lemma 4. If G is a-complete then G is non-discrete. | 
Proof. Ifg>0inGthng>k> 0 where h is the solution of 27 = g- 


We introduce some notation for convenience. Consider an extension H 
of an ordered abelian group @ and an isolated subgroup IC G. We denote 
by J’ the set of he H for which there are g(h) eI such that |h | = g(h). 
It is clear that J’ is an isolated subgroup of H. The mapping f(J,) =I’, 
is an order preserving isomorphism of @/I into H/F. 


LEMMA 5. If @ is a non-diserete and t-complete group and H is an 
archimedean extension of G, then for he H—G there is an isolated non= , 
degenerate subgroup IC G such that I, N G—0. 


Proof. Consider he H—G. Since G is t-complete and non-discrete, 
there is a neighborhood Ve(h) such that Ve(h) N G—0. G satisfies the 
hypothesis of Lemma 1. If (a) of Lemma 1 holds for G, then by Lemma 2, 
Ua(8) = Ve(@) N G is a neighborhood of 8 in G, and it contains an isolated 


2 The authors are indebted to the referee for calling this theorem to their attention. 
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subgroup [iC G. Now IC Ve(8), and (I’e-+h) NGC Ve(h) N G=3. 
Now suppose (b) of Lemma 1 holds for G. There is an isolated subgroup 
IC G, isomorphic to the additive group of real numbers, such that Ut(0) C I 
and is mapped on some set of real nuumbers [æ | |s| < e], e> 0. Since the 
additive group of real numbers has no proper archimedean extension, J’ = I. 
Now (P +h) N G= (I+h) N G=0 since h£G. 

Suppose that H is an archimedean extension of @ and that o is the set 
of all isolated subgroups IC G such that (”’+A)NG—0. The union 
K = Uel is an isolated subgroup of @ such that (K’+h) N G=0. We 
shall call K the maximal] isolated subgroup with this property. 


TEEOREM. An ordered abelian group G is a-complete if and only if, for 
every isolated proper subgroup IC G, @/I is non-discrete and t-complete. 


Proof. Suppose that the condition holds and that H is an archimedean 
extension of G. We show that H=G. If not, there is an hoe H—G. 
From Lemma 5, and the above remark, there is a maximal isolated sub- 
group KC QG such that (K’-+ho.) N G—0 and K is not degenerate. 
Now KG. If not, then since there is in K =G an element g >| ho], 
K’ +ho=K’DK. This contradicts (K’ + ho) N G =0. 


Now H/K’ is an archimedean extension of f(G/K) where K’,=f(K,) 
is the isomorphism of G/K into H/K’ defined previously. For: if K’, > K’ 
in H/K’, then h > @ in H. Since H is an archimedean extension of G, there 
is a g > 0 such that for some integer m, mg >h and mh >g. Hence 
(En) = E'mg Z ER’, and K’mn Z K's =f(Ko). Further, K’ +h £ H/K’ 
— f(G/K). T£ not, there is K’, = K’ +h ef(G/K), and so (K’ + ho) 
M @>K,0, which is false. 

Now by hypothesis @/K is non-diserete and ¢-complete so that Lemma 5 
applies to H/K’ Df(G/K) and K'e H/K —f(G/K). Hence there is an 
isolated subgroup &C f(G/K) such that (9° + K’) N f(G/K) — 0. 

If K’, € A’ then ge K. If not, there is go € G — K such that K’ + go £ 9. 
Let J be the set of ge@ such that for some g’e K and integer m, 
| g| 9 + mg Then J is an isolated subgroup of G and KC J — [go]. 
. Since K is the maximal isolated subgroup of G such that (K’ + hy) N G—0, 
there is a ne (J + ho) N G. Now gı — hoe J’, and so there are geJ and 
g eK and an integer m, such that | gı — ho] = |g] S9 + mg. Hence 
Kia SS K'o + K mo = K mg, = mK’ ne À’; since 9’ is an isolated sub- 
group of H/K’, and K’„= K’ is the identity in 9°. Further, Kpr 2’, 
K',,e à’ + K’, and so K's, ¢ f(G/K). Hence Ky, £ G/K, contrary to g, e €. 

Since 3 A [K] by Lemma 5, 2’ [K’]. Hence there is h > 8 in H 
such that K’ < K’,2 8’. Consider any g > 6 in G. If ge K, then for all 


+ 
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integers m, mge KC K’ < K’ Hence mg < h for all integers m. Ifg£K, 
KC K’,¢ 4’. Since for all integers m, K’m, = mK’, &’, it follows that 
if g > 8, Kan<K’. Hence mh < g for all integers m: Thus there does 
not correspond to some h > 6 in H any g > 8 in G such that, for some integer 
m, mgzh and mh=g. This contradicts the assumption that H is an 
archimedean extension of G. Hence H = G, and the sufficiency is proved. 

To “establish the necessity of the condition, consider an a-complete 
group G. If I is a proper isolated subgroup of G, then G/I is an ordered 
abelian group. By Lemma 3, @/I is a-complete. Since an a-complete ordered 
abelian group is -complete ([2], Theorem 9), G/I is t-complete. - By 
Lemma 4, the a-complete group @/I is non-discrete. 

We conclude with examples indicating the independence of the conditions. 
Let R be the group of rational valued sequences r= {r„} ordered lexico- 
graphically. For neighborhoods of the identity we use U, (0) = [r |r, =: -: 
—=n—=0]. The U,(6) are isolated subgroups of R. R is non-discrete and 
t-complete, but the factor groups R/U,(8) are not t-complete, although they 
are non-discrete. R is not a-complete since R*, the group of all real sequences 
æ = {zp}; is a proper archimedean extension. Let N be the group of complex 
numbers n -+ iy, where n is an integer and y is real, ordered lexicographically. 
The neighborhoods of the identity are U,(8) = [wy | |y | < 1/n]. N is non- 
discrete and ¢-complete. The subgroup J = [iy | y real] is isolated. The 
factor group N/I, isomorphic to the group of real integers, is discrete and, 
therefore, trivially t-complete. N is not a-complete, since the ordered group 
C of all complex numbers is a proper archimedean extension of N. 
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ON COMPLETENESS AND CATEGORY IN UNIFORM SPACE.* 


By L. W. CoHEN and CASPER GOFFMAN. 


The problem of the relation between completeness and category in 
uniform space arises from results obtained for certain topological groups. 
For ordered abelian groups G, two concepts of completeness have been defined: 
G is called t-complete if every fundamental sequence has a limit in G; 
G is called a-complete if it has no proper archimedean extension [1, 2].* 
We have shown [1] that if Œ is a-complete, it is ¢-complete and of the second 
&*.category.” There are t-complete G which are not a-complete, but it is not 
known whether there are t-complete G which are of the first é*-category. 
However there are, for each &* >, topological abelian groups which are 
t-complete and of the first é*-category [2]. The relation between the two 
concepts of completeness for ordered abelian groups G is given in the theorem 
[3]: @ is a-complete if and only if, for every isolated subgroup IC G, the 
factor group @/I is non-discrete and ¢-complete. 

The property of Archimedes, requiring order for its formulation, is not 
applicable to topological groups in general. Thus a property corresponding 
to a-completeness which would imply that such a group is of the second 
&*-category is lacking. It is the purpose of this paper to supply such a 
concept in a form applicable to the class of uniform spaces metrizable with 
distances in an ordered abelian group. 

We consider the uniform spaces S == [x] with neighborhood systems 

== [Ue(r), ve 8, é< &*] satisfying the conditions: 


(1) Aue) = (7); 


(2) é& <é < & implies Ug (s) D UE (x) ; 


(3) n< & implies there is a &(7) such that » <7* < £*, and if 
Tem (y) N Um (x) A 0 then Vem (y) C Un(2) ; 


* Received November 7, 1949. 

1 Numbers in brackets refer to the appended bibliography. 

*There is a unique ordinal associated with an ordered abelian group G. A 
sequence in G is a single valued function ge on E< é" to G. A group G is of the 
fifst or second &*-eategory according as it is or is not the union of nowhere dense 
sets Ng, E < &. 
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(4) nt < & implies a Ur(®) is open, where &* is a limiting 
<a 
ordinal such that if m < € on y7<7* < £*, then 
(*) i sup [é | 0 < 7%] < &. 


These conditions are satisfied by ordered abelian groups G with segments as 
neighborhoods. It has been shown [2] that if $ is Z-complete and satisfies 


(4) I£ Un(a) decreases on 7 < 9% < & then A, ‚Urn (2m) is a non- 
empty open set, 


then $ is of the second é*-category. 


We shall associate with S a family of “factor” spaces SX, analogous to 
the factor groups @/I mentioned above, and call § a-complete if, for all À, S* 
is t-complete. It will be shown that if S is a-complete then S is of the second 
&-category. It has been shown [4] that a uniform space S is metrizable with 
distances in an ordered abelian group G if and only if 8 satisfies (1), (2), (3), 
(4). Our result may now be stated as follows: A metrizable uniform space S 
which is a-complete is of the second &*-category. Since the two concepts of 
completeness coincide if é* — w, it would seem that the proper generalization 
` of the classical eoncept of completeness is a-completeness. 

‚We assume é" > w in the remainder of this note. In [4] it is shown 
that $ has a neighborhood system V = [Ve(x)], en to U, which 
satisfies (1), (2), (3), (4) and 


(5) Vele) N Ve(y) AO implies Ve(z) = Ve(y). 
We define a neighborhood system W = [We(ax)] where We(2) = „Qi Yn (£), 
£< &. It is clear that Mis equivalent to Ÿ and satisfies (1), (2), @), (4), 
(5) and 

(6) IfA< gt is a limiting ordinal, then Wı(z2) = Q Wile). 


Lemma 1. If é< q< &, then Wely) = U [Wn(z) | ze We(y)]. 

Proof. Consider ze Wn(x) where ze We(y). Then ze Wn(x)C We(x) 
= We(y) by (2) and (5). Hence U [Wn(z) | ce We(y)]C Wa(y). The 
reversed inclusion follows from (1). 

We consider any limiting ordinal A=£*. Let A be the set of limiting 
ordinals » = À such that there is a strictly increasing, ordinal valued function 
&(v) on v < p for which sup[é(v) | v < a] =A. Since Xe A, A is not empty 
and so contains a first ordinal p* (A). 
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LEMMA "2. p*(A) has property (*). 


Proof. Suppose p*(A) does not have property (*). Then there is a - 
v® Š „* (X) and an ordinal valued function y(v) on »<rv* such that 
suply) | v <v*] = p” (à). We define £(1) —v(1) and assume that, for 
o < v*, there is a strictly increasing, ordinal valued function £(r) on r < o 
such that y(r) S £(r) < w*(A). Let & =sup[f(r)|7< eo]. If ¿o= u" (a), 
then o is a limiting ordinal o* < vë < p*(A). If So < m*(ÀA), then we 
define £(o) = max[y (0), o} + 1. In any case, there is a limiting ordinal 
o* Sv* < p*(A) and a strictly increasing function £(o) on o <o* such 
that sup[é(o) | o < o*] = p* (A). 

Since p* (A) e A, there is a strictly increasing function é(v) on v < p*(A) 
such that sup [é(v)| v < p*(A)] =à. Hence sup [é(£(c)) | o < o*] =a. 
Since é(€(c)) is strictly increasing on o < o*, of eA. Hence p*(A) = o*, 
contrary to o* S v" <p*(A), and the lemma is proved. 

Now for each limiting ordinal À < é" we define M=W,(r). We 
define S as the set of all XX, For «*(X) we fix an ordinal valued, strictly 
increasing function & on m<w*(A) for which sup [& | 7 < p*(A)] =a. 
We define Wy) (X>) as the set of YA — Wy (y) C We,(x) where X> = W, (e). 
Finally we define for S\ the neighborhood system W = [W (X>), X> e O, 
n<p*(A)]. It is consistent with these definitions to put S* — 8, ZE =a, 
Wel" (Xe) = Wele). 


Lemma 3. O^, A < €*, satisfies (1), (2), (5) with & replaced by u*(à). 


Proof. Condition (1) follows from (6). Condition (2) and (5) are 
clearly satisfied. 


The concepts of fundamental sequence and t-completeness are defined. 
for S^ in terms of »*(A) as in [2]. We call S a-complete (complete in the 
sense of Archimedes) if SA is ¢-complete for each AS é". Since S* = 8, 
it follows that if § is a-complete it is t-complete. 


Lemma 4. If & is a-complete then S satisfies (4). 


Proof. Consider neighborhoods Wag(xg) which decrease on 8 < B* < £*. 
By property (*), sup [as | 8 < B*] —é< &. If there is a y < B* such 
that ay = é N) Wag(tp) = Way(ty) by (2), and is open by (4). 
B<B* 


Tf there is no such y, then & is a limiting ordinal A<&*. We now 
consider the space S^, the ordinal »*(A) and the fixed function é such that 
sup [én | n < p*(A)] =a. 
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There exists a function ag, strictly increasing on y < w*(A) such that 
sup [egy | n < u*(A)] =A. For there is a £, such that é < dre ‘Assume that 
as is strictly increasing on q < €o < w*(A) and that & < ag, Then since 

w*(A) is the smallest ordinal in A, sup [agy |n <o] =a <A: „Now 
max [%, és] < à, and so there is a Bo < ß* such that max [a, go] < ago <A. 
Transfinite induction yields ag, strictly increasing on n < p*(A) for which 
sup [agy | 9 < #*(A)] =A. 

To simplify notation let ag,—8, and zte = Yn ‘We define 
Xn = Wy(yn) e Oò, 4 < p*(A), and show that it is a fundamental sequence. 
Consider €Sy<w*(A). Then &S&S8,<d, and XM = Wilyn) 
C Woi(yn) € Worlye) by (2) and the decreasing character of the neighbor- 
hoods Wag(ta). It follows that X\,eW (Xe) for £ = n < p* (A), and so 
XM is a fundamental sequence in 8. 

Since SX is t-complete, im 3%, = Xe 8. There is an se $ such that 
X\= W(x). We show that Wı(z)C N pepe W*ag(ze). If not, there is a 
B<B* such that Wi(z)Œ Wog(æa). There is a €<p*(A) such that 
ag < <A. There is a p< p*(A) such that & < p < À It follows from 
Lemma 1 that Wa (yẹ) = U [We,(y)| ye Wa(y)]. Hence either We, (x) 
C Wa (ys) or æ é Woe(ys). Now, by (2), Wrz) C Wele) C Waly) C Wag(ts) 
follows from the first alternative, contrary to W)(%)@ Wag(xg). Hence 
af We(ys). From (5) it follows that Wa(æ) [ Wo(y;) = 0. Recalling 
that & < ép <A, we have, for ¿Sn < p*(A), We, (x) N Wilyn) C Wa(x) 
N Wey (yn) Wale) N War(ys) =0 by (2), the increasing character of 
Sn = agy On m < p” (A) and the decreasing character of Wag(xg) on 8 < B*. 
Finally, from We, (x) 1 Wa(yn) = 0 we have ZU E Wr (X>) ES n < p* (A). 
This contradicts lim X\, = X\ Hence f) ges Wag(ts) 0. 

It remains to show that [) pcgeWag(tp) is open. Consider 
YEN ges Wag(zs). From (4) it follows that Wag(ag), B < B*, is open 
and so there is a és, 8 < B*, such that Weg(y) C Wag(xe). Again, by (4’), 
there is a We(y) CN oe Wes(y) C 1 pes Wag(æs), and the set is open. 

Since it has been shown that N 8<8"Wag(zs) is a non-empty open set 
it follows that § satisfies condition (4). 


THEOREM. If 8 is a-complete, S is of the second &*-category. 


Proof. Since S is a-complete, it is t-complete. By Lemma 4, S satisfies 
(4). By Theorem 7 of [2] it follows that S, satisfying (1), (2), (3), (4) 
and being t-complete, is of the second é*-category. 


This theorem may be put in the following form. 
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THEOREM. A uniform space S, metrizable with distances in an ordered 
abelian group, which is a-complete, is of the second &*-category. 


Proof. It is shown [4] that S satisfies (1), (2), (3), (4). The con- 
elusion follows from the previous theorem. 
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permit us to state the following theorem: The space of Fréchet [5] is metrizable with 
distances in an ordered abelian group. 


ON THE FUNDAMENTAL EQUATIONS OF DIFFERENTIAL 
'GEOMETRY * | 


By PHILIP HARTMAN and AUREL WINTNER. 


Introduction. 


If a binary, symmetric, positive-definite matrix (gix) of functions 
Qis = Jin (Ua, U2) is given on a (w:, 4,)-domain, then the problem of embedding 
ds? = gip du; du, into a Euclidean (£1, £2, 2,)-space requires the determination 
of three functions x, = q(t, U2) corresponding to which 3:2, = Ta (wt, U2) 
is a surface on which dada, becomes identical with ds?. Clearly, this problem 
presents a system of three non-linear partial differential’ equations for the 
three unknown functions z, (u, Ue). But it has never been attacked directly. 
In fact, differential geometry considers, besides the given form gi; du; dur, 
an auxiliary quadratic form, Ai, du; dus, which is required to become the 
second fundamental form of the unknown surface 3. What is then required 
is that the three unknown functions hy, should satisfy a system of three 
partial differential equations which contain the three given functions gx, 
and which consist of the Theorema Egregium and of the two equations of 
Mainardi-Codazzi. This system of 1 + 2 equations, usually considered under 
the analyticity assumption of Cauchy-Kowalewski, was treated in [4], along 
with the remaining issue of the actual embedding, with such a minimum of 
“real” assumptions of mere differentiability as is attainable today. 

In Part 1 of the present paper the “remaining issue of embedding ” will 

*be treated under assumptions which are less generous and more natural than 
those which have to be assumed in the classical treatment of this problem. 
The latter consists of solving, with given gy, and given ux, the so-called 
derivation equations of surface theory. These are supplied by the derivation 
formulae of Gauss and of Weingarten; derivation formulae the system of 
which is a “total” system, of the Jacobi type, for the Cartesian coordinates 
La(t, Ue) of X, with the 1 + 2 partial differential equations of the Theorema 
Egregium and of Mainardi-Codazzi as integrability conditions. 

It was pointed out in [4], §2, that the 1 + 2 partial differential equations 
contain a certain type of paradox in differentiability for the three unknown 
functions de (%ı, Ue), if the given functions gin (us, U2), hir (Ur, Ue) are referred 
to an actual 3 of class C”, where n <œ. A corresponding paradox presents 
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itself in the usual treatment of the derivation formulae. This will be disposed 
of in Part 1, by lightening the classical assumptions of differentiability. The 
latter are necessitated by the usual formulation of the 1 + 2 equations which 
represent conditions of integrability for the total system. 

Accordingly, what is involved is a formulation of the integrability con- 
ditions of a total system in such a way that no superfluous assumptions of 
differentiability are made. This will be accomplished by using integral 
conditions (along arbitrary closed curves of integration), instead of the local 
field conditions of the standard theory of total systems. 

The total system in the differential geometry of surfaces is a linear one. 
Tt will, however, be seen at the end of Part 1 that a refined formulation of 
the existence theorem holds for non-linear total systems also. The reduction 
of the condition of integrability is relevant for other applications also; cf. 
e. g., [8]. 

Part 3 has about the same bearing on the derivation formulae of the 
differential geometry of curves (Frenet) as Part 1 does on those of surfaces 
(Bonnet). It is true that the differential equations are now ordinary, and 
therefore nothing like tbe existence theorem of Part 1 is involved. Never- 
theless, the usual treatment contains again a “ paradox in differentiability.” 
The latter is due to the standard definition of torsion; it will be dissolved 
by a more geometrical approach. 

Part 2 is, in the main, independent of the rest of the paper. It deals, 
on the C?-level, with the various definitions of a torse and their equivalence. 


Part 1. The Fundamental Equations of Surfaces. 


1. Let X denote the vector (x,y,z). The vector function X (u,v), 
defined on a (u, v)-domain, is called a surface of class O”, where n = 1, if” 
each component of X is a function of class (* and, in addition, the vector 
product (X,,X,) does not vanish (the subscripts 1,2 denote partial differen- 
tiation with respect to u, v, respectively). Let 


(1) N = (X, Xs)/| (X, X2)| 


be the unit normal vector of the surface. 
On a surface of class C?, the derivation formulae of Gauss, 


(2) AX, == (TX + higN) du® for i = 1, 2, 
and those of Weingarten, 


(3) dN = — gPhygX du, 
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must hold, if (ut, u?) denotes (u,v), and (gu), (hi) are the matrices of the 
first and second fundamental forms of the surface, (9%) is the reciprocal 
matrix (gi), finally the Ty are the Christoffel symbols of the second kind. 

If X is a surface of class C°, the integrability conditions of (2) and (3), 
which state that Ni. == Ny. and that Ying = Xin, for i = 1, 2, are equivalent 
to the equations of Mainardi-Codazzi, 


(4) Ohi, /Ov om Ohi2/Ou = Thoha DE, Talaz for 4 = 1, 2, 
and to the Theorema Egregium, 


5) [ (gro — gaou)/9T0— Ego ~- Jeru) /9lu = — (2K + $D/9*) 9, 
where g denotes (det 9;.)%, and K the representation det hi,/det gi, of the 
Gaussian curvature, finally D is a 8-rowed determinant in which the first 
column consists of g1, Ja», Jz, and the second and third columns are formed 
by partial derivatives of gis, Que, 92, with respect to u and v, respectively. 

Conversely, the classical existence theorem of Bonnet states that if the 
symmetric matrices (gi,(u,v)) and (Ai.(u,v)) are of class C? and class C?, 
respectively,.and if (gix) is positive-definite, finally if the integrability con- 
ditions, (4) and (5), are satisfied, then there exist surfaces ¥ (u, v) of class 
O? for which (gx), and (hix) become the matrices of the first and second. 
fundamental forms, respectively. 


2. There is an unsatisfactory element in this theorem. First, since 
every surface of class O? (not necessarily C?) possesses first and second funda- 
mental forms, whose matrices (gi), (hix) are of class C1 and C°, respectively, 
it is meaningful to ask whether two given symmetric matrices, (gi) and 
(Air), of class C+ and C°, respectively, are the matrices of the first and second 
fundamental forms of a surface X of class C°. But Bonnet’s theorem furnishes 
‘an answer to this question only if further smoothness assumptions on the 
gin and hi, are made; and correspondingly, in the affirmative cases, it assures 
the existence of surfaces X which are smoother than required by this question. 

It turns out that these objections can be overcome by restating the 
equations (4) and (5) in an “integrated” form. The equations (4) and 
(5) are thus replaced by the requirement that the relations 


(6) f hadu + higdv = ff (Thor — Thai) du dv, where i = 1, 2, 
J Ss i 
and 


(7) f gliw — Grau) du + (g120 — GJo2u) dv} -ff (2K + 2Dg*)gdudv 
J 5 


should hold whenevèr J is a Jordan curve of class Ct, and § the interior of J. 
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Whereas (4) and (5) need not be meaningful on a surface of class C?, 
the relations (6) and.(7) are meaningful and hold on every surface of class 
C?. This follows from the considerations below. Incidentally, (7) shows 
that the Theorema Egregium, which is usually stated for surfaces of class Ci, 
is true for surfaces of class C?. Actually, this statement can be deduced from 
the fact that the theorem of Gauss-Bonnet holds on surfaces of class C? (Weyl 
[9], pp. 42-44; cf. van Kampen, [5], p. 136). 

The modified version of the theorem of Bonnet, which meets the objections 
mentioned above, is as follows: 


(I) Let gu(u,v) and hi(w, v), where i,k—1,2, be defined on a 
simply-connected (u, v)-domain, R. Necessary and sufficient in order that 
(Gi), (hin) be the matrices of the first and second fundamental form of a 
surface X (u,v) of class C? on R is that (giz) be symmetric, positive-definite, 
of class C1, that (lux) be symmetric and continuous, and that (gi), (hir) 
satisfy (6) and (7) for arbitrary simple closed curves J of class © in R. 

When these conditions are satisfied, X (u, v) is uniquely BROUNER up 
to translations and rotations of the (x, y, 2)-space. 


This theorem will be deduced from a modification of the standard exis- 
tence theorem on systems of total differential equations. In fact, this modified 
theorem on systems of total differential equations leads to (I) in the same 
way as the standard theorem leads to Bonnet’s theorem. 


3. Objeetions, similar to those mentioned above, can be raised against 
the standard existence theorem on systems of total differential equations. In 
this theorem, it is assumed that the given data are of class Ct and, under this 
hypothesis, the existence of solutions of class C? is proved; cf. [8], §1. It 
would seem more natural to consider only continuous coefficient functions, 
and to ask whether or not solutions of class C* exist. The answer to this 
question is given by (Il) below when the system is linear. In the non-linear 
case, treated by (III) below, it is difficult to state integrability conditions 
without making some differentiability assumptions. 

In what follows, the tensor sum convention, used above, will continue to 
be applied to Greek letters, but not to Latin letters. For example, Ma2% is 
the sum 34,2%, while a, represents one term (not a sum). 

a 


The theorem on total differential equations needed in the proof of (I) 
is as follows: 


* (II) Let at (wt,- + +, u") and bt, (ut,-- +, u”), where ij =1,: : -,m 
and k=1,---,n, be continuous functions on the n-dimensional cube R: 
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|u| <r, where k=1,- -,n. Necessary and sufficient in order that, for 
every set of constants ct,- + -, 0”, the system of total differential equations 
(8) de (Mae + bt,)dur (= 1," m) 

} 
possess a solution z(u, >, uP), - - ,2"{ut,: - - ,u*) of class © on R 
satisfying the initial conditions 
(9) 24(0,- --,0) = ct for i= 1," --,m, 


is that Ihe integrability conditions 


(10) f atnda! + Ruin = SS (atara j — attt) dutdu!, 
J 
and 


(11) f bidit + bt dul = f f (aider — ai,1b°,) dutdu! 
J 8 


hold whenever J is a simple closed curve of class C+ in R bounding a domain 
S in a plane parallel to the (u*,ut)-plane. When the integrability conditions 
(10) and (11) are satisfied, the solution of (8) and (9) is unique. 


In the proof of (II) ‘and in the deduction of © from (II), the following 
lemma will be useful. 


Lemma. Let a,(u,v), a,(u,v), c(u,v) be continuous functions defined 
on a simply-connected (u, v)-domain R and let 


(12) f adut = i c du dv, (u, u?) = (u, v), 
J 8 


"whenever J is a simple closed curve of class C+ and § is its interior. Then, if 
z(u, v) is a function of class C+ on R, 


(13) | (Uta — auto + of) du dv. 
J 


4. The derivation formulae (2) and (3) form a system of the type (8), 
where m = 9, n—2 (and b’,=0). The proof that (6) and (7) are 
necessary and sufficient for the corresponding set of integrability conditions 
(10) can be verified as in the usual proof of the fact that, under standard 
conditions, (4) and (5) are equivalent to the complete set of integrability 
conditions (cf., e. g., [1], pp. 175-178). In the case at hand, the legitimacy 
of the corresponding operations (of considering linear combinations of irfte- 
grability conditions) follows ‘from the: Lemma.‘ : 
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The verification in question can be sketched as follows: The system (2), 
(3) splits into three identical systems, corresponding to the three components 
of the vectors X,,X,,N. Hence, it is sufficient to consider the systems (2), 
(3) in which X., X, N are treated as scalars, 21, 2°, 2°. The integrability con- 
ditions (10) to be considered are therefore satisfied. Two, corresponding to 
i=1,2 and j=8, are identical with (6). Two, corresponding to i= 8 
and 7 = 1, 2, involve 


ELT j=1,3, 
d h 


and are seen to be equivalent to (6), by virtue of the Lemma, since det gi, 54 0. 
The remaining four are of the form 


f Ti du = J f (TT a — KAS KAN + harte = Ghashir) du dv, 
J 5 ` 


where i, j = 1,2. By virtue of the Lemma, these equations are equivalent 
to a set involving 


f I Gat dub, © j=1,2. 
J 


It can be verified that two in the last set of equations are trivially satisfied, 
and that the other two are identical with (7). This proves that the integra- 
a on (10), (11) for the system (2), (3) are equivalent to (6) 
and (7). 

The proof of (I) will be omitted, since it follows the usual proof of 
Bonnet’s theorem, except that (II) replaces the standard theorem on systems 
of total differential equations. 


5. The proof of the Lemma will now be given. Let (u,v) be an 
(interior) point of R; let 8 > 0 be so small that the square 


S= a: | u—u | S 8, | v— v | S8 


is in R; finally, let J = Ja be the boundary of S. In order to prove the 
Lemma, it is sufficient to show that if the line integral on the left of (13) 
is divided by 8?, then, as 8— 0, the quotient tends to the integrand, at the 
point (uo, vo), of the double integral on the right of (13), and that this 
limit process is uniform with respect to (wo, vo) on any closed set interior to R. 

Since aı (u, v), @a(u, v) are continuous and z(u,v) is of class C*, it 
follows that, for any point (u,v) of 8S, 


(14) a; (u,v) = a+ 0(1), . 
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and 

(15) z(u, v) == 2 + (W— Uy) Au + (v — V9) 4° + 0(8), 

where the superscript 0 on a function symbol signifies that the argument of 
the function is (u, vo). The o-terms in (14) and (15) refer to 5-0 and 


are uniform with respect to (to, va) on any closed set interior to R. Hence 
the line integral in (13) is the sum 


2 f adut + f (u — Uo) 2u? + (V— U9) Zv°} (aardas) + 0 (8). 
J J 

By (12), the first term in this sum is, uniformly, 4° (c° + 0(1) )8*, since c(u, v) 
is continuous. The second term in the last formula line is (0.°%2,° — 4,2.) 8°. 
These relations imply the assertion to be proved, and complete the proof of 
the Lemma, 


6. ‘Theorem (II) will now be proved. The sufficiency of (10) and (11) 
for .the existence of a solution 21(ut,: + -,u*),. + -,2"(wy---,u") of 
. class C+ of the system (8) and (9) on R will be verified first. To this end, 
successive approximations will be employed. 

On R, put 


(16) ` lu, u) = ct fori=l,: ,m. 


Suppose that the functions z4,, * - -,2”, have been defined and are of class C+ 
on R. Put 
(ut,..sun) 
GN ata (wy samme Be er BG) dur + ot 
(9,...,0) | 

for i = 1," - -, m, where the integral is a line integral along a path consisting 
of n line segments parallel to the w!-, u?-,: - -,u”-axis, in this order (some 
of the line segments can reduce to points). 

It will be shown that (17) is of class C+ in R, and that its partial deriva- 
tives are given by 


(18) 02 y11/ Oui = Bg 32%, + bi, 
n a { 
+3 {atan (02%,/0ul — atp, — b%;) 
K=j+1 
o 

— Oa; (02°, /Buk — aprh, — b°,) }dz, 
where the argument of the integrand is (w, u, +> utt g, 0,- 0). Let 
P = (p',-  -,p") be a point of R and let A40 be such that 


(19) Aztra = Zina (pt, pF, Pi HA p P=) — Zini (ph t a p”) 
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is defined. If, in the expression 


p 
(20) Ate f (alae? +4) dn, 
p+d 
the argument of the integrand is (p',- - -, pi, a, pis. > -,p"), it is clear 


from (17) that the expression (20) is equal to 
(21) 2 a 2, (ata dul + atardut) + S bidui + bt,dur, 


where J, is the oaks of the rectangle in which w? = pt if lej or 

j<l<k, and u'=0 if l> k, while ui varies from pI to pi + A and ut 
varies from 0 to př. Since it is assumed that z = zt, is of class C+ in R for 
i—=1,' : +, m, the Lemma is applicable to each of the integrals in the first 
term of (21). Hence, the function (21) is identical with 


pita pe 


eo 3 f S Leader — ais /Buh) -+ 2 (alphas 
k=j+1 
pi 0 
= aga, ;) + a jb), eae, abard";} duidu, 


where thé argument of the integrand is (pl, < -, pit, ui, pitt, + +, ph, 
ut, 0,::-:,0). If the ratio Az?,.,/A is calculated by equating expressions 
(20) and (22), and A then tends to 0, it is seen that 624,,,/dui exists at P, 
and that (18) holds if (p',: --,p”) is replaced by (ut,: + -,w*). Clearly, 
(18) implies the continuity of the function 6z+,,,/dui on R. Consequently, 
Brey’ ‘Eu are of class Ct on R. 

That the functions (17), where i= 1,2,---,m, converge uniformly, 
as r->oo, and that the limits, say 21,: - -,2", are of class C? on R and 
satisfy (8) and (9), follows by standard procedures. Furthermore, these pro- 
cedures show that the solution of (8) and (9) is unique. The necessary 
calculations follow, without change, from those of [7], pp. 44-45 and pp. 46-49. 


7. It remains to prove that the integrability conditions (10), (11) are 
satisfied if the existence of a solution z',--+,z" of (8) and (9), where 
the constants ct, - -,c™ are arbitrary, is.assumed. This solution is neces- 
sarily unique. In fact, the successive approximations (17) are defined and 
continuous on R and converge uniformly on R (whether or not (10) and (11) 
are assumed). It follows by standard arguments, involving the use of 
successive approximations, that if a solution of (8) and (9) exists, it must ` 
be the limit of those successive approximations. 

The difference of two solutions of (8) is a solution of the homogeneous 
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system obtained by placing b*,==0 in (8). Hence, the assumption that (8) 
and (9) have a solution implies that the homogeneous system and (9) have a 
. solution. As above, this solution is necessarily unique. Consequently, if 
zt,- ,2” is a solution of the homogeneous system and 21,- - - 2% vanish 
at some point of R, then they vanish identically. It follows that there exist 
m solutions of the homogeneous system, and that every solution is a linear 
combination (with constant coefficients) of these m solutions. Furthermore, 
if ct,--+,ce" are arbitrary constants and (ut,,: : -,w") is an arbitrary 
point of R, then there exists a solution 2, - - -, 2” of the homogeneous system 
satisfying | 

(23) a (Uto u, wy) ras ct, u, a™ (ut, ..., wo) = cm, 


In order to prove (10), let (uto: + -,w*) be an interior point of R, 
and let 5 > 0 be so small that J = Js, the boundary of the square 


S: mW if FAM I; |ur—um | <8 and | ut—ul, | <8, 


is in R. It is sufficient to show that if the line integral on the left of (10) 
is divided by 8°, then the quotient tends, as 8 — 0, uniformly to the integrand, 
at (Uo: * -, Uo), of the double integral on the right of (10), and that this 
limit process is uniform with Teepe to (ut, + +, W) on any closed set 
interior to R. 

To this end, let z',- - -,z* be the seria of class C of (23) and of 
the homogeneous system obtained from (8) by placing b’;,=0. Then 


(24) f 2° (aia,du® + atairdu!) = 0, 
J 
and, on $, 


z% = [+ (UY — UY) A Byoe® + 0(8) and ad = atro + 0(1), 


where atiro = abi (ul, + ",u%). The o-terms refer to 8 — 0 and are uniform 
with respect to (uto ' : `, u”) on any closed set interior to R. It follows 
from (24) that 


“J Aen du® + du? = ch J (UY — U%) a Byo(@taxodu® + ataiodu?) + 0(8?). 
But the right-hand side of rA equation is 

cÊ (atatoa? Bro — Aaroa" gro) + 0 (8°). 
If c* is chosen to be 1 or 0 according as «—j or «Æ j, the desired limit 


relation follows. This proves the necessity of condition (10). z 
The proof of the necessity of (11) is similar and will be omitted. 
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8. Theorem (II) has an analogue for non-linear systems of total 
differential equations. 


(III) Let aig(ut,: - -,u;24,: + +, 2") be continuous on the parallel- 
epiped R:{|2*| Sb, i=1,:::,m; |u| Sa, k=1,---,n) and let 
la, | SM on R. Suppose further that the functions at, possess continuous 
partial derivatives with respect to the variable 21, + + 2% on R, and that 


(25) f at dut + atidu! = f f (0° dat ,/02° — a%,0a+,/d2*) dutdu? 
J 5S 


holds whenever J is a simple closed curve of class C1 in R bounding a domain 
S in a plane parallel to the (uk, u!)-plane. Then, on the parallelepiped 
| ur | < min (a, b/nM), the system of total differential equations dzi = a‘,du* 
` khas a unique solution z(u,- <, u”), + +, 2™(ut,---,u) of class CA, 
satisfying the initial conditions 2*(0,- + -,0) =Q. 


(III) differs from the standard theorems in that in (III) it is not 
supposed that the functions a’, possess partial derivatives with respect to the 
variables ut, + <, u”. i 

The proof of (III) will not be given, since it is similar to the proof of 
(II). It is only necessary to remark that the above Lemma can be replaced 
by the following fact: The integrability conditions (25) imply that if 
z (ut, e oput), ,2"(ul,- e e, u”) are functions of class C* on a (simply 
connected) sub-domain of R, then 


f adur + atıdu! 
= Sf { (atı — 02%/0u*) dat, /02* — (atr — 02% /du%) dat, /02%} duždu, | 
8 


where the argument of the integrands is (ut, > <, u”; gi (ut, | e,ur); °°, 
2™(ut,---,u")), and J, S have the same significance as above. (The relations 
(25) represent the particular case in which 2*(ut,---, u),---,2™(ut,---, w) 
are constants. ) 

Part 2. On Torses. 


9. Let K denote Gaussian curvature. It is well-known that, under 
suitable smoothness restrictions, the solutions of the fundamental equations 
of a surface, when K ==0, can be characterized by either of two properties: 
(i) the surface is isometric with a plane; (ii) the surface is a torse. But the 
usual presentations either assume more than what is needed to prove the 
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equivalence of the three conditions (i), (ii), K==0 or fail to state the 
required restrictions. That some smoothness conditions are needed before 
these three properties become equivalent was shown, by a discussion of part 
of the problem, by Lebesgue [6], pp. 319-342. 

Although the notions of a Gaussian curvature, a torse, and isometric 
equivalence, can be defined for surfaces of class C1, this section will be 
restricted to the consideration of surfaces of class C?. Before proceeding 
further, the pertinent definitions for surfaces X(u,v) of class C? will be 
stated : 


(a) The Gaussian curvature K is defined as above, in terms of areas of 
normal maps, and is therefore the quotient det Aun/det gi. Accordingly, 
K == 0 is equivalent to 
(26) Rashes — hye” == 0. 


(8) A surface is called a torse if through every point of it there passes 
at least one line segment lying on the surface and having the property that 
the tangent plane does not vary along the segment. 


(y) A surface is said to be isometric with a plane at a point (wy, vo) 
if, in some vicinity of (wo, vo), there exists a transformation u* = u* (u, v), 
v* == v* (u,v) with the properties that it is of class Ct, that its Jacobian 
does not vanish, and that the element of arc-length on the surface in the 
(u*, v*)-coordinates is Euclidean, ds? = du*? + dv*?, 


It will be shown that, barring an exceptional case, the properties of being 
a torse, of being isometric with a plane, and having a curvature K = 0, are 
equivalent for surfaces X (u, v) of class C?. 
. The first theorem to be proved is 


(IV) Let X(u,v) be a surface of class C?. The Gaussian curvature is 
identically 0 if and only if X(u,v) is isometric with a plane at every point. 


The statement to be proved concerning the equivalence of K==0 and of 
the property of being a torse will involve a qualifying condition: 


(V) Let X(u,v) be a surface of class C?. The Gaussian curvature is 
identically 0 if X(u,v) is a torse; conversely, if the Gaussian curvature is 
identically 0 and if either every point of X(u,v) is a flat point or every 
point of X(u,v) is a non-flat point, then X (u,v) is a torse. 

By a flat point (uo, vo) is meant a point at which the matrix of the 
second fundamental form is the zero matrix, that is, . 


(27) x hu = hız == hee = 0. 
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It will remain an open question whether or not the restriction in the second 
part of (V), namely, that every point of X (u, v) be of the same type, flat or 
non-flat, can be dropped. 


10. The part of (IV) which states that K == 0 implies that X (u, v) is 
isometric with a plane at every point will be proved first. A standard proof 
of this implication involves the introduction of geodesie parallel coordinates 
in a vieinity of a given point, and an application of (5) in those coordinates. 
It turns out that this method can be adapted to the more general case of the 
present assumptions. This adaptation involves the replacement of (5) by its 
integrated form, (7). 

By modifying the procedure applied in [3], it can be shown that, in a 
vicinity of any (uo, vo), new parameters u*, v* can be introduced as follows: 
The transformation u* = u*(u, v), v* == v*(u,v) is of class Ct and of non- 
vanishing Jacobian, and the element of arc-length in terms of u*, v* is of 
the form ds? = du”? + G(u*,v*)dv*?, where G (>0) is continuous and 
possesses a continuous second partial derivative with respect to w*. The 
function G satisfies the Jacobi equation 9°G2/du*? + KG? = 0 and the initial 
conditions @(0,v*) =1, Gu+(0, v*) = 0. 

Since K = 0, these initial conditions imply that G(u*,v*) ==1. This 
proves that X (u, v) is isometric with a plane at any point (to, vo). 


11. The remaining part of (IV), which states that K = 0 if X (u,v) 
is isometric with a plane at every point, will now be proved. This statement 
becomes trivial if the surface has a parametrization (near every point) in 
which the element of arc-length is Euclidean and (5) is valid in that para- 
metrization. But definition (y) assumes that the parametrization of the 
surface in which the element of arc-length is Euclidean is only of class C*;: 

` so that not even the integrated form, (7), of (5) is applicable in this coordi- 
nate system. This difficulty will be overcome by using a form of (7) which 
is independent of the coordinate system, namely, the formula of Gauss-Bonnet. 

Let (uo, vo) be an arbitrary point of the surface X (w, v) of class C?. 
Let u*, v* denote the parameters described in the definition (y), whose 
existence is assumed. Although the surface in the parametric representation 
(u*, v*) might only be of class C1, it is clear that the (surface) image of any 
line segment in the (u*, v*)-domain is a geodesic (hence, an arc of class 0°), 
and conversely. 

On surfaces of class C?, the theorem of Gauss-Bonnet is valid ([9], pp. 
444; cf. [5], p. 136). Hence, if T is the interior of a geodesic triangle, 


a + B + y + Sf Kdo == 2r, where do is the element ef surface area and 
T 
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æ, B, y are the exterior angles of the triangle. Consider small geodesic tri- 
angles with the point (wo, vo) as a vertex. In the (u*, v*)-coordinates, such 
a geodesic triangle is the image of a triangle in the (w*,v*)-plane (in 
particular, the geodesic triangles exist). Since the (u*,v*)-coordinates are 
Euclidean, the angles a, 8, y are also the exterior angles of the triangle in 


the (u*, ame Thus «œ + 8 + y = 2r, and so SJ Kde=0. Since 


the domain T is arbitrarily small and since K is nen it follows that 
K (Uo, vo) == 0. This completes the proof of (IV). 


12. In order to prove the first part of (V), let X(u,v) be a torse of 
class C?. .Let (uo, vo) be an arbitrary point of the surface and let u = u(t), 
v = v(t) denote a parametric representation of a line segment which lies 
on the surface, passes through (wo, vo) and has the property that the tangent 
plane does not vary along this segment. Since the surface is of class C?, 
and since the vector product (Xu, Xe) £0, the functions u(t), v(t) are of 
class C”. 

If Nu,v) is the unit surface normal, dN (u(t), v(t))/dt-=0. It 
follows therefore by the formula of Rodrigues that u = u(t), v — v(t) is a 
line of curvature, and that 0 is a principal curvature along the segment. 
Hence, the Gaussian curvature, being the product of the principal curvatures, 
vanishes along the segment; in particular, it vanishes at (uo, vo). Since 
(uo, vo) is an arbitrary point, the first part of (V) follows. 


13. It remains to prove the second part of (V). It can be supposed 
that the surface is given in the form 2==z(z, y), where 2 is defined in a 
vicinity of (s, y) = (0,0) and is of class C?. The assumption K == 0, being 
equivalent to (26), reduces to 


(28) Zeatyy — Rey == 0, 


since hi, hız, he. are identical with (1 + Za? + 2,2)" times Zem, Zay, yy 
respectively. 

First, if every point is a flat point, that is, if (27) holds for all points 
(x, y) near (0,0), then z is a linear function of x and y. Thus the surface 
is part of a plane, hence a torse. 

Next, if (0,0) is a non-flat point, then at least one of the functions 
Zxe, Yay Zy does not vanish at (0,0), and therefore in a vicinity of (0,0). 
It can be supposed that 22(0,0) 40 (otherwise the (x, y)-plane can be 
subjected to a suitable rotation). 


10 
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Under the asumption (26), the differential equation of the asymptotic 
lines, Aye’? + 2row’y’ + Rosy’? = 0, reduces to either of the equivalent 
equations hus’ + hiy = 0, Riot’ + hoy — 0, where the prime denotes 
differentiation with respect to a parameter which does not occur explicitly. 
But the last two equations can be written as 2442 + 22,4 = 0, Zyat" + %yyy! = 0, 
that is, as (2) = 0, (2,)’=0; so that Zs = const., zy = Const. Thus the 
tangent plane does not vary along an asymptotic curve. Conversely, if, along 
an arc of class C1, the function zs (and/or zy) is constant, then the are is an 
asymptotic arc. 

Since 257 5£ 0 in a vicinity of (0,0), it follows from the theorem on 
implicit functions that, if ¢ is fixed and | ¢ | is sufficiently small, the equation 
22(2,4) = %(t, 0) has a solution s = x (y, t) of class C* for | y |, | é| small. 
For fixed t, the arc æ—x(y,t) is an asymptotic arc, since 2,(2,y) = const. 
(= 2.(1,0)). The variables ¢, y can be introduced as new parameters, since 
2(0,¢) ==¢ implies that 0(x, y)/0(t,y) =1 at (t, y) = (0, 0). 

Let. z = z(y; t) =2(x(y,t),y). The linear equation 


(29) a(t)a(y,t) +b(t)y — z(y; t) = c(t), 


is an identity in y and ¢ if a(t) = Z(t, 0), b(t) = z(t, 0) and c(t) —a(t}t 
—z(0;t). (Thus, the surface is the envelope of a 1-parameter sheaf of 
planes, which is of class C*.): It follows at once that the asymptotic are 
x = g(y, t), for ¢ fixed, is a line segment. In fact, differentiation of (29) 
with respect to ¢ gives 


(t)2(yt) + b (t)y= c(t), 


since ati — z; = 0 is the scalar product of a normal vector and a vector tan- 
gent to the (surface) arc v = z(y, t), for y fixed. Since as == Zaa(t, 0) ” 0, 
the equations 


a(t) + b(t)y—z—= c(t) and a(t)x + b,(t)y = e(t) 


define planes which intersect along the asymptotic arcs v = < (y, t) for t fixed. 


This completes the proof of (V). The proof is an adaptation of 0 one given 
by Hadamard [2], pp. 398-399. 


Part 3. The Fundamental Equations of Curves. 


14. The fundamental theorem in the differential geometry of curves 
states that if «(s) > 0 and r(s) are, on some s-interval, functions of class C+ 
and C°, respectively, then there exists, on this intervalni a curve X = X (s) 
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of class C* for which s, «(s) and r(s) become the arc-length, the curvature 
and the torsion, respectively. Furthermore, this X = X(s) is unique, up to 
translations and rotations of the (x, y, z)-space. 

The proof of this theorem involves the Frenet differential equations, 


(80) 00 Word, Wo—ılıtr0, Uy =— U, 


where thé prime denotes differentiation with respect to s and Uj, Us, U, are 
certain unit vectors in the X-space. Since the linear differential equations 
(30) possess solutions if the coefficient functions «, r are merely continuous, 
there arises the question as to what remains of the fundamental theorem if 
it is only-assumed that x (> 0) and r are continuous. In order to answer 
this question, it will be necessary to extend the definition of torsion. 

Let X = X(s) be an arc of class C?, of non-vanishing curvature, having its 
arc-length sas parameter. Let U, =X’, U, = X”/| X” | and U; = (Ui, U2), 
where the symbol ( , ) is that of vector multiplication, be the unit tangent, 
the principal normal and the binormal unit vectors, respectively: The arc 
X (s) “will be said to possess a torsion r=1r(s) at a point s if 


(31) lim | A6/As | 
As>0 


exists; where AG is a continuous determination of the angle between the vectors 
U;(s) and U3(s + As), such that A0 — 0 for As—0. When the limit (31) 
exists it-will be called the absolute value of the torsion; so that 


| +(s)| = lim | (Ua (s), Ta(s + As))/As |. 


‚ In order to define the sign of r(s), note that the definition, U, = (U,, Ua), 
‚of the binormal implies that 


(32), | (Us(s), U: (s + As)) = [Un 2, AU,]U, — [U Ua, AU] U2, 


where AU; = U;(s + As) — U;(s), and [A, B, C] is the scalar triple product 
of the vectors A,B,C. Since AU; = (KU: + 0(1))As as As— 0, the last 
term of (32).is o(|As|) as As—>0. Hence the limit (31) exists if and 
only if.lim |[Ui, U2, AU2/As]| exists (as As—0); in which case the two 
limits.are-equal. If the last limit exists and is not 0, the limit also exists if 
the sign of the absolute value is removed. The sign of r(s) can be deter- 
mined.from this limit; thus, if (31) exists, put 


(33) _ (6) = lim [Uz, Us, AU2/As]. 
a oye ok 3-0 


It is clear that if the torsion exists, in the above sense, at a point, then “its ; 
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absolute value has the usual geometrical interpretation as the measure of the 
rate of the twisting of the osculating plane. 

Since U; = (U;, U2) and U = (Us, U1), and since U, is of class C, 
“it is clear that U, has a derivative at a given point s if and only if U, does. 
Clearly, a sufficient condition for the existence of the torsion at a point is 
the existence of U,’ (and/or U3’) ; in which case (33) shows that + is given 
by the scalar product Us: Uz. Furthermore, the Frenet equations (30) hold 
at such an s. In fact, the first of the equations (30) is the definition of U». 
Since the definition of U, implies that 7,’ is orthogonal to U, and Us, while 
Us’: Ua = — U7: Us, the third of the equations (30) holds. Finally, the 
second is a consequence of the other two. Conversely, the fundamental theorem 
can be stated as follows: 


(VI) Let «(s) >0, t(s) be continuous functions on an s-interval. 
Then there exists, on that interval, a curve X = X (s) of class C? for which 
s is arc-length and x(s), t(s) are the curvature and the torsion, respectively; 
in fact, the unit tangent, principal normal, and binormal unit vectors are. of 
class C1 and satisfy (30). The curve X(s) is unique up to translations and 
rotations of the (x, y, 2) -space. = 


The proof depends on an adaptation of the proof of the classical theorem. 
Let S = (si) denote the three-rowed skew-symmetric matrix in which sis =«, 
Sig = 0 and s23 =r. If U denotes the matrix whose consecutive columns are 
U, U2, Us, then the system of differential equations (30) can be written in 
the matrix form 


(34) U'=— US, (S®—— 8), 


when the asterisk denotes transposition. It follows from (31) that U* = SU", | 
hence (UU*)’ == — USU* + USU* —0. Thus, UU* = const., where const. 
denotes a constant matrix, is a first integral of (34). 

Since the differential equations (30) are linear, the initial conditions 
can be assigned arbitrarily, and the corresponding solution will exist on the 
interval on which the coefficient functions are defined. The same holds at 
every s if the initial conditions are so chosen that, at an initial s =, the 
vectors U1, Us, U, form a right-hand orthonormal system; that is, in such a 
way that the matrix U is an orthogonal matrix of determinant +1. Of course, 
such a solution U is uniquely determined up to multiplication (from the left) 
by arbitrary constant orthogonal matrices of determinant + 1, since (30) is 
a linear system. It is clear that, corresponding to such a solution U,, U2, U; 


. 
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of (30), the indefinite integral X (s) — fU,ds + C defines an are satisfying 
the assertions of (VI). The uniqueness of X (up to rotations and trans- 
lations) is clear from the proof. 


15. Application to Ennepers theorem. The advantage of (VI) over 
the usual formulation of the fundamental theorem of curves is due to the 
fact that (VI) does not assume that the curve is of class C? and contains, 
nevertheless, the theory of torsion. In this regard, the situation becomes 
particularly revealing after a perusal of the standard form of Enneper’s, 
theorem; cf., e. g., [1], p. 147. In fact, all that can then be stated is that 
if the Gaussian curvature, K, is non-positive on a surface of class C*, and if 
T is an asymptotic eurve of non-vanishing curvature, then the square of the 
torsion is identical with — K along I. Clearly, the C*-assumption, which is 
usually not stated, is unnatural indeed. But it cannot be omitted in the 
usual treatment, since otherwise the asymptotic curve T need not be of class 
C®, and so the torsion (in the usual sense) of T becomes undefined. 

On the other hand, if (VI) is used, the C*-assumption can be reduced to 
the assumption that the surface be of class C*. In fact, if the surface is 
of class C%, the asymptotic arc T is of class C°. : Since T is of non-vanishing 
curvature, its binormal, Us, is the surface normal, N, which is of class C?; 
hence, (VI) is applicable to T. 

Despite the fact that, for the existence of the torsion, it is sufficient that 
U; be only of class C', the theorem of Enneper becomes meaningless if it is 
only assumed that the surface is of class C°. For an asymptotic are might 
then be of class C*; so that the principal normal U,, hence the binormal Us, 
need not be defined. In order to see this, consider the surface z = g (x) + ay 

.-+ dy, where g(x) is of class C”. The equations for the asymptotic lines 
reduce to gx"? + 2a’y’ + y”? = 0, that is, dy/dz = — 1 +(1— g”). Clearly, 
the Gaussian curvature is negative if and only if 1 — g” > 0. Let h(x) =— 1 
+ (1 — g”); so that 

g = — 2h — h?. 


Let h(x) be an arbitrary continuous function which vanishes at s == 0 and 
is not of class C*. Finally, let g(x) be defined by the last formula line (while 
9(0) and g’(0) are arbitrary). Then the surface, z, is of class C? and has 
a negative curvature, for | x | sufficiently small. It is clear that the asymptotic 
ares will not be of class C? if h(a) is suitably chosen. 

By a suitable choice of an A(s) of class C1 in the above considerations, 
it is also seen that, on surfaces of class C°, the set of those points of on 
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asymptotic arc at which its curvature is 0 can be, for example, a nowhere 
dense, perfect set. 
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LAME COORDINATES IN HILBERT SPACE” 


By Pure HARTMAN and AUREL WINTNER. 


1. In an n-dimensional unitary space, let &= (én én" `°, č) be a 
point not on a parameter plane (so that &7£0 for k=1,- - ',n), and let 
ty L Aa +++ < oy. Then the equation : 


(1) 3 | fe [?/(e—2) —1 


has n distinct real roots, say, Aı < À: < * <A, which separate, and are 
separated by, the numbers a,: * *, æn. This is the classical definition of the 
Lamé coordinates Ay,‘ * *,An of é The following considerations will ‘be 
made possible by the fact that it is possible to introduce the Lamé coordinates 
by quite another, though equivalent, definition, as follows: | 


Let (x, y) denote the scalar product, 29, +: "+ un, of « and y, 
and let ¢ = cé, where c= (é, é) is the squared length of é If H. denotes 
the diagonal matrix having the diagonal elements a1, @2,° - `, a, and if J is 
the unit matrix, then (1) can be written in the form ((H — AI)*4, p) = —1/c. 
Let E denote the matrix of the linear transformation 


(2) . >- Bi (sé); 


so that F is a one-dimensional projection. It turns out that the eigenvalues 
of the Hermitian matrix H - cE are the Lamé coordinates, Ar * * , An, of É 

In this characterization of the Lamé coordinates of é, the restriction that 
‘all coordinates & of £ be different from 0 can be omitted. This generalization 
merely allows the possibility that some of the Lamé coordinates Ay,’ * +, An 


of £ and some of the numbers @,: * ',@, are equal. (Of course, there still 
remains the difficulty that (&,° - <, én) and (e*,,+ - -, ehta), for arbitrary 
real Ari, 42," * *,6n, have the same Lamé coordinates.) It is clear that, in 


this definition, H need not be a diagonal matrix with distinct roots but can 
be an arbitrary Hermitian matrix. In the latter case, the number « occurs 
at least k— 1 times among the Lamé coordinates of every element é, if the 
characteristic number À — g of H is of multiplicity k. 


2. The object of this note is to carry over these ideas to Hilbert’s space. 


Let H denote an arbitrary Hermitian matrix, bounded in Hilbert’s space, 
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p a vector of length 1 in this space, and Æ the corresponding projection 
(2). Associated with H and ẹ is a bounded Hermitian matrix, say K, 
which is the projection of H on the hyperspace orthogonal to ¢. Thus, 
K = (I— E)H(I— E), where I is the unit matrix. For example, if the 
coordinates of are ‘(1, 0, 0,- : -), then K is obtained by removing from M 
the first row and first column. The matrix K is considered as operating on 
the hyperplane orthogonal to ¢. Clearly, 
K=(I—E)(H+cE)(I—E), where —c < c Ko. 

It was recently shown ([3], p. 867) that the spectra of K and H separate 
each other; in the sense that if A, and às where A, < As, are two points of 
the spectrum of K (or H), then the interval LA SASS À: contains at least 
one point of the spectrum of H (or K). The same holds in the limiting case 
Ar = de, If A = AM = Az is in the point spectrum of K (or H) with a multi- 
plicity m > 1; in which case À is in the point spectrum of H (or K) with 
at least the multiplicity m — 1. 

These separation theorems imply that the cluster points of the spectra of 
K and H are identical. This corollary is contained in a theorem of Weyl [9], 
p. 384, also, since the difference K — H is completely continuous. 

The above comments make clear the content of the following theorems: 

(I) Let the spectrum of K contain the points M, À, but no point of 
the interval M <A < As. Then, to every À on this interval, there belongs a 
unique real c = c(A); corresponding to which À is in the spectrum of H + cE. 
The function c == c(À), given by 
(3) | 6(A) =—1/((H — M) T6, $), 


is regular-analytic and increasing for M < A < As. 


That (3) is meaningful, that is, that ((H —AT)"#,$) 0, will be 
shown in the proof of (I). It is understood that c(A) — 0 if A is in the 
spectrum of F. 

(II) Let the conditions of (I) hold and let À = À, be an isolated point 
of the point spectrum of K, hence of H-+ cE. Let m, m(c) denote the 
multiplicity of À in the point spectrum of K, H + cE, respectively, so that 
0Sm—1S m(c)Sm+1. Finally, let c =limce(à) as A—> M +0, 
where —a= c <w. Then cı = —œ holds if and only if me) =m—1 
is an identity for —c0 < c < %. 

° (Ibis) If e > —o, then m(c) =m or m(c) =m + 1 according as. 
CE CG OF C= Cy. 
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3. Proof of (I). If À is on the interval (As, A), then there is at most 
one c corresponding to which À is in the spectrum of H-+cE. For suppose, 
if possible, that there exist two distinct values cı, ca with the property that A 
is in the spectra of both H + cE and H + cE. Let vı, x, denote normalized 
eigenfunctions satisfying 


(4) (H + cB) = Xe 


for c= C1, Gs, respectively. The elements zı, x, are either linearly independent 
or dependent. In the first case, let x denote a linear combination of 2,, £z 
of length 1 and orthogonal to ¢, that is, |æ|—1 and He=—0. It then 
follows from (4) that Hx— Ar. In the second case, it can be supposed that 
Gti. Then (4) shows that (cı — c)Er= 0; hence Ex = 0, since 
€ #2. Thus, in either case, there exists an element v, of length 1, satisfying 
Ha == x and Ex=0. But the definition of K implies that 


(5) Ka = M, 


which contradicts the assumption that no point of the interval (Ai, À) is in 
the spectrum of K. 

The separation theorem, quoted before (I), shows that the interval (Au, Az) 
contains at most one point of the spectrum of H. If such a point exists. 
denote it by Ap. If As Ao, let s = (H —-AI)“". Then + exists and is not 0. 
Furthermore, (z, p) = ((H— M) 14,6) 0. For otherwise (1— #)a—a 
holds, hence (K — AI — E))x becomes (1 — E)(H — \}x, which is (I — E)& 
and therefore 0. But this contradicts the assumption that À is not in the 
spectrum of K. Consequently, (3) is meaningful if A = ào The regular- 
analyticity and monotony of ¢(A) at A À follow from the identity 


(6) ((H— AD 76,6) = f (— adela), 


where pu) is the non-decreasing function on —œ< p <œ% defined by 
p(#) = (E(u), ¢) in terms of the resolution of the identity Z(„)belonging 
to H. 

The definitions of x, E and K = (H — AT)"8 show that (H — AT + cE)x 
=¢-+ chr = ¢ + c( (H —Al)14,¢)¢. If c is given by (8), it is seen 
that (4) holds; so that A is in the point spectrum of H + cH. 

It remains to show that if A, exists, then c(A) is regular-analytie and 
increasing at A == ào. (Of course, c(Ao) == 0.) To this end, let Co 340 be 
a real number; so that À (and hence any À near À) is not in the spectrum 
of Ho = H + c&.. Since the relation between K and H + cH is independent 
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of c; it follows that if A is on the interval (A, Az), then A is in the spectrum 
of H, + cH if and only if c—c(A) — co. Thus, for À near ào, : 


(7) C(A) — co = —1/( (Ho — M) 7$, $). 
This completes the proof of (I). 


x 


4. Proof of (II). It will first be shown that if m(c) > m—1 for 
one value of c, say for c = Co, then m(c) > m —-1 fox all values of c. 

Let 21,° © - ,æ\ denote m ortho-normalized solutions of (4), where c = co 
and à=). If (2,6) —0 for j= 1, -,m, then z,,: `; Em are solutions 
of (4), with A = à, implying that m(c) 2 m holds for all values of c. It 
can, therefore, be supposed that (2,,¢) 0. It can also be supposed’ that 
(z; p) =0 for j= 2,---,m. For otherwise x, where j == 2,- - -,m, can 
be replaced by a suitable linear combination of a; and x, (then s, becomes 
replaced by an element orthogonal to 2, - : +, 2m). Consequently, the elements 
%2,* * *, En are also solutions of (5), with A==A,. Since A =A, has a multi- 
plicity m in the point spectrum of K, there exists a normalized element x = y 
satisfying (5) with A=, (y, $) =0 and (y,aj) = 0 for j= 2, - -,m. 

On the other hand, the definition of K and the relations (y, $) = 0 and (5), 
with A = À, imply that there exists a constant k satisfying (H — ADy = ke. 
It can be supposed that & 540, for otherwise y, t,: - +,@%m are m ortho- 
normalized solutions of (4), with A == à, for every c, and the assertion is 
proved. u 

If k=£ 0, it is easily verified that ay + a, is a solution of (4), where 
à=) and œ—(6—c)(t,p)/k. Clearly, ay-+ a, is orthogonal to 
Day +, Um; and ay + m 0, since (ay + a, pb) = (x1, $) 50. Hence 
(4), with A= à, has at least m linearly independent solutions for every c. 


5. The assertions of (II) can now be proved as follows: 


First, it will be shown that if m(c) == m — 1 holds for all values of c, 
then c; = — o. 

Suppose, if possible, that c,>—oo. Let y,a2,--+,2m denote m 
ortho-normalized solutions of (5), with A=A,, chosen so as to satisfy 
(y, p) = (z; p) =0 and (H — Mlz; =0 for j= 2,---,m. Let x(a) 
denote a normalized solution of (4), for ¢==c(A) and. à (> à) near À. 
There exists a sequence of A-values A’, A*,- - - satisfying AT > Aria, as 
n—> œ, and v, = lim g(à”) exists in the weak sense. Since, as n—o, 


(8) | (H— MI + eB )a(a") = (A — 1) @(A") + (a —c(a))}z(a") 


teñds to 0 in the strong sense, the limit 2, is not 0. For, if it were, it would 
follow from Weyl’s criterion ([9], p. 378) that À == À, is a cluster point of 
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the spectrum of H + cF, and hence of K. Consequently, & =, # 0 satisfies 
(4) for ec, and AA. Also, (a, 2;) — 0 for j =2,:--,m. In fact, 
(a (A); 2) = 0 for j= 2,:++,m and n= 1,2, - -, since æ(À") and x; 
satisfy (4) for c— e(A”), but for the distinct A-values, A=.” and À, 
respectively. Since this implies that m (c1) 2 m, it contradicts the assump- 
tion that m(c) == m — 1 for every c. ‘ 

In order to prove the converse, let c, =—œ. Suppose, if possible, 
that m(c) > m for all values of c. The assumption that À = À, is an isolated 
point of the spectrum of H shows that the monotone function p(u) in (6) is 
constant near u = À, except for a possible jump at u = à. | 

It follows from (3) that cı =—w implies that ((H — AT)", bi has 
a finite limit, viz. 0, as À— À +0. Hence, the monotone function p(w) 
has no jump at p = à, Thus, ¢ is orthogonal to the linear space spanned 
by the solutions of (H—Al)2e—=0. Let 2,---,% denote m ortho- 
normalized solutions of this equation. Then tı,’ : - ,æ, are solutions of (5) 
with A= A. | 

Since.p(u) is constant near p == à, it follows that there exists an 2, 
orthogonal to %,: ` -, 4, satisfying the equation (H —Aıl)e=d. In fact, 
x is given by | 


@) w= Cf (x) dE) 


(cf., .e.g:, the Appendix. below). Clearly, + satisfies (x, p) ==0, since 
((H— AT) 1$,p) —0 as AA, +0. Furthermore, it is seen from the 
definition of X that (5) holds for A == À. It is also clear that %1, ` *, Em 
and æ are linearly independent, since (H—Al)æ;—0 for j=—1,-::,1m, 
‘while (H— Àl)x— +. But this contradicts the assumption that the multi- 
plicity of À = À in the point spectrum of K is only m. Thus the proof of 
(II) is complete. 


. 6. Proof of (II bis). Letc, > —c ; so that m(c) = m for all values c. 
Let 2,(¢), 23, ° * `, Em denote m ortho-normal solutions of (4), with -A = Ax, 
satisfying (z; p) =0 for j==2,---,m. If À(> À) is near Ay, let z(A)» 
denote a normalized solution of (4), where c—c(A). Then x(A), zı(c{X)), 
da, * +, @2 form an ortho-normal set. Let y(A) =az(A) + Ba, (c(A)), where 
g == &(A) and 8 == B(A), denote a normalized linear combination of (A) and 
æ(c(A)) satisfying (y(A),¢) —0. There exists a sequence of A-values 
satisfying AP > A1 X as noo, and y,=limy(A") exists in the weak 
sense. Since | & |? + | 8 |?=1, it follows that 
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(A aly (0) = (HAL + (Ey (Ar) = a(n" — M) (A) 


tends to 0 in the strong sense, as n —&. Consequently, the limit y, of y(A") 
is not 0. For, if it were, it would follow from Weyl’s criterion used above, 
that À = À is in the essential spectrum of H. 

Let y = y:/| Yı |; so that y, @2,- - -,æ, form an ortho-normal set, each 
member of which is orthogonal to & and satisfies (4), with À = à, for every 
value of c. By repeating the above argument involving (8), it follows that 
there exists an element x, orthogonal to Y, Ta, ` `m and satisfying (4), 
with À = À, and c =c. Hence, mc) = m- 1. | 

It remains to show that there cannot exist another value of c, say cs, 
distinct from c, and ‘satisfying m(c.) =m + 1. 

Suppose the contrary. Let æ(c1), Y, G2," + `, Um and @( 62), Y, Lo, + +, Um 
denote ortho-normal sets of solutions of (4), with A= Ai, belonging to c = c; 
and cz, respectively. Whether or not z(c.) and x(c,) are linearly independent, 
they have a normalized linear combination, say x’, which is orthogonal to ¢; 
cf. the proof of (I), above. But then x1, Y, £2,* - *, 8m are solutions of (5), 
with A= à. Since this is a contradiction, the proof of (II bis) is complete. 


7. The signatures of the Lamé quadrics in Hilbert space. In the nota- 
tion of §1, let H be an n-rowed diagonal matrix with u <' <a, as 
diagonal elements, and let À, <---< A, be the Lamé coordinates’ of 
é= (é> pén), where &,5£0,---,& 540. ‚Then, if k—1,---,n, the 
number of the negative characteristic numbers of H —A,J is k— 1. Corre- 
spondingly, for A= À," - -, À, the quadrie (1) attains each of the n types 
possible for a (real) central quadric (namely, the n — 1 types of hyperboloids 
and the real ellipsoid). In what follows, this fact concerning consecutive 
signatures will be extended in the direction of (I)-(IIbis) to the case of 
Hilbert’s space. 

Let H be a bounded self-adjoint matrix having only simple points 
(if any) in its point spectrum, and ¢ a vector of length 1 in Hilbert space 
with the property that no characteristic vector of H is orthogonal tod. Thus, 
æ == 0 is implied by (2,6) = 0 and Hz = àv. These assumptions on H and & 
dmply that, for a fixed value of c, 


(*) H + cE does not have a multiple eigenvalue. 


For if (*) is false, then there exists a À == A, corresponding to which (4) 
has two linearly independent solutions, say x, and 22 ` Hence, a suitable 
linear combination x of x, and x, will be süch as to satisfy both +40 and 
(z, p) —0. It follows therefore from (2) that He — 0, and from (4) that 
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Ha = às. But the existence of such an æ contradicts the assumptions con- 
cerning H and ¢. This proves (*). 

Let c > 0 and é= cp, so that the “ Lamé coordinates of é” correspond 
to the points of the spectrum of H + cE. In view of the remarks preceding 
the statement of (I), the set of the cluster points of the spectrum of H + cL, 
for a fixed c, is identical with the set of cluster points of the spectrum of H. 
Let x and X’ respectively denote the least and the greatest cluster point of 
the spectrum of H. Then (I) implies that the (empty, finite or denumerable) 
set of points AL < às <` - * of the spectrum of H + cE (“ Lamé coordinates 
of é”) which are less than A’ are determined by the equation ((H — AT)", ¢) 
= —1/c. Clearly, —( (H — A1) 16, bp)? +0 as A—--o. Also, if Ao 
(<A) is a point of the spectrum of M, then it follows from (I) that 
—((H —dI)*¢,¢)7 tends to co or —o according as A—>A,—0 or 
A> Ao + 0. 

These facts, when combined with (*), show that the number of negative 
points in the spectrum of H — A4I is k —1. A corresponding statement applies 
to those “ Lamé coordinates of é” which exceed A”. Finally, it is clear from 
the definition of A’, A” that if X < A”, and if À satisfies X < À < A” and is 
in the spectrum of H + cE, then there is an infinite number of positive and 
of negative points in the spectrum H — XI. 


8. An application to differential operators. Let p(t) be a positive, 
and g(t) a real-valued, continuous function for 0St<w, and let the 
differential equation 


(9) (px) + (A+ g)z = 0 
be of Grenzpunkt type. Then (9) and a homogeneous boundary condition, say 
(10) æ(0)sin a — p(0)a’(0)cos e = 0, _ 


determine a self-adjoint eigenvalue problem with a real spectrum S(a). Let 
T(x, a) == — (p2’)’ — ge denote the self-adjoint operator associated with (10); 
so that the spectrum of T (x,a) is S(a). The set of cluster points 8’ of S(a), 
is independent of &; cf. [10], p. 251. Suppose that some real A-value, say 
À — 0, is not in 8’. Then there is a value & of a (unique mod), corre- 
sponding to which À = 0 belongs to S (ao); ef. [1]. 

Let «= (¢) denote a normalized solution of (9) and (10) for A= 0. 
and æ = 0); so that T (¢, %) — 0. On the sub-domain of T'(x, o) orthogonal 
to ¢, the operator T (æ, @,) possesses a bounded inverse K, since A = 0 is an 
isolated point of Sa). If «Æg, (moda), then T(z,«) has a bounded 
inverse H(«), which is an integral operator; cf. [2]. 
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Let E.be the projection of the Hilbert space L?(0,c0) on the-1-dimensional 
linear subspace containing ¢ and let H = H («o -+ $r). It is-easily verified, 
from: the form of the. Green kernel belonging to -H(«), that H(a) = H + cE, 
where c = c(a) is a constant (independent of-«) multiple of, cot (a — a) 
for asa, (mod). Furthermore, K = (I—E)H(e)(I—E). 

‘These facts, when combined: with theorems (I) and (II), imply the 
results of [4] concerning the il ie of the spectr al sets S a > S(B) 
for @ Ir B (mod r). 


8. née illustration: Mathieu functions. For a fixed q >,0, let 
Ao(g) < Ag) <- <- denote the A-values corresponding to which Mathieu’s 
differential equation, 


(11) “a + (A + 16q cost) = 0, 


has a solution (340) of period m or-27. It will be shown that the results 
of Sections 2 and 7 imply. that 

-(i) if g > 0 and A are fixed, then (11) cannot possess . two penne 
independent solutions of period + or 27; and that 

(ii) according as n in À == à» (q) is of the form n == 4h, 4k + 3, 4k 49 2, 
4k +1, the differential equation (11) possesses a solution of the form 


(12,) x(t) = 4 + Im cos 2mt;  -(12:) ee — À tn. sin 2mt, 
2 | . m=i aR 7 


(13) a(t) = Xam cos(2m-+1)t; (18) æ(t) = 3 š pare 4 Di 
m=0 + 
respectively. 


(i) is a theorem of Ince [8]; ER (ii) can ‘bi derived as a consequencé 
of an asymptotic formula obtained by Ince [6] for Ax(q) as goo (when k 
is fixed). Actually, it is well known that if A=A,(q), then (11) has a 
solution of the form (12,); that if À is Auns1(9) OF Asmso(G), then (11) has a 
‚solution of period 2r (but not of period +), so that the corresponding periodic 
solution is of one of the forms (13,) or (182) ; that if A is Aanıs(Q) Or Aux(g), 
then the periodic solution of (11) is of one of the forms (12:) or (122). 
The point of the assertion (ii) is that A= Anu (9) corresponds to a periodic 
solution of the form (13,), and A=Aı2(g) to one of the form (132), etc. 

‘In the following proof of (i) and (ii), it will be necessary to use the 
results of Sections 2 and 7 for the’ case of a self-adjoint matrix H which is 
not bounded. The nature of the above proofs makes it clear that this 
extension is obvious. x 
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Since the factor cos 2x in (11) is even, any real periodic solution can be 
assumed to be either even or odd. A comparison of coefficients shows that if 
(11) has’ a periodic solution, it can be supposed to have one of ‚the forms 
(12), (1%), (13), (182). 

Let H = (hum), where m, n = 0,1,: > -, be the Jacobi matrix in which 
ham is 4n*, — 8q or 0 according as n = m, n—m =+ 1 or jn—mj|>1. 
Let & be the vector having the coordinates (1, 0,0,- - -) in Hilbert space. 
Then (2) shows that Æ is the matrix (enm) in which every @am, except eo, = 1, 
is 0. Correspondingly, K is the matrix which results if the first row oe 
first, column of H are removed; that is, K = (linn) where m,n = 1, 2,- 

A comparison of coefficients shows that (11) has a solution of the form da) 
if dnd only if there exists a point 2 — (Zo, Ta," - -) s£0 of Hilbert space 
satisfying 


(14) (RENTE Are 0: 


and that (11) has a solution of the form (122) if and only if there exists a 
point z= (a, Ta) 540 in the Hilbert hyperplane zo = 0 satisfying © 


(15) | (K-MF-—E)ja=0. a 


a Ihe considerations of Section 7 (cf. (*)) show that H+ cH and. K 
cannot have a common eigenvalue if no eigenvector £ = (To %,° - -) of H is 
orthogonal to $ But the form of the equations (H —-AT)z == 0 shows that 
if (2,¢) —0, that is, if a —0, then 7,—a2,—---—0. Hence, there 
exists no value of A STONE to which pom (14) and AAD) Hangs non- 
trivial solutions 

. It follows from (I) and (II)-(II oe Section 2, that the values of A 
corresponding to which (14). has non-trivial solutions, separate and are 
separated by those for which (15) has non-trivial solutions. Hence, the 
periodic solutions of (11) are of the form (12,) or (122) according as n 

` in A=A,(q) is of the form n= 4k or n= 4k + 3. 

In order to consider solutions of the form (131) or (132), let H = (Tne), 
where. mì n:= 0,1,: <», be.the Jacobi matrix defined as follows: If n 0 
and. mÆ 0, then Ann is: (27 + 1)?, — 8q or 0 according as n = m, n= M + 1 
or |xn—m|>1; while if either n=0 or m—0, then Amn is 1— 8q, 
— 8q'or 0 according as n—m, n=m +1 or |n—m|>1. As before, 
let, de (1;0;0,-- +). . A comparison of coefficients shows that. (11) 
has a solution of the form (13,) if and only if there exists a -point 
T= (22,2%, ') #0 in Hilbert space satisfying 
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(16) (H-—-M)ı=0; 


and that (11) has a solution of the form (13+) if and only if there exists 
in the same space a non-trivial solution x of 


(17) (H — À + 16qE)z — 0. 


As above, (16) and (1%) cannot have non-trivial solutions for the same value 
of À. It follows that the eigenvalues of H and H + 16qH separate each other; 
and that, since c = 16q > 0, the least eigenvalue of H + 16gE is greater than 
that of H. Hence, the periodic solutions of (11) are of the form (13,) or 
(13:2) according as n in A= A:(q) is of the form n = 4k + 1 or n == 4k + 2. 


<2 Appendix. 

Let A be a completely continuous matrix; Aı,As,'  : its eigenvalues; 
$1, $° * à corresponding set of eigenfunctions; y a point of Hilbert’s 
space; finally, 

(1) y ~ À axbr 
ket 


the “Fourier series” of y. Picard [7] has shown that the infinite system 
of linear equations 


(2) As =y 


has a solution (in Hilbert space) if and only if 


(3) RAL (2/1 An fr <oo ; 

in which case | 

(4) T~ > axbr/ dx 
k=1 


is a solution of (2), the (unique) solution of least length. In (3), it is 
understood that if A,—0 for some k, then | az |?/| Ar |? denotes œ ‘or 0 
according as a: s£ 0 or ax = 0. 

The object of this Appendix is to point out the corresponding ea 
for the solvability of (2) when A is not completely continuous, but just 
bounded, say. 

Suppose first that A is self-adjoint and let H(A), where —co < À < %, 


LAME COORDINATES IN HILBERT SPACE. 785 


be its resolution of the Mn The equations (2) are solvable ii and 
only if 


(5) f 14 | E(àjy |? Ko; 
in which case T 
(6) om (f aBa) yy 


is a solution of (2), the solution of least length. This follows from the 
fact that a necessary condition for the solvability of (2) is that y be on 
the manifold M orthogonal to the solutions of the homogeneous equations 
Az—0. On a subset of M, the matrix A has a unique inverse 4-1, not 
necessarily bounded, given by 


Ate f dB’ (à), 


where Æ (A) = H(A) or H(A) — E(0) according as à < 0 orà = 0. Finally, 
(5) is necessary and sufficient in order that y be in the domain of A. 
Then (6) is Ay. Since (6) is orthogonal to all solutions of Ag = 
it follows that (6) is the solution of (2) of least length. 

If A is not self-adjoint, it is sufficient to apply the well-known device 
of replacing (2) by the equivalent system of equations 


ce ote) 


in which the operator represented by the 2-rowed matrix is self-adjoint 

(A* denotes the adjoint of A). What thus results, in case of solvability, 

is again the solution of least length. Correspondingly, the above result can 

be thought of as a spectral formulation of the criteria of E. Schmidt [8], 

which he expresses in terms of limits of Gram determinants or equivalent 
“ elementary ” procedures. 
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AN APPLICATION OF THE THEORY OF BASIC SERIES TO 
THEOREMS OF BERNSTEIN-WIDDER TYPE.* 


By Paur Davis. 


© 1. Introduction. That the signs of the derivatives of a function of 
class C” on an interval may influence its analytic character was first pointed 
out by 8. Bernstein [1]. Bernstein’s theorem may be stated as follows. 


Txzorem 1. Let f(x) be a real valued function defined and of class 0 
in—1<xz<1l. If each derivative of f(x) is non-negative in — 1 < x < 1, 
then f(x) is necessarily analytic in that interval. 


Some years later, a result of a similar nature, but this time showing the 
effect of the signs of the even derivatives, was obtained by D. V. Widder [2]. 


THEOREM 2. If f(x) is real and of class C? in —1<a<1 and if 
(1) (— EE (s) Z0 (—1l<2#<1;n~0,1,2,- i J) 


then f(x) necessarily coincides with an entire function of exponential type 
at most r. 


Functions satisfying the condition (1) have been termed completely 
convex. Subsequently Boas and Pélya [3] gave a generalization which con- 
tained as special cases both Theorems 1 and 2. In the present note these 

«theorems are generalized in another direction by obtaining similar results 
for a number of familiar sets of differential operators. We shall find it 
convenient to formulate these results using the notion of the basic series of 
polynomials introduced by Whittaker [4]. Our work is essentially algebraic 
in character, inasmuch as all questions are referred back either to Thecrem 1 
or to Theorem 2. 


2. Basic sets and series. In Whittaker’s terminology, a set of poly- 
nomials {p,(z)} is called a basic set if an arbitrary polynomial. can be 
expressed in a unique fashion as a finite linear combination of the p,’s. 
Whittaker has given the following necessary and sufficient condition that a 
set of polynomials be basic. . 


* Received April 6, 1950. 
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THEOREM 3. Given the set of polynomials 
(2) Pa(z) = Z Prit’, (n= 0,1,2, -) 
j= 


where in (2) we have inserted dummy zero coefficients; a necessary and 
sufficient condition that the set (2) be basic is that the row-finite matrix 


(3) P = (prj) (n, j= 0,1,2,° °°) 7 
have an inverse Q which is row-finite: 
(4) PQ=QP=1. 


By a row-matrix is meant one in which each row has but a finite number 
of non-zero elements. It may also be remarked here that the multiplication 
of row-finite matrices is associative, so that the above condition is equivalent 
to the existence of a unique Q for which QP = 1. 

With a given basic set of polynomials (2) with matrix P = (p,;) and 
with unique row-finite inverse Q = (9,;), there may be associated the 
following set of (possibly formal) power series: 


(5) an (2) = Š tat! (n= 0, Lee 


The associated set may be characterized in the following way. The set 
{qn(2)} is associated to the basic set {p,(z)} of polynomials if and only if 


(6). À pa(a)qn(w) — er 


holds as a formal identity, in the sense that when substitutions are made, 
order of summation reversed, and coefficients compared, we have equality.. 
it is easily seen that as a formal identity, (6) is equivalent to (4). 

We shall give a second characterization of the associated set. For two 


power series p(2) == D anz”, g(z) = > bnz”, introduce the inner product 
n=0 n=0 


(7) [p, g] = È mban L 


If-either p or g is a polynomial, there can be no question of the convergence 
of the series in (7). The set (5) is associated to the basic set (2) if and 
only if the two sets are biorthonormal : 


(8) [pir 4] = 8y. 


1 See, e. g., Dienes [5]. z 
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With a given function f (of an appropriate class) and a given basic set, 
there may be associated the following -formal expansion of f: 


(9) o FO ~È [am ill), 


the so-called basic series fòr f. The study. of the representability of functions 
in a series (9) forms a major chapter in the theory of functions. For our 
purposes, however, we need only know that equality in (9) holds whenever 
f is a polynomial. Since {p„(2)} is basic, there is a unique finite expansion 
of a polynomial f: f == Copo + C1P1 +" - + cxpx. Hence by (7) and (8), 
ĉi = [gi f ] * : 

We shall now list a number of basic sets together with their associated 
sets. Our list is intended to be suggestive rather than exhaustive, and may 
be augmented at will. Moreover, the examples have been chosen so that the 


associated functions are expressible in closed form. Except when otherwise ` 


noted, the 0-th polynomial is 1. 
Maclaurin Polynomials: 

(10) Pa(2) =2"/n!;  qa(2) =a" 
Newton Interpolation Polynomials: 


Pn(2) = (2 — Go) (z — a) + + (2— Ana), & distinct; 


1 1 wel, 1 1: skog 
Qo Qy An do a On 
(1) gale) = ee vee |e 
Qo” at. ant" 
e eur e gant Qo™ a Qn” 


Gontcharoff Polynomials (Whittaker [4]): 


a ni * 
(12) Pn(2) = f de, Sr wann f dns Qn (Z) = aretn™/n!, 
ao a aı 
Lidstone Polynomials (Widder [2]): 


Po(z) = 2, Pens (2) = Pon(1 — 2); 
(13) Pzn-2(2) = Pan” (2), Pan(0) == Pan(1) = 0, 


qon (2) = 2°", Gant) = 27167, . 
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Hermite Polynomials: 
| In/2] 
(14) pa(2) = X (— 1)" (22)? */k (nm — 2k) I, Qn(2) = 2/4/2001, 


k=0 


Appel Polynomials (Boas [6]): 


A(w)er”— E palu,  ga(2) = 2"/A(2), 
A(w) regular at w = 0, 4(0) #0. 


8. Applications. We may now state our principal theorem. 


THEOREM 4. Let {p,(z)} be a basic set of polynomials with real 
coefficients, and let {qn(z)} be the (possibly formal) set of associated power 
series. For each n, let [g;(z), 21 = qn; have a constant sign as j varies. 
Then, with f(x) a real valued function of class C? on —1<zx<1, 


implies that f(x) is analytic in — 1 < x < 1. 


Proof. We have, for some integer kn, 


= Š [a (2), "pi (2) ; hence Dhf — X qups(D)f. 


The inequality (16) now implies that Drf(z) has constant sign in 
—l<caecl. The theorem is therefore an immediate consequence of 
Theorem 1. | 

It may happen that the associated series g,(z) have non-negative 
coefficients for all n. In other words, the basic set {p,(z)} has a positive , 
inverse property: All the sets of our list, with proper restrictions on the 
arbitrary constants appearing therein, have this property. 


COROLLARY 4.1. If a= 0, then the sets (10), (11), (12), (13), (14) 
have a positive inverse property. This is also true of the set (15) provided 
that [A(w)]* has non-negative Maclaurin coefficients. For the polynomials 
of any of these sets, condition (16) implies analyticity in — 1 < x < 1. 


Proof. Inspection of the corresponding q,’s reveals that under the above 
conditions their coefficients are indeed non-negative. For the set (11) we 
should add that qn; = X aoa,’ - "a; where the summation is extended 
over all non-negative #s for which ip +i + :+i=n— 7 


Theorem 4 is capable of further generalization, for Theorem 1, as stated, 
is but a special case of Bernstein’s results. Actually, Bernstein has shown 
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that if each successive difference of f(x) is of constant sign in the interval, 
then, without assuming the existence of derivatives, it will follow that f(x} 
is analytie in the interval. If therefore in Theorem 4, p,(D) be replaced 
by ?,(A), the conclusion follows without assuming the existence of derivatives. 

By selecting the Newton Polynomials (11) and combining Theorems 4 
and 2, we arrive at the following generalization of Widder’s Theorem. 


COROLLARY 4.2. Let f(x) be real and of class C? on —1<%x<1, 
and suppose that a; are real. Then 


(17) Fe (—1) (D + ay?) + + + (D? + an?) f(z) Z0 


(n= 1,2,-°-3;—1<2<1) implies that f(x) is completely convex on 
the interval and hence coincides with an entire function of exponential type 
at most r. i 


HARVARD UNIVERSITY. 
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THE MEAN CONVERGENCE OF ORTHOGONAL SERIES.* 


By G. Mizrox Wina. 


1. Introduction. We consider a sequence of functions {&.(2)}, n = 0, 
1,2,: > +, orthonormal with respect to a measure 


S G0(2) 4 (2) dP (2) = Ban 


and the corresponding formal expansion of an arbitrary function in terms of 
this sequence, 


(1.1) f(x) ~ 2 anbn (x); 


b 7 | 
where a, = f f(v)¢n(@)dF' (x). While the local convergence properties of 


series of the type (1.1) have been thoroughly investigated for particular sets 
of n(x), their mean convergence has been studied but little. This problem 
takes the form: for what values of p, 1 = p <œ does the existence of the 


b 
integral f | f(z) | dF (x) imply that 
; d N | 
(1.2) tim Sf) — 2 mgla) iFa) — 0? 


d 
When equation (1.2) holds for every f(x) such that f | f(v)|?>adF (x) . 


exists we shall say that the sequence {¢,(a#)} forms a basis for the space of 
these functions. 

In the case that F(x) is an increasing, absolutely continuous function 
a different question may be posed. If dF(x) =w(z)dx then the sequence 
{$n()w'(a)} is orthonormal in the classical sense and one is led to the 
formal expansion 


(1.3) f(a) ~ È bin (æ)w (e), 


* Received November 16, 1949; revised April 2, 1950. Presented to the Society 
Octpber 29, 1949. The research was carried on while the author held an Atomic Energy 
Commission Predoctoral Fellowship. 
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b 
where b, == f f(x)pa(æ)wË(z)dx. We now ask: for what values. of p, 
@ . 


o 
1 p <œ, does the measurability of f(x) and the relation f | f(æ)|? dx < 00 
(i. e., f(x) in L?) imply 


b N í 
lim f "| f(v) — È bé, (a) w¥(2) |? de — 02 


Problems of this sort were first investigated by M. Riesz [15], who 
considered the case of trigonometrie functions, and later by Schauder, Kober, 
Caton and Hille, and Paley [16, 8, 4, 10], who investigated other special 
sets of functions. Recently, H. Pollard has studied extensively the mean 
convergence of orthogonal polynomials [11, 12, 13, 14]. We shall make 
some additions to his results and apply similar methods to the problems 
associated with expansions in series of Bessel functions. It should be noted 
that the Zr theory of Hankel transforms (the integral analogue of Fourier- 
Bessel Series) has been studied by Busbridge [3]. 


2. General principles. Our interest will be confined to a sequence 
- {b,(æ)} orthonormal over a finite interval with respect to a non-negative 
weight function w(x). We shall assume the elements of the sequence belong 


v 
to Lu? (i. e. f | n(x) |? w(x) dx <œ for all n) and to the conjugate space 
a 
Lu”. We assume also that the sequence is closed over both of these spaces. 
d si fi 
‘The notation || f(x) {|p will regularly be used to mean f | f(x) |? da} i 


, and Sy(f,x) will denote the N-th partial sum of the series in (1.1). The 
following principles will be used repeatedly. i 


(i) To establish that {#.(x})} is a basis for L”, p > 1, it suffices to 
prove that, for all f(x) in Lu, 


‘lim | Sx (f, 2)wr (s) lp < +0. 
No 
The proof of this has been given by Pollard [13, p. 361]. 
(ii) If {dn(z)} is a basis for Ly, p > 1, then it is also a basis for Lu. 


This principle may be found in Banach [1, p. 108] for the case w(x) =1. 
His proof may be generalized to include our case. 
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CHAPTER I. BESSEL SERIES. 


8. Orthogonality of sets of Bessel functions. It is well known [19, 
p. 184] that if {àn} (n—1,2,: - :) is the sequence of successive positive 
roots of the equation 


(3.1) adv! (£) + HJv(x).—= 0, 


where H is a real number and v= — 1, then 


(8.2) fe (ue): Que) da = ${ (1 — r?/A?n) Tv? (An) + Jy? (An) }Onme 


In case H = -+œ the sequence, which we now denote by {un}, becomes 
the sequence of positive roots of J,(x). In place of (3.2) we have 


1 
(3.3) ` f PA Ii pat da = SE (ied A 


Series based upon the relation (3.3) are usually referred to as Fourier- 
Bessel series. They are somewhat easier to handle than the more general 
Dini series arising from equation (3.2). Fortunately, however, the conver- 
gence properties of the latter may be deduced from those of the simpler series. 


4. Fourier-Bessel series of the type (1.3). We consider the sequence 
{ (20) ?Jv (pnt) /T vir (un) }, and write 


N 
Sa (fs 8) = È bn (20) (me) Tova (an); 
1 
where Jv, (pn)bn = 2 f BJ, (pat) f(t) db. 
Then we have Sy(f, x) = Senwsc x)f(t) dt, where 
| gore 


Un(t, T) = ? À Jo (st) Jv (pnt) Tva? (ue) a 


The following lemma, due to MacRobert [9], is crucial in the proofs of many 
of the theorems of this chapter. 


LEMMA 4.1. If v2=—4 and Ay = (N+ $v + Dr, then 
| Tu (t &) —$Aw{To(Ane) Ivey (Ant) —Iv(Ant) Joma (Ayer) }/(e— 1) | 
: < O(zt)?{ (s +t)? + (2—2£—7)}, 
for all x and all t in [0,1]. 
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This result we now use to obtain our first theorem concerning mean 
convergence of Bessel series. 


THEOREM 4.1. JfvÆ— +4 and f(x) is in L? for p > 1 then 
. 
lim f | f(x) — Sx (f, x) |? de = 0. 
No 0 


Remark. We note the relations J,(x) = (?/rx)isinz and J_4(2) 
== (2/r&)icos x. Hence when v = + $ our series become trigonometric series, 
and our theorem therefore includes the classical result of M. Riesz on mean 
convergence of these series [15]. 


Proof of the theorem, Since the function ¢Jv(t) is entire [see 19, 
p. 40], the condition »2==—4 implies that the functions BJ,(mi) are 
bounded in ¢ in [0,1]. The coefficients a, are therefore well-defined. The . 
lemma suggests that we write 


. Sx(f 2) = f (Urta) 
= 4Ay[ Jy (Ant) Tver (Ayt) — Jv (Ant) Iver (Awt) ]/(z — t) 
+ Ar Ane) va Ant) — Ji(Ant) va (Ana) ]/ (£ — t)} (ctf (0) dt. 


From the lemma we deduce that l 
(41) [WEDLE f (e+ @—2— VFO] at 


+4 





S (Ana) (An) (Ant) vs (Ant)f)/(e — t) dt | 


+3 





f (Ana) (Axe)(Ant) Ts (Axt) (E — t) dt | | 


The convergence almost everywhere of the improper integrals, as Cauchy 
principal values, follows from the fact that the functions (Axt)#J,(Awt)f(#) 
and (Ant)#Jv:(Ant)f(t) are integrable [18, p. 132]. 


We shall now prove that 
(4.2) En | 8x (f, 2) lo < +e. 


a 1 
By Hilberts inequality [6, p. 226] the function g(x) = f: | f®|/(@ + at 


~ 
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is in LP so that | g(x) lo <%. A simple change of variables allows us to 
make a similar statement concerning fi F) [7 (2 — x — i) dt. 
6 


The remaining two integrals of (4.1) are similar, and we need examine 
only one of them. We follow the method used by M. Riesz in his treatment 
of trigonometric series [15]. Write 


pres f * (Ay) 'J (Anz) (Ant) va (Arde — Hit 
=By(z) f Ov()f()/(e— tat, 
“where By(a) = (Aya)'Jv(Ayx), Cy (t) = (Ant) Jun (Art). 


From the asymptotic form of the Bessel functions [19, p. 194], we 
conclude that By(x) and Cy(t) are bounded in N, x, and t. Hence Cy(t)f(t) 
is a member of Zr. It follows by a theorem of Riesz [15] that Ix(z) is 


also in Ze and | Iv(x)||p< A | Cy(x)f(x) lp < All f(t) p< A, since By 
and Cy are bounded. 


We now apply Minkowski’s inequality to (4.1) to get 
[Sho se] fat +@ 70] at] 


+2 








Byla) f OO — idi |, 


+2 








oxe) f "By(t)f(t)/(@ — Hdi | <+e. 


Hence (4.2) is established. 


If it can now be shown that the sequence {(22)J,(uur)/Jv1(un)} is closed 
in L”, principle (i) of $2 may be applied to complete the proof. W. H. 


: 1 

Young has proved if f(t) is in L, then the vanishing of f ECHT v(pat) at 
0 

for all n implies that f(t) ==0 [?21, pp. 174-175]. From this follows the 


completeness of our sequence in L?, and hence its closure [see 7, p. 200]. 


5. Fourier-Bessel series of the type (1.1). We turn next to series of 
type (1.1) with (2) = Jv (pn®)/Jv (un) and 


Tran (Um) On — 24 f ET (ant) dt. 
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The partial sums have the form Ty(f,æ) = f ra) Ux(t,x)dt. We prove 
the following theorem. : 


Tore 5.1. If v= —4 and f(t) is in Le, 4/3 <p < 4, then 
Jim f | f(z) — Tx (f, ©) |px dx = 0. 
-nN 0 


Proof. The coefficients a, exist provided ¢ | f( 9 | is in L, since J, (pnt) 
is bounded in ¢ in [0, 1] Now 


fie HOILE | Serra | is f f | f(t) pat 1/p 


The last integral exists by assumption. The first on the right converges 
provided (3—1/p)p = (1/p’— 3) p’ > —1 or p’ < 4, as assumed. 


Proceeding exactly as in Theorem 4.1, we find that 
6) [Tafe E 0a f AONE + e—a idt 
44 | f Andy (Anz) Jos (Ant )tf (t)/(a— t)at| 


+a lf Maso Aut) Tro (AO /(— fat | 


This expression must now be treated more carefully than the similar one for 
_ | Sw(f, x)| encountered in $4. Our goal is to prove 


(5.2) ` Tim | Tr) Ip < +00. 


We begin by considering 


(5.8) g(x) aves S AFO Na 
= J ereta (ler HO — 1/0 + Hat 
=— h (<) + (x). Hilberts inequality again applies to I (£). By the 


converse of Hölder’s inequality [6, p. 120], /2(x) belongs to L? if the doyble 
integral 
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(654) I= fo f ee Ole — 14/0 + that 
is bounded for every h(s) in L?. 


Applying Hölder’s inequality for double integrals to (5.4) we have 
ie | fae frotte —11/ (w+ yore | f(t) | (t/0) m 
(LH) —1]/ (a + 1) (t/a) at 
= if h(a) la J leper 1 | (1e) #7 (8 + that ad 
If ropa f? haee qiyada | 


In view of the conditions imposed on p, it now suffices to prove the bounded- 
ness, for all x in (0,1), of 


1 
Ji f 1/2) Wa)? |/ (w+ Nat 
where 0>a>—1,0>b6>—1. The trivial substitution z = ts yields 


1/2 
Jy = f | 22 — z? 
0 


The last integral is clearly finite. Hence I converges and g(x) is in LP. 


Similarly, gı (x) = 2”? fe | F(&)|/ (2 — z — ż¿)dt is a member of L». 
o 





/a+das f e—a Hada 


Finally we turn to the last two integrals of (5.1). It suffices to consider + 
just one of these. Let 


| @y(2) = a J > AnIo( Ave) Iva (Aut) tf (t) / (0 — t) dt 
— 2h 3By (2) J On (tC) /(@— di. 


In proving that Gy(x) is in L*, it will do no harm to suppose f(t) 2 0. 
Write : 


Gx(2) = By(2) J ODPRO Nat 


+ By(2) f Ox (EEFE { (1/2) —1}/ (2 — 1) at. 
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The first integral is covered by Riesz’s theorem. The second may be treated 
by the device used in investigating I(x) of (5.3) and leads to 


J= f | (t/a)? — (t/z)? |/ (£ — t) dt. 
This is finite for z in (0,1). Hence 


| Gx(#) le SA 





MAC OC 


+4 | f onerose asa 


Here A is independent of N since the B’s are bounded in N. This estab- 
lishes (5.2). 

We need now only establish the closure of the sequence {Jv (unt)} in Le. 
Since f(t) is in L? for p > 4/3 it follows that f(t) is m L. Hence we 
may again use the result of Young and assert that the sequence is complete 
in L? for p > 4/8, and so closed there for p < 4. 


6. A counterexample. We have seen that the condition p > 4/8 is 
necessary to insure the existence of the coefficients an, provided we allow the 
order v of the Bessel functions to be as small as —4. Our argument depended 
upon the fact that Jy (a6) is bounded in t, 0 S t S 1, forv=—+4. Since, 
more generally, tJ» (pnt) is bounded in t, one might expect that the conditions 
on p should really depend upon v. The following example shows that this 
is not the case. In view of principle (ii) of $ 2, we may confine our attention 

„to the interval 1 = p < 4/3. 


THEOREM 6.1. There exists a function belonging to LP, 1 = SP < 4/3, 
whose Fourier-Bessel series does not converge in Li. 


Proof. The function f(t) = ti"? belongs to LP for p < 4/3. To prove 
that its Fourier-Bessel series does not converge in the mean it suffices to 
prove that 


PEN ı 1/2 
iim | a, | if t | 7, (ant) le dt } > 0, 
na> © 7 0 i 


where 


P ı 
(6. 1) Iva? (pn) Gn =? f EET y (pnt) dt. 
9 


We may confine our attention to the case y > — 3 since the coefficients An 


© 
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do not even exist when v=— +4. Substituting z for ty, in (6.1) we have 
[see 20, p. 383] 


(62) mahnt) —2 Sr + P/E H F) 


=A>0. Now 
1 i j 
(6. 3) M T O de > Byun” 
«7 0 0 


as one may verify by use of the asymptotie formula 
J,(2) ~ (R/r2)à cos (2 — fur — im) 
[19, p. 195]. Combining (6.2) and (6.3) we get 


= i Jp —— 
Em | as | | LE 17 (ant) a PS Tim 24 By/paTon*(un) > 0, 


as desired. 


It is interesting to note that the interval of mean convergence, 
4/3 < p < 4, is the same as that for Legendre series and for series of more 
general types of polynomials to be discussed in §9. In all of these cases 
the question of convergence at the endpoints of the interval is still open. 


7. Dini series. From (3.2) it is clear that the functions kuad)y (Ans) 
where 2/4? = (1 — v?/An?) Jv? (An) + Jv? (àn) form an orthonormal sequence 
over [0,1] when v = — 1. We are led to consider the formal expansion 


(7.1) Ko) > È kapav Que), 


where Ba = taf FRI, Out)dt. Dini has shown in his study of point- 
0 


wise convergence of such series that (7. 1) is not always the correct formal 
expansion [5]. Rather, one must add to the series of (7.1) a term B,(x) 
where $ 


Biz) = 0 if H +v > 0; B(x) =2(v + 1)” S eoa if H -+v =0; 
Bo (£) = API (Act) 2t/{ (Ao? + v?) Lv? (Ao) — As 2 (Ao) } f i BFO (rot) dt 
o 
ifH+yv< 0. 


Here + iA, are the two purely imaginary zeros of (3.1) known to exist when 
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H + y <0 and I(x) = e*"iJ,(zei). Denoting the partial sums of the 
1 

amended series by oy(f,x), we have hf (at}iCx (t, x)f(t}dt, 
Le 


where 
N 
Cy (t,2) = Ao(a, t) + $ It (ut) (dat) 
n=l 


Alzt)=0E H +v > 0; At, t) = 2 (v + 1jæt if H +v=0; 


Aolz, t) = 2Ao*Ly (At) Ly (Act) /{ (do? + vw)? (Ao) Se Ao Iy (Ao) } 
if H +vy<0. 
We now prove the following theorem. ' 


THEOREM 7.1. If v= — 4 and f(x) is in L?, p > 1, then 


lim ff) — os (f, 2) |? de — 0. 


Proof. Using the notation of the previous section we Tet Pm be the 
largest zero of Jv(z) which is less than Ay... Then it may be shown that 


| Cw (t,£) — Un(t,2)| < C/(at)3(2—a—t) for all z and ¢ in [0,1] 


[19, p. 599]. Hence 
Losha) = | f7 CDY Os 2) — Unt, 2) + Un(t,2) at 


1 
<0 f OVE e= ] Salha). 
‘The arguments of § 4 yield 
l ox (f, £) lp < Ap + | Smf, 2) lp < An 


To complete the proof we must establish the elosure'in L”, p > 1, of 
the orthogonal sequence {$,(2)}, where (x) = mJy (Ang) for n > 0, and 
do(t) —0, zè or 2l,(Aæ), according as H+v>0, H-+v-=](, or 
H-+v<.0. Young has proved the completeness of {#,(x)} and the closure 
then follows. This establishes the theorem. 


1 
To complete this section we write a, =t f tf (t)Jv(Ànt)dt, and consider 
4 : 0 


tw(f, £) = Co(z) + S Onknd v (Ant), where . 


12 
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Ca) —0 if H4+r>0; Ga) 2 +1) fra if H+ v— 05 
(2) — MIA) /{ (do? + v2) Ls (Ag) — MPI? (Ao) } f° f(t) Iy(Aot) dt 
if H+v< 0. 


The methods we have employed in this paper now suffice to prove the 
following theorem. 


THEOREM 7.2. If v= — 4 and f(t) is in LP, 4/3 < p <4, then 


(7.2) lim (fe) —2y(f,2) (re de — 0. 


Moreover, there exists a function in LP, 1S p < 4/3 (or p > 4) such 
that (7.2) fais to hold. 


> CHAPTER II. ORTHOGONAL POLYNOMIALS. | 


8. In this chapter we shall extend some of the results of H. Pollard on 
the problem of mean convergence of series or orthogonal polynomials. The 
first theorem, without proof, has been announced in a special case by Pollard 
[11]. The second improves one of his results, while the last make it possible 
to absorb a wide class of polynomials into the existing theory. 


9. Extension of a theorem of Pollard. The following theorem is due 
to Pollard in the special case when w(x) = (1—2)*(1+2)8, «2—4, 


P>—}. 


THEOREM 9.2. Let the polynomials {pn (x) } be orthonormal on [— 1,1]. 
with weight function w(x). Let (1—a’)"q(z) denote the polynomials 
orthonormal with respect to the weight function w(x) (1—2?) and let the 
following conditions hold [see 13, p. 356]: 


(H-1) w(x) 20 almost everywhere on [— 1,1]; 


(H-2) in legw(z)| (1—?)?de<o; 
A 

(H-3) (1—2a?)* | m(x)| wi(z) SA for all s in [—1,1] and all 
n=0,1,2,- °°; 


(H-4) (1—2*)-4| qn(x)| wi(x) SA for all xin [—1,1] and all 
n=0,1, 2- 
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PE Ar Te a EEE an ee f ‘F(2)pa(7) w#(2) dx, 


we have 


1 N 
(9.1) tim f? | f(a) —2 baw (2) pn (a) |? de = 0. 


- Proof. We first show that the coefficients b, are uniformly bounded. 
For, veing (H-3), 


Bi | [rene] À f° ro | 


; {f | pn(2) wi(z) |” de l 1/9 


1 1/p° 
<Alf@)l | f Ga) wae ee 


1/p 


We now write Sy(f, 2) — 5 bewi(x) pa(2), and seek to prove that 
‚Jim | Dx (f, £) llo <. Substituting the value of b, and rearranging some- 
what, we have | 

Sx( 2) = le) SJ Fut ten a Ha. 
| Hore [see 13, p. 358]. 


lex (a, t) = axpra (£) gu (t)/ (2 — t) + Brgy (2) pra (t)/ (2 — t) 
+ yapaaı (©) Pau (t); 


the constants ay, By, yx being bounded in N. Therefore 
‘Su (f,2) — anpra (ua) | FOA getai 
+ Bran(o)wi(e) S FOR) pra ()/(e— Ni > 


ER ROT ION f° FOWE) pra (0) dt. 


The last integral is just Daves and so is bounded. (H-3) and (H-4) then : 
yield 


(9.2) 18e) < 4] a f rawea | 


+4] Gay" f KO OpratD/(e— Da |+ a 
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We now write gy(t)wi(t) = An(t)(1—+#?)#, where Ay(t) is bounded in 


N and ¢. Hence 








(a S FOAD /(— at |, 
< | Í (DO /e— Da l 


+ | f soroa- erare Hat | 


According to the theorem of M. Riesz [15] the first term is bounded. To 


settle the- second we need only prove that 


So |a-mra—*-1|1s—tla 


is in Z”. This follows at once from a result of Pollard [13, p. 363]. The 
second integral of (9.2) is handled similarly. 

The proof is now completed by noting that the sequence {w} (x) pn (=) } 
is closed in L?, 


10. Weight functions of class B. We shall say that the weight function 
w(x) = t(x) (1—z)(1 +2) («= —4, B 2=—+4) belongs to the class B 
if t(x) is positive on [— 1,1] and has there a continuous derivative with 
the property that #’(x + h)—+#(x) =O(n?|h|) as k—0 uniformly in, 
[— 1,1]. | 

The class B has been studied extensively by S. Bernstein. It may be 
shown that conditions (H-1) thru (H-4) of Theorem 9.1 are satisfied for 
a sequence orthonormal with respect to a member of B [2, pp. 267-268; 18, ` 
p. 362]. The case i(z) =1 yields the Jacobi polynomials P,(æ8) (x) [17, 
p. 57]. We now prove the following theorem concerning mean convergence 
of Jacobi series. 


THEoREMm 10.1. Let w(x) = (1—2)*(1+2)8 (c2—4,p=—+4). 
Then, if f(x) is in Ir, 4/3 < p< 4, equation (9.1) holds. Further, for 
1<p<4/8 (or p>4), there exists a function in LP for which (9.1) 
fails to hold. 


Proof. The first part of the theorem follows at once from. Theorem 9.1. 
For the second part it suffices to find a function f(s) in L’, 1 5 p < 4/3, 
such that A 
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Here [see 17, p. 238] | 
bh, a) — f | f(x) (A — 2) (1 + 2)#P,@B (2) de. 
The function f(x) = (1 + x)38(1—«)~*/ is in L? and [see 17, p. 249], 
(10.1) alg (8) — f u + a) E (1 — ai AP, (oP) (x) de ~ ni. | 
Further, J = f (ei | Py(@8) (x) | de 
= f° ame ta) +) | Py (2)| dè 


= | iaaea + ayer, (x) |? dx | = Se +) de s 


Now J ~ nè [17, p. 168], and the last integral is finite. Therefore, we may 
select an A > 0 such that | 


1/; 
(10. 2) | f “1 (1—2) (1 + 2) P,P) (2) |? de "> Ant 
-1 
for all n. From (10.1) and (10.2) we obtain the desired result. 


THEOREM 10.2. Let w(x) eB. Let f(x) eLw? for a value of p satisfying 


a+1 B+1| ati B+1 
amer | ns 2B F3 Í <p<4min | EtL, EE) 


and define tn = f Fa)pn(z)w(z)de. Then 








x 1 N 
im J "1 4@) — Z apla) (2) de — 0. 


Proof. According to a result of Pollard [13, p. 363], it suffices to prove 
that the kernels 


an an | [GER EB Jre] 


1 
have the property wf K:(x, t)g(t)dt belong to L? whenever g(t) dves. 
-1 
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Our method of proof is an extension of one used already by him [14]. We 
shall deal only-with K,; a similar treatment may be used for K.. 


It suffices to show [14] that 


P(e) = fret (IE) 


NEIL re Gay ET el + 
is bounded in (— 1,1), where 


a=—+#+o(l/p— #5) +1/p,, b=—}$4+8(1/p—})+1/2, 
À c=d=1/p 




















and T(x) = {t(x)}#1%. We remark that a, b, c, and d all lie in the open 
interval (0,1). 


Assume for the present that 0 S v < 1 and write F(s) in the form 


-4 (142) v 3(1+2) 1 
rey f+ fe +f tf 
-1 -4(1+2) Fa &(1+2) 


= A(x) + B(x) + C(x) + D(x). (This decomposition is attributed by 
Pollard to P. Erdös.) The last integral is easily dealt with. Since the 
conditions on t(s) imply that T(x) is bounded above and below, 0 < m 
S T(z) SM <o, we may write 


Da) S E — a) +2)/T(0)) f Drei 
4.(1—2)°(1 4+ ef (1 — t) | s — t |> dt} 
SKUU—D + Ama f aeeai 


+ [U + AUS, Gnd sk. 


The third integral is more difficult. Writing u for t— x, we get 
30-2) 


con) ame (EE (ED Bd 


= (; er) (; tt 3) 








du. | 
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By the mean value theorem, 
T(u+z)/T(a) = 1 4 uT (£ + 6,u)/T (x) (0 < bs <1) 


for all v and u such that — 1 Ss S 1, —1=<u+zxÆ<1i. Formula (10.4) 
then gives us 


dos "line 
Gr) (12) 
+f" lH) GE) le 


The first integral is known to be bounded [14]. In the second we observe 
that the conditions imposed upon t(x) imply that T’(z + du) is continuous 
in s + 6,u, and hence’bounded. Further, since 0 < a < 1, 


du 








u 


ee ae 


: *3(1-2) 4 
O(s) <K +z Í, (1—2)/(1—u—2)du < K. 


Hence 


The integrals A(x) and B(x) may be treated similarly, so that F (e) is 
bounded for æ in [0,1). The same arguments may clearly be used for x in 
(—1,0]. This completes the proof of the theorem. 
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ON THE STRUCTURE OF SOME SUBGROUPS OF THE 
MODULAR GROUP.* 


By EMIL Grosswa.p. 


1.1. Let us consider the group T of modular substitutions, where 
elements are the matrices (9 ae where a, b, c, d are rational integers, 
satisfying 
(1) ad — be =1. 

On account of the significance of a, b, c, d as coefficients of a linear fractional 
transformation, we consider the elements ( 7 )and = =) of T as 


identical. Imposing suitable supplementary conditions on a, b, c, d, we can 
define various subgroups of I. If, in particular, the supplementary con- 
dition is j 
(2) c= 0 (mod p); 

the corresponding matrices form a subgroup Fo(p) of T, whose structure has 
been studied by H. Rademacher [4].* If, instead of (2), 

(3) b = 0 (mod p) 

holds, the results are perfectly analogous, as pointed out by H. Rademacher 


in the last paragraph of his above-mentioned paper. 
In a similar way, we define the subgroups T,°(p) by the conditions 


(4) b=c=( (mod p); 
and we define the “ principal subgroups ” T(p) by the conditions 
(4) b=c=0(modp); : a=d=1 (mod p). 


It is our purpose to study the structure of these subgroups, indicating for 
any given prime number p, the corresponding set of independent generators 
and independent defining relations for T,°(p) ; hereby, the abstract structure 
of the corresponding subgroup will be completely defined. Moreover, though 


* Received January 17, 1950. °. 
* Numbers in square brackets refer to the bibliography, at the end of the paper. 
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the method does not permit to write directly the independent generators as 
functions of p, we can find, explicitly, the generators for every particular, 
numerical value of p. 


1.2. The main results established in this paper are: 
(a) The subgroups T,°(2), To°(3) are generated respectively by 2, 3 
independent generators; for p > 8, T° (p) is generated by 
m= 2[(p +2) (p—1)/12] +3 
independent generators. The explicit form of these generators is found. 


(b) For p=, p= 3, To? (2), To’(3) respectively are the free groups 
of 2, 3 generators respectively; for p > 3, the generators satisfy the following 
defining relations: | 


(i) Two of the generators satisfy 
(5) V? (ky, Ay’) =I; V? (Kea’, Ao’) =LI if p=1 (mod 4). 
(ii) Two of the generators satisfy 
(6). V(b”, a2”) =T; V? (hee, do”) = I if p=1 (mod 8). 
(ii) Two of the generators satisfy relations like (5), and two satisfy 
relations like (6), if p==1 (mod 12). 


(iv) No defining relations exist if p==— 1 (mod 12); T (p) is then 
the free group of m independent generators. 


(c) For p= 2, both independent generators of T,°(2) are parabolic; 
for p = 8, three of the independent generators of To? (p) are parabolic. 


(d) The genus of a fundamental region corresponding to T,°(2) and 
To°(3) is zero; for p > 8, the genus is given by 
g = [(p + 2) (p—1)/12] — 1 + r (r° — 25) /24, 
where p=r (mod 12); —5SrS+5. 
(e)? If p= 2, the principal subgroup l'(2) is identical with the sub- 
group ro (2); for p = 3, T(3) is the free group of 3 generators; for p > 8, 


and p==— 1 (mod 12), I'(p) is a free group of p(p? —1)/12 + 1 generators. 
The method follows closely that of Professor H. Rademacher [4]. 


2 After the present paper had been completed, it was brought to our attention that 
the etructure of the principal subgroups had been completely determined by H. Frasch 
(see [7]) who proved the results from (e) without the restriction p = — 1(mod 12). 
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Results of K. Reidemeister [5] and O. Schreier [6] have also been used. 
We wish to take this opportunity to express our gratitude to Professor H. 
Rademacher, who suggested the subject, and whose methods and advice have 
made this paper possible. 


2.1. If H is a subgroup of the group G, we may write G as the sum 
of H and its co-sets, as 


(7) G= H + HR + HR+: HHR: s, 
where 
(8) R,e G, Rag H n= 1,2, >. 


With Ro == 1, we may write (7) as 


(7) G=XH-R, NS +. 
n=0 

The elements of the set {R,}, including Ro = 1, are called the “ represen- 
tatives” of the decomposition (7). Given any element M e G, let HR, be 
the co-set to which it belongs; then, following Schreier, we shall wirte 7 
for the corresponding representative Rm. K. Reidemeister [5] has shown 
that if {8;} (i= 1,2,  ') are the generators of G, then all generators of 
H are found, eliminating from the expressions 


(9) BSR 


those, which reduce to the identity, when, in (9), the R, and S; range 
independently over all representatives {R,} of the decomposition (7), respec- 
tively over all generators {8;} of G. 

In order to be able to apply the results of O. Schreier [6] we have to 
take care that the system of representatives {En} be chosen in such a way, as 
to satisfy Schreier’s condition : * “ Whenever R, = Tī Si is a representative 

i=l 


of its co-set, also all sections of the product, ii Si (j = 1,2,° + -,n—i) 


shall be representatives of their co-sets. = Once this condition is satisfied, 
all defining relations of H are found (see [6] and [4]) by 


(10) Rap (Si) Rat = 1, 


where the R, range over all elements of {R,} (including R, =T) and 


. 


8 See [6], page 177, condition “ F.” 
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p(Si) =I are the defining relations of G, and where we express the left-hand 
member by the generators (9) of H. 


2.2. On account of the preceding results, we shall proceed in the 
following order: 


1) A system of representatives of the decomposition 
N 
(11) T= D To (p) Ba 
n= 
is defined, satisfying Schreier’s condition. 


2) By (9), the generators of Tọ? (p) are found, using the known 
generators of T:* 


(12) | s-(} 1) and r-(} =: 


3) By (10), the defining relations of T,°(p) are determined, using the 
well-known fact,* that the defining relations of T are: 


(18) T? =I and (TSP =I. 


4) Use is made of the defining relations, in order to eliminate as many 
generators as possible, until only independent generators and independent 
defining relations are left. 


5) The number of independent generators is then found as a funetion 
of p, and also the form and number of the defining relations established in 
their dependence on p. 


6) As a consequence of preceding results, a relation will be found, 
relating directly the genus of a fundamental region, corresponding to the 
subgroup Ty°(p), to the prime number p. 


3. The representatives. Let 


(14) (; z) er) and 
m = (4 3)-( re 
Then, from 


4 See, e. g. [4]. 
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a b\fa B\ fax+by aB+bë\ (A B 
es ( JC See Tal C D) 
using (14) and (4), we obtain: > 
(17) ae = À aß = B dy=C dè = D. 


By simple, algebraic computations, using (17), we find the following results: 


8.1. If A=0 (implying, by (1) and (15), that BO =— 1, so that 


B0, 0# 0), then (16) can be satisfied with R = TI = G = a where 
k has to satisfy 


(18) D = Ck. 
Adding to (18) the condition 
(19) 0SkSp—i,. 


the value of % is uniquely determined. We remark, that for D =0, b==0 
and R =T; for Ds40, 


(19) 1sSksp—1l. 


Once k is determined by (18) and (19), or (19°), we find the corresponding 
. (a b i 

matrix ( AL 

a ) -(4 D) (4 2) 

c d C D C D 

um _[A >) k a a, à) 

Se Felle, Ck—D Cf 
On account of A=0, we check, by (18), that actually b= 4=0 
c == Ck — D=0, so that indeed: e a) er? (p), as it had to be. 


3.2. In an entirely similar way, still using (17), we find, if B =0: 


R-TET — (_ : 4 with % satisfying 


20 kD+0=0 1<k<p—1, 
( p 


5 Unless otherwise specified, all congruences have to be understood (modp). For 
simplicity, we shall consistently suppress these words, except where confusion copld 
arise. 
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and, as before, orice. Æ has been found by (20), the corresponding matrix ° 


a b\. AB 
( 3) is found by (4 D 


eGR D) 


-( > 
~ \0 D 


Je r° (p). 


3.3. Similarly, if C==0 (implying 4360, D0), then, by (17), 
2-8: -(} +) ‚ where I satisfies 


(21) 


If, in particular, also B=0, then R=I -( 


belongs to To’ (p). 
(217) 


Al=B, 


0<I<p—1. 


1 
01 


1<1<p—1 


Excluding this case, I has to satisfy 


Once 7 determined by (21) or (21’); the corresponding matrix © à is 


found as before. 


8.4. Finally, in the general case, when A540, B50, 0 £0, we find, 


still using (17), that R = TOTS! = @ ee) where k and 1 are 


determined by 
(22) 
(23) 


k=— AC, 
Al=B, 


The last relation of (17) shows also that 


(24) 
if and only if D=0. 


All possible cases are now exhausted and we arrange, conveniently, the 
found representatives into the DENE array (I), which shows that they 


satisfy Schreier’s condition: 


kls=1 


- Te 


_ AET-TS - Te- | 
& TST TST TST 
(1) d : rèrs | deers deara 
à TSTS [STS TEATS 
gra rés Perg - PSrTS, 


ET 


Gy on) = ( bn by 
Go Ane bar 


1) we understand @;; = bız for all J and j. 
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4,1. The generafbrs of ° (p). From (9) we obtain, on account of 
(12) the generators 
ERBEN: BEP 
(25) RS BS (26) RTRT. 


where R takes successively all values of the array (I). Using (25), we obtain 
for R = 1. 


PE ri -1 
ISIS =8§ =8SS8S =I. 


Similarly, as simple computations show, we obtain again the identity, if 
we take: 


R= St 1<k<p—2 
R= TS 0<k<p—2 
R = TST 1<k<p—1 
R= TTS! 1SkSp—1; 0<I<p—2. 


There remain, therefore, still to be eonsidered, only the cases 
(i) R=S?*: RS = SFeT,°(p), so that RS =I and 


(27) RSRS — S14 — Gr: 


0 


(ii) R= Ton: RS — 78 —() 


and 


=) so that, by (18), (19), BIT, 


en 5 
(28) RSRS = TOT; 
. (ïi) R= TOTS : RS = TOTS = oe 1 = a so that, by (20), 
RS = TST, where W has to satisfy k’(1—kp) —k=0, 1 SK S p—1, 


wherefrom, using the second relation from (20), W = k, so that RS = TST 


and 
TES | 
' (29) RS RS = TSETSPT-1S-KT A1, 
4.2. Let us consider now the expression (26). For 


R=I, 
R=TS, : 0<k<sp—1 
R=TST, 1<k<p—1, 
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RT = RT, so that RT Rr =I. We have still to consider: 


G) Rost: RT— ST — e = J , so that, by (22), (23), (24), 
RT = TS*TS" with 

(30) i’ =— k, 1SskSp—1 

k'=—1, 15 <p—1. 
Let us consistently mark by k«, the number g, satisfying the two relations (32): 
(32) k=—1, 1<r<p—1 
Then we obtain from (30), (81): 
(33) V = ke, K — p—% so that RT — TS*"TS and 

—-1 | 

(34) RTRT = ETSI agp, 


If R=-TS%T$!, then RT = TOETST = G at tl _ 3 and two cases arise: 


(ii) let 1—kl= 0; then, by 3. 3, RT = S” with W =—1,1 SV S p— 1, 





so that, by (82), V =l. and RT = 8». Then, as kl==1, (— k), l= — 1, 
k= — l, k = p— l., so that 

— "l 
(35) RTRT =TöSruTSıT. St, 


(iii) Let 1— ki==0. Then, by 3.4: 
RT = TS*TS", with W =— 1, 1SVS p—1, 
Wf =— (1 — kl) =1(kl—1), 1S K Sp—1. 


Given any two numbers & and J, 1— kl 5&0, we shall write consistently k, 
for the number v satisfying 


(36) =l (kl — 1) 1: 59—]1; 
therefore, we can write using also (32), 
Vol, k =k, and RT—=TS4T$%, so that: 


oy | 
(3%) RT RT = THTSTS-»TISHTT, 
We shall designate, conveniently, the generators of T,°(p) by capital letters,” 


"In the choice of these letters, we have been guided by the endeavour to match, 
as far as possible, the designations of H. Rademacher, [4] in order to permit an easy 
comparison of the results. 
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marking also the parameters on which they depend in each case. The 
results from (28)-(37) can, then, be condensed into the following array (II): 


Z = 89 
U = TST 

(II) X (k) = TETT 8T- 1<k<sp—1 
Y (k) = TITA p- 1<Sksp—1 
W (k) = TS? TST S iskSp—1 
1SkSp—l 
V (k,l) = TST STS- TAS M ı1<I <p—ı 

kl 5 1. 


We may remark at once, that the generators V(k,1) exist only for pÆ 8, as 
for p= 2, k—1=—1 and kl = 1. 


5.1. The defining relations. The relations (10) become, by (13), 
(38) RTR"—=I, and (39) R(TS)*R* =I, 


where R ranges over all representatives of the array (I) and the left-hand 
sides have to be expressed as products of the generators (IT). Let us 
consider first (38). For R=I and R — T we obtain, after simple compu- 
tations, the trivial result U-U"=]1. Similarly, for R = TS* and R = TST, 
(38) reduces to the identity X (k) : X> (k) =I. For R= TS*TS', however, 
we obtain successively : 
TTS. T? - 8 -T478*T — TST SIT S eT Asay 
+ TOATE TE TOSET = I. 


(40) V (k, 1) : TOT SHTS- TAST — I. 
By (36), with k = k, and 1 = l., we obtain successively: 


(l) =b (kle — 1) = 1{1 (kl —1) 1. — 1} 
| =l (— kl + 1— 1) =— Ml. =k. 











As, obviously, also (l=) =], it follows that 

TSATSUTS-AITAS AT — TINTE TS TS Uhl — V (ky, le), 
by (II), and (40) becomes 
(41) V (k,l) V (es, le) =I. ° 
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5.2. With R = S* we obtain, from (38) 


(42) StT? 84% — ST: SIT AG pel . TSPrT Ste. TS a 1, 
or, by (II): 


(42) Y(k)- W(k.) =I, 
and that is all we obtain from (38). | 
5.3. From (39) we obtain for 
R =I : I(TS)T1 = TSTSTS = TSTSTS > - Be = L, 


so that, by (IT) 
(43) Wi) Z= I. 


R=T: T(TS)YT A = T?STSTST* = TST- T-T - STSTST À 
= U ; U”. STSTST* = STSPATAS-PAT A. TTTS T 
= Y (1) - TOT eT ST U = I, 


by repeated use of the definitions (II), or, finally, 
(44) ¥(1)-X(p—1)-U =I; 
R=TS leads again to (43). R=TS*,2SkSp—1, leads to 


TS®- FSTSTS - ST" = TST ST STS Ol == THT STS PH TA 8 eT 
+ TOTTI IT = V (k, 1) TIT SeT SAT = I. 


Observing that, with 1 = 1, by (36), kı = l(kl — 1) == k — 1, the last equality 
becomes, by (IL), | 


(45) V(k,1) X(k—1)=I 2SkSp—l. 
R = TÆT, 1 Sk = p—2 leads to 
T&T - (TS)®- TASET — TS TST ST ST == I, whence 


V(k+11)-X(k)=I, 1SkSp—2, same as (45). Also, for 
k=p—1, R= TT leads to nothing new, as (39) becomes U- Y (1) 
-X(p—1) =I, not essentially distinct from (44). 


R= TS'TS leads again to (45). 
5.4 R—=TS*TS! with k and 1 satisfying 
(46) ®SlSp—1; 1=ksp—1, 


leads to the following three separate cases: 
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5.4.1. If 

(47) kl=1 then, by (32) and (46), 7—p—k. and (39) becomes 
TOET Sots- TSTSTS - STASI 

== TOT SPH LAS ok. Seki l ST Soe PAs Kp. 

== Y (p — ke): Sr RATS eA TAS anya 

TEAL SH oka T SP p-a SET — 7, 

whence, by (II), | 
(48) ¥4(p—k)-¥(p—k+1)-V(k—1-1) =I, 2S bSp—, 
with 
(49) l= 1 + (p—k +1), 1S/Isp—1. 
In proving (48) and (49), we have used . 
(50) l= {1 + (p— k + 1)-} = (p — ke — 1), and 
(51) (k— 1) =k, 
whose proofs follow. 


Proof of (50). Writing v for the product: 


t= {1 + (p— k +1) }(p— k — 1), 
(50) is equivalent to the congruence : s == — 1; multiplying « by (p — k + 1), 
we obtain successively : 
sr(p—k + 1) = {p— k 4+1 —1}(p— ks — 1) =— k(— ks — 1) 
=— 1 +k=— (p—k +1), 
wherefrom g = — 1 follows, proving (50). 
Proof of (51). By straightforward computation, and using the definition 
(36), we obtain successively : 
(k—1)h = (1+ (p—k+1)+}{((E—1) (1+ (p-—k+1))— 1} 
= {1 + (p—k+1)+}{—(p—k +1) (1+ (#—k+1))— 1} 
= {1 + (p—k-+1)+}{—(p—k+1) +1—1)} 
=—(p—k +1) {1 + (pP—k +1).} 
=p +k—1+1=k, 
finishing the proof of (48). 


a 
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5.4.2. I 
(52) k(—1)=1, 


then kl — k = 1, or, multiplying by k=: — l + 1 = ks, l=— ke + 1, so that ® 


l= p+ 1— k, 
and (39) becomes 


TTS? - TSTSTS - START 
= TOIT YT I-T- 9- r- . PaT ST 9-4 -9-1 
= V(k,1) THTI%. STSTS : ST78*T = I, 


k = —1) = (p +1— k.) (k(p + 1— k) —1) 
= (1— k.) (k+1—1)=k +1, 


and as STSTS = T-1— T, the above relation becomes 
V (k, 1) TSHTS«TSTTISHT = Y (k, 1) > V (k,l) =I, 
because | 


(k) = l (k — 1) =L {1k 1). —1} =— (kl 1). — l 
=k +b — h =k. 


The relation found is only a particular case (corresponding to l = p + 1 —k-»), 
of that already obtained under (41). 


5.4.3. Let now 
(53) kls41 and k(l—1) 41. 
Then (89) becomes 
TSTS ?- TSTSTS : SIT AS KT A = I, 
whence, using the notations 
(54) = (4) +1, I-lW1<Sy<p—1, 
(55) Fe k= ko, 1S k; S p— 1. 


we obtain successively 


A Notice that k, <1, as k, = 1 implies k = p — 1, whence, by (52), 1— 1 = p— 1 
contradicting (46). 
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TEPSTIATAHT. PIAT Se TYP STAG HT 
= Y (k, 1) © T&T SsT ST 8-H -1 - TY TAT g-a p-a gep 
= V (k, 1) + V (a, a) © TSTST S-ATA ET, 


or 
(56) V(k, 0) + Vika, hy) V (ka le) =I. 
In order to justify the last equality, we have to show that: 
(57) las == 1—1, respectively l; = lhe -+ 1 =} 
and 
(58) (ke), = ka = k. 
Proof of (57). We have to prove that ,(7—1)=—-1, or, by the 


definition of b, 
(lhe +1) 0—1) =—1, 
leading to 4 — l» -+ 1= 0, and, successively, upon multiplication by l: 
—1+1+4U,=0; (hL—1)=— i1; (L +1—1)=—1, 
which is true. As all steps are reversible, (57) holds. 
Proof of (58). Using repeatedly the definitions (54), (55), we obtain 
(58) by straightforward computation: 
k; = (kz) = l (Hole — 1) = (1 + he) {L (kha — 1) (1 + hL)— 1} 
=z (1 + li») {L (ils on 1) = kılı + 1 — 1} == (1 + lie) {eh (hy = 1) we lL} 
= (1+ he) (Balle — hL) = ki (l +1) hl +1 
= kbl — lh + 1 kl —1)» — (4 +1) +1 
=—(kl— 1) — l= k, ie. (58). 
From (57), (58) it results also that, starting with a pair of numbers 
(k, 1) = (ko, lo), satisfying the conditions (46) and (53), the sucessive, 
iterated pairs of numbers have period 3, i.e. usa = kn, lns = In. Therefore, 
starting, e. g. in (56), with V (kı, l1), the corresponding relation will be: 
V (key, a) + V (ka, le) + V (ks, ls) = V (ka, la) © V (kz, lo) © V (k, 1) =I, 


which is precisely equivalent to (56). We shall use this remark, when we 
count the number of independent relations. 


5.5. We have, finally, to consider R— S*, and obtain from (39): 


R(TS)SR + = TITSTS - S* = SETSTS PTS T1. PaT SPT Se 
= V (k, 1) - TST SPT S--) — V (k, 1) -X (k—1) =], 
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which is valid for 2? Sk Sp—i. This contains, however, nothing new, 
cf. (45). For k= 1, the relation reduces also to one already found, namely: 


STSTST — Y(1)-X(p—1):U=I, ie. (44). 


5.6. The complete list of defining relations is, therefore: 
Wi) Z=I 
Ya) Xp—1) UT=I 
VD X(k—1)=]I 2=ksSp—1 


(U) Y-(p—k)-¥(p—k+1)-V(k—1,1\ =I 
8SkSp—1,i—1+4 (p—k+1)- 


Y(k) -W(ks) =I 1<Sk<p—1 
VGD-V(hih)=l 0 1<Sk<p—1,klzsi1 
1S] Sp—i 


V(k,1) -V (ku h) - V (kz l2) =I 
1<k<p—1 kll 
251 <p—1,k(1—1) 41. 


As already pointed out,® the generators V (k,l) do not exist for p = 2, 
and (III) reduces to the three equations: 


WG)-Z=1 YF) X) U=I FÜ) W(1) = 1. 


For p = 3, there are only two generators F (k,1), namely V (1,2) and V(2, 1), 
and in (III) the last relations do not exist.1° It is easy to see that in this 
case there exists exactly one relation of each type, except the last (which we , 
saw, does not exist at all) and 


¥(k)-W(k-) =I, which gives two relations, as Æ may be 1 or 2. 


For p > 3, all relations of (III) exist effectively. This is obvious for all 
relations, excepting, on the one hand, (48), for which case we have to prove 
that (k— 1) -131 for 2k S p— 1, on the other hand, (56), for which 
case we have to show that k,l, 541, 1,541 and h.l.541, 1,41, whenever 
k and I satisfy (46) and (53). 


® See end of paragraph 4. 2. 

30 Because, with 1=2, and k=1,or k=2, either kl = 1, or k(l—1) =1; see 
alsd $ 7.2 particularly (69), which admits a single solution and (70) which, on account 
of (71) admits no solution. 
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For the case (48), from I= 1 + (p—k +1), with 2545 p—1, 
(hence kz£1), we have 

(b—1) I=— (p—k +1) + (p—k +1) 

=— (p—k+1) +1441, 

proving the existence of (48). 

For (56), assume, contrary to the assertion, that &,l,==1. Substituting 
for k, and 1, their values from (54), (55), we obtain 

(kI —1) (le +1) e=1, whence k(1—1) =} and, as 1340, k(1—1) 
= 1, contradicting (53) ; proving, therefore, that kıl 5&1. If now, contrary 


to our assertion, kl, == 1, it follows, as before, that 


l(k — 1) (Lye + 1) ==1, whence kılı(lı —1) = l, so that either J, = 0, 


or k,(l,—1) =1. If l,==0, then L + 1= 0, l= 1, contrary to (46). If 
kı(h — 1) = 1, then {(kl— 1). = 1, whence kl=0 would follow, which is 
impossible by (46). 


Obviously, also h =l + 1561, as 1-540, and similarly for Tla. That 
finishes the proof of our assertion, that for p > 3, all relations (III) exist 
effectively. 


6. Reduction to a system of independent generators and defining 
relations. 


6.1. For p=?%, (II) and (III) reduce, respectively, to 


Z— 8? W(1)-Z—1 
U = TET (IP) ¥(1)-X(1)-U=1 
(I) X(1) = TSTE:T-S-T- Ya)-wa)=1. 


Y(1) = STSTT-1ST 
W(1) =TSTSTS“; 
The three relations (III’) permit us to eliminate three of the five generators 


(II’), expressing them with the help of the other two, e. g.: 
vi1)=-Z4, rW)=-Z X(1)=FY7(1)-Ut=2- U=, 
11 This conclusion would not hold, if the congruences were taken modulo n, with œ 


composite. Difficulties of this sort make complicated an extension of the theory to, the 
subgroups I% (7). ; 


824 EMIL GROSSWALD. 


We remain with the two independent generators: 


12 10 
i 2 es 27-1 u 
Z s(t 2) ana U = TS°T -( 9 J 


and no defining relations. Therefore I',°(2) is the free group of two generators. 


6.2. For p= 3, (II) and (III) become, respectively: 


Z=®, 
U = TPT, 
X (1) = TSTETASAT- wi) 2=I; 
X(2) = TETETS>T Y(1)-X(2)-U=1. 
Y(1) = STS-2T-18-27-1 V(2,1):X(1) =1 
(II) ¥(2) = STS-ATS AT: Y=(1)-Y@) V(1,2) =I 
W(1) = TSTSTS- (111”) Y1)-W@)=I 
W(2) = TSTSTS: Y(2)-W(1) =I 
V(1,2) = TSTETS-TAS2T V (1,2): V (2,1) —1. 


V (2,1) = TETSTS>TAS-T-, 


The seven relations (ITI’) permit us to eliminate seven of the ten generators 
(I1”) as follows: 


By the first of (III): WA)—Z 
« « gth* “©.  Y(2)—=Wi(1) —Z 


«ea 4th © «© :  Y(1)=F7(2)-V(1,2)—Z:V(12) 
“ehe € : WQ) = ¥A(1) = V-(1,2) -Z4 

« «© the € 2 (2) = ¥A(1)- Ut VA(1, 2) 24.0 
ee Bth «© : (1) = V4(2,1) — V (1,2), because, 
«oe he «© o (2,1) = V12). 


In this way, all seven relations (III’) have been used, each to eliminate one 
generator from (II”), expressing all by the remaining three generators 


= Q8 — 1 de ee vi 1 or 
Z=8 T Je Deere LE 


V(L 2) = TSTSTS AT S-T: — he r _3) : 


and no supplementary defining relations are left. It follows that: the sub- 
group Tow°(3) is the free group of three generators. 
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6.3. In the general case, with p > 8, we proceed in a similar Way: 


By (43), the 1-st of (III): W(1) =2Z-; 
by (42), with k= p— 1, k=1: Yp—1)=W"(1) =Z; 
by (48), the 4-th in (III), which we may write, conveniently as 
Y(p—k) =Y¥(p—k+1)-V+(k—1,), or, changing k into p— k: 
Y(k) = Y (k +1) Vp — k— 1-7) we eliminate,” successively all 
Y(k) frisksp—2. 
By (42), with 1SkSp—2, we eliminate the generators W(k.), with 
2SkkSp—l. 
By (45), the third in (III), written for 2% = p—1, we eliminate the 
generators ¥ (k), except X(p—1); j 
by (44), finally, the second in (III), we eliminate also X(p—1). 


In this way, we have used up all relations (III), except the last two, (i. e., all 
except (41) and (56)) and have eliminated all generators, except Z, U and 
the V(#%,1). As Z and U do not appear in (41) or (56), they will not be 
eliminated and enter in no defining relation. 


7.1. Our problem has been reduced to the study of the system 


(41) V(t, 1): V(k, l) =I 1<k<p—1 
1S Sp—1; kll. 


(56) V(k,l)-V (hash) V(koh)=1 1Sk<p—1;Kklsi 
251 Sp—1;k(I—1) 1, 


formed by the “binary” relations (41) and the “ternary” relations (56). 
* In (41), for each of the p— 1 values which k may take, } can take p—2 
distinct values, as kl= 1 is excluded. But the (p—1)(p—2) relations 
obtained in this way from (41) are not all distinct. In fact, by (36), 


(la) = b (kile — 1) = 1. {1 (kl N). — 1} =l (— kl +1—1) =k 
and (1.)»—T, so that 
V (ks, le) © V((kı)ı, (2+) +) == I is the same as V (k, h): V(k,1) =L. 


Therefore there are, generally, only $(p oe 1)(p—2) distinct relations (86). 
It may happen, however, that V (k, 1) = V(k,1.), namely if, and only if 


(59) l= l. and (60) k = ky. 


12 By (49) it results, that F= 1 +(k +1). 
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(59) means that I is a solution of the congruence 

(61) - Bet; ; 

This congruence has no solution if (--1/p) = — 1, i. e., if p =— 1 (mod 4); 
or has two solutions, if (—1/p) = +1, ie, if p=lș1(mod 4). Let us 
assume that (—1/p) = + 1, so that there are two solutions, A, and X, of 
(61). Then, (60) becomes: k= X (kX — 1), or, by (61), 

(62) Qh == \. 

As X s£ 0, (62) has, for each, À’; and A+, unique solutions satisfying 
1& kS p—1. Therefore, if (—1/p) = + 1, two of the binary relations 
(41) are of the form 


(63) Vea Nd =I, Vie) =I, 


and I (pP —2)(p — 1) — 2} =4(p — 2) (p—1) —1 distinct binary rela- 
tions, with Y (k, 1) s£ V (kı, l+) are left. If (—1/p) =— 1, no “cyclic” 
relations (63) exist and there are, as seen, 4(p— 2) (p— 1) distinct, non- 
cyclic, binary relations (41). In all cases, therefore, there are 


(64) 3{(p — 2) (p—1) — (1+ (—1/p))} 
distinct, binary relations, different from the (63). 


7.2. Concerning the ternary relations (56), as 2 S1 5 p — 1, we have 
p—2 choices for 1; on account of the two conditions, there are, for each 1, 
p— 3 choices for k; there exist, therefore, (p — 2) (p — 3) ternary relations. 
But, we observed already * that the three relations 


V (k,l) Val): V (ka h) =I, V (ka, h) + V (ea, l2) * V (ks, ts) = L, 
` V (ke, le) © V (ks, ts) © V (ka L) = 1, 


‘are not distinct; therefore, if for every pair of numbers (k,l), we have ** 
(kı, l1) ~ (k, 1), then there are exactly (p — 2) (p — 3)/3 distinct ternary 
relations, among distinct generators. If, however, for some pair of values 
(k. 1) = (ky, l) then also (k, 1) = (kı, l) = (he, l2) as, on account of (54), 
(55), k, and l are found from (kı, lı) in the same way, as (k, l) are found 
from (k,1). It results that in (56) either all three generators are distinct, 
or else, all three are equal, and the corresponding relation from (56) becomes 


(65) V3(k,l) =I. 


38 See remark at end of paragraph 5. 4. 3. 
“Here (ky L) = (k,l) means k—k and L= l; (k,l) = (k,l) means that at 
least one of the letters is not the same in both pairs. 
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The equality (4,1) = (kı, hL) means explicitly 


(66) lL =l 4+1 =} and (67) ki=L(kl— 1) =k. 
Multiplying (66) by l, we obtain, successively 

(68) —1-+1=7? whence 4? — 4 = — 4, and 

(69) | (21 — 1)? =— 3. 

The congruence (69) has no solution, if = 3/p) =—1, ie, if p==— 1 


(mod 3) and then, the (56) reduce to (p—2)(p—3)/8 distinct, non- 
cyclical, ternary relations, each containing three different generators. If 
(—3/p) = + 1, i. e., if p= 1 (mod 8), then (69) has two distinct solutions ; 
let us call them X”, and A”,. With these values, (67) becomes A” (kA” — 1) =k, 
whence k(A7?—1)==X”, or, by (68), k(A” —2) =A”, and multiplying by 
—. Ne, P 


(70) k(l + 20%) = 1, 


For p> 3, 1422540. In fact, from 1+ 2\”«=0 we can conclude, 
successively to 


A + 1)=0, —4-+2N"==0, 2A —1=3 and (24”—1)?=9, 
so that, by (69), 
(71) 12 = 0 (mod p), impossible for p > 3. 


For p > 3, (70) has, therefore, exactly one solution satisfying 1 S k S p —1, 
for each of the two solutions A”, and X”, of (69). Let us call the corre- . 
sponding values of k, k”, and k”, respectively. Consequently, for p > 8 and 
(—3/p) =+1, there are two generators, V(k”,,X”,) and V(#/,, Xs), 
which satisfy cyclic relations (65), of third order. The remaining 
(p— 2) (p— 3) —2 relations (56) are, by a previous remark, 3 by 3 iden- 
tical, so that there are, in this case{(p— 2) (p — 3) —2}/8 distinct, non- 


cyclical, ternary relations. As, for (— 3/p) = — 1 we have (p — 2) (p — 38) /3 
such relations, it results that, for every p, there are 
(72) 3{(p—2) (p—8) — (1+ (—3/p))} 


distinct, ternary relations, different from (65). 


7.3. The total number of distinct relations, which can be used for the 
elimination of generators V (k,l) is, by (64) and (72), 


{p — 2) (p—1)— (1+ (—I/p))} . 
+ 4{(p— 2) (p —3) — (1 + (—38/p))}. 
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Each one of these relations can be used;** in order to eliminate one generator. 
As there are (p—1)(p—2) different generators V (k,l), we are left, 
after using all non-cyclical relations, with 


N= (1) (92) ~~ ¢{(p —2) (p—1)— (1 + (—1/9))} 
— 3{(p— 2) (p—3)-—(1 + (—3/p))} 


independent generators. A simple transformation reduces the last expression 
to 


(73) N = (p? + p—1)/6 + (8(—1/p) +8(—3/p))/6. 
Here, the second term is periodic, with period 12, and it is easily found that 2” 


5 if p= 1 (mod 12) 


1 


—5 “ p=11 ce 
Herefrom it follows, by (73) that 


p+p+4 if p= 1 (mod1?) 
pP +p p=5 * 
(74) 6N = p+p—e2 72 p= 7 «£ 
P+p—6 “ pæu * 
so that, in all cases 
(75) N=R[(p+2)(p—1)/18] +1 
To this number of independent generators V(k,l)of To°(p), we still have 


to add the generators Z = 8? and U=TSPT-!, Therefore, the total number 
of independent generators of To’ (p) is 


(78) m= N +2 —2[(p +2) (p—1)/12] +8. 


7.4. In the process of eliminating generators, all non-cyclic relations 


15 We suppress here the proof of the statement, as it reduces to the elementary but 
lengthy exposition of a systematical method of elimination, patterned exactly after the 
corresponding methods in [4] and [7]. 

is There are p — 1 possible choices for k, 1 S k = p — l; and for each k, there are 
p — 2 different possible choices for 1, satisfying: 1S +: Sp—landklzel. 

17 A prime p > 3 can be only of one of the four forms considered here. 

fs Square brackets represent here, as usual, the largest integer, not exceeding the 
enclosed quantity. 
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have been used. As defining relations there remain, therefore, only:(63) and 
(65), which, evidently, cannot be used to eliminate generators. Recapitu- 
lating, the defining relations, a 

(63) V? (hs, Ns) = 1, V? (k's, No) =I 

exist, if p==1 (mod 4), Xu X, k'i k'a being the solutions of (61) and 62), 
respectively. 

(65) V4, 1) =], V3 (bo, No) =I 


exist, if p= 1 (mod 3), 1, Ns, bs, k”, being the solutions of (69) and (70), 
respectively. If p=1(mod12), then both (63) and (65) exist; if 
p=— 1 (mod 12), then there are no defining relations at all and To? (p) is 
the free group of m generators. The number of defining relations is, there- 
fore, for every p, 


CT) v= G+ (—1/p)} + {1 + (—8/p)} 2+ (— 1/9) + (— 8/2), 
as results immediately, either from 7. 3, or as a consequence of (64) and (72). 


7.5. The explicit form of the independent generators of T,°(p) is easily 
determined, using the definitions (II), and we find 


mh v(t) 


_ (W4) 1+ We 
V(k, 1) = E + kl—1— kk (1+ Ue) —k(1 + Me) + r): 


b 
d 


* a+ d= +2. We see, therefore, from (78) that Z and U are parabolic 
for every p. As for V (k, 1), it is parabolic if, and only if: 
(79) ` k (1 + Ie) —1—k(L1 4U) -b= +2 or 
(kı — k) (1 + We) + (D) = +2. 
As 1+=np, n=1,2, -and |l.—1|<p, (79) can hold only if 
either: 
(i) kı—k=0 and |. —1|—2 


8.1. As is well-known 2° Gs ) is parabolic if, and only if 


29 By elementary computations it is easy to show also that: 
NH = Hit bep, Nat Ne=p+l and +=, 
and this remark simplifies numerical computations. > 
2° See, e.g., [1], page 21. 
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or if: - 

(ii) |kı—k |= 1 and Ul. -+ 1 = p, whence, by (79), |» —1 | = p—2. 
The first alternatve is impossible. In fact, substituting k, by its value and 
multiplying by l=, — k = 0 becomes: 


(80) k(l- +1) = 1; also, from |. — 7 | = 2 results: * 

(81) k(l — 1) = + 2k. 

Adding, we obtain: 2kle = 1 + 2k, whence, after simple transformations: 
(82) | Rk(+1)= gzl. 

Subtracting (81) from (80) we obtain: 2kl = 1 œ 2k, so that: 

(83) 2k(l + 1) =1. 


Comparing (82) with (83), it results that 7 = 1, or l = p— 1, leading, 
respectively, to le = p — 1, or le = 1, so that | 1.—1| = p — 2 £ 2, proving 
that the first alternative is impossible. 

In the second alternative, the system Ue = p — 1, le —l = + (p—2) 
is readily solved and has the solutions 


t=1, l=p—il1andil=p—i, h=l. 


As both solutions actually lead to k, = k— 1, k, = k + 1, respectively, the 
corresponding V(k,1) and V(k,p—1) are, effectively, parabolic. 


8.2. By (41), V(k,1) = V~ (k, p— 1) and no parabolic generators of 
the form V(%, 1) need appear in the set of independent generators of Tẹ? (p). 
Of the p — 2 parabolic generators. V(k,p—1) (kı —1,2,- +--+, p— 2), we 
can eliminate all but one, using the relations (56). For that, let us list | 
them, starting with 1 = 2; to it corresponds le = (p—1)/2 and h =l +1 
= (p + 1)/2; hs = p—2 and l = le + 1 = p — 1. Therefore, for V(k, 2), 
taken as first factor in (56), the last factor is V (kz, p— 1), where ka takes 
all integral values 1 = k S p — À, except (p —1)/2, as (p— 1)/2- (p — 2) 
= p(p — 3) /2 + 1 = 1, contradicting (53). From preceding relations it is 
also easy to see, that in any ternary relations (56), there can be at most one 
parabolic factor; consequently, we can use the p — 3 relations, starting with 
V(k,2), in order to eliminate p— 3 of the p—2 parabolic generators 
V(k,p—1) and are left only with V(4(p—1),p—1), which cannot be. 
eliminated. Consequently, it follows that among the independent generators 


"21 Here, whenever double signs-are written, we have to consider either all upper, 
or all lower signs. . 
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of every subgroup 1, p), p > 3, there are exactly three parabolic generators, 
namely: 


2-»—(} a u= DST ( i 1) and 


0 1 =p. 1l 
tpp — i) +1 p 
FORMES nee. E 


9. Using the relations (61), (62), (63), (65), (69), (70) and (76), 
the following results are found for the subgroups T°(p), corresponding to 
the first few values of p: 


Generators Defining Relations 
p=?2 ZU none 
p=3 Z,U,V(1,?) | none 
p=5 Z,U,V(2,4);V(4,2), V(1, 3) V2(4, 2) = I, V7, 8) = I. 
V (2, 2), V(4, 8) 


p= 2Z,U, other 9 indep. gen. V(k, 1) y:(3,3) — I, V3(4, 5) = I. 
p=11 ZU, “ 21 “ “ V(k,1) none ` | 
p=13 ZU, 81 “ “VD V*(4,5) =I, V9, 8) =T, 

| V3(11, 10) = I, ¥9(2, 4) =I. 
p=17 2,0, “ 57 “© < VD V(15,4) = I, V?(2, 18) =I. 
p—19. ZU, “© 68 “© “VED V*(5,12) =I, V'(14,8) =I. 
p=23 Z,U, “ 91 “ “ V(k,1) none. 


10. The genus of the fundamental region. Let.us consider, for a 
+ given subgroup I°(p), a fundamental region 2? such, that the independent 
generators found in paragraphs 6-10 should establish the correspondence 
between pairs of its sides. | 

Let 2n be the number of sides; Æ the number of cycles, corresponding to ` 
fixed point (that is, exclusive of cycles of accidental corners); m and v the 
number of independent generators and defining relations of I,°(p) respec- 
tively; finally g the genus of the fundamental region, as defined. Then * 
2n == 4g + 2h, hence 


(84) g=4(n—k). 


22 See, e. g, [2], vol. 2, p. 4. 
* See [2], vol. 2, p. 303 and vol. 1, p. 319. (The notations there are different from 
ours.) 


. 
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According to the definition of the fundamental region, 
(85) n=m. 


The number k, of cycles, equals the number of defining relations v, to which 
we have to add the number of parabolic generators; as shown in 8.2 for 
every p >38, there are exactly three independent parabolic generators. 
Therefore : 


(86) buy, 


The values of m and v are known from (76) and (77). Substituting these 
values in (85), (86) and then in (84), we obtain, for p > 3, the following 
expression for g: 


(87) g= [(p + 2)(p — 1)/12] — {1 + 3(—1/p) + (—3/p))} 
= [(p + 2)(p —1)/12] — K(p). 


Here K(n) is a periodic function, of period 12, such that K(n) == 0, 1, 2, 
according as n=—1, + 5, + 1 (mod 12), respectively. As every prime 
number p>3 satisfies one of the four congruences p=r (mod 12), 
—6SrS6, with r= + 1, +5 it results that K(p) = 1 — r(r?— 25) /24; 
so that 


(87) g = [(p + 2)(p—1)/12] — 1 + r (1? — 25) /24. 


For p==2 and p= 3 we find directly, by (84), (85) and (86) with the 
known values for m and v, that g = 0 in both cases. (87) is valid for p > 8 
and using it, we find as genus of the fundamental regions, corresponding to 
the subgroups listed in paragraph 9: 


p: 2, 8, 5, 7, 11, 13, 17, 19, 28, +--+; 
g: 0, 0, 1, 2, 10, 13, 24, 30, 45, "+: 


11. We can use the results obtained so far for subgroups T° (p), in 
order to establish some properties “of the “ principal subgroups” ** T'(p) 
defined by (4), (4). Evidently the T(p) are subgroups of the T,°(p). 
We may, therefore, in order to determine their structure, apply the same 
method used in paragraphs 8 to 8, starting with the To? (p) as known groups, 
given by their generators and defining relations, as listed in paragraph 9. 
In perfect analogy with (14), (15), (16), ete., we write now: 


24 See [7]. 
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tero) l 5 5) = Aer (7) 


(6 3)-6 iero, 


and have, on account of (4) and (4’): 


oOo R 


(88) 


(89) b=c=p=y=8B=C=0 (=ed=!. 
Writing explicitly (88) we obtain: 
| aa + by= A 
aß +b5=B 
(90) 
ca + dy =C 
cB + ds =D. 


On account of (1) and (89), the first of (90) reduces to 
t 
(91) a= À; 
che others reduce to trivial identities. 
Let A=k, 1<k<4(p—1). For k—1; (88) is satisfied by 


r=; 2) and, in general, tor 2 SL S Hp — 1), by: Me — (5 r) 


with == k, B= y= 0, = p— k.. With these notations, we obtain the 
relation, similar to (7°): 
(p-1)/2 
(92) Te°(p) = X T(P) “Br 
with R =Z. 
For p=2 or p= 3, (92) becomes, simply: 
T? (2) =T(2), To? (3) =T (3), respectively. 


For p > 3 and p= — 1 (mod 12) we have seen in 7.4 that T)°(p) is 
the free group of m generators, with m determined by (76). As T(p) isa 
subgroup of T° (p), it results, by a theorem of J. Nielsen [3] and O. Schreier 
[6] that, choosing conveniently its generators, T'(p) is also a free group. 
The number N, of the corresponding independent generators, can be found, 
using a relation due also to O. Schreier [6], namely (in slightly modified 
notations, to correspond with ours) : 


25 As AD = 1, the case A = 0 can be discarded from the start, If 3(»— 1) <k 
b —a —b > 
<= p—1, then consider k—p and use (: 2) er = 


14 
« 
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(98) ` N=j(m—1) +1, 


where a is the number of generators of T° (p), as given by (76) and. J is 
the index of T(p) in To(p). By (92), j= 4(p—1); substituting this 
value and that of m in (93), taking a into account that p=— 1 (mod 12), 
we obtain: 


N = p(p? —1)/12 +1, 


a value found by H. Frasch without the restriction p == — 1 (mod 12). 


UNIVERSITY OF PENNSYLVANIA, 


BIBLIOGRAPHY. 





[1] L. R. Ford, Automorphic Functions, New York, 1929. 


[2] R. Fricke und F. Klein, Vorlesungen über die Theorie der aitomorpwen Funktionen, 
Leipzig, 1897. 

[3] J. Nielsen, “On Regning med ikke-kommutative Faktorer og dens Anvendelse i 

; Gruppeteorien,” Matematisk Tidskrift, Afd. B (1921), pp. 77-94. 

[4] H. Rademacher, “ Ueber die Erzeugenden von Kongruenzuntergruppen der Modul- 
gruppe,” Abhandlungen aus dem Mathematischen Seminar der Hamburg- 
ischen Universität, vol. 7 (1929), pp. 134-148. 

[51 K. Reidemeister, “Knoten und Gruppen,” ibid., vol. 5 (1926), pp. 7-23. 

[6] O. Schreier, “Die Untergruppen der freien PNR ibid., vol. 5 (1926), PD. 
161-183. 


[7] H. Frasch, “Die Erzeugenden der Hauptkongruenzgruppen für Primzahlstufen,” 
Mathematische Annalen, vol. 108 (1933), pp. 229-252, 


ON THE SOLUTION OF SUM-EQUATIONS.* Ri 
By I. M. SHEFFER. 


1. Introduction. The system of linear equations 


(1. 1) DaoXo + bnti + Aeon + Dn jj + + == Cn, (n sm 0,1, si: J, 
can, in many interesting cases, be reduced to a system of swm-equations ! 
(1.2) Q: min + mann tms ten (n=0,1,--°). 


Letting X. denote the sequence {zxy}, the left side of (1.2) will be abbreviated 
A,[X]. It is our purpose to study the system (1.2), in which all quantities 
are complex numbers.? 

Define the functions {A,(t)} by 


(1.3) A,(t) =È ab Com a 


A sequence .{H,(1/t)} of polynomials in 1/t is introduced as biorthogonal to 
the set {t"A,(¢)}, and this defines the generating function 


(1.4) | &(u,1/) = X H,(1/t) u. 


The function ® plays a central rôle in the theory. Use is also made of the 
functions 


co 


(1.5) 4 (1/u, t) = È Aa (t) Ju 
and = 
(1.6) Au, 1/t) = $ Ha(1/t)u"Ay (u). 


The results of §2 are related to work of von Koch [9]. They state 
conditions under which (1.2) has a unique solution, and set the background 
for $3 where it is shown how from knowledge of the analytic continuation 


* Received January 7, 1950; revised May 2, 1950. Presented to the American 
Mathematical Society, October, 1949. : 
1 For example, if all principal minors in (1.1) are different from zero, then (1.2) 
can be obtained by forming linear combinations of the equations of (1.1) in an obvious 
manner. . 
°? Many articles have been written on sum-equations, including all the references 
(save that of Boas) eited in the bibliography at the end of the present work. 
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of the function @(u,1/t) (in the variable u) one obtains solutions of the 
homogeneous system (1.2) [c,==0]. 


2. Preliminary results. We introduce some definitions. 


Definition. System C has the property P [E] if an 0 for all n in 
(1.3) and if each series of (1.3) has a convergence radius at least as great 
as R (0< R&S). 


Definition. A series Sf,,..;.(U,' : :, Up) is said to converge “ uni- 
formly” for u, on a point set Fs (s = 1, : -, p) if it converges uniformly 
(in the usual sense) for u, on #*, where F*, is an arbitrary closed point set 
contained in #4. 


Lemma 2.1. Let condition P,[R] hold. For each n= 0,1,: : - there 
is a unique polynomial H,(1/t), of degree exactly n in 1/t, that is 
orthogonal ® to the set {t"A,(t)} in the sense 





(2.1) 2 J, Hy(1/t) tAr (E) dt/t = Sn 


Here C is any rectifiable simple closed curve* surrounding t — 0 and lying 
in |t| < R. Moreover, 


(2.2) GonHo(1/t) + dinrHi(1/t) ++ @noHn(1/t) = 1/8". 
The proof of (2.1) is direct, and (2.2) is a consequence of (2.1), 


Remark. Let n be fixed. If H,(1/t) = > hn;/t? then we see from (2.1) 
j=0 


and (2.6) that {x;} defined by 7 = hnj 7 =0,1,---,n; 2; =—0,7 >nisa 
solution of system (1.2) with c;—0 if j54n, c,—1. It is thus seen that 
the results of §2 hold at least formaily, especially those results involving 
series (2.7). It would be possible to express these results (of $ 2) in terms 
of the matrix | 
Goo Qor Go2° * * hoo ` 
C= 0 Go Gu° seg, if = Rio Rai * : | 


2 


then (2.2) expresses the relation #’@ = å, where À is the identity and 
&’ is the transpose of 9. For the purpose of preparing the way for § 3, 
however, it is desirable to use the functions ®, Y. 


? Boas [1] obtained a similar orthogonality relation, with a different purpose in 
view. 
4 Here and elsewhere, contours are traversed in the positive direction. 


ON THE SOLUTION -OF SUM-EQUATIONS. 837 


Definition. System G has the property P;[R, q,r], s = 2, 3,4 if P.[R] 
holds and if q,r exist so that respectively:(s— 2) 0<g, 0=7+r and the 
-series (1.4) converges “ uniformly ” for |u| < q, |t| >r; (s=3) 0Sq, 
0<r<R and the Y-series (1.5) converges “uniformly” for |u| >q, 
. ltl <r; (s=4) 0 <q S&R, 0&r and the A-series (1.6) converges “ uni- 

formly ” for |u| <q, |t|>r. 

Remark. It is undesirable for our purpose if the ®-series has either a 
zero or infinite radius of convergence for a given ¢. In such case we can 
choose a sequence {An} of non-zero constants so that on replacing {H,(1/t)} 
by {A,H#(1/t)} the new &-series has a finite, non-zero convergence radius. 
This alteration replaces {A,(t)} by {An(t)/An}, as we see from (2.1); so’ 
_ system (1.2) is replaced by an equivalent system, obtained by multiplying 

the n-th equation (n = 0,1,- - +) by 1/An. 

Lemma 2.2. If Q satisfies P,[R, q,r] then q &r and 
(2.3) Au, 1/t) =t/(t—u). 

Proof. For |u| < q series (1.6) can be expanded in a power series in 
u for each tin | ¢| > r; and by (2.2) this series is $, (w/t), convergent for 

A ; 
|u | <Q, Jil >r. 

Lemma 2.3. Let Q satisfy PLR, qz, re] and PCR, qs, rs], with qa < qo 
Then P,[R,g,r] holds with q = rs, t= r2; and “uniformly” in |u| < ts, 
| t | > Te. Ä 


(2. 4) af &(s,1/t) ¥(1/s, u)ds/s = X, Ha (1/t)u”An (u) = t/ (t — u), 

T n=0 . 
where T is a rectifiable simple closed curve surrounding s=0 and lying in 
the ring qa < |s| <q Moreover, 13, Ta. 


Proof. Substituting (1.4), (1.5) into (2.4), the left side reduces to 
(1.6), “uniformly ” convergent for |u| < rs, |t| >r» Lemma 2.2 then 
applies. 


Definition. By the type of a sequence {z,} is meant the number 
(2.5) ((&,)) = lim sup | =. |/*. 
A sequence X = {z} and the series (or function) X(1/t) = X, æ/t 
8 


are uniquely determined each by the other, and when both appear it will be 
understood that they bear this relation to each other. It is readily seen,that 
if system @ satisfies P,[R] and {sn} is of type o < R, then 
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(2. 6) A,[X] = > Unzjlnsz == af xa) tet, (¢) dé, 
j=0 € 


where Ọ is a rectifiable simple closed curve surrounding t= 0 and lying in 
the ring o < |t| < R. 


THEOREM 2.1. Let Q satisfy Pa[R, q,r]. If {au} is a solution of 
system (1.2), of type less than q, then 


(2.7) X(1/t) = > nH, (1/1), 
m=0 . 
the series being “ uniformly” convergent in |t| >r. 


Proof. As ((£,)) =o < q SR, series (1.6) and X(1/u) = Sa,/u* 
0 


converge uniformly for | u | =A (o<A<q) and |t|2r >r. Hence if 
C is the circle | u | =A, 


af, Au, 1/4) X (1/u) du/u =Š H,(1/t) - a x X(1/u)wrtA, (w) du, 


“uniformly ” convergent for |¢| >r. From (2.3) the left side has the 
value X (1/t), and from (2.6) the coefficient of H,(1/t) is A„[X], which 
is to say, Cu. 


Remark. Under the conditions of Theorem 2. 1 the homogeneous system 
(1.2) [c„==0] has no solution of type less than q other than +, = 0. 


THEOREM 2.2. If Q satisfies P,[R] and {cn} is such that series (2.7) 
converges “ uniformly” in | t| > 8 (8 < R) then {xn} is a solution of system 
(1.2), and ((an)) S 8. 

Proof. Multiply (2.7) by 4143(4)/(Rri) and integrate over the circle 
0: |t| =A 8 <A< R. Using (2.1) and (2.6) we obtain A,[X] = cn; 
and clearly, ((t,)) S 6. 


Remark. By using the Cauchy integral for the coefficients {v} in 
X(1/t), it is seen from (2.7) that the solution in Theorem 2.2 is given by 





(2. 8) In = D Ankle 
k=n 
where 
(2. 9) Ank == ZS, t"-1H;,(1/t) dt, 


T being rectifiable simple closed curve surrounding À = 0. 
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THEOREM 2.3. Let Q satisfy P:[R, q,r], with r < E. For every {cn} 
with ((c,)) < min{q, R}, sy ystem (1. 2) has the solution {8n} N by 


(2. 10) X(1/t) = f C/u)e(u, 1/1) du/u, 
where i A : 
(2.11) O(1/u) =$ onfur 


and y is a rectifiable simple closed curve surrounding u = 0 and lying in the 
ring ((¢n)) < | u| < min{q, R}. Moreover, ((an)) Sr. 


Proof. The series (1.4) converges uniformly for u on y and 
|t| =r >r, so (2.10) becomes X(1/t) = S CnHn(1/t), “uniformly ” 
convergent for |¢| >r. Theorem 2.2 now sise 

Remark, If @ satisfies P.[R, q,r] then ®(u,1/t) can be expanded in a 
power series in 1/t: 


(2. 12) 5 (u, 1/1) = È un (u) /t, 


“uniformly ” convergent in [|u| <q, |t| >r, where the functions L,(w) 
are analytic in |u| <q. In fact, 


(2.13) wL,(u) = 


me 


5 (u, 1/t)értdt 
Cc 


where C is a rectifiable simple closed curve surrounding t= 0 and lying in 
|¢| >r. The solution {æ,} of Theorem 2.3 can therefore be expressed in 
the form 


(2. 14) es f C(1/u)urtL,(u)du. j 
Y 





3. Solutions of the homogeneous system. The results of § 2 concern 
system (1.2) in a range where there is no solution of the homogeneaus case 
[cen ==0] other than &=0. In the present section it will be shown that 
non-zero solutions of the homogeneous system arise when the function 
®(u,1/t), on being continued analytically in the variable u, has the repre- 
. sentation (3.1) or (3.31). Thus a relation is established between the analytic 
properties of the function & on the one hand and solutions of system (1.2) 
on the other. 


Definition. The set of functions @;(u), j=1,' >>, is said fo be 
“linearly dependent” in |u| < q if constants a,,- - - , ax exist, not all zero, 
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& 

such that the function > a,®;(u) is analytic in a circle, center u — 0 and 

+ 
radius exceeding q. In the contrary case the functions are “linearly inde- 
pendent ” in |u| <q. : 

Definition. Let q, qi, g’ exist, with q < qı <q’, such that @ has the 
property P.[R, q,r] but not P,[R,gq,,r], and let ®(u,1/t) on being con- 
tinued analytically have the representation 


(3.1) 8 (u, 1/6) = È R(1/4)9;(u) + D” (u, 1/4) 
where the series s 
(3.2) a* (u, 1/t) = $ H*, (1/8) un 


is “ uniformly ” convergent in | u| < g, | t | >r, and the functions H*,(1/é) 
are analytic in |¢| > 7. Moreover, let the functions R,(1/t) be analytic and 
linearly independent in | ¢ | > r, and the functions @;(u) analytic in |u| < q 
and “linearly independent” in |u| < qi. Then the expansion (3.1) is said 
to be canonical, relative to [q, q1,9'37]. 

A canonical form is esentially unique, as the following shows. 


Lemma 3.1. Let &(u,1/t) have the two canonical forms 


(3.3) &(u,1/t) SR (1/06 (u) +8 (u1/) G—=,2) - 
jal 


relative to [q,q:,q 5]. Then (i) k(1) —k(2), and (ii) the members of 
each of the two sets {;} (t= 1,2) are linear combinations of the members 
of the other set. 


Proof. By subtraction we have from (3. 3) : 


4 (1) #(2) 
(8.4) 8° (u, 1/8) = ERM — Z RM, 
j=1 fl 

where &* = 6*@) —*( Let &(1) 2&(2). Since set {R;™ } is linearly 
independent, there exist k(1) values tb, > >, tra in | ¢| > 7 for which 
the determinant | Rj“ (1/t,)| (j, s= 1,: + -,%k(1)) is not zero, so on taking 
t= t,’ > +, tga) in (3.4) we can solve for 8, (u): 

%(2) | 
(8. 5) Oj (u) =O (u) + È Ma (u) (=: ,k(l)), 

q=1 


where 8, (u) is analytic in |u| < g. 
Gf k(2) < k(1) then the matrix (A4) is of rank less than &(1), so the 
system of equations ` 


ON THE SOLUTION OF SUM-EQUATIONS. 841 


&(1) $ ; 
(3. 6) È a= 0 (1 =1,: S *, &(2)) 


has a solution {a;}-not identically zero. For such {a;} we find from (3.5) 
that 


.. ka) kQ) 
(3. 7) 2 00,0 (u) = 2 948; (u). 
j= j= 


But the right side is analytic in | u | < g’, so the set {@; (u)} is “linearly 
dependent ” in | w| < qi, contrary to hypothesis. Thus, k(1) = k(2}, =k. ` 

Now substitute (3.5) into (3. 4), absorbing the terms containing 6, (u) 
into ®*: 


(3.8) ®*(u,1/t) =È {È rjoBj (1/4) — By® (1/4) }04® (u). 
q=l je 


If there is a g and a ¢, in | é| >r for which the corresponding brace is not 
zero, then set {@,(% (u)} is “linearly dependent” in |u| < qı, contrary to 
hypothesis. Hence each brace is identically zero, thus making each Ry) a 
linear combination of the set {2;}. 


THEOREM 3.1. Let &(u, 1/t) have the canonical form (3.1) relative to 
[da gr], with r<R. Then the homogeneous system (1.2) [on =0] 
has the following k linearly independent solutions of type not exceeding r: 


(3. 9) {tn D} = {rjn} (j=1,- g - k; n= 0,1, ` +) 

where the tin are defined by 

(3. 10) j R;(1/t) = Zrm/t (j=1,: ` *,k). 
n> 


Proof. Let C be a circle, center {=(0 and radius between r and R. 
From (3.1), 


k co 
Gun) free Zonlu) + Snel, 
> Cc: gat g=0 





valid for |u| < gq. Moreover the last series converges in |u| < g. Here 





27 ri 


(3.19) no J ADRA; Apn = arf PAE, 


Now for | u | < q, ® also has the expansion (1. 4), since @ satisfies P,[R, q,r]; 
“so for |u | < q the left side of (3.11) has the value u”. That is, 


(3.13) Fond) = ur — À té (|u| <q). 


. 
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But the right side is analytic in | u | < g’, and the set {@;} is “linearly 
independent” in |u| < qı. It follows that 


(3.14) aqme (j=—1,:+-+,#3n—0,1,---); 


and from (3. 12) and (2. 6) we conclude that each sequence {rm} (j—1,:-:,k) 
is a solution of system (1.2) [en= 0]. 


-Remarks. (i) Even if the functions {R;(1/t)} are not linearly inde- 
pendent the sequences {rm} are solutions of system (1.2) [en = 0]. 
(ii) From (3.12), (3. 13), (3. 14) there follows the orthogonality relation 


(3. 15) af, H* (1/6) i" An (6) dt/t = bjn, 


where C is any rectifiable simple closed curve surrounding {0 and lying 
in the ring r < |t| < R. 

It would be of interest to know if Theorem 8. 1 supplies all the solutions 
of the homogeneous system, of type not exceeding r, without further hypo- 
theses. Such knowledge is lacking, but with an additional condition the 
desired conclusion can be asserted. 


THEOREM 3.2. Let the hypotheses of Theorem 3.1 hold, as well as 
condition Ps[R, qa, Tu] with r < rs, qa < g. Then the only solutions of (1.2) 
[cn = 0], of type less than rs, are linear combinations of the k solutions of 
Theorem 3.1. f 


Proof. Let X = {z} be a solution of (1.2) [cn = 0], of type o < re 
Let C be the circle | t| = p, with o <p<r.. From (2.6), 





8 5 af x (1/t) ir An (t) dt. 


Multiply through by w” and sum: 





(3. 16) 0 Sram t)dt/t (ul >q). 


Since the #* (u, 1/s)-series (3.2) is “uniformly” convergent for 
Fu < g, |s| >r, we may multiply (3.16) through by wt*(u,1/s) and 
integrate over the circle T: |u | = qa(q2 < se < g’): 





3.1) 0 „zu 


zs f _ (1/1, 1)8* (u, 1/8) du/u t/t 


1 
214 


valid for |s| >r. Now for |s| >r, || <r and & on T, the two series 
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(1.5) and (3.2), the latter with £ replaced by s, converge “ uniformly,” so 
the brace, to be denoted by U(t,1/s), has the value 


(3.18) U (t, 1/8) = Ira) HUN), 
“uniformly ” convergent for |t| <r Is] >r. -Thus, (3.17) becomes 
(3. 19) j= af X(1/t)U(t,1/s)at/t. 

Now U can be expanded in a power series 
(3. 20) U(t, 1/s) = SIa(1/s)t, 
“uniformly ” convergent in | t| < r», | s| >r; so from (8. 19) and (3.20), 
(3. 21) 0 = È tala (1/8), 

n=0 

“uniformly ” convergent for | s | > r. If we substitute (3.18 into 


(3. 22) I.(1/s) = af U (t, 1/s) dt/in™ 
c 
we find that for |s| >r, 
(3.23) In(1/8) = don *9 (1/8) + Gina (1/8) +° © © + an (1/8). 
From (3.1), (3.2) and (1.4) we see that 


% 
(3. 24) Hy(1/t) = 2 Ombty(1/t) + EUR), 
: A 
valid for | ¢| >r, where l a 
®;(u) = Z Bint” Gj = 1,: > +, k); 
so i 


0.3) In(1/8) — È tin sH(1/s) — Bann 3 698 (1/8)), 
for |s| >r. Using (2.2), 


(3.26) 1.019) = 1/8 — È BnB(1/3) (s| >r) 


where 


(3.27) ; Bin = È Gp,n-p0ip- 
. p=0 y 
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Returning to (3.21), we now have 


(3.28) 0) — SaaS BaB(1/5)) (el > max(o,1}). 


We wish to interchange the summation signs, but this requires justification. 
Since {R;} is a linearly independent set, given an arbitrary number 7” > 7, 
there exist & values s = 8," * -,S, in Is | >?’ such that the determinant 
| Rj(1/sp)| (j, p =1,: > +,k) has a value A-£0. Let Cy be the cofactor 
of R,(1/s,) in this determinant. Then from (3. 28), 


k © k -& 
I CapX (1/55) = Btu À Bin( À Carhi(1/55))}. 
p=1 n=0 j=l p=1 
Now the last sum on the right has the value 8A, where &,; is the Kronecker 
symbol; so 
4 N + 
(3.29) 2 tnBan = 1/A D Cap (1/85). 
n=l p= 
Thus, for each g=1,: > +, & the series on the left of (3.29) converges, and 
may be multiplied by R,(1/s) and summed from q = 1 to k, the resulting 


series being valid for | s| >. The double sum in (3.28) may therefore be 
rearranged to give the relation 


k 

(3. 30) X(1/s) = 24478) 

where Aj = 3 Zußjn. This establishes the theorem. 
m=d 


There is an extension of Theorem 3.1 to the case of infinitely many 
solutions. 


Definition. The infinite sequence of functions {@;(w)}, 7=0,1,' - is 
“linearly dependent ” in | w| <q if constants {a;} exist, not all zero, such 


that series $ a,®;(u) converges “uniformly” in a circle |u] <p with 
o 
p> ge 
Definition. ®(u,1/t) is said to have the canonical representation 


(3. 31) D (u, 1/6) = $ By(1/t)@;(u) + 8* (u, 1/2) 
3=0 


relative to [q, 9, gQ’;r] if: i) all the conditions of the earlier definitions ® 
(with respect to (3.1)) hold except the requirement that {R,(1/f)} be 


linearly independent; and ü) the series $ R,(1/1)®;(u) is “uniformly ” 
o 
conrergent in |u| <q, |t] >r. 


5 Of course, the new definition of “ linear independence ” is to be used. 
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THEOREM 3.3. If ®(u,1/t) has the canonical representation (3.31) 
relative to [q, qu gr], then every sequence {Tin}, j—=0,1,: : * is a solution 
of system (1.2) [cu = 07, of type not exceeding r. 


Proof. As with Theorem 3.1. 
There is also a parallel with Theorem 3. 2. 


THEOREM 3.4. Let the hypotheses of Theorem 3.3 hold, and also con- 
dition P,[R, qe, re] with r < ta, qa <q. There exists an infinite sequence 
of solutions {r*j,}, of type not exceeding r, such that on setting 


(3. 32) B% (1/1) = D t*r Gl), 
then every solution {£n} of type less than r, is given by the representation 
j=0 


“uniformly” convergent in |t| > max{r, o} where o = ((an)). 


Prof. As with Theorem 3.2, through (3.28) with the sum 
j—=1,-::,k replaced by j=0 to œ, to yield 


(3.34) 0 = X (1/5) — Sant È BnR5(1/9)), 


“uniformly ” convergent in |s| > max{r,o}. The Bj, are still given by 
(3.27). Now define R*,(1/#) by 


(3. 35) R*,(1/t) = Ù BinRj(1/t), n=0,1, >- 
g=0 


This series is “uniformly ” convergent in |¢| >r, so R*;(1/t) is analyti 
in |t| >r and ((r*m)) Sr (7=0,1,:--). Also, since each {rm} is a 
solution of (1.2) [c,==0], we can apply relation (2.6) to (3.35) to show 
that each {7*j,} is also a solution. The theorem now follows from (3. 34). 


Remarks. (i) It is of interest to observe that the coefficients {z} in the 
expansion (3.33) are also the coefficients in the power series (in 1/t) for 
X(1/t). 


(ii) Theorems 3.1 and 3.2 also have parallels in the continuous case. 
Suppose, for example, that 


&(u, 1) = [Ra v)O(u, w)da(o) +6*(u,1/t), ° 
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where ®* is as before. Assume that a(w)} is of bounded variation on J: [a,b], 
and that R,.0 are continuous for |t| >r, w on I, and |u| <q, w on J, 
respectively, and for each w on J, the functions R, © are analytic in >n 
|u| <q respectively. Also suppose that © is “linearly independent” in 


b 
| w | < qx, in the sense that if a(w) is continuous on J and f a(w)O(u, w)da(w) 
is analytic in |u| < p with p > qan, then a(w) =0. It will then follow that 


for each œ on J the sequence r,(w) defined by 


R(1/t, v) — Ernlo)/ir 


is a solution of (1.2) [cn = 0], and is of type not exceeding vr. And, as in 
Theorem 3,2 (with the appropriate condition Ps), if {2,} is a solution of 
type o less than 7, then X(1/t) has the representation 


X(1/2) = Set f"Aa(o)R(/t v)da(u), 


“uniformly” convergent in |¢| > max{r,o}, where 


Balo) = È anasto), @ (u, o) = POLS 


For the non-homogeneous system we have the following extension of 
Theorem 2. 8. 


THEOREM 3.5. Let the hypotheses of Theorem 3.1 hold. For every 
sequence {cn} with ((cn)) < min{q’, R}, system (1.2) has the solution {2n} 
given by ; 





(3. 36) X(1/t) = Í. b* (u, 1/4) 0 (1/u) du/u, 


T being a rectifiable simple closed curve surrounding u = 0 and lying in the 
ring ((cn)) << |u| <q. Moreover, ((an)) Sr. 


Proof. Using (2.6), 


(3.37) AX] =; f „ C/U) F(t) duu, 
where 
(3. 38) Vou) = zi J P(t 1/t) t-1A, (t) dt 


and C is the circle | u | =p, r <p < R. The function V,(w) is analytic in 
[ud <q’, and from (3.15) its value is u”; so An[ X] = cn n—0,1,:::. 
That ((z,)) & r is clear from (3.36). 
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_ Remarks. (i) A similar result holds if we assume the hypotheses of 
‘Theorem 3.3 or of the second remark following Theorem 3. 4:1 


(ii) The solution (3.36) also has the representation 
(3. 39) X(1/t) = X cH% (1/4), 
n=0 


the series being “uniformly” convergent in |t| >r; and it is readily 
shown that conversely, if {c„} is such that (3.39) converges “uniformly ” 
in |t| > 8 for some 5 < RB, then {2} given by X (1/t) = 3e,/t" is a solution 
of (1.2) of type not exceeding 8. (Remark (i) also applies here.) 

If @(u,1/¢) does not possess a canonical form (3.1) or the later 
extensions thereof, it is yet possible in certain cases to extend Theorem 2. 3, 
as the following concluding result indicates. 


THEOREM 3.6. Let P.[R,q,r] hold with r< R. Let there exist a 
rectifiable simple closed curve y surrounding u=0 and lying in |u| >q 
with the following two properties: i) There is an open connected set 3 
coinaining y and the point w= 0, in which the functions L„(u) of (2.12) 
are single-valued and regular; ii) rı < R exists such that series (2.12) 
converges “uniformly” for u on d and |t| >r,. Let q, be the minimum 
distance from y to u—0. Then for every {cn} for which ((cx)) < qi, system 
(1.2) has the solution {£a} given by (2.14). Moreover, ((a,)) Sr. 


Proof. Choose 7 so that r<r,<R. There is an M such that 
| ®(u, 1/t)| SM for u on y and |t| = ra, so for u on y, | urL,(w)| S Mra”. 
Let {xn} be defined by (2.14). Then ((2n)) S72, and since rẹ can be chosen 


as close to r, as we please, therefore ((2,)) <7. Also, for each n = 0,1,: . -, 
A,[X] = S üni af C(1/u)uiZ,, (u) du}. 
[X] 2 leer: , (1/u) j(u)du} ® 


The integral and sum are readily seen to be interchangeable, so 
MiS Cara (Boy Bf Ou edu 
Y j=0 tl=rg 


-4f C(l/u) {ay a AN 1/t) A, (t) dt}du/u. 


For | u| < q, and taking r, in r < Ta < R, we see from (1.4) that the 
brace has the value u”. But by hypothesis the brace is single-valued and 
regular in 3, so its value remains u” in &, and in particular on y. Thus, 
An[ X] = ca; that is, {vn} is a solution of system (1.2). 
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THE GAPS IN THE ESSENTIAL SPECTRA OF WAVE EQUATIONS.* 


By Parr Hartman and Carvin R. PUTNAM. 


1. Let g == q(t), where 0 St < œ, be a continuous, real-valued function 
for which the differential equation 


S ae a” + (A+ g)z = 0 
is of the Grenzpunkt type; [9], p. 238. A fixed homogeneous boundary con- 


dition at t == 0, | 
(2) æ(0) cosa -+ g’ (0) sina—0, 


determines a self-adjoint boundary value problem with a (real) spectrum 
S= S(a). The set 8” of cluster points of S(a) is independent of æ ([9], 
p. 251) and will be called the essential spectrum of (1). 

` Since S is a closed set, its complement is open, possibly empty. Let 
(Ax, A") denote the canonical decomposition of the complement of 8” into 
disjoint open intervals. Two problems will be treated in this paper. The 
first concerns the size of the interval (Ax, A") as A, —>œ. The second concerns 
asymptotic estimates, as too, for eigenfunctions x= v(t, à) belonging to 
eigenvalues À of S(a) satisfying A; < À <A” for a large value of Ax. These 
problems were suggested to us by Professor Wintner. 

The nature of the problems is most easily understood in the case that 
q(t) is periodic. For this case, let L(A) 2 0 denote the real part of one of 
the characteristic exponents belonging to A. Then £(A) = 0: except on a 
half-line (—,X°) and a sequence of intervals (A, At), (As, À?),- © +, com 
posed of the A-values for which (1) is of unstable type. The questions treated 
concern upper estimates for the length of the interval (Ax, A”), as A, —0o, 
and upper-estimates for L(A), as A—>œ. The results below concerning L(A), 
which imply that D(A) — 0 as À —> œ, show that, as A increases, any tendency 
for (1) to be unstable is dampened; in the sense, that if A is large and of 
unstable type, it requires long t-intervals in order that the effect of the 
factor e*t be appreciable. 

In the case that g(t) is even and periodic, the behavior of A*— àx can 
be read off from known results on the asymptotic behavior of eigenvalues of 
Sturm-Liouville boundary value problems; cf. Section 7, below. This pro- 
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cedure can be adapted also for the case that q(t) is merely periodic, not 
necessarily even, if it is noted that the k-th interval [Az, A"] is composed of 
those A-values corresponding to which (1) has a solution = «(t) which 
vanishes exactly k times for 0 Sit < p, satisfies (2) and the same boundary 
condition z(p) cosa + v (p) sina =0 at tp for some 0Sa@< x, when 
p is the period of q(t). | 

Of course, the results of this paper are not restricted to the cases where 
q(t) is periodic. | 


2. The gaps (Ar, A*) in the essential spectrum. A sufficient condition 
for (1) to be of the Grenzpunkt type is that 8 < co, where 8 — lim sup q(t), 
as f—>co ([9], p. 238). “This sufficient condition does not involve 
a = lim inf q(t) 2—o, as too. If q(t) tends to a finite limit as t 0 
(that is, —œ < a = <oo), then the essential spectrum S’ of (1) contains 
the half-line 8 SA <o; [8], p. 71. More generally, if q(t) is bounded 
(that is, —o < «8 <œ), then, for every À = — £, the interval L SAS 
do + B — a contains at least one point of 8’; [6], p. 613. The object of the 
first part of this paper will be the refinement of this last statement in the 
following direction: 


(I) Let q(t), where 0St <0, be a real-valued, continuous, bounded 
function; for 8 > 0, let 


(3) o(é,8) — fin sup | g(s) —q(t)| for |s—t| 3; 
and 

T 
(4) w(8) = lim sup 7 f w(t, 8)dt as T >o. 


® | 
Then there exists a constant C (independent of À) such that, for every 
sufficiently large À, the interval A» S A S ào + Clo(r/Xë) + 1/0] contains 


at least one point of the essential spectrum 8’ of (1). 


This theorem has the following interpretation and consequences: Since 
q is bounded, the complement of S’ consists of a half-line (—o, A°) and a 
(possibly empty) sequence of disjoint open intervals (A, A*), (Az, A), + *. 
The theorem (I) states that the length A* — A, of the k-th gap is majorized 
by C[w(w/A2) + 1/Ar] for large àx. In particular, if q(t) is uniformly 
continuous for 0 St <œ, so that w(8) —> 0 as 8 —> + 0, then the length of 
the gap tends to 0 as its endpoints tend to co. 


v 
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Similarly, if q(¢) satisfies a uniform Lipschitz condition, | q (s) — q(t) | 
Sconst.|s—t| for 0Ss'<t<o, so that w(8) Sconst. 8, then 


(5) NM — Ay = O0(1/hé). 


This same majorant for A! — A, is obtained if q(t) satisfies the more general 
conditions that g(t) is of bounded variation on every finite interval and that 
its total variation V(T) on the interval OS tT satisfies 


T . 
(6) nf | dg(t)| = O(T) as T >œ. 

° 
In order to see this, note that ai 8) S V(t+8) —V(t—8) for tZ à, 
by (3). Hence, if T = 6, 


T+8 


T 
f o(t, dt = ie V(t) dg — í V(t = J Y (t) dt. 
ò 
Then, since V(t) S Const. t, the right side of the last inequality is majorized 
by Const. ôT, as T—>»œ, for 8>0 fixed. Consequently, by (4), it is seen 
that w(8) S const. and so the majorant C/Më of M— ds for large Ax 
follows from (I). 

In the few explicit cases where q is bounded and 8’ is known, either 
there is only a finite number of gaps, or !— dx, 0 and A, >œ, as ho. 
Whether or not this is true in general will remain an open question. On the 
other hand, if w(A) is an arbitrary decreasing function satisfying y(A) > 0 
as A—o, then there exist bounded functions q, corresponding to which 
the complement of the essential spectrum S’ of (1) consists of a half-line 
(—-«, d°), and a sequence of open intervals (Ax, At}, (Az, A?),° + + such that 
Ha, as k>o, but A*—dA;, = O(y(Ax)) fails to hold; see Section 
below. Also, examples can be given to show that if g(t) satisfies (6}, then 
(5) is the best possible estimate; in the sense that, in general, O cannot be 
replaced by o in (5). 

If additional local smoothness conditions are imposed on q, the assertions 
of Theorem (I) can be refined. 


(I) Let q(t) satisfy the conditions of (I) and; in addition, possess a 
bounded derivative g’(t). If w*(t,8) and w*(8) have the same significance 
for q as (3) and (4) do for q, then there exists a constant O (independent 
of ào) such that, for every sufficiently large A, the interval À SA S À 
+ Cag lo" (ae /Ag?) + 1/1] contains at least one point of the essential 
spectrum S’ of (1). 
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(17) Furthermore, if q(t) possesses a uniformly bounded first and 
second derivative and if w** (1,8), o**(8) belong'to q” as (3), (4) do to q, 
then the assertion of (T’) applies to intervals Xo SA S do + Cag? [w** (m/o) 
+ 1/23], for some constant C and all sufficiently large Xo. 


Thus, it follows from (I’) that if q(t) satisfies a uniform Lipschitz 
condition, or more generally, if 


T 


fiawi-ocm, 

0 š 
as T->00, then the length of the k-th gap (Ar, ÀË) is majorized by O(1/Ax) 
as Àx—>oo. In addition, the existence of a bounded second derivative 
satisfying 


= 
Sarol=om), 
0 

as To, implies that AF— A, = O(1/A;5/*) as Az — 00. 


3. The characteristic exponents. If q(t) denotes a continuous, bounded, 
real-valued function, then it is known, [11], p. 391, that there exists a positive 
number k = (A), depending on À alone, such that 


(7) e? + g”? == O (0), 


as t —>%, holds for any solution s = «x(t, À) of the differential equation (1). 
Let the number K = K (À) be defined as the greatest lower bound of the 
numbers % for which (7) holds (for every solution x of (1)). As shown in 
[7], p. 137, in partial answer to a question raised by Wintner [14], p. 604, 
$ | a(t) | possesses the bound M and if À does not belong to the set 8” and 
“satisfies |à | >M, then there exist a constant TZ=1(A) >0 and two solu- 
tions s = g, (t, A) 0 and z = g(t, À) of (1) satisfying 


(8) t? + x? = ett, L? + ta? = elt, 


If L == L(A) is defined to be the least upper bound of the numbers / for which 
(8) holds, then it is clear from the definition of K (à) that L(A) SK(A), 
and hence any majorant of K(A) will also be a majorant of L(A). Since (1) 
is of the Grenzpunkt type, the solution x,(t,A) is uniquely determined to 
within a constant factor. Thus, it is clear that L(A) depends on A alone 
and not on the choice of the particular pair of solutions z, and x, of (1). 
The number L(A) can be called a “characteristic exponent ” associated with 
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À, in analogy with the terminology used in the case that q(t) is periodic. It 
will be the purpose of the second part of the paper to obtain, for large A, 
estimates of K(A), and hence of L(A), when g(t) is subject to certain 
smoothness conditions. 

In Sections 8 and 9, the following theorems will be proved: 


(II) If q(t) satisfies the conditions of (1), then 
(9) K (A) = O (X>[w (7/1) + 1/X]) as À 00. 

As a consequence of (II) it is seen that, since q(t) is bounded, the 
estimate K (à) = O (à) is obtained. If, in addition, g(t) is uniformly con- 
tinuous for 0 St < co, the last estimate can be sharpened to K(A) = o (A2). 
Also, if q(t) satisfies (6), then K(A) =O(A"). Further smoothness con- 
ditions imply better estimates for K(A); in this direction the following will 
be proved: . 


(IT) If q(t) satisfies the conditions of (T), then 


(10) K (A) = O (At Lo" (4/0) + 1/A]) as À co. 
(IF) If q(t) satisfies the conditions of (I”), then 
(11) KE (A) = O00? [w** (a/) + 1/M]) as ASO. 


4,- Proof of (I). Let æ—x(t, À) =£0 be a solution of (1) and let 
W(T,A) denote the number of zeros of x for 0 < t< T. According to [4], 
a A-interval (A, À + A) contains a point of 8’ if and only if 


(12) N(T,A+4) —N(T,A) >% as T >o. 

Since it is assumed that q is bounded, there exists a constant M such that 
(13) lal SM, (St <0). 
Let À be chosen so large that | | 

(14) A—M>d/4>0. 


Then the zeros of x and =’ separate each other. Hence, if @==6(t,A) is a 
continuous determination of 


(15) O(t, A) = — are tan (2’/rte), 


it follows that rN (T, A) = 6(T,A) + O(1), as To. Consequently, (12) 
holds if and only if 


(16) 6(T,A+ A) —6(T,A) >» as Too. x 
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It follows from (1) and from (15) that # is differentiable and that 
Of == NB + Ag Ar? (Az? + x?)}; so that 


T 
(17)  O(T,A)=MT 424 f g{22/ (Aa? + v2) }dt + 0 (0, À). 


Let (0 S)t, < te <<: - - be the zeros of =. Then 
(18) ben — te S 2r /A, 


by virtue of Sturm’s comparison theorem and (14). The factor {-- -} of q 
in the integral in (17) will be estimated on the interval (tr, tw)- Because 
of the homogeneity of this factor, x can be replaced by any solution y of (1) 
which vanishes for t — tp. 

Let »,, where k = 1,2,- -, be defined by 


(19) tear Rat ty == a/v. 


Clearly,. vx = À + q (r), where vy is some é-value satisfying tr S & S tra. 
Hence, | 
(20) [A — vr | SM. 


A solution y of (1) which vanishes at t= ty satisfies the integral equation 


(21) y(t) = sin nè (t — tr) — v? f Qr(s)y(s)sin në (t — s) ds, 
where x 


(22) Qr(s) = g(s) — q (ér). 
Let m = my = max | y(t)| for StS tru; then, by (13) and (19), it 
g: that m S 1 + v5 4(rvx ?)2Mm. Consequently, m S 1/(1— 2rMvp t) S 2 
vy (that is, A) is sufficiently large. Thus (21) shows that 


(23) y = sin në (t — tr) + 0 Q2) 
and ' | 
(24) y’ = nÈ cos nè (t — tr) + O (A2) 


uniformly in k, as Aco. Since (20) implies that | nè — 3| = 0 (à>), 
it follows from (24) that 


(25) y’ = X cos vë (t — tx) + O (A3). 
Hence, for tp S t S fu, 


(26) AP (Ay? + y?) = sin? v(t — ta) + OC), 
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as A->co. Consequently, (17) shows that, for every fixed sufficiently large M 


T bret 
(27) 6(T,A) = MT + paf q(s)ds — 4173 >» f a (s) cos 2v;,?(s — ty) ds 
0 ar 
+ ORT), 
as To, where n—=n(T) is determined by u ST < tan. In (27) and 
similar relations below, the constant implicit in the O-term can be chosen 
independent of À. 
Since the definition (19) of v, implies 
treat 
cos 2v;3(s —t,)ds = 0 for k—1,2,: -:, 
tr 
it follows that in the integral over the interval (tr, tx) in (27), the 
function g(s) can be replaced by g(s) — cr, where c, ¢2,° * * are arbitrary 
constants. If ce = q(4tx + ftra), then 


| a(s) — cr | S o(s, 1/4), for tr S 8$ S ta, 


by (3) and (18). Hence, 
T T 
KLARE S q(s)ds + (x9) f 0(s,2/a8)ds + 0T). 


Then, since (A+ A)*—A2 > Ad4/4 for any fixed A and for sufficiently 
large À, and since the first integral of the last formula line is O(T) as T co, 
it is clear that 


T 
OlT, A + A) —O(T, d) > A(XÂT/4 + O (AET) + 00) f o(s, m/N)ds Qe 


as T—>c; so that there exists a constant C with the property that if 
AZ Co(a/A*) + C/A, then (16) holds for sufficiently large A. This. proves 
(I). 

Ineidentally, since the factor 1/4 on the right of (14) can be replaced 
by 1 —e, where e > 0 is arbitrary, it follows that w(z/d?) can be replaced by 
w(r/2(1—e)®A#) in the statement of the theorem (I). 


5. Proof of (T). The proof depends on a refinement of (26). The 
existence of a bounded derivative g’ and (22) show that Qx(s) = GAS), 
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‘as À —o, uniformly for ty Ss Æ tru. Hence, the remainder terms in (23) 
and (24) are O(A*/*) and O(A), respectively. Thus “ 
y’? = vr COS vè (t — tx) + OA), 
or, since ve =à + q (ér) = À + q(t) + O(A4), 
YAI = cos? vè (t — tr) + q (EAT cos? vè (t — tr) + O (172). 


Hence, 
y? YA = 1 + qÉ)AT cos? vè (E — tr) + O (AA). 
Finally, the required refinement of (26) is 
(28) Ay?/ (ày? + y?) = sin? vè (t — tr) 
— q(t) (4A)+ sin? 2m? (t — tr) + O (A2), 
as A—>o, uniformly for ty SES trn. 
It follows from (17) that, for fixed large A, the function 9(T,A) is the 


sum of the three expressions 


T T 
(29) MT + f q(t) dt — (1/83) f eoa, 
| LES 
(30) „33 f g(t)cos 2v? (t — ty) dt, 
k=1 a 


(31) + (1/8X°2) zf q? (t) cos Avè (t — ty) dt + OT), 


te 
Q. —>%, where n = n(T) satisfies tn = T < tn. An integration by parts 
-and (19) show that the k-th term of the sum in (30) is 
trar 
(8) . — ré | g (t)sin 2n8(t— t,) dt; 
te 
since q(t) can be replaced by g’(t) —c, where c is an arbitrary constant, 
it follows from the choice c = g’ (ty + ftr), that the expression (32) is 
tesa 
O (x4) f w* (t, 2 /A8) dt. 
t te 


ESSENTIAL SPECTRA OF WAVE ZQUATIONS. 857 


Hence, (30) is 
T 
O(A*) f o* (t, ¢/M4) dt + O (à>). 


An integration by parts for each integral in (31) shows that (31) is O(A°T).. 
Arguments similar to those used at the end of the proof of (I) complete the 
proof of (T). 


6. Proof of a”. Another integration by parts shows that (32) is 


bre 
(1/49%) {q (tas) — g (te) — f q” cos 2v (t — ty) dt}. 


tr 


Fence (30) is the sum of 
(83) — AAN 3 (g (us) — g (h) 
— (0 (toss) — 4 (te) ) (1/44— 1/4} 


and 


tran 


T 
(34) O(\#)Ÿ | f q” cos 248 (t — ty) dt | = O(A%) f ort (t, m) dé. 
k=1 FA 5 


The first term of (33) is O(A~*/*)| lim.) — g (t1) | = O(N SE), as T 00, 
since g’(£) is bounded. The second is a since |g (tr) — g (t)| . 
= O(1/M) and | — À ie =0(1). Also, nx? =0(T), by (18), as To, 
for a fixed large A. 
Hence, 6(7, A) is the sum of (29), (34) and terms of the type O (AT), 
as T —>œ. The proof of (I”) can now be completed as above. 
> 


7. Examples. The examples mentioned in Section 2 can be obtain 
by the consideration of periodic functions q(t). I£ q(t) is periodic, then the 
essential spectrum 8’ of (1) is the closure of the set of A-values corresponding | 
to which all solutions of (1) are bounded ([12]; cf. also [8]). Hence, if 
A = àp or A#, then (1) possesses a periodic or half-periodie solution. 

If g(t) is even and of period 27, it is easy to see that the numbers 
Ai, Ag,‘ and A®, àt, + - - can be characterized as follows: Let &, a, * - and 
fo; Bi,‘ © > denote the eigenvalues belonging to the Sturm-Liouville problem 
of (1) and the boundary conditions æ (0)= z (ri = 0 and 2’(0) = z (7) = 0, 
respectively. Then So — À° and the numbers Ax, A* for k = 1 are, up to a 
permutation, the numbers &,.,, Bre Hence $ 
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(35) AE — di | ara — Br | 
for k = 1,2,- +. 
On the other hand, if g(t) has the Fourier series 


(36) q(t) Sauce nt, (ao = 0), 
n=l 


then aps = k? + Lao + 0(1/k) and Be = k?— fax, + 0(1/k), as kw; 
ef. [10], p. 822; also, [1], p. 11. Consequently, 


(37) AE — Ar = | Ger | + 0(1/k) and Ay = k? + o(1), 


as kk — co. 

If y(A) is an arbitrary positive function which tends monotonously to 0, as 
à — ©, then there exist continuous functions ¢(é) for which aa, = O(y(k?—1)) 
fails to hold as k—>œ. For such functions g, it follows from (31) that 
A¥ — Ay, = O (y (àx) ) fails to hold as &—>00. 

In order to obtain the second type of example mentioned in Section 2, 
it is sufficient to remark that there exist continuous functions q, of bounded 
variation over a period, for which do, = O(1/k) but ax Æ o(1/k), as ko; 
[2]. For such functions g, it follows from (37) that 


X— dy = O(1/X8) but A¥ — Ay Æ 0(1/A) 
as k—>co. This shows that, if (6) is assumed, the O in (5) cannot in 


general be replaced by o. 


8. Proof of (II). Corresponding to any solution «= s(t) = s(t, À) s£ 0 
of (1), let h(t) be defined by 


38) h(t) = Aw? (t) + 2”? (t). 
t follows from (1) that h’(¢) = — 2ger’, so that 


W (t) /h(t) = — qlz" / (hat + 2?) }. 


Consequently, 
(39) Az? + g”? == const. e4t, 
where 
t 
(40) A = A(t, à) =— tt f q {Rag / (Ar? + x°?) }ds. 
0 


Let (0 =) t < ta < > - be the successive zeros of x. Since the factor {- :-}, 
of g in the integral in (40) is homogeneous in x, 2’, the solution x ce 
replaced by any solution y of (1) vanishing at t = tp. | va 


r 
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From (23) and (25), it is seen that 
(41) ayy’/ (ay? + y?) = A? sin Brè (s — tr) + O(a), 


as A—>o, uniformly for t Ss Sty. Hence, for every fixed large A, 
tre f 
A 
A(t, A) =—(1/d5) > f g(s)sin 2v,2(s —1;)ds + O (XV?) 
k=l 
tk 
as t—>œ, where n = n(t) is determined by u St< tun. As in the proof 
of (I), it follows that 


t 
[AG ays (1/08) f ols, a/d + 00A). 
La 
In view of the definition of K(A), this completes the proof of (9). . 


9. Proof of (IY) and (IT”). Under the conditions of (IT), the argu- 
ments leading to (28) hold. Similar arguments show that 2yy’/ (Ay? — y”), 
up to a correction term O(A7~), is 

(n/A) (sin ut (s — tr) — qg(s) À cos? mè (s — t,) sin 2u (s — tr) ), 


as A—o, uniformly for ty & s SS tr Consequently, A(t, À), up to a 
correction term O (à-?), is the sum of the three expressions 


tre 
(42) — > (2/At) f q(s)sin And (s — ix) ds, 
k=1 A 
l tra | 

2 (vé/2X°4) f g°(s)sin 2n3(s — tr) ds, J 
tr 
test 

> (2/4228) f g°(s)sin 4y,2(s — ty) ds. 
177 


Integrations by parts show that (42) is 


tray 
(1/2at) 3 {q (teen) — a(t) — J g (s)o0s 3nå(s — tr) ds}, 
m 4 


which is 
LA 


(43) O(1/at) — (1/20) f g’(s)cos Zvat (8 — ta) ds, 
. te 
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v 


since g(t) is bounded. Integrations by parts also show that both expressions 
in the formula lines following (42) are O(1/A?), as t>o, for every fixed 
large À Hence, 


[AN] E (1/21) f or la r/x)ds + 0(1/0), 


as ¿—>%, for large A. The relation (10) follows. | 
Under the conditions of (II”), another integration by parts can be 
applied to each of the integrals in (43), thereby yielding the inequality 


t . 
[AA] SOGpt) f o*t (5, x/28)ds + (1/7), 
0 
thus completing the proof of (IF). 


Appendix. 


It was shown in [7], p. 187, that if q satisfies (13) and if |A| > M, 
then a necessary condition for À to be in the complement of 8°, is that there 
exist a number 7> 0 and a pair of solutions v(t), z,(t) of (1) satisfying 
(8). It is the purpose of this Appendix to show that this necessary condition 
is not sufficient. To this end, the example in [13], p. 269, will be refined. 

Let the seqeuence of numbers Mo< Mı <'  : be defined as follows: 


Mo = 0, Mons = Mon + 2(n + 1) and Mono = Mons + R(n + 1r for n 0. 


This sequence has the properties that m, is an even integral multiple of + 
and that 


t 
44) ef e(s)ds =1 if t>0, 
; 0 5 
and e(s) is 2 or 0 according a8 Mon SS < Mon OT Mons SSS < Mons fOr 
n= 0,1,:-:. 
In terms of e(s), the sequence mo, m, * * and a number a > 0, define 
a function x(s), where 0 S s <0, by placing 


(45) x(s) = &e(s) (1 — cos s). 


It is easily seen that x(s) possesses a continuous derivative (even at 
S = Mo M,” °°). It follows from [13], p. 268, that if 


(46) q(t) = — e(t) {2a?(1 — cos t)? cos? t — 3a sin t + Ra sin 22} 


ESSENTIAL SPECTRA OF WAVE EQUATIONS. 861 


and à = 1, then (1) has 


t 

(47) z= z(t) —exp( f x(s) cos s ds)cos t 
K ; 

as a solution. 


From (45), it is seen that 


t t 


f x(s)eos s ds =—a f els) (£ + 4 cos 2s — cos s)ds; 


0 0 


and from (44), that 
t 
f x(s)cos s ds S — Fat + oa) 
0 


as t->co. Hence, 2?(t) S const. ett and x’’(t) S Const. e*t, by (47). 
Thus, if z, (t) is defined as a suitable multiple of (47), the first inequality 
in (8) is satisfied by 7 = &« > 0. If s(t) is any solution linearly independent 
of z,(#), the second inequality of (8) holds with 1 =a; cf., e. g., [7], p. 138. 

If a > 0 is sufficiently small, it follows from (46) that | g | = M < 1. 
Hence, in order to complete the proof, it remains to show that À = 1 is in F 
in the case (46). Actually, it will be shown that 8° contains the half-line 
0SA<o, by proving that (12) holds for every À > 0 and A > 0. 

The Sturm comparison theorem implies that if T > man, then 
N(T, à + A) — N(T, A) is not less than [N (ma, À + A) — N (moni À + A)] ` 
— [N (men, À) — N(mons,4)] — 2. On the other hand, since g(t) —0 for 
Mona E È < Men, it follows from (1) that 


and 


N (man, À + A) — N(mon-1, À + A) zZ (A + A)? (Mon — Mon) /m — 2 £ 


N (men, À) — N (Men, À) = (Mon — Mon-1) /æ + 2. 


It is seen, from the definition of the sequence mo, Mmi +, that if T > men, 
then | 
N(T,X +A) —N(T,A) È ((A + A)? — Ab) an — 6. 


This completes the proof. 
A slight modification of the above example leads to the following: 


The function 
t 


(48) a= 2(s) —exp(— f x(s)ds) 


0 
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| is a solution of (1) if A=0 and 
(49) q(t) = — e(t) (Ra sin t — a cost). 


It is easily seen that (48) satisfies x? + a’? == O (eat), as t—w. Hence, 
there exist linearly independent solutions satisfying (8) with 7 = 2a > 0. 
Furthermore, in the case (49), the differential equation (1) is oscillatory 
for À > 0, since g(t) = 0 for mona SS < Mons + nr. Since (48) has no 
zeros, it follows that À — 0 is the least point of 8’; [5]. This is in contrast 
to (47) which belongs to an interior point of 5” in the case (46). 


Tur JOHNS HOPKINS UNIVERSITY. 
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ON NON-UNIFORMLY QUASI-ANALYTIC FUNCTIONS.* 
By J. I. HIRSCHMAN, JR. f 


1. Introđuction. In previous papers, see [1] and [2], various results 
have been established concerning functions which belong to quasi-analytic 
classes —œ < x <%. For example, it has been shown that if 


(1) [ f(a) |S Abnl[log(n+e)}, -a<e<o;n-l,l., 
and if a 
. (2) f(x) = O(exp[— exp exp{r (1+e)/8}kx]). B—> +, 


where e > 0, then f(z) ==0. It is natural to inquire whether similar con- 
clusions can be drawn when the inequalities (1) are replaced by the more 
general inequalities 

(3) | f(a) SALHe) "a iflog(n +o], —w € 2 <en,n = 0,1, 

In the present paper we shall obtain some results of this kind. We shall, 


for example, show that if f(x) satisfies the inequalities (3) where 
ie’ (x) [ke (x) |? = 0(1) as &— +00, and if 


O Fo) = Olep exp esp dete S ROA), ‘ete 


with «> 0, then f(z) ==0. This result reduces to the previous one when 
k(x) is constant. The method of demonstration, which is very simple, 
depends upon conformal mapping of curvilinear strips. 


2. Preliminary results. We shall take z =æ 4- iy and w == u + 
throughout. i 

THEOREM 2a. Suppose that f(x) is infinitely differentiable in a neigh- 
borhood of s — a, $(z) is analytic for |z—a] <p, $(a) =a, and se) 
is real for | a —a|<p. If 

1. [fM(a)| S Aku, n —0,1,: - 

2. Mng"/n! is non decreasing for a fixed q > 0; 

3. | $(2) —a|Sr for |a—a| <p; 

4. l= ge" Max{[1, krq*], 


then for F(x) = f[$(z)] we have | FM (a)| S nA Mn n= 1,2, 


* Received Apfil 26, 1950 
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Formally, 


f(x) = >» [FO (a)/j!](e—a)), F(z) — = [FO (a) /7 Lb (x) — a, 


and thus 
(1) FO (a) =$ [F9 (a)/j 1] (4/de) "(9 (@) — aac "21, 


(the terms corresponding to j=0 and j œn are zero). It is easily seen 
that equation (1) is valid generally. Cauchy’s formula yields that 


(4/ãa)"L (2) — alea = (Print | {L$ (2) — a] [e — apnée, 


|z-a]=p 
(2) . | (4/ da)" p(@) — a] ona | S n lrig”. 


Inserting inequality (2) in equation (1) we obtain 


[ F (a) | S $ [Mgi/i!] An pekigi], 
j=l 

<= nAlM,, as desired. 

THEOREM 2b. If 

1. 6(x) is defined for —c <x<ow; O(s) >0; H(a)=o(l) as 

T— +0; 

2. 8, is the strip | y | < (a), -= à <0% ; 

Sw is the strip |v | < 1, —o<u <o; 


. ¥(z) maps 8, conformally onto Sw, W(0) = 0, #(0) > 0, and (w) 
is inverse to w(z), 


on for O<rA< 1 we have 
& A. limsup Max |y(z) —y(z.)| =à, 
) 


smy >o [e-ml Er (a1 
| p(w) — p(w)1/0[p(u:)] =A, 


Be 


B. limsup Ma 


x 
u+ 00 lw-u E 


C. vo MUC) >+ o. 


Let (£1 t) = Olr, + 4(x)x]/8(x:) and let S(s) be the strip 
|y | < a(t 2), —0o< x <oo. It may then be verified that the function 
y(t, 2) = y [0 (11)z + zı] — y (zı) maps S(x,) onto Sw conformally and 
that ya, 0) =0, y (%0) >0. It follows from assumption 1 that 


lim .n(2,,2) = 1 uniformly for x in any finite interval. By a well known 
B+ 


`. theorem on convergent sequences of domains, see [3; § 123], it follows that . 


NON-UNIFORMLY QUASI-ANALYTIC FUNCTIONS. 865 


(3) lim y[4(a%s)2 + a] — y(t) =z, (>), 


uniformly for z in any compact subset of the strip | y | <1, —00 < £ < 0. 
Conclusions A. and B. are immediate ‘consequences of this fact. To demon- 
strate conclusion O. we choose a sequence (u, 0 = To <u<m<''', 
such that 1” < (a1—n)/0(tn) < 1”, n—0,1,:--, for some numbers 
0<r <r’ <o. It follows from equation (3) that . 


Y (Tan) — Y (2n) ~ (En — Tu) /0 (2a). 
From assumption 1 we may deduce that (za — Zu) /0 (En) ~ [tor 
Hence summing Y (£r) ~ S Oa. Since any value of x lies between 
two values of the sequence {2,})” and since SJ BOr == 0 (1) as n-—->0, 


our desired. result follows. 


LEMMA 2c. We have 
Mex | [2 + e4 — [n + e]*]=1+R(0), 


le-ay|St,-0 <n © 
where R(c) —0(1) as c— +o. 
The proof of this simple result is left to the reader. 
3. Applications. THEOREM 3a. Let 


1. {Ma}o” be a logarithmically convex sequence of non-negative constants 
such that lim sup [n !/M,]¥* <0 ; 
2. T(r) = Max r"/M,; 
n20 


C) H(t) 
3. f [log T (r)]r dr —o, t= (2m f [log t(r) ]rdr ; © 
4 k(x) >0,0ScS%, Klz)[k(a)]?=o(l1), zo +00; > 
5. | f™(c)| S AM,[k(x)]", OS zx <a; n= 0,1, 


Then if f(&) = O(exp{— Si + €) Lea) as z —> +00, where e > 0, ` 
we have f(x) =). | 


By logarithmic convexity we have that M, = M,@-)/"M,2/*, and hence 
that [Mn-1/ (n — 1) !][Ma/n!]> S nM "M," It follows from assump- 
tion 1 that lim sup nM,” M, 1” <œ, and thus that 


| g — Max [M,./ (Ra — 1) ][M,/n 1] 


is finite. Clearly, M„g"/n! is non-decreasing. 
16 
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We define (£) —q/k(0) for —c< x< 0 ‘and e(z) = q/k(s) for 


0<a<oo. Because of assumption 4. we have (x) — o(1) as g > oo. Let | 


Sz Sw, and y (z2) and ġ(w) be defined as in Theorem 2c. Consider the func- 


tion g(u) —f[p(u)]. By Theorem 24 and conclusion B of Theotem 2b we : 


see that, given 8 > 0, there exists a uo such that | g™(w)| S Asgr(1 Sy, 


for u Z u, n—0,1,: +. By Theorem 2a and Lemma 2c, given 8, Ss, 


there exists a value of c such that if h(t) —g[(#+ e], then : 


[AG (¢)| S Aıg"(1+ 8,)"M,, —aoctico;n—0,1,°°°. 
We have g[y(z)] = f(x), and so, by assumption, 


gly (a)] = O(exp(— SLA +6) f Ray) 


as t—>—+o, By conclusion C of Theorem 2c we have for 0 < eo <e and 
œ large that | 
(Le) [RDA > (1+ ale). 
It follows that JL 
g(x) = O(exp{— SE (1 + «)g21}) 
as z -> -+o. If 0 < e < eo, then 
h(t) = O(exp{— $[(1 + «)qt]}) 
ast—>-o. We may suppose that (1+4,)/(lta) <1. It then follows 
from Theorem 4 of [1] that h(t) = 0, hence f(x) =0. 


THEOREM 3b. Let 


1. M„=n!v(n)*, where v (x) 20, and zv'(x)/v(x) = 0(1), on; 


i ) 2 T(r) = Max r”/M,; 
nzo 


© t 
3, f log T(r)r-?dr =œ, H(t) = (2/7) f log T(r)rdr; 
i 1 
4. k(x) >0 (0S&gr<%), k’ (2) [k(a)]? = 0(1), v> +0; 
5. | f(x) | S AfK(z) JM, 0ZÆx<o;n=0,1,:-:; 
6. Z(u) be the number of zeros of f(x) for 0 = x u, counted according 
to their multiplicities. ; ata 


Then if f(x) #0, we have 
lim sup HiZ(2)\/ f k(t) at <1, 
2-0 o 


“The demonstration of this theorem is just like that of Theorem 3a, 
- except that we use Theorem 4b of [2] in place of Theorem 4 of [1]. © 


nn ee 


ie e 
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It is possible to show that the conclusion of Theorem 3a is false for | 
e< 0. One can employ for this purpose the counter-example given in [1], 
Itogether with: Theorem 2a and conclusions A. and C. of Theorem 2b. 
|Similarly, Theorem 3b cannot be greatly improved. 
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